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Countable recognizability and residual properties of groups

FrANCEsco DE GIOVANNI () — MARCO TROMBETTI (k%)

ABSTRACT — A class of groups X is said to be countably recognizable if a group belongs
to X whenever all its countable subgroups lie in X. It is proved here that the class of
groups whose subgroups are closed in the profinite topology is countably recognizable.
Moreover, countably detectable properties of the finite residual of a group are studied.
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1. Introduction

A group class X is said to be countably recognizable if, whenever all countable
subgroups of a group G belong to X, then G itself is an X-group. Countably
recognizable classes of groups were introduced by R. Baer [1]. In his paper, Baer
produced many interesting examples of countably recognizable group classes,
and later many other relevant countably recognizable classes of groups were
discovered (see for instance [3], [10], [11], and [14] and the recent papers [4], [5],
and [6]). In particular, B. H. Neumann [9] proved that the class R §§ of residually
finite groups is countably recognizable.

Let G be any group, and let J(G) be the set of all normal subgroups of finite
index of G. The profinite topology on G can be defined by choosing the set J(G)
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as a base of neighbourhoods of the identity; if X is any subgroup of G, the closure
X of X with respect to this topology is the intersection of all subgroups of finite
index of G containing X, i.e.

In particular, a subgroup X is closed (with respect to the profinite topology) if
and only if it is the intersection of a collection of subgroups of finite index, and a
group G is residually finite if and only if the trivial subgroup {1} is closed. It is
also well-known that every subgroup of an arbitrary polycyclic group is closed.
The structure of nilpotent groups in which all subgroups are closed was studied
by M. Menth [8], while D. J. S. Robinson, A. Russo and G. Vincenzi [13] recently
characterized groups with the same property within the universe of groups with
finite conjugacy classes, and B. A. F. Wehrfritz [15] investigated the case of linear
groups.

The aim of this paper is to show that closure properties with respect to profinite
topology can be detected from the behavior of countable subgroups. Our first main
result is the following.

THEOREM A. Let G be a group, and let X be a subgroup of G such that X N K

is closed in K for each countable subgroup K of G. Then X is a closed subgroup
of G.

This statement has a number of interesting consequences, the most striking
being that the class of groups in which all subgroups are closed is countably
recognizable. Notice also that Theorem A will be obtained as a special case of
a more general result.

If X is any class of groups, the X-residual of a group G is the intersection of
all normal subgroups N such that G/N belongs to X, and G is residually X if
its X-residual is trivial. It follows from Theorem A that residually supersoluble
groups form a countably recognizable class; moreover, if §, denotes the class of
finite w-groups, it turns out that R §; is countably recognizable for each set 7 of
prime numbers.

The second part of the paper deals with properties of the finite residual of a
group which can be countably detected. It is known that the class §(R §), consist-
ing of all groups G whose finite residual J(G) is finite is countably recognizable
(see [5], Theorem 3.6), and our next main result shows that in this statement the
class § can be replaced by any subgroup closed and countably recognizable group
class.
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THEOREM B. Let X be a subgroup closed countably recognizable class of
groups. Then the class X(RF), consisting of all groups whose finite residual
belongs to X, is countably recognizable.

Most of our notation is standard and can be found in [12]. In particular, we refer
to the first chapter of [12] for definitions and properties of Philip Hall’s operations
on group classes.

2. Closed subgroups

Let X be a class of groups, and for any group G let Jx (G) be the set of all normal
subgroups N of G such that G/N belongs to X. A subgroup X of a group G is
said to be X-closed in G if
X =()XN.
Nedx(G)

In particular, if § is the class of all finite groups, we have J5(G) = J(G) and so
the subgroup X is §-closed in G if and only if it is the intersection of a collection
of subgroups of finite index of G, i.e. if and only if it is a closed subgroup of G.
Note also that, if the group class X is closed under homomorphic images, then a
normal subgroup H of a group G is X-closed if and only if the factor group G/H
is residually X.

LemMma 2.1. Let X be a subgroup closed class of groups, and let X be an
X-closed subgroup of a group G. Then X N K is X-closed in K for each subgroup
K of G. In particular, X is X-closed in H, whenever H is a subgroup of G
containing X.

Proor. As the class X is subgroup closed, the intersection N N K belongs to
dx(K) for every N € Jx(G), so that

XmK:{ ﬂXN)mK=(YXNmm

Nedx(G) Nejgx(G)
> (X NK)NNK)=(XNK)L,
Nedx(G) Ledx (K)

and hence
XNK=()XNKL
Ledx(K)

is an X-closed subgroup of K. O
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Theorem A is a special case of the main result of this section, that will be
proved by using an inverse limit argument. To this purpose, we will need the
following classical theorem of Kurosh on inverse systems of finite sets (see for
instance [7], Theorem 1.K.1).

