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A result on a singular Cauchy problem with a radial point
revisited using microdifferential calculus

ALEXANDER GETMANENKO ()

ABsTRACT — We study the ramified Cauchy problem for a linear PDE with a radial point
using the theory of microdifferential operators.
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1. Introduction

The theory of microdifferential operators, developed since [11] and exposed in [12],
contains a number of powerful analytic results stated in algebraic language and
relevant to the study of the ramified Cauchy problem for linear PDEs in the
complex domain. Results on existence of ramified analytic solutions of PDEs, due
to Leray, Hamada, Wagschal, and their school, can be reproduced by algebraic
techniques, e.g. [12, §I11.2.2].

In the present paper we use the theory of microdifferential operators to prove
the local existence of ramified analytic solutions for a typical equation (1) below
with aradial, or degenerate, point. The solutions are representable as infinite series
involving hypergeometric functions. This result is stated as Theorem 2.5 below.

Let a, (x) be analytic functions of x € C" and v € Z” be a multi-index. With
a precise definition given in Section 3 below, for an expression of the form

glvl
Z av(x)ax—v

—oo<|v|<m
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to define a microdifferential operator it is required that a, (x) satisfy a factorial
growth estimate |a,(x)] < C| — v|! for some contant C. This growth estimate
allows one to define an action of microdifferential operators on holomorphic
functions, [1, §2.1], and makes them relevant for the study of PDEs in complex
analytic settings.

Very roughly, the algebraic approach to a ramified Cauchy problem uses the
following tools. Given a differential operator P with analytic coefficients on a
complex analytic manifold X, locally on 7*X one seeks to transform irreducible
components of the characteristic variety char P to the normal form which is a
conormal bundle to the hypersurface {x; = 0} C C". On the level of microdiffer-
ential operators, such a purely geometric transformation gives rise to a quantized
contact transformation, see [12, §1.5]. The difficult and general analytic result is
that a quantized cntact transformation preserves the factorial growth conditions on
the coeflicients of a microdifferential operator. After the quantized contact trans-
formation and some additional work, the differential equation P¢ = 0 transforms
into the equation x;¢ = 0, where ¢ belongs to an appropriate space of generalized
functions formalized as a module over a ring of microdifferential operators, [12,
§1.4]. The theory of quantized contact transformations allows one to transform a
solution ¢ into a ramified analytic solution ¢ of the original equation.

An alternative to the reduction to the normal form is the use of sophisticated
majorant series, e.g. [14].

However, the characteristic variety char P can have what is called degenerate,
or radial, points, see Section 4.1 below. In a neighborhood of a radial point char P
is not equivalent to the conormal bundle of {x; = 0} C C”, so different normal
forms become relevant. In the smooth settings, PDEs with a radial points have
been studied since Guillemin and Schéffer [4].

The starting point of our investigation is the paper by Urabe [13] where he
studied the ramified complex analytic solutions of the following typical PDE with
a radial point in two complex variables:

(1) LP(x,?) := (th—(x—i—btz)ch—a(t,x)D,—c(t,x)Dx—d(t,x))dD(x,t) = 0.

The plan of the present paper is as follows. In Section 2 we follow [13] to give
the notation, assumptions, and state the Cauchy problem for the equation (1). To
discuss (1), we work with the cotangent bundle 7 *C? whose standard coordinates
are denoted by (z, x; 7, £). We treat the operator L from (1), and its main part
P, see (3), as elements of the ring of microdifferential operators €2 (g.0.0,1y; the
relevant definitions and results are given in Section 3. In the Section 4 we transform
our equation to a more convenient normal form by means of a quantized contact
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transformation. In Section 5 we use the result of [9] to prove that operators P,
and L are conjugate inside €2 (9,0:0,1), thus making precise the idea that L is a
perturbation of P.. In Section 6 we show that expansions related to the ansatz (8)
form modules €2 (g,0.0,1)Uy and €2 (0,0:0,1) Vo OVer the ring E¢2 (9,0.0,1) and are
in fact quotient modules of €¢2 (,0:0,1)/ € ¢2,(0,0:0,1) Pe- This gives morphisms of
&-modules from €¢2 (0.0:0.1)/€¢2,(0,0:0,1) L 1© €¢2,(0,0:0,1n Vs and €2 (0.0:0,1) Vay »
i.e. a family of solutions of the PDE Ly = 0. In Section 7 we form a linear
combination of these solutions to satisfy the initial conditions of the Cauchy
problem. Our main result, Theorem 2.5 below, is a modification of [13, Theorem
on p. 3]; the differences are discussed in Section 8.

The point of our paper is to show that algebraic techniques can give an alterna-
tive, more transparent treatment of this equation, by referring it to normal forms
of [7] and [9]. We demonstrate that the division theorem in microdifferential cal-
culus can replace some of the difficult majorant series estimates in [13] if one views
expansions (8) as elements of an appropriate £-module. While we are primarily
interested in illustration and development of the techniques, we note that the radial
points have been attracting attention in several scattering theory papers, e.g. [5].
Some algebraic discussion of this equation is present in [16].

