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1. Introduction and preliminaries

The aim of this paper is to investigate relations between the cohomology groups
of the tangential Cauchy Riemann complexes of n-reductive compact homoge-
neous CR manifolds and the corresponding Dolbeault cohomology groups of their
canonical embeddings. The class of n-reductive compact homogeneous CR man-
ifolds was introduced in [1]: its objects are the minimal orbits, in homogeneous
spaces of reductive complex groups, of their compact forms.

Results on the cohomology of the tangential CR complexes on general compact
CR manifolds of arbitrary codimension were obtained in [15] (see also [8]), under
suitable r-pseudoconcavity conditions, involving their scalar Levi forms, that were
first introduced in [3, 26]. In this paper we will restrain to the homogeneous case.

The CR structure of a homogeneous CR manifold M, is efficiently described
by considering its CR algebra at any point py € Mj: it is the pair (ko, v) consisting
of the real Lie algebra kg of its transitive group Ky of CR-automorphisms and of
the subspace v = d n_l(TI?O’IMO) of the complexification k of ko (see [23]). The
formal integrability of the partial complex structure 7% My of My is equivalent to
the fact that v is a complex Lie subalgebra of k . The intersection b N v (conjugation
is taken with respect to the real form k) is the complexification of the Lie algebra
of the stabilizer of pg in Kg and the quotient v/ (v Nb) represents the space TI?O’I M,
of anti-holomorphic complex tangent vectors at py.

We call n-reductive a homogeneous CR manifold for which v= (v N b) & n(v),
i.e. for which Ty;' My can be identified to the nilradical of v. It was shown
in [1] that the intersection of any pair of Matsuki-dual orbits in a complex flag
manifold M, with the CR structure inherited from M, is an n-reductive compact
homogeneous CR manifold. Moreover, when M, is n-reductive, v is the Lie
algebra of a closed complex Lie subgroup V of K that contains the stabilizer of
po as its maximal compact subgroup, so that My = Ko/Vy — M_ = K/V
is a generic CR-embedding. Vice versa, if M_ is a K-homogeneous complex
algebraic manifold, then a minimal Ky-orbit M, in M_ is an n-reductive compact
homogeneous CR manifold.

Since K, is a maximal compact subgroup of a linear algebraic complex
group K, the quasi-projective manifold M_ can be viewed as a Ky-equivariant
fiber bundle on the basis My (see [25]). We use this Mostow fibration of M_ onto
M, to construct a nonnegative smooth exhaustion ¢ of M_, with ¢~1(0) = My,
to relate the Dolbeault cohomology of M_ to the cohomology of the tangential
CR-complex on M. This requires some precision on the structure of the fibers
and forces us to introduce a further requirement on the CR algebra (k¢, v), namely
to ask that, if to is the largest complex subalgebra of k with v C v C (v + v),
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(see [23, Theorem 5.4]), then n(w) is the nilradical of a parabolic subalgebra
of k. This condition is satisfied in many examples coming from Matsuki dual-
ity (cf. [22]) and can always be satisfied by strengthening the CR structure of an
n-reductive Mj.

When we drop this extra assumption, we are still able to construct a continuous
exhaustion, which, when M is r-pseudoconcave, is still strictly r-pseudoconcave,
allowing us to obtain results on the first (r — 1) tangential Cauchy—Riemann and
Dolbeault cohomology groups of My and M_ (or up to (r — hd(F) — 1) if we
discuss cohomology with coefficients in a coherent sheaf F).

Earlier versions of some results proved here were discussed in [20, 21].

The paper is organized as follows.

In §2 we discuss some basic facts on n-reductive CR manifolds. We skip from
basic stuff on CR manifolds and CR algebras, for which we refer, e.g., to [15, 23],
and only explain those special features which are necessary for the developments
of the next sections.

Cartan and Mostow fibrations are related to the structure of negatively curved
Riemannian symmetric space of the set of Hermitian symmetric matrices with
determinant one. Hence we found convenient to discuss in §3, as a preliminary,
some topics of the geometry of SL,, (C)/SU(n).

In §4 we study decompositions of K with Hermitian fibers.

Example 3.7 shows that a Ky-equivariant fibration of M_ with Hermitian
fibers, as in [24], is not always possible. In §5 we describe the general structure of
the fibers. To this aim, we consider a class of parabolic subalgebras associated to
the pair (ko, v) and find a condition, that we call HNR from horocyclic nilradical,
under which we get a Mostow fibration of M_ with Hermitian fibers.

In the final section §6 we apply these results to construct an exhaustion function
which permits to relate some cohomology groups of the tangential CR complexes
on My to the corresponding cohomology groups of the Dolbeault complexes on
M_ and analogous results for Cech cohomology with coefficients in a coherent
sheaf. We conclude with the study of an example of a family of intersections of
Matsuki-dual orbits and an application of §4 to obtain a pseudoconcavity result
for which we do not require the validity of the HNR assumption.

2. Compact homogeneous CR manifolds and n-reductiveness

In this section we introduce the class of homogeneous CR manifold which is
the object of this investigation. We found convenient to recall, in an initial short
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subsection, the definition of reductive Lie group, as it is not completely standard
in the literature.

2.1 — Reductive Lie groups

We call reductive a Lie algebra k whose radical is abelian: its commutator subal-

gebra [k, k] is its semisimple ideal and its radical a equals its center (see [6]).
Reductive k’s are characterized by having faithful semisimple representations.
An involution 6 on a Lie algebra k yields a direct sum decomposition

K =Ko ®po, With kg ={X ek |0(X)=X},po={X €k |0(X) =—-X}.