LemMma 2.2. The inverse limit of an inverse system of finite non-empty sets is
non-empty.

THEOREM 2.3. Let X be a subgroup closed class of finite groups, and let X be
a subgroup of a group G. If X N K is X-closed in K for every countable subgroup
K of G, then X is X-closed in G.

Proor. Let g be any element of G\ X, and for each countable subgroup K of G
containing g, let H(K) be a normal subgroup of K such that g does not belong to
(XNK)H(K)and K/H(K) is an X-group whose order /(K) is smallest possible
under these conditions. Consider the set € of all finitely generated subgroups of
G containing g, and assume that there exists an infinite sequence (E,)nen of
elements of € such that

h(E1) <h(Ez) <---<h(Ey) <---.

Clearly,
U= (E,|nel)

is a countable subgroup of G, and |E,, : H(U) N E,| < |U : H(U)|, so that we
have h(E,) < h(U) for all n. This contradiction shows that the set of positive
integers

{h(E) | E € &}

is finite, and so it has a largest element m.

For each element E of &, let L(E) be the set of all normal subgroups L of
E suchthat g ¢ (X N E)L and E/L is an X-group of order at most m. Clearly,
the set £(E) is finite, because any finitely generated group contains only finitely
many subgroups of a given finite index; moreover, it follows from the choice of
m that every £(F) is non-empty. If £ and F are elements of € such that F < E,
then the intersection L N F belongs to £L(F) for each subgroup L € L(E), and so
we may consider the intersection map ag r of £L(E) into £(F). Therefore,

{L(E),ap.r | E,F €&, F <E}
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is an inverse system of finite non-empty sets, and so its inverse limit
L =1im L(E)
<«

is not empty by Lemma 2.2. Let (Yg)gee be an element of £. If £ and F are
arbitrary elements of €, we have (Yg, Yr) < Y(g r) and hence

Y=UYE
Eeé&

is a subgroup of G. Moreover, Y is normal in G, because if y is any element of ¥
and x is an arbitrary element of G, then y* liesin Y(g  x) < Y.
If F and F* are arbitrary elements of €, we have F N Y(r p+y = YF, so that

Fay=rFn(UYen)=UFNYer) =1r
Ee& Eece

Assume now for a contradiction that |G : Y| is infinite, and let g1, ..., gm. gm+1
be m + 1 different elements of a transversal to Y in G. Then

E=1(g.81. - 8&m 8m+1)

is an element of £ and
|E:Yg|=|E:YNE|>m,

which is impossible because Y belongs to £L(E). Therefore the index |G : Y| is
finite. Consider the element W of € generated by g and by a transversal to Y in G.
Then WY = G and hence

G/Y ~W/WNY =W/Yy

is an X-group.
Assume finally that g belongs to

XY = U XYg,
Eeé&

so that there exist an element E of € and a finitely generated subgroup Xy of X
such that g lies in XoYEg. Then the subgroup F = (X, E) is an element of € and
g belongs to (X N F)YF. This contradiction proves that g is notin XY, so that X
is X-closed in G because g is an arbitrary element of G \ X. O
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The following result is an easy combination of Lemma 2.1 and Theorem 2.3.

CorOLLARY 2.4. Let X be a subgroup closed class of finite groups, and let X
be a subgroup of a group G. Then the following statements are equivalent:

(a) X is X-closed in G;
(b) X is X-closed in (X, K) for each countable subgroup K of G;
(¢) X N K is X-closed in K for each countable subgroup K of G.

It follows from the above statement that if X is any subgroup closed class
of finite groups, then the class of groups in which all subgroups are X-closed
is countably recognizable. In particular, groups all of whose subgroups are closed
in the profinite topology form a countably recognizable class, although it is clear
that such class is not local. Another special case is the following interesting fact.

CoroLLARY 2.5. Let G be a group whose countable subgroups are closed.
Then all subgroups of G are closed.

Actually, it can be remarked that for a single subgroup the embedding property
of being closed is countably detectable.

CoRrROLLARY 2.6. Let X be a subgroup of a group G. If all countable subgroups
of X are closed in G, then X itself is closed in G.