2. Statement of the problem, notation, and the main result

We are solving the Cauchy problem for the PDE (1), where a(¢, x), c(t, x), d(¢, x)
are analytic functions on a neighborhood (0,0) € @ C C?and b € Cis a
constant. We are interested in solutions in a class of ramified analytic functions.
Ramifications are expected along the union of two characteristic curves (notice a
prefactor 1/8 corrected from Urabe’s 1/4)

) K:{x—%(limzz:o},

where
D:=+v14+16b, ReD >0orD €ciRy.

AssumpTioN 2.1 ([13, Condition (c)]). ¢(0, x) = ¢ where ¢ is a constant, i.e.
c(t,x) =c+1tc(t, x).

In the precise sense described in Proposition 5.1, the operator L is a perturba-
tion of

3) P. = D} — (x + bt*)D2 — ¢Dsy.
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The Cauchy problem will be stated as follows:

u(0,x) = x*f(x)/T'(x + 1);

4) Lu(t,x) =0 with initial data
u;(0,x) = x%(x)/T(a + 1),

where f(x), g(x) are holomorphic functions in Q N {r = 0}.
AsSUMPTION 2.2. « & Z.

The following functions will be used as elementary building blocks for the
solution of our differential equation

&) 1
— (14 D))
U‘)f(t’x):(x 1§(a11)t)
. 2
XZFI(_O[&(IJF%)JF“JFZ; 1;%;_4(x—;()1[+D)12));
8
1 o
——(1+D)?
Iﬁm”:tQ &a:nt)
XzFl(—a,§(1+%)+a+;_l;§;— Dr* )

1 2
4(x — gL+ Dy )
where , F7 denotes the Gauss hypergeometric functions.
Their choice is motivated by the following properties:
PUS =0, USO,x) =x%/T'(@+1), DULO,x)=0;
PcVy =0, V5(0,x) =0, D, VEO,x) = x*/T(a + 1).

(6)

Our expressions for US, V¢ already contain the correction entailed by (2) and
were double-checked numerically with Wolfram Mathematica. Refer to [4, §6] for
a systematic way of obtaining such hypergeometric solutions.

The following estimate follows from the proof of [13, Proposition (E.U), p. 23],
especially the bottom of [13, p. 22], and the Cauchy integral formula, with a slight
change in the notation w,.

ProrosiTion 2.3 (Urabe). Assume [13, Condition («, b, ¢)]:

@) a—l—i:l:%(a—%#—c)gZZ and a—i—%:l:%(a—%#—c)gi%.



Singular Cauchy problem with a radial point 49

Let
|
0y = {(t,x):x # S D)% |x| < A, Jr?) < A} cQ,

and @) be its universal covering space. There exist positive constants Ty, T,
B(«, ¢), such that for any compact subset K C @, that wraps around the charac-
teristic curves {x = %(1 + D)t?} at most B times,

—k+1 —k+1 —k+1 —k+1
|U¢§+r—l B |atUof+r—1 B |Vaf+r—l B |atV0tc+r—1 |

1 ~
< B(a, c)ﬂ(r_k)T{Tzk—‘)&’ on K.
r!
We make the following assumption which will play the role in Proposition 5.1:

AssumpTION 2.4. Assume b # 0 is such that at least one of the numbers
(1 + /14 16b)/(2b) falls outside of (—o0, —3] U {—3} U [0, 400).

The main result of the present paper is:

THEOREM 2.5. Under assumptions 2.1, 2.2, 2.4, and equation (7), for every
B € Ny, there is a sufficiently small neighborhood w (depending on B) of the
origin in C? where the Cauchy problem (4) has a holomorphic solution defined
on any compact subset of o — K (see (2)) that wraps around K at most B times.
The solutions is expressed by

o0 r
g 0= DO k(. OUSTER (0. ) + gract. x) D USEH (1, %)
r=0k=0 _ _
+ Ur,k(t’ x)V‘;‘+fjll (t7 X) + hr,k(t’ x)Dt V(f+fj_11 (t’ X)},

where U, k, &rk, Vrk, and h, ;. are holomorphic functions on w and US, VS were
defined in (5).

Moreover, there are constants a,, b, and functions uy(t, x), g¢(t, x), ve(t, x),
he(t,x) such that u,j = ary—k, &rk = Ar&r—k» Vrk = brVr—k, hrx = brhy .

3. Preliminaries from the microdifferential calculus

Recall from [12, §1.1] that a microdifferential operator (MDO) of order m on an
open subset U C T*C" is defined by a formal series P = >__ _,_,, pj, Where
p; is a section of Or+x(j) on U, with an additional requirement that for any
compact set K C U there is an ¢ > O such that ;- |p—; |k’ /j! < oo, where
|pjlk = supg |pj|. The spaces of such operators are denoted Ec»(U)(m), they
form a sheaf E¢n(m), and Egn := J,, ez Ecn (m). The noncommutative product
is defined by [12, (I1.1.2.4)].
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The spaces of MDOs are topologized by means of Boutet de Monvel-Krée
quasi-norms

2(2n) k! 5
9 N,(P,K,t =§ D*DP p, |t 2 tlel+IB]
a,,BE]Ng

Aformal sum P =) _ _ j<m Pj belongs to E¢n (U)(m) iff for any compact set
K in U there exists ¢t > 0 such that N, (P, K, ) < oo.