A Lie group K is reductive (see [18]) if its Lie algebra k is reductive and,
moreover, there are an involution 6 and an invariant bilinear form b on « such
that

(i) ko L po for b;
(ii) b <0Oonkg and b > 0 on po;

(iii) o is the Lie algebra of a compact subgroup K, of K and
2.1) Ko xpod(x,X) — x-exp(X) eK

is a diffeomorphism onto;

(iv) every automorphism Ad(x) of the complexification k© of k, with x € K, is
inner, i.e. belongs to the analytic subgroup of the automorphis group of k©
having Lie algebra ad(x).

Then, 0 is a Cartan involution, k = kg ®po and (2.1) are Cartan decompositions,

Koy is the associated maximal compact subgroup, b is the invariant bilinear form.

The maximal compact subgroup Ky of K intersects all connected component

of K (see [18, Proposition 7.19]). In particular, K has finitely many connected

components.

2.2 — Splittable Lie subalgebras
Let k be a reductive complex Lie algebra, and
k=3®s, withy={X ex|[X,«k] ={0}},s = [k, «]

its decomposition into the direct sum of its center and its semisimple ideal. An
element X of k is semisimple if ad(X) is a semisimple derivation of k, and nilpotent
if X € s and ad(X) is nilpotent.
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An equivalent formulation is obtained by considering a faithful matrix rep-
resentation of k in which the elements of 3 are diagonal: then semisimple and
nilpotent elements correspond to semisimple and nilpotent matrices, respectively.

Each X € k admits a unique Jordan—Chevalley decomposition

X = X; + X,, with X semisimple, X,, nilpotent, and [X;, X,,] = 0.

A Lie subalgebra v of k is splittable if, for each X € v, both X and X,, belong
tov.
If v is a Lie subalgebra of k, the set

ne(v) = {X €rad(v) | X is nilpotent}
is a nilpotent ideal of v, with
rady (v) = rad(v) N [v, v] C ne(v) C nil(v),

where nil(v) is the nilradical, i.e. the maximal nilpotent ideal of v, and rad,(v)
its nilpotent radical, i.e. the intersection of the kernels of all irreducible finite
dimensional linear representations of v. Note that the nilpotent ideal n, (v), unlike
nil(v) and rad,(v), depends on the inclusion v C k (cf. [7, §5.3]). We recall

ProrosiTion 2.1 (see [7, §5.4]). Every splittable Lie subalgebra v admits a
Levi—Chevalley decomposition

(2.2) b = ne(b) B vy,

with v, reductive and uniquely determined modulo conjugation by elementary
automorphisms of v, i.e. finite products of automorphisms of the form exp(ad(X)),
with X € v and nilpotent.

2.3 — Definition of n-reductive

Let k be the complexification of a compact Lie algebra ky. Conjugation in k will be
understood with respect to its compact real form k. Note that all Lie subalgebras
of a compact Lie algebra are compact and hence reductive.

ProposiTION 2.2. For any complex Lie subalgebra v of x, the intersection v N
is reductive and splittable. In particular, v Vo Nn(v) = {0}. A splittable v admits
a Levi—-Chevalley decomposition with a reductive Levi factor containing v N v.
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Proor. We recall that v is splittable if and only if its radical is splittable ([7,
Ch.VII, §5, Théoreme 2]). In this case, v admits a Levi—-Chevalley decomposition
and all maximal reductive Lie subalgebras of v can be taken as reductive Levi
factors. The intersection v N v is reductive, being the complexification of the
compact Lie algebra v N k. Then the reductive Levi factor in the Levi—Chevalley
decomposition of v can be taken to contain v N b (see e.g. [27]). O

NotaTioN 2.1. In the following, for a complex Lie subalgebra v of k, we shall
use the notation

Lo(v) =vNkKy, L(v)=0vNH.

DEerintTION 2.1. Let K be a compact Lie group with Lie algebra ko and M, a
Ko-homogeneous CR manifold, with isotropy V¢ and CR algebra (k¢, v) at a point
Po € My. We say that My, and its CR algebra (k¢, v), are n-reductive if

v = n,(v) ® L£(v),

i.e. if £(v) = v N v is a reductive complement of n, (v) in v.

RemaRrk 2.3. If (kg, v) is n-reductive, then v is splittable. Indeed all elements
of n,(v) are nilpotent and all elements of £(v) are splittable, because £(v) is
the complexification of £y (v), which is splittable because consists of semisimple
elements. Then v is splittable by [7, Chapitre VII, §5, Théoreme 1].

All submanifolds which are intersections of dual submanifold in the Matsuki
duality, with the CR structure inherited by the embedding in the ambient flag
manifold, are n-reductive (see [1, §1]). We exhibit here an example of a compact
homogeneous CR manifold M, which is not n-reductive.

ExampLE 2.4. Let Ky = SU(n), n > 3. Fix a complex symmetric nondegener-
ate n x n matrix S and consider the subgroup V = {a € SL(n, C) | a’Sa = S} of
SL(n, C), with Lie algebrav = {X € sl(n,C) | X'S+SX = 0}.Set Vo = VNK,
and My = Ky/Vy. This is a Kyp-homogeneous CR manifold with CR algebra
(o, 0), where kg >~ su(n), v >~ so(n,C). If S and S* are linearly independent,
then v is a semisimple Lie subalgebra of k distinct from v N b.