Proor. Let K be any countable subgroup of G. Then the intersection X N K
is obviously countable and so it is closed in G. In particular, X N K is closed in K,
and hence X is a closed subgroup of G by Corollary 2.4. |

Notice also that the proof of Corollary 2.6 can be used to prove that a corre-
sponding more general statement holds for the property of being X-closed, where
X is any subgroup closed class of finite groups.

CoroLLARY 2.7. Let X be a subgroup closed class of finite groups. Then the
class R X of residually X groups is countably recognizable.

In particular, the latter statement improves Neumann’s theorem on residually
finite groups, showing for instance that the class R §; is countably recognizable,
for any set 7 of prime numbers.

CoroLLARY 2.8. Let X be a group class which is closed with respect to
subgroups and homomorphic images. If X is contained in R §, then the class R X
is countably recognizable.
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Proor. Since the class X is closed with respect to homomorphic images, we
have
RX=R(XNY),

and hence the statement follows from Corollary 2.7. O

Since any supersoluble group is residually finite, the above statement has the
following special case.

CoroLLARY 2.9. The class of residually supersoluble groups is countably
recognizable.

Theorem 2.3 can be used to prove that also some other relevant group classes
defined by closure properties in the profinite topology are countably recognizable.
In fact, if ® is any subgroup property such that X N H is a ®-subgroup of H
whenever X is a ®-subgroup of a group G and H < G, it follows that the class
of groups whose ®-subgroups are closed is countably recognizable. For instance,
we have that the class of groups whose abelian subgroups are closed is countably
recognizable, while if we apply this remark to the property of being a normal
subgroup, we obtain the following interesting result.

CoroLLARY 2.10. The class of groups whose homomorphic images are resid-
ually finite is countably recognizable.

Note that the above corollary can also be obtained as a special case of the
following result.

Lemma 2.11. Let X be a countably recognizable class of groups. Then also the
subclass X1 of X, consisting of all groups whose homomorphic images belong to
X, is countable recognizable.

Proor. Let G be any group whose countable subgroups belong to the class
XH, and let N be any normal subgroup of G. If H/N is any countable subgroup
of G/ N, there exists a countable subgroup X of G such that H = XN, and so

H/N ~X/XNN

is an X-group. As X is countably recognizable, it follows that G/ N belongs to X.
Therefore the class X is countably recognizable. |

CoroLLARY 2.12. Let X be a subgroup closed class of finite groups. Then
the class of groups whose homomorphic images are residually X is countably
recognizable.
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Proor. As the class of residually X groups is countably recognizable by
Corollary 2.7, the statement follows directly from Lemma 2.11. |

3. The finite residual

This section is devoted to the study of countably detectable properties of the finite
residual. For any group G, we shall denote by J(G) the finite residual of G.

Proor oF THEOREM B. Let G be a group such that the finite residual of every
countable subgroup of G belongs to X, and let C be the set of all countable
subgroups of G. For each countable subgroup H of G, the set-theoretic union

L(H)= | (HNJ(H.C))
Cec
is obviously a subgroup of H.If & is any element of L(H ), there exists a countable
subgroup Kj of G containing H such that / lies in H N J(K}). Then

K = (Kp | h € L(H))

is a countable subgroup of G and L(H) is contained in the finite residual J(K)
of K. It follows that L(H) = H N J(K) is the largest element of the set

{HNJ(H,C))|C ee).

Moreover L(H;) < L(H,) whenever H; and H, are countable subgroups of G
such that H; < H», and so
L=\ LH)
Hee
is a subgroup of G. Let X be any countable subgroup of L, and let x be an arbitrary
element of X. Then there exist countable subgroups V, and W, of G such that
Vi < Wy and x lies in L(Vy) = Vi N J(Wy), and hence X < J(W), where

W= (W |xeX)

is countable. Therefore X belongs to the subgroup closed class X, and so L itself
is an element of X, because X is countably recognizable.

Let Y be any countable subgroup of G. Then L NY is a countable subgroup
of L, and so there exists a countable subgroup E of G containing Y such that
LNY < L(E). Then L(E) = E N J(H) for some countable subgroup H > E,
and hence

LY)<LNY<L(E)NY=ENJH)NY =JH)NY < L(Y).
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It follows that LNY = J(H)NY is aclosed subgroup of Y, and an application of
Theorem 2.3 yields that L is a closed subgroup of G. Therefore the finite residual
J(G) of G is contained in L, and hence it belongs to X. O

CoroLLARY 3.1. The class P(RS) of all groups admitting a finite series with
residually finite factors is countably recognizable.