Generalizing [12, Definition 1.2.1.1], for a compact set K C T*C" denote
by Xm(K,t) the vector space of formal sums P = 3 _._, p; such that
N (P, K, t) is finite, and endow this space with the norm N, (-, K, t).

The rest of this Section 3 consists of a few preparatory facts about MDOs for
which we do not know a reference.

3.1 — Characterization of €2 (9,0:0,1)-

Consider C? with coordinates (xi, x») and T*C, with symplectic coordinates
(x1,x2;61,&). Letx = (0,0;0, 1).

Given a neighborhood x € U C T*C? and a formal sum P = Y~ _;_. pj,
pj € Or+x(U)(j), by [12, Remark 1.1.2.2], P can also be written as a formal sum

> an (1. x2) (E1 /E2)"E5
—m=j<oo,
n>0
where a,,; are analytic functions near the origin in C2, such that all the series
@j(x1,Xx2,5) = ijo an,j(x1,x2)s" converge in a neighborhood of origin in C3
independent of ;.

ProposiTion 3.1. A formal sum ) _; , a(x1, xz)(El/éz)”éz_j defines an element
of €z x iff there is a neighborhood U of the origin in C? and constants C, 0, p
such that

(10) |an,j(x1,x2)] < COp j!.

Proor. Suppose Zj’n a(xl,xz)(él/éz)”éz_j defines an MDO in €2 x. Then
there is an ¢ > 0 and a compact neighborhood K of x such that

(1 >

J

Zan,j(xl,xz)(fl/fz)nfz_j Ksj/j! < 00;
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in particular, the summands in (11) are bounded by a constant C, hence, with
po=1/e,

(12)

> anj (x1. x2)(1/862)"E,” < Cilpl.

Shrink K so that it has the form, for some n > 0,
K ={§1/&l=n &1 = [xi|l =i [x2] = 7).

For such a K, (12) becomes

(13)

Zan,j(xl,xz)(fl/éz)"

(1=~ <Cji’,
K
and the extra factor on the left can be dropped by weakening the inequality

< Cjlpl.

K

Zan,j(xl,xz)(fl/éz)"

Denote (£1/&2) = s and get

lnllax ‘ Zan,j (xl,xz)s”‘ < Cjlp’/, forall (x1,xz) such that |xq, x2| < 7.
tl<n | =

By Cauchy’s inequality this implies
lan,;j(x1,x2)| < Cn™"p’ j1,  forall (x1, x») such that |x;, x| < 7;
putting 6 = 1/, we get (10).
The proof of the converse is similar and left to the reader. |

3.2 — Approximation of an MDO by finite sums

We continue to use the notation of the previous subsection.

THEOREM 3.2. Let P = 3, 4.i5m an,j(xl,m)(Dxl/sz)mD;zj be an
MDO in a neighborhood of x. Order the pairs (j,n) as (ji,ng), k € N, and
define Py = ) ;o ny,jr (X1,X2)(Dx, /Dx,)** D;jk. Then there is at > 0 and
a compact neighb_orhood K’ of x, both depending on P, such that

Nm(Py;K',t) — 0 as N — oo.
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Proor. Let P = ) ;. _,, p—; such that for some ¢ > 0 and some compact
neighborhood K of x

Z|p_j|Kej/j! < 00.
J

Then P defines an MDO on any open set contained in K.

Suppose further that p_; = ), _, p—j» and each of these sums converges
uniformly and absolutely on K. Then the double sum > jn D- jn€’ /j! converges
uniformly and absolutely on K (in particular, the sum is independent of the order
of summation, i.e. of the linear ordering (jx,nx) of the pairs of indices). In the
situation of the theorem p_;, = a, ;(x1,x2)(£1/62)"E, J,

Denote by Py the MDO with the total symbol > 72 p—j, ., defined on any
open subset of K. We are going to show that there exists a compact neighborhood
K’ of x such that N,,(Py, K’,t) — 0 for sufficiently small 7s.

Denote by Q any one of the operators Py and let > ;- _, g—; be its total
symbol. Imitating the proof of [3, Chapter 4, Lemma 3.2], let us take a polydisc
A of radius § centered at x such that 2A C K. It follows that |g;,—jloa <
Arj !Clj for some constants A, C;. Cauchy’s inequality gives |8§8? dm—jla <
(@) (BHS¥=1Bl|g,,_ i |, and hence

- 2-47 k(k')(a')(ﬁ') |61m kK o—jo|— 1B1,2k +lal +18]
V@A D e

Using (k! < (k + |a|)! and (B)k! < (k + |B]!), we have

Nn(Q, A1) < Z 2.47k |qm];'k|K5—Itx|—|ﬂ|t2k+|cx|+lﬁl;
k.o, )

assuming ¢ < 1/(28) and summing over « and 8, we obtain

Nm(Q, A t)<824_k|p "'Kzz"