The CR manifolds of Definition 2.1 have canonical complex realizations:
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THeorEM 2.5 ([1, Theorem 4.3]). Let My be an n-reductive Ko-homogeneous
CR manifold, with CR algebra (ko, v) and isotropy V¢ at some point py € M.
Then there is a closed complex Lie subgroup V of the complexification K of Kg
with Ko NV = Vg and Lie(V) = v such that the canonical map

(2.3) My ~Ko/Vo — M_ =K/V
is a generic CR embedding.

REMARK 2.6. Vice versa, if M_ = K/V is the homogeneous complex manifold
of the complexification K of Ky, it is shown in [1, Prop.2.9] that any Ky-orbit M,
of minimal dimension in M_, with the CR structure induced by the ambient space,
is n-reductive.

3. Some remarks on SL,(C)/SU(n)

Keep the notation of §2. As we explained in the introduction, we need to precise
the structure of the fibers of the Ky-equivariant Mostow fibration M_ — M.

Mostow fibration ([24, 25]) extends to homogeneous spaces the Cartan de-
composition of reductive Lie groups. Both are related to the fact that the positive
definite n x n Hermitian symmetric matrices with determinant one are the points
of a Riemannian symmetric space M, with negative sectional curvature. We will
discuss some topics on the geometry of M, (see e.g. [11]).

Any compact Lie group Ky has, for some integer n > 1, a faithful linear
representation in SU(#n), which extends to a linear representation K < SL, (C).
Thus decompositions in SL,, (C) are preliminary to the general case.

The linear group SL, (C) has the Cartan decomposition
SU((n) x po(n) > (x, X) — x -exp(X) € SL,(C),

where SU(n) = {x € SL,(C) | x*x = I,} is its maximal compact subgroup
consisting of # x n unitary matrices with determinant one, and po(n) the subspace
of the traceless Hermitian symmetric n x n matrices in s, (C).

The quotient M, = SL,(C)/SU(n) is a symmetric space of the noncompact
type and rank (n—1), endowed with a Riemannian symmetricmetric with negative
curvature. We can identify .M, with the set £ (n) of positive definite Hermitian
symmetric matrices in SL,(C), which in turn is diffeomorphic to py(rn) via the
exponential map. In this way M, can be considered as an open subset of po(n)
and its tangent bundle 7 .M, is naturally diffeomorphic to the subbundle

TMy ={(p.X) € Muxp(n)| p~'X €po(n)}
of the trivial bundle M, x p(n), where we set p(n) = {X € C"" | X* = X}.



8 S.Marini — M. Nacinovich
The special linear group SL,, (C) acts on M, as a group of isometries, by
SL,(C) x My, 3 (z, p) —> zpz™ € My,

and SU(n) is the stabilizer of the identity e = I,,, that we choose as the base point.
The metric tensor on M, is

(X,Y), = gp(X,Y) =trace(p” ' Xp~'Y), forall p e My, X,Y € TyM,.
The curves
R>t—> zexp(tX)z* € M,, for X € po(n),z € SL,(C)

are the complete geodesics in M, issued from p = zz* and
i - -1 2\ /2
dist(p1. p2)= (Y lloghi (pi ' p2))?) .
i=1

where A; (p;!p2) are the eigenvalues of the matrix p~!p,, which are real and
positive, the Riemannian distance on M,,.

3.1 — Killing and Jacobi vector fields

Since M, is a Riemannian symmetric space of SL,(C), the Lie algebra of its
Killing vector fields is isomorphic to s, (C). The correspondence is

sl,(C)3 Z — Lz ={p— Zp+ pZ*} € X(M,).

For H in po(n), the restriction to [0, 1] of the geodesic t — yg (t) = exp(tH)
is the shortest path from e = yg(0) to & = exp(H) = yg(1). We will denote by
&4 (H) the space of Jacobi vector fields on yg and by $o(H ) its subspace consisting
of those vanishing at t = 0. For each Z € s(,,(C), the restriction of {z= to yg is a
Jacobi vector field, that we denote by 0:

{Rot—0z(t)=Z"exp(tH) +exp(tH)Z} € $(H).
To describe g (H) it is convenient to consider the commutator of H

C(H) ={Z €slu(O) | [Z,H] = 0} = Cu(H) & Co(H),
with
Cu(H) = C(H) Nsu(n), Co(H)=C(H)Npo(n).



Mostow’s fibration for canonical embeddings 9

ProrositionN 3.1. The correspondence 9:51,(C) > Z — 0z € $(H) is a
linear map with kernel Cy(H). For each T € Co(H), J(t) =t -07(t) is a Jacobi
vector field and

3.1 JH) ={0z + 107 | Z € s, (C). T € Co(H)},

(3.2) Jo(H) ={0y +1-67|Y esu(n), T € Co(H)}.
Fix Z € 51,(C) and T € Cy(H). Then
(33) J(@)=0z@1)+1t-07(t) =Z"exp(tH) +exp(tH)Z + 2t -T -exp(tH)

is the Jacobi vector field on yg satisfying the initial conditions:

JO0)=Z+Z*,
34 { © "

J(0) = 3[H,Z - Z*] + 2T,
and we have

J(t) = 20(m, 21427 (1),
3-5) D J(1)
dtk

= 2_kead’,‘,(Z)(t)’ Jork = 2.