Proor. For each positive integer 7, let (R§)” be the class of all groups ad-
mitting a finite series of length at most n whose factors are residually finite.
An obvious induction argument and Theorem B yield that (R )" is countably
recognizable for every n. Since it is also clear that each (R §)” is subgroup closed,
it follows that also the class

PRY) = [ JRF)"

nelN

is countably recognizable (see for instance [5], Lemma 2.1). O

It is known that the class of imperfect groups is countably recognizable (see
for instance [5], Lemma 4.10). Our next result shows that also the class of groups
which are not §-perfect can be countably detected; recall here that a group is called
$-perfect if it has no proper subgroups of finite index.

THEOREM 3.2. Let G be a non-trivial group in which every countable non-
trivial subgroup has a proper subgroup of finite index. Then G itself contains a
proper subgroup of finite index.

Proor. Assume that the statement is false, and suppose first that each element
of G belongs to the finite residual of some countable subgroup of G. Fix a non-
trivial element x of G, and let X; be a countable subgroup of G such that x belongs
to the finite residual J(X;) of X;. Assume now that a countable subgroup X, has
been chosen for some positive integer n. If y is any element of X, there exists a
countable subgroup H, of G such that X,, < Hy, and y lies in J(H,), and

Xn+1 = (Hy | y € Xp)

is a countable subgroup of G such that X,, < J(X;,+1). It follows that
Xx=Jx,
nelN

is a countable subgroup of G which coincides with its finite residual, i.e. which
has no proper subgroups of finite index. This contradiction shows that there exists
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anon-trivial element g of G such that every countable subgroup K of G contains a
subgroup of finite index H(K) such that g ¢ K and the index 7(K) = |K : H(K)|
is smallest possible.

Let € be the set of all finitely generated subgroups of G containing g, and let
F be any countable subset of £. Then

F=(X|Xe9)

is a countable subgroup of G and (X)) < h(F) for all X € F. It follows that there
exists a positive integer m such that h(E) < m forall E € €. For each element E of
&, consider the set £L(E) of all subgroups L of E suchthatg ¢ Land |E : L| < m.
Then each £(E) is a finite non-empty set, and if £ and F are elements such that
F < E, the intersection map o g, r goes from L(E) into £L(F). Therefore

{L(E),ap.r | E,F €&, F <E}
is an inverse system, and its inverse limit
L=1mL(E)

is not empty by Lemma 2.2. If (Yg)gee is an element of £, it is easy to prove that

Y=UYE

Eecé

is a subgroup of finite index of G, and g ¢ Y. This contradiction completes the
proof. O

Observe that the argument of the above proof can also be used to show that, for
any set r of prime numbers, the class of groups admitting a homomorphic image
which is a finite non-trivial w-group is countably detectable.

Since a group G has a descending series with finite factors if and only if every
non-trivial subgroup of G contains a proper subgroup of finite index, Theorem 3.2
has the following consequence.

COROLLARY 3.3. The class P§ of groups admitting a descending series with
finite factors is countably recognizable.

Notice that Pn (RF) = P RF) = PS, because the finite residual of any group
is a characteristic subgroup, and so the above corollary should also be seen in
relation to Corollary 3.1.
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We shall say that an arbitrary group class X has countable character (or that
X is Ly,-closed) if a group G belongs to X whenever each countable subgroup of
G is contained in some X-subgroup. Of course, every class of countable character
is countably recognizable, and for subgroup closed group classes these two con-
cepts coincide. On the other hand, a countable recognizable class need not have
countable character: to see this, it is enough to consider the class 2(§ formed by
the trivial groups and by all countable non-abelian groups, and observe that if G
is any uncountable non-abelian group, then each countable subgroup of G lies in
some countable non-abelian subgroup.

Recall that a topological group is said to be profinite if it is isomorphic to
the inverse limit of an inverse system of finite groups endowed with the discrete
topology. It is well known that a topological group is profinite if and only if it
is compact and totally disconnected (see [16], Corollary 1.2.4). Of course, any
profinite group is residually finite. The following example shows that the class of
profinite groups does not have countable character.

Let C be the group with two elements, and in the cartesian power C! of C over
a set I of cardinality X; consider the subgroup G consisting of all elements with
countable support, endowed with the topology induced by the product topology
of C1.If X is any countable subgroup of G, there exists a countable subset I of
I such that X < C%0 < G, and C0 is compact by Tychonoff’s theorem. Since
G is totally disconnected (see for instance [2], Theorem 1.8), it follows that every
countable subgroup of G is contained in a profinite subgroup. On the other hand,
the group G is not profinite because it is not compact.
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