Assuming t < +/4& we have

(14) Nm(Q; A, [)<8Z|Qm —k|k ok

From this it is clear that N, (Py,A,t) — 0 as N — oo, and the theorem
follows with K’ = A. O



Singular Cauchy problem with a radial point 53
3.3 — Division theorem with a continuity supplement

The proof of [12, Theorem 1.2.2.1] implies, in fact, the following more detailed
statement. We highlight the part not included in the book’s formulation:

Tueorem 3.3 (Spith). Let P be an MDO defined in a neighborhood of
(x°,£% € T*X. Assume that —(cr(P)) is zero at (xg,&p) for 0 < j < p and

different from zero for j = p. Then for any section Q of Ex of order m defined in
a neighborhood of (x°, £€°) there exist unique S and R such that

Q=SP+R, ordR<ordQ, ad¥ (R)=0.

Moreover, there is a compact neighborhood K of (x¢, &9) and a positive t such
that Q v R defines a continuous map X,,(K,t) - X, (K, t).

NortaTtion 3.4. By 0 mod - P we denote the operator R from the above
theorem.

4. A quantized contact transformation relating
P.D;! and B1y1 Dy, + B2y2Dy, + B3

4.1 — Classification of radial points

We begin by giving some mathematical context for the operator P,.

In at least three sources, [4], [9], [7], plus [8], the following question is dis-
cussed. Suppose given a linear (micro-, pseudo-) differential operator with ho-
mogeneous involutive characteristic variety V' C T*K"” (K = R or C), let
o« = )_ pidx; be the canonical 1-form on 7*IK". Consider those smooth points
x € V outside of the zero section, called degenerate or radial points, where «|V
vanishes. These points are interesting because in their neighborhood the operator
P is not microlocally equivalent to d/dx1, i.e. results such as [12, corollaries A.4.5
and 1.6.2.3] do not extend to the case of radial points. So what are the microlocal
normal forms for V' and P near radial point?

A much-simplified result from [7], [8], and [9] says:

TueoreM 4.1 (Lychagin and Oshima). IfAq,...,A4—1; U1, ..., kn—1 are com-
plex numbers such that the sets {11, ..., An—1} # {{t1,..., Un—1}, then the equa-
tions

n—1 n—1
(15) D o Aixii +Xnbn =0 and Y pixibi + Xpby =0
i=1 i=1

define non-equivalent germs at the point x = (0,...0;0,..,0, 1) of homogeneous
involutive submanifolds in T*C" for which X is a radial point.
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Equivalence is understood with respect to the group of germs of homogeneous
symplectic biholomorphisms preserving x.
It follows from the theorem that the corresponding microdifferential operators

n—1 n—1

Zkixli,- +anxns Zﬂixlii +anxn € EC”,X

i=1 i=1

are pairwise microlocally inequivalent.

However, not every codimension one involutive submanifold with a radial point
is equivalent to (15). In fact, the classification of radial points is parallel and sim-
ilar in difficulty to the Birkhoff normal form, compare [8, especially §§1.5-1.8]
and [15, §19]. The result of Theorem 4.1 comes from linearized theory of Hamil-
tonians near a stationary point; the possibility of resonances (Z-linear relations
among eigenvalues of the linear part of the Hamiltonian) makes an exhaustive list
of normal forms unfeasible in either case.

A different system of normal forms of an operator whose characteristic mani-
fold has a radial point at (¢, x; 7, §) = (0, 0; 0, 1) is presented in [4, (1.3) and (1.7)],
and our P. is one of these normal forms. The content of the next subsection 4.2 is
to explicitly transform the operator P., which is in the normal form from the point
of view of [4], into another operator whose principal symbol is in the normal form
from the point of view of [7] and [9].

4.2 — Construction of the transformation

A quantized contact transformation [12, §1.5] is an isomorphism of x (U) onto
Ey (V), where U, V are some open sets in T*X, T*Y, respectively, where X,Y
are complex manifolds. Such a transformation is often found staring from a ho-
mogeneous contact transformation between U and V', hence the name.

In this subsection we will re-denote our coordinates (¢, x; 7, £) as (x1, x2; &1, &).
Then

P. = D} — (xa+bx{)D}, —cDy,.

As before x = (0,0;0, 1).
Let us perform a transformation of the ring €2 4:
X1 :ZI—CDZIDZ_ZI, Dxl :Dzl;

C -
X2 :Z2+7D§1D222’ Dy, = Do,

(16)

where C is a constant.
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We see, using [12, (I.1.1.9)], that the commutation relations among operators
are respected. The analytic part of the proof of the fact that (16) defines an
automorphism of &2 y goes through [12, §1.5] applied to the ideal

17 J:= 8cczchZ(xl —z21+C61/8, xa— 22— %5%/55’ §1+C1, &+ 52)-

Formulas [12, (I.5.1.2)] are obvious directly and [Sch,(I1.5.1.3)] follows by unique-
ness in the division theorem, so we do not need to worry about calculating the
symbol ideal of J. Notice the opposite sign in front of ¢’s in (17) compared to (16)
taken to counteract the order reversal in [12, (I.5.1.4)].