Proor. If T € Co(H), then 7 is parallel and therefore also ¢-67 is Jacobi on
vH - To compute the covariant derivatives of the Jacobi vector field J(¢) defined
in (3.3), we use the parallel transport

TYH(Z)Mn 35X — eXP(SH/z)X exp(sH/Z) € TyH(t+s)Mn

along yg. Then

. d
02(1) = () _ [exp(=sH/DAZ" exp(t + s]H)
+ exp([t + s]H)Z} exp(—sH/2)]

= 2[Z* H]exp(tH) + 1 exp(tH) [H. Z] = 1611,7(0).

By iteration we obtain (3.5) and, in particular, (3.4).

Finally, we need to show that all J in §(H) have the form (3.3). Since ady
is semisimple, sl, (C) decomposes into the direct sum of its image and its kernel.
Hence po(n) = [H, su(n)] & Co(H ), and this yields (3.1) and (3.2).
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For X € po(n), we will denote by Jx the geodesic on yy with

3.6) {JX(O) =0,

Jx(0) = X,

while 0y € g(H) satisfies 0x (0) = 2.X, Ox (0) = 0.

The nonconstant geodesics of a manifold with negative curvature have no
conjugate points. Hence the map Jo(H) > J — J(t) € Ty, ) Mn is a linear
isomorphism for all + # 0. Moreover, for every J € ¢(H), the real map!
t — ||J(¢)]| is nonnegative and convex and therefore a nonzero J(¢t) € J(H)
vanishes for at most one value of 7 € R, corresponding to a minimum of || J(z)|?
and thus to a solution of (J(¢)|J(¢)) = 0.

Lemma 3.2. If J € §(H) is not parallel along yg and (J(0)|J(0)) = 0, then
1T < VDI forall t # 0.

LemwMma 3.3. The quadratic form

1

(3.7) 117 = /0 A= (IO + (J @), J(@)))dt
is positive semidefinite on §(H) and

|13 =0 < J =0r forall T € Co(H).

Proor. Let J € §(H). Then (J,J) = —(R(J,yx)yu|J) = 0 for all 7 by the
Jacobi equation, because M, has negative sectional curvature. Hence ||J |3, = 0
if and only if J(¢) = O for all ¢. The statement follows because {07 | T € Co(H)}
is the space of the Jacobi vector fields that are parallel along vz . |

Lemma 3.4. We have
B8 D> = VO IP+2(J OO+ 27, forall J € (H).
Proor. We apply the integral form of the reminder in the first order Taylor’s

expansion to f(¢) = ||J(t)|>. O

! Here and in the following we drop the subscript indicating where norms and scalar products
are computed, when we feel that this simplified notation does not lead to ambiguity.



Mostow’s fibration for canonical embeddings 11

For further reference, we state an easy consequence of Lemma 3.4.

Lemma 3.5. Let Z € sl,(C), X € po(n), and trace(X - Z) = 0. Then

39 16z() = JIx(DI? = 1Z + Z*|> + 2(H|[Z. Z*]) + 0z — Ix | 7.

Proor. We apply (3.8)to J = 6z — Jx.
Then

JO)=Z+2Z* JO)=1LiHZ-Z*]-X.
yields

162(1) — Jx (DI = 1J(D]?
=|Z+Z*P+2Z+ Z*X + A[H.Z-Z*) + (J|))u
=|1Z+Z*)*+(H.Z—-Z*|Z + Z* + (J|))u
=Z+Z*|*+2(H|[Z.Z*) + (J|))H. O

Let J(t) = 0z(t)+1t97(t), with Z € sl,,(C) and T € Cy(H). The two commut-
ing Hermitian symmetric matrices H and 7 can be simultaneously diagonalized

in an orthonormal basis of C" . Let A1, ..., Ay, be the distinct eigenvalues of H,
with multiplicities ny, . . ., n,, and choose an orthonormal basis of C" to get matrix
representations
My, T
)\2In2 T2
H = , T = ,
Amln Tm
(3.10) "
Z1,1 Z1,2 AN
7 Z21 222 ... Z2m with t; € R™ " diagonal,
N ’ and Zi,j (S Cnixnj .
Zma Zm,z2 --- Zm,m

Let us extend the trace norm of pg(#) to a norm in sl, (C), by setting

[|A]l] = y/trace(AA*) > 0, forall A € sl,(C).
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Then
1J(0)||> = trace(Z? + Z**+2e"H Ze ™ H Z7* 4 41(Z + Z*)T +41°T?)

m m
= trace(2 Re Z zijzZji+2 Z Zi,jZZjetO‘f_)‘f)
L=l i,j=1

m m
+ 8¢ ReZ TiZig +4IZZ ‘tlz)
i=1 i=1

=D Il zi etz g et Crmho 2 2
i#j
m
+ Y 2t + zig + Z 112
i=1
Set
Z(1) = exp(tH/2) Z exp(~tH[2) = (21, (1),

with z; (1) =z; e’ (i—}j)/2 ¢ Cni*nj  We obtain the expression
m
(3.11) 1T =Y Mz O+z5ONP+ D2t + zii 4255117
itj i=1

If J(¢) = 0, then each summand in (3.11) equals zero. For the terms in the first sum
this amounts to the fact that [H, Z(¢)] = (A — Aj)zi,j(t))1<i,j<m is Hermitian
symmetric. Since [H, Z(t)] and [H, Z] are similar, we obtain:

LEmMMA 3.6. Let Z € sl,(C) and H € po(n). A necessary condition in order
that there exists T € Co(H) such that the Jacobivector field J(t) = 0z (t)+107(¢)
on yg vanishes at some t € R is that [H, Z] is semisimple with real eigenvalues.

ExampLE 3.7. We consider the matrices

M 0 O 0 a O 0 a O
H=]10 X 0]eslh(R), Z=|b 0 c]|, Y=|-a 0 B
0 0 X 0d 0 0 —B 0

We impose the conditions that Z be nilpotent and orthogonal to X = [H, Y] and
that 64y (1) = 0. This translates into the set of equations

ab+cd =0,

(A2 — M) (ad + ba) + (A3 — A2)(cp + dB) = 0,
o = (aeM + be*2)/(er2 — M),

B = (ce* + ded3)/(es —e*2).
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By using the last two equations we reduce to the system

ab +c¢d =0,
A2 — A
2272 (la]PeM + ab(eM + ™) + |b[?e™?)
er2 —ehi
Az — A
=2 (|c]?e™ + cd(e® + M) + |d[Pe?) = 0
eN3 —e2
Assuming ab # 0 we obtain from the first equation d = —ab/c and, as
A3 = —A1—Az, the system reduces to
() N
227" (|a]PeM + ab(eM + e*2) + |b|2e2)
er2 —eh

M+ 20

2
oo (lePer —ab(er + eI 4 KBEeTM T2 = 0,

Let us restrict to the case where a, b, ¢ are real. For any fixed a, b, ¢ with ab # 0,
the left hand side of () is positive when ab > 0 and |\; + 2X;| is sufficiently
small. Let us keep now A; fixed and consider the left hand side of () as a real
valued function f(\;) of the parameter \,. Then

lim 35! (k) = |6 + e — ab.
Ap—>+o00

If ab > 0, this is negative for |a| > 1. Then we can choose the parameters to
satisfy (x). In conclusion: we can find H, Z,Y with H € po(3), Z € sl3(C)
nilpotent, and Y € su(3) with X = [H, Y] € po(3) trace-orthogonal to Z such
that 0z4+y (0) # 0andBz4+y (1) = 0.

Jacobi vector fields are used to compute the differential of the exponential map.
In fact, for H, X € po(n), the covariantderivative % exp(H + tX)|;=o is the value
at t = 1 of the Jacobian vector field Jxy € Jo(H). If X = [H,Y] + T, with
Y esu(n) and T € Co(H), then

(3.12) % exp(H +tX)|i=0 = Jx(1) = [exp(H), Y] + T exp(H).

4. Decompositions with Hermitian fibers
4.1 — Decomposition of SL,(C)

Throughout this section, V is a closed complex Lie subgroup of SL,(C), that
admits a Levi—Chevalley decomposition V =V, - V,,, with V, algebraic reductive
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and V,, unipotent (cf. [12, Chapter I, §6.5]). We choose the embedding V —
SL, (C) in such a way that Vo = V N SU(n) is a maximal compact sugbroup
of V and a real form of V, and set

4.1
v = Lie(V), v, =Lie(V;), v, =Lie(V,), vo= (vNsu(n)) = Lie(Vy),

and
(42) mo= 0+ Npe(n), v=1vo®v, witho' = (vNpe(n)) P vy.

ReEmARrk 4.1. We have
(b+0")Npo(n) ={Z +Z* | Z € v}.

Indeed, if Zy,Z, € vand Z; + ZJ € po(n), then Z = (Z, + Z,)/2 € v and
Z1+ Z5 = Z + Z*. Hence the maps

43) {n/ 3Z — (Z+Z% € (v+0v*) Npon),

vV Odmys(Z,X)«— (Z*+ X+ Z) ep,

are R-linear isomorphisms. Often we will write Z € vasasum Z = Zy + Z,,
where it will be understood that Zy € (v N po(n)) and Z, € v,,.

By (4.3), the Euclidean subspace exp(my) is a natural candidate for the typical
fiber Fy of an SU(n)-covariant fibration of SL,(C)/V. As we will see, this is in
fact the case for some important classes of V’s.

Being algebraic, V admits the decomposition
4.4) Vo xv' 2 (u,Zo+ Z,) < u-exp(Zo)-exp(Z,) €V,

which is a consequence of the Levi—Chevalley decomposition of V and of the polar
Cartan decomposition of V,.. Set

4.5) N={peM,|p=v*v, for somev € V}.

Lemma 4.2. The map v — v*v defines, by passing to the quotients, an
isomorphism

(4.6) V/Vo 3 [v] — v*v € N.

Proor. In fact the right action v-{ = v*-{-v of Von N is transitive and V,
is the stabilizer of e = 1,,. O
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LeEmMMA 4.3. The map
4.7) v' 3> (Zo+ Zy) —> exp(Z);) -exp(Zo) - exp(Z,) € N
is a diffeomorphism. In particular, N is diffeomorphic to a Euclidean space.

Proor. In fact, (4.7) is smooth and bijective and its inverse can be computed
by using the diffeomorphisms V/Vy >~ v’ of (4.4), and (4.6). O

LemMma 4.4. We can find a real r > 0 such that the map
(4.8)
o' xmg 3 (Zo+ Zu, H) —> exp(Z))) exp(Zo) exp(H ) exp(Zo) exp(Zy) € My

is a diffeomorphism of {|H|| < r} onto {p € My | dist(p, N) < r}.