We will omit the notation for the automorphism and will simply write P, in
the new coordinates:

c
Pe = D2, — {22+ = D2 D2 + b(z1 = CDz, D)) | D2, — Dz,

C
_ (1 -5 - bc2)D§1 —2,D2 —bz2D2, +2C2,D;, D, — Dy,

Setting to zero the coefficient in front of D?l, we C = (—1 £ +/1+ 16b)/(4b),
the sign chosen in such a way that —2C satisfies Assumption 2.4.
We now perform one more change of variables defining an automorphism of

€2 x; this one is simply induced by a biholomorphism of the (y1, y2)-plane:

Z1 = )1, D21 :Dy1 + Kleyz,
K

_ylzv Dz, = Dy,.

Z2 =)Y2 — )

Then

K
P = —(yz — jyf)sz —by?DZ +2Cy1(Dy, + Ky1Dy,) Dy, — cDy,

K

and equate to zero the coefficient of ny)z,z. K =b/ (% + 2C), the denominator
equals % 4 =lEv1+16b 3})“61’; the assumption 2.4 contains the condition C # —1/4 in
order to avoid division by zero at this step.

In summary, we have found a quantized contact transformation transforming
P into —y; D3, +2Cy1 Dy, Dy, —cDy,, o1, P.D; ! into —y, Dy, +2Cy1 Dy, —c.
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5. Operators L and P, are conjugate

ProposiTioN 5.1. Under Assumption 2.4, there is an operator U € E2 5 of
order 0, with principal symbol invertible near X, such that

uULD;' = P.D;'U.

Proor. From Assumption 2.1, we see that (L — P,)D;! is an operator
of order 0, with principal symbol vanishing at x. Therefore also in terms of
y1,y2, Dy,, D,, from Section 4.2, the operator L can be written as

L= _y2D§2 +2Cy1Dy, Dy, — cDy, — ADy,,

where A € €2« of order 0, with principal symbol vanishing at x.
The proposition therefore reduces to finding U conjugating

v2Dy, =2Cy1Dy, +c+ A
into y, Dy, —2Cy;1 Dy, + ¢, and this is accomplished the result below. O

From [9, Theorem 3.2], we extract the following particular case.

ProposiTion 5.2. (Oshima) Suppose that

Q(yl,yz, DylyDyz) = :BleY1 + y2DY2 tc

and

P(yl,yz, DylyDyz) = :BleY1 +y2DY2 +c+ 4

belong to ¢z x where A is an MDO of order < 0 with oo(A) vanishing at X.
Assume moreover

(18) 0 & convex hull{1, 8,1 — B}.

Then near X there is an invertible MDO U of order 0, with principal symbol
invertible near X, such that PU = QU.

A simple drawing shows that (18) is equivalent to
(19) B & (—00,0]U[l,0) C R

which follows from Assumption 2.4.
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ReMARK 5.3. In interpreting [9, Theorem 3.2] we prioritize conditions which
seem to be actually used in its proof on [9, p.77] over the literal meaning of
the assumption [9, A.3.4]; [9, A.3.4] as stated would be trivially true for any S.
Namely, let (in our situation and notation) u_g (y, n) be the (—k)-th homogeneous
component of the total symbol of U and let U_; be the MDO with total symbol
u_. Then [U_g, Q1] from [9, (3.7)] is [U—_g, ,Bleyl +y2D,,] and has the symbol

ou_ ou_ ou_
(20) — B k—n +ﬂ K pmp——=
Iy o

As u_j has to be homogeneous with respect to n’s of degree —k, we can (cf. [6,
(3.8)]) rewrite (20) as

u_

ou_
1) —mnak—m
V1

+ (B - 1)771

—ku k-

Inserting this into [9, (3.7)], we impose (18) in order to satisfy [9,A.1.3and A.1.4]
and apply [9, Theorem 1.1].

Remark 5.4. The purpose of assumption (18) and ultimately of Assump-
tion 2.4 is, as explained in the previous remark, to avoid too close approximations
of B and 1 — B by negative rationals. The condition (18) is most likely not the
minimal assumption, but the need of some kind of Diophantine property can be
traced back to counterexamples [10, Examples 8 and 9, p. 87]. The paper [2] works
with similar Poincaré conditions. On the other hand, we admit that we do not fully
understand the discussion of Poincaré conditions in [13, p. 8]; we prefer however
to postpone the discussion of this issue until our more basic concerns posed in
Section 8 are resolved.

Let us rewrite the result of the Proposition 5.1 in terms of an isomorphism of
&-modules. We have L = U™! P, D;'UD, and notice that U™ P, Dy is an MDO
of order 0. Hence we can construct an (iso)morphism of €2 y modules

(22) i: €2 x/EcoxL —> Ecox/EcoxPe.  [1]—> [DF'UT Dy

6. Modules E¢2 (9,0;0,1)Us» €c2,00,050,1)Ver

Let K be the ramification locus (2), let ws, @s be as in Proposition 2.3. Define M
to be the set of ramified analytic functions on some @;s representable as infinite
sums, absolutely and uniformly convergent on compact sets — a.u.c.c.s. for short:

(23) > i (x.OUs ) + g (. x) D Ug
j=—N
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with N € Z and satisfying the condition

there exist n > 0 and § > 0 such that
luj(x,t)].|gj(x,2)| < n’ j!on ws for all j > 0.