Proor. By (4.3), A is a local diffeomorphism at all points where it has an
injective differential. By using the isometries p — z*-p-z of M,, we may
reduce to points (0, H), where, to compute the differential, we can use the Jacobi
vector fields 6z and Jx on yg, that where defined in §3.1. Indeed, for (Z, X) €
v’ X mg, dMO, H)(Z,0) = 6z(1) and d\(0, H)(0, X) = Jx(1). Moreover, the
maps v’ 3 Z — 0z(1) € Texp(y Mn and mo 3 X — Jx (1) € Texp(ar) My both are
injective. Thus it suffices to verify that 6z (1) # Jx (1) when Z and X are not zero.
By Lemma 3.5,

IJx (1) —6z(W|* = ||Z + Z*||*> + 2(H|[Z, Z*]), forall (Z,X) € v xmy.
For Z € v/, we have | Z|| = ||Z*]| < || Z + Z*|. Thus
(HI[Z.Z*D| < |H|-II1Z + Z*|?.

This implies that, for some r > 0, (4.8) defines a local diffeomorphism, and hence
a smooth covering, of v’ x {||H|| < r} onto {p € M, | dist(p, N) < r}. This is in

fact a global diffeomorphism because both spaces are simply connected. |
Set
(4.9) V' = {exp(Zo) exp(Zn) | Zo + Zu € 0’}

and consider the map

(4.10) w:SUM) xmo x V' 3 (u, X,v) —> u -exp(X) - v € SL,(C).
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ProrosiTion 4.5. The map (4.10) is onto.
There is a real r > 0 for which |, is a diffeomorphism of {|| X || < r} onto the
open manifold { € SL, (C) | dist({*¢, N) < 2r}.

Proor. The set N = {z*z | z € V} is a properly embedded smooth submani-
fold of M,,. Hence, for each p € M, thereisaz, € V with
dist(p, z,zp) = dist(p, N).

The geodesic joining z,z, to p has the form [0,1] 5 1 — y(1) = z;exp(tH)z)
for some H € po(n), and y(0) is orthogonal to N at z,z,. The isometry ¢ —

z;_lq z;l maps N into itself, z,z, to e and y(0) to H. Thus H € Te M, = po(n)

belongs to my.
This shows that, if { € SL,(C) and z;z, is the nearest point in N to p = *C,
then
p =00 =z, exp(H)zp, forsomez, € V'and H € my.

The matrix u = - z;l -exp(—H/2) belongs to SU(n). Indeed
wu = exp(~H/2) - [2;']* - t* -2, - exp(—H/2)
=exp(—=H/2)-[z,'* -z} -exp(H) - zp - z, ' - exp(—H/2)
=1,.

Since { = u - exp(H/2) - z,, this proves that (4.10) is onto.
The second part of the statement is then a consequence of Lemma 4.4. |

CoRrROLLARY 4.6. The map
4.11) SU(n) x mg 3 (x, X) — m(x -exp(X)) € SL,(C)/V,

where w:SL,(C) — SL,(C)/V is the projection onto the quotient, is onto. By
passing to the quotient, it defines a surjective smooth map

(4.12) SU(n) xy, mg —> SL,(C)/V,
where SU(n) v, my is the quotient of SU(n) xmo modulo the equivalence relation

(x, X))~ (x-u,u*Xu) forx € SU@n),X e mgandu € V,.

4.2 — Decomposition of K

Let V be a closed subgoup of the complexification K of a compact Lie group K.
We can assume that in turn K is a linear subgroup of SL,(C), with Ky =
KN SU(n), and Vo = VN SU(n) a maximal compact subgroup of V. We obtain:
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ProrosiTioN 4.7. With §f, = mo N k, we have the commutative diagram with
surjective arrows

Ko X fo Ko xv, fo

o

K/V,

where the horizontal arrow is the projection onto the quotient, the left one is
obtained by restricting (4.11), and the right one by passing to the quotient.

We denoted by Ko xv,f, the quotient of the product Ky x f, by the equivalence
relation (x, X) ~ (x - u, Ad(u~1)(X)) for x € Ko, X € f, and u € V. The right
arrow maps the equivalence class of (x, X) to w(x-exp(X)) € K/V c SL,(C)/V.

Proor. It is sufficient to follow the proof of Proposition 4.5 and check that,
for { € K, we obtain X € f, and x € K.

In fact, in this case, {*{ = z* exp(2X)z € KN Py(n), with z € V, implies that
exp(2X) = z*7'* {27! € exp(mg) N K = exp(fy). O

We have the analogous of Proposition 4.5.

ProrosiTion 4.8. The map
4.14) Ko x fo xV' > (u, X,v) — u-exp(X)-v e K

is always surjective and there is ro > 0 such that, for all 0 < r < ro, itis a
diffeomorphism of {|| X || < r} onto a tubular neighborhood of My = Kqy/Vo
in M_.

It is known that the right arrow in (4.13) is the Mostow fibration of K/V when
V is reductive (see e.g. [24, 30]). We give here a simple proof relying on the
preparation done in §3.

ProrosiTion 4.9. If'V is reductive, then the natural surjective map
(4.15) Ko xv, fo — M- =K/V

is a diffeomorphism.
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Proor. In this case V, being algebraic and self-adjoint, has the Cartan decom-
position V = Vg x exp(v’), with v’ = v N py(n). By Lemma 3.2, the map

M0 X Fo2(Z, H) —> exp(Z*) -exp(H) - exp(Z) € KN Py(n)

is surjective. Moreover, it is a local diffeomorphism at every point of v’ x f,. In
fact, we can reduce to prove this fact at points (0, H), where the differential at
(Z,X)isJ(1) for J(t) =0z + Jx € $(H). Then |J(D| = |J(0)|| =2]|Z|| >0
for Z # 0, while Jx (1) # 0if X # 0. Since k Npo(n) = v’ P §,, this proves that
d (0, H) is a linear isomorphism. Thus, being a connected covering of a simply
connected space, A, is a global diffeomorphism.

Hence, for every { € K, there is a unique pair (Z, H) € v’ x f, such that

"0 =exp(Z7) - exp(H) - exp(Z);

then u = T - exp(—Z2) - exp(—%H ) € Ko and we obtain the direct product
decomposition

(4.16) K = K - exp(fy) - exp(v'),
from which the statement follows. O

The complex K-homogeneous M_ of Proposition 4.9 corresponds to an M_
which is the Stein complexification of a totally real Ko-homogeneous compact
Mpy. An My having a positive CR dimension corresponds to a V having a nontrivial
unipotent radical.

Before investigating cases where, even though v, # 0, (4.15) is nevertheless
a diffeomorphism, we observe that, when we know that decomposition (4.10)
is unique, we can extract some extra information from the minimal distance
characterization of z,z, in the proof of Proposition 4.5. For instance, as a corollary
of Proposition 4.5, we obtain the following

ProrosiTioN 4.10. For h € $y(n), denote by Dy(h) the minor determinant of
the first £ rows and columns of h. Set Do(h) = 1 and let 0 < A (h) < --- < Ay (h)
be the eigenvalues of h. Then

(4.17) dist(h.e) = Y [log(he(h)[* = Y " |log(Dy(h)/ Dy (h))[*.
=1 =1

If h is not diagonal, we have strict inequality.
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Proor. We take V equal to the group of unipotent upper triangular matrices in
GL,(C). The element 8§ = e® € Ny = {z*hz | z € V}, with A € py, at minimal
distance from e satisfies trace([Z + Z*]A) = 0 for all nilpotent upper triangular
Z and hence is diagonal. The unique diagonal § = z*hz in Ny, is the one obtained
by the Gram—Schmidt orthogonalization procedure. The proof is complete. [

The orbit of a point p € M, by the group of unipotent upper triangular matrices
of SL,,(C) is an example of a horocycle of maximal dimension in a symmetric
space of noncompact type. We will generalize this situation while outlining a class
of subroups V for which Fy = exp(f,) can be taken as the fiber of the Ky-covariant
fibration.

Following [32, p.17], we call horocyclic in k the nilpotent subalgebras which
are nilradicals of parabolic subalgebras of k .

Lemma 4.11. Let q be a parabolic subalgebra of sl,(C), with nilradical q,.
Assume that q N q* is a reductive Levi factor of q. Let H € q N po(n). Then, for
Zoeqnq*, T € Co(H)Nqand Z, € q, the Jacobi vector fields J, = 0z, +t0r
and J, = 0z, are orthogonal at all points of vy .

Proor. We show, separately, that 6z, and 67 are both orthogonal to 62, at all
points of vz . We have

07(1)]0z, (1)) = traceQTe "H (e 2* + Z,e'H))
= 2trace(TZ, + TZ,)
=0,
(02,(1)|0z, () = trace((e"H 2} + Zoe " H) (' 7, + Ze'T))
= trace(Z3 (e"H Z,e ) 4 Z2 7% + ZoZy + (e Zoge ) Z%)
=0

because q N q* and q,, are orthogonal for the trace form of the canonical represen-
tation of sl, (C). Indeed, the expression in the last line is twice the sum of the real
parts of the product of Zo and Z, and of e "# Z}e' € q N q* and Z,,. O

Prorosrtion 4.12. If v, is horocyclic in x, then
(4.18) V' xfy3 (v, H) — v*exp(H) v € M(K) = Po(n) NK

is a diffeomorphism.
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Proor. In fact, we can find a parabolic q in sl,,(C) such that q N g* is its
reductive Levi factor and v, = ¢, N k. Then we can reduce to proving the
proposition in the case where K = SL,(C) and f, = mg. We want to show
that (4.8) is a local diffeomorphism. To this aim, with the notation of §3.1, it
suffices to prove that, for Z € v and H, X € my, we have 6z(1) # Jx (1) when
Z + X # 0. We split Z into the sum Z = Zy + Z,, with Zg € v N po(n)
and Z, € v,. Then the fact that 0z,(1) + Jx (1) # 0if Zo + X # O follows
from Lemma 3.2 because of Lemma 4.11. Hence (4.8) is a connected covering of
a simply connected manifold and thus a global diffeomorphism. |

Proposition 4.12 can be slightly generalized. It was shown in [23, p.251] that
there is a unique maximal complex Lie subalgebra o of k with v C w C v + 0.
The CR-algebra (k¢, v) and the corresponding Ky-homogeneous CR manifold M,
are called weakly nondegenerate when v = v. If this is not the case, M, turns out
to be the total space of a complex CR-bundle with nontrivial fibers over a weakly
nondegenerate Ko-homogeneous CR manifold M), having CR algebra (k¢, ).