This is of course equivalent to

there exist n > 0 and § > 0 such that
lu; (x,0)], gj(x,0)] < /TN (j 4+ N)! onws forall j > —N.

By Cauchy’s integral inequality on some, possibly smaller, wg, there exists
6 > 0 such that

(24a) i, 1) =Y ux(Ox @] </ TVOG + N
k>0

and

(24b) gi(x.)=> gixx*. g <n/™No*(j + N)L.
k>0

By Proposition 2.3, any sum (23) represents a ramified analytic function on
some @g.

Clearly, M is closed under multiplication by analytic functions of (x,1).
We will now define action of D;l, Dy, and D; on M that will make M into a
€ ¢2 x-module. The action will be denoted by o to distinguish it, at this stage, from
usual operations on functions and from the product in &.

Every element ¢ € M has the following property: for every n € Ny,
(0"@/0t™)|t=0 is of the form x* f,,(x), where f, is meromorphic at the origin.
The only function independent of x, ramified only along K with this property
is the zero function. Hence, any function of the form (23) has a most one anti-
derivative with respect to x of the form (23). Let us explicitly construct such an
antiderivative.

Let (z)x denote the descending factorial, (z)y = z(z —1)...(z —k + 1).

We begin by defining

m
B . ke i1k
(25) D o XUyt o=y (=D mex U
k=0
which is inspired by [12, equation (I.1.1.9)] and [13, Proposition 2.(3)]. One checks

by hand that the RHS is indeed an antiderivative of x™ U;;j
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We can define the following as an a.u.c.c.s. series on a neighborhood of the
origin; convergence will be shown a few lines below:

D o { Y uimx"Ug))
Jj=-N
m=>0

m
kg e—j—1—k
=3 Y D um e U TR

j=—N k=0
m>0
(setm = £+ k)
o1k
= (=DFujpqe)k + K)l_cszaf+§+tl+k)
j==N
Kt>0

(setj+k=s5—N)

N
= > (DRu o nar e Ok + Opx USSTN L
s,4>0k=0

ZUc—s-i-N—l .

Let us now estimate the coeflicient of x*U,, N1

N

D (DFus ey are (K + O

k=0
<Y s k-Nare Ok + O
k=0
(by (24))
<D TR s =10 e + 0
k=0
=Y R s — )Nk + 0)1/0!
k=0
<> s = k)120) k!
k=0
<s120)7° Y o)
k=0
(26) < 5120)¢(n + 26)*,

hence the required convergence statement.
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Analogously, define

Sof Y gmox DU

j=—N
m=>0

m
_ 1-k
=2 DD gmOmyx" DU .
j=—N k=0
m=>0

As differentiation commutes with u.a.c.c.s. series of analytic function, termwise
differentiation shows that D! o ¢ is indeed an antiderivative of ¢ € M.

Define further

9
Dyou;(x, NUST] = 8”’ USH: +uUSIEL

(27) 5
&j
Dy og;(x.)0, Uy’ = a]a Uss) + 80Uyt

(inspired by the Leibniz rule and [13, Proposition 2.(3)]) and

(28)
_;  da(x,
D,oa(x,t)U(fJF;. = a(a); )

Dy oate.n U] = 0Dy ge

+a(e,D(x + br)RUL + (e — ) USY

UoH—] +a(x,1)d,U, +J,

+a(x. ) (x + bt)HUs I +a(x.0)(c — HUSE

(inspired by the Leibniz rule and the property P._; U, + 5 =0).

Notice that estimates in (26) are the same as would be used in a low-tech by-
hand proof of the fact that P € E¢2y = D;'o P € &gz . Similarly but easier,
imitating the proofs of P € 2y = DyoP € Eay P € E2ay = Do P €
€ ¢2 x> one proves that the actions of D and D, extend to the whole M and are in
fact the usual differentiations of functions with respect to x and ¢, respectively.
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With the actions of D;l, Dy, and D, thus unambiguously defined on M, we
can make the following observation.
For any ¢ € M, there is a MDO P € ez x with deth P <1, such
that ¢ = P o Uy (in the sense that if P = Y _ .y P;, Pj is the
homogeneous part of order j, then ¢ = Z—oo<j§N P;U§ and the sum
is a.u.c.c.s.
To recapitulate, at this point P o ¢ has been defined a) for P = a(x,t) or
P = D;l or P = Dyor P = D;andany ¢ € M, as well asb) forany P € €2y,
with degp,, P < 1and ¢ = Uj.
Further, from the formulas (25), (27), (28), and using notation 3.4 we see that
D' o (PU) = (D' P)Us: Dxo (PUg) = (DxP)Uj:
D, o (PUE) = (D;P mod -(D?— (x + bt*)DZ —cDy))UE,
where on the left hand side we have an action of an operator on M, and on the
right we have a composition of operators in £.
The issue that we have to deal with is that a given analytic function ¢ might
have a non-unique representation as PUY.

DEFINITION-PROPOSITION 6.1. €2 « acts on M as follows:

Q- PUS:=(QP mod -(D? - (x + bt*)D2 —cD,))UE
where degp P < 1.

We stress that quite a non-trivial analytic statement, following from the divi-

sion theorem, has just been used: namely, that
QP mod - (D? — (x +bt*)D2 —cDy)
is an MDO.

Proor. The only non-obvious thing is to show that if PU{ = P'US as
functions, then Q - PUS = Q - P'U as functions. .

We will approximate Q by finite sums Qx of monomials a(x,t)DsD¥ as
in theorem 3.2; because Dxil, D, are unambiguously defined on the level of
functions in M, Qn - PUS = Qn - P'US. Let

Ry := OxyP mod - (D? — (x + bt?)D% —cDy)
and
Ry = OnP' mod - (D} — (x +bt?)D} — cDy).

It remains to show that as a function (Ry — Ry )U$ — 0 u.c.s. That follows from
the lemma below. O
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LemmMmA 6.2. Suppose P, € ¢z are such that for some value t > 0 and a
compact neighborhood K of X, Ny (Pp, K,t) — 0. Then P,U{ — 0 u.c.s in some
neighborhood of the origin.

IDEA OF THE PROOF. Since N, (P, K, t), defined by the sum (9) tends to zero

_k .
as n — 00, so does the subsum Y. o 24— Pm—k|x?**. From this the lemma
follows in a routine way. |

The construction of ¢z 4V is analogous.

7. Solution of the Cauchy problem

As P.U; = PVy = 0, we have the quotient morphisms of €2 y-modules
E2x/Ec2xPe = E2xUy and Ecz /€2 xPe — 2V, . Pre-composing them
with 1 from (22), we get two morphisms

nui€eex/E€c2xL —> E2xUy and  py:€eey/E2xL —> Ec2xVy -

where the image of [1] is PUS, PV, with P which is the same MDO in both cases,
of order 0, with o (P) invertible at x. The operator P depends on ¢ but not on «. It
can be assumed that deth P < 1,and hence P = Py(¢t, x, Dy) + P1(¢, x, Dy) Dy,
where P, is of order < —1.

The morphisms puy, ny yield two solutions of the equation Ly = 0 in the
given classes of ramified analytic functions:

(p&(x’t) =P Ug = :POU&C —I—’P13,Uo~f € EUg
and

Yalx, 1) = P-VE = PoVE +Pid,VE € EVE

forany & € o + Z>_, if « satisfies (7).
We will now form an appropriate linear combination of ¢gz’s and v3’s that
satisfies initial conditions (4).
We have
01 ¥a(t. x) = (DiPo) Vg + (D:P1)0: Vg
= [Dy, ‘-PO]V&C + ‘.PO((),V&C + [D;, P1]0; V&c + Tlatzvgc
= {[D:,Po] + P1((x + bt*) D2 + D)} VE +{Po + [Ds, P1]}0, VE
and similarly for d;¢g.

Let Qo(x, Dyx) = Pols=0 and Qi(x, Dx) = {Po + [Ds, P1]} l1=0; as Py is of
order < —1, so Qq, Q; are still invertible MDOs of order < 0.
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We have, using (6),

o

¢a(0.x) = Qoﬁ,

04¢6(0.3) = ([0 Follizo + Pilio(¥D3 + DI}
Ya(0.x) = ?1|z=or(&x—il),

9,va(0, x) = er(&x—in.

Denote P;|;=¢ = SD;I, where 8(x, D) is an MDO of order 0, and note that
8D Y (xD2 + ¢Dy) = 8(xDx + ¢ — 1) = x(8Dy) + [8,x]Dx + 8(c — 1). Here
[8, x] is of order < —1.

In order to satisfy the initial condition of the Cauchy problem, let us find
constants a,, b,, n > —1, such that

Y anatn(0.X) + Y baVasn(0. %)

n>—1 n>—1
a-+n a-+n
(29) g, S X N DX
°n;1r(a+n+1) 1|t_0n;1F(a—l—n+l)
= f(x)x%;
Y andi@utn(0,%) + Y budiVatn(0, x)
n>—1 n>—1
xa+n
D, P $(xDy 1 _GnX
0 = {[Ds. Polle=0 +8(xDx + ¢ — )}Z Tarn D
b xa+n
Q
2 Z [ Tla+n+1)
= x"g(x)

Y ey 0 s T e = % e
_ = x)x“.
e T+n+l) =0 N & Ta+n+1)  °
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The operator Qy!P1|,=o shall be denoted D 'R, where R(x, Dy) is an MDO of
order 0:

D DL TN S Z R
= Ta+n+1) °° F(a+n+1)

Inserting (31) into (30),

{[D¢,Po]li=0 + 8(xDx + ¢ — 1)}(Q_lf(x)x“ _p-lg Z ﬂ)
t = x 0 x nz_lr(a+n+l)

+01 ) F(a+n+1) = x"g(x).

n>-—1

or

{Q1 + [Dr. Polli=o D 'R .
+{x(8Dx) + [8.x]Dx + 8(c — D} D5 'R} n; m
= x%g(x) —{[Dys, Po]|t=0 + S(xDx + ¢ — 1)}Qo_lf(x)x"‘.
Rewrite the left-hand side:

{ 91 +[Di.Polli—oD;'R
——

invertible ord < —1

+x SR+ [8,x] R+ (c-DSD'R} 3 ™
—_—— N >_1F(Ol+n+1)
ord 0 ord< —1 ord< —1

= x%g(x) — {[Dr, Pollt=0 + S(xDx + ¢ — 1)}Qp" f(x)x“.

The operator on the LHS can be inverted, and the second operator on the
RHS is of order < 1, hence indeed we find a series ). _; %x‘”” where
the coefficients b,/T'(e + n + 1) < ¢" for some constant ¢ > 0. The series
D ons—1 %x‘”” with the same property is obtained from (31).

Finally, we study the convergence of the expressions

> anPULy,. and > byPVEL,.

n>—1 n>—1

The former can be written as

32 Y Za,,u,-(z,x)U;;,ﬂ(z,x) + Y Y bagi(t.x)0 Ugid, ().

nz—1j=0 n=—1;>0
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We have, using (10) and Proposition 2.3

. P 1
<T(e+n+1)q"-Cp’j! B, )1 1]

)Ln+j,
2 (n+j)!

so by choosing A small enough we can estimate the first sum of (32) by a product
of convergent geometric series. Similarly for three other sums.
This finishes the proof of the main result Theorem 2.5.

8. Discussion of Urabe’s argument

In the main result of Urabe, the existence of analytic solutions of the Cauchy
problem (4) is claimed on @, — the full universal cover of some neighborhood of
the origin minus the ramification locus. In our Theorem 2.5, the claimed domain
of existence is smaller: the more turns around the ramification locus you want to
allow, the smaller should be the value of A. With that in mind, we would like to
state what we do not understand in Urabe’s paper and where a gap in his work may
be.

Take P. = L and the Cauchy problem given by
u(0,x) = f(x)x*/T(a+1) = Za,pc‘”” (¢+1);=g/T(n+1), 9u(0,x)=0,

where (o) = a(¢+1)... (¢ +n—1) is the ascending factorial. The most natural
candidate for a solution is

(33) Y an(a+ D=iUs sy

n>0

But, unless [13, Proposition (E.U.)] can be dramatically improved, on the whole of
w, the function Uy, , are bounded by a geometric series, and we have a factorial
divergence of (33).

Maybe the procedure in [13, §3] leads to a different solution of the initial value
problem? Let us take Urabe’s u from [13, Theorem on p. 3] and compute Lu = P.u
ason [13, p. 5, bottom]. Let us take v, x = h,x = 0 (i.e. disregard terms containing
Vof;f ). We understand that only the Leibniz rule an the following three properties
of U¢ are used in this calculation

(34) (D?—(x+bt*)D2—cD)US =0, (tD;+2xDx—20)US, D, UE = UL
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However, we get a slightly different expression, the discrepancy coming from the
summands at the lower boundary of summation, namely

o0

.
Pou =YY (br>A + 2b1)g, kUi ¥ %3
=0k=
T M k= Dyt (@ +r +e—k—1)Agrs

+ (Pe = 2(c + r — D) D)up i JUSTEH

+ (— (%A + M + k)gr,k + Aur,k>DtU;;]:jll
+ [(PC - Z(a +r— %)Dx)gr,k]DtUof—}_—lrc'

This leads us to think that one has to start the recursive procedure by equating to
zero the coefficients of US**2 and D, U ¥H], which gives us different condi-
tions than the k£ = 0 case on Urabe’s p. 7.

Finally, maybe this indexing issue can be repaired preserving the main idea?
We do not think so. Indeed, the equations on u, ., g, decouple accordingly to
the value r — k, and as no properties of functions Ug are used beyond (34), what
is actually studied are the solutions of the equation P.u = 0 in the £-module
Ec2x/€c2x(Pe, (tDy + 2xDyx — 2a)). In terms of the y-coordinates from Sec-

tion 4.2, this is the same as looking for €2 y-module homomorphisms

(35)
Ec2x/€c2x(Dy,(=y2Dy, +2Cy1 Dy, — ¢ + 1))
- 8CZ,X/8CZ,X(D)’2(_)/2D)/2 + 2C)/1Dy1 —c+1), viDy, +2y2Dy, — 2a)

because it turns out that tD; + 2xD, = y;1 Dy, + 2y, D,,. Once we rewrite (35)
as

(36)
SCzjx/Ecz’x(—yszz + ZCyIDyl —c + 1)
— E2x/Ec2 x(=y2Dy, +2Cy1 Dy, —c + 1, y1 Dy, +2y2Dy, —20),

it is clear that for an irrational value of C there is only a 1-dimensional space
of such morphisms defined by [1] — [A], A € C. So, generically, no additional
unexpected solutions can be constructed by such a method.
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