ProrosiTioN 4.13. Let 1w be the largest complex Lie algebra with v C 1w C
v + 0. If o, = n(w) is horocyclic in k, then (4.18) is a diffeomorphism.

Proor. As above, we reduce the proof to the case where K = SL,(C). The
proof follows the same pattern of the proof of Proposition 4.12. We denote by ¢
a parabolic Lie subalgebra of sl,(C) with g, = tv, and use the notation of §3.1.
We need to prove that, for Z € v’ = (b N po(n)) & v, and X, H € my, we have
0z(1)+ Jx(1) # 0if Z 4+ X # 0. To this aim it is convenient to split Z into a sum
Z =U+W,withU € v’ NwNioand W € q,. Letus consider first J = 6, + Jx.
We note that J(0) = X + %[X, U — U*] is orthogonal to J(0) = U 4+ U™*. Indeed
(X|U 4+ U*) = 0 because v + v = v + v and, since [U, U*] € w N py(n),

(U+U*|[H,U-U™)) = trace([H,U —-U*|(U +U™)) = 2trace(H -[U,U*]) = 0.

By Lemma 3.2, this implies that J(1) # 0if Z + X # 0. Finally, we note
that Oy, (0) and éW(O) are orthogonal to both J(0) and J(0) to conclude, using
again Lemma 3.2, that Jz(1) + Jx(1) = J(1) + Jw(l) # O when X + Z =
X+U)+W#o.

This shows that (4.18), being a connected smooth covering of a simply con-
nected manifold, is a global diffeomorphism. |
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By using the argument in the proof of Proposition 4.9, we conclude:

THEOREM 4.14. Let o be the largest complex Lie algebrawithv C v C v+0.If
10, = n(to) is horocyclic in x, then (4.15) is a global diffeomorphism and therefore
we obtain the Ky-equivariant Mostow fibration of M_ over My

M_

Ko XV fo

S

M

with Hermitian fiber.

We keep the notation of §2.3 and denote by v the largest Lie subalgebra
of k with

(4.20) pCiCo+o.
DEerintTION 4.1. We say that (k¢, v) is HNR if v, = n(tv) is horocyclic.

For further reference, we reformulate the result obtained so far in the following
form.

THEOREM 4.15. If (ko, v) is HNR, then we have the direct product decomposi-
tion
(4.21) K = K -exp(fy) - V.

ExaMPLE 4.16 (minimal orbit of SU(2,2) in %7 ,(C*). We fix in C* the
Hermitian form associated to the matrix

)

We let the corresponding group SU(2, 2) operate on the flag manifold %7 »(C*),
consisting of the pairs (¢;, {») of aline £; and a 2-plane £, with0 € £; C ¢, C C*.
The minimal orbit is

Mo = {(t1,£2) | &1 C Lr = €3},

where the orthogonal is taken with respect to the fixed Hermitian form. It is the
total space of a CIP'-bundle over a smooth real manifold and in particular is Levi-
flat of CR dimension 1. With Ky = S(U(2) x U(2)), K = S(GL,(C) x GL,(C)),

the stabilizer
{(a )
a

ae ST;(@)}
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of the base point py = ({1 + e3), (e1 + e3,e2 + e4)) (here TS (C) is the group
of upper triangular 2 x 2 complex matrices with non vanishing determinant and
ST} (C) its normal subgroup consisting of those having determinant 1) has Lie
algebra

b= - hoaeC

0 —h

Clearly v, is not horocyclic. We note that

e

is a complex Lie algebra. Thus, although V is not HNR, nevertheless we have a
Mostow fibration with Hermitian fibers by Theorem 4.14.

X e 5[2(@)} = v/

RemARrk 4.17. Example 3.7 shows that (4.18) is not, in general, a diffeomor-
phism when (k¢, v) is not HNR.

5. Mostow fibration in general and the HNR condition
5.1 — The set Po(v)

To better understand the notion introduced in Definition 4.1 and to characterize the
fiber of the Mostow fibration of M_ on M, in general, it is convenient to rehearse
some notions that were introduced in [1, §3]. We simply assume, at the beginning,
that k is any reductive Lie algebra over C.

For a Lie subalgebra a of k, let us denote by n(a) the ideal consisting of the
ad,-nilpotent elements of its radical. Starting from any splittable Lie subalgebra
v of Kk we construct a sequence {v )} of Lie subalgebras by setting recursively
(5.1)

Yo =,
{U(h.‘,—l) = NK(H(U(;,))) ={Z ek | [Z,H(U(h))] C n(b(h))}, for all 4 > 0.

Each v, with & > 1, is the normalizer in k of the ideal of ad,-nilpotent
elements of the radical of v_y). It was shown in [1] that vy & bRy and
n(oy) E n(vp41)) for all 2 > 0, and that the union ¢ = | J;, 0 is a parabolic
subalgebra of k, with v C ¢ and n(v) = v, C n(e). We call ¢ the parabolic
regularization of v. Hence

(5.2) P(v) = {q | q is parabolic in k and v C g, n(v) C n(q)}

is nonempty. Let us prove a general simple lemma on parabolic Lie subalgebras.
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Lemwma 5.1. If q1, q» are parabolic Lie subalgebras of , then the Lie subalge-
bra q = q1 N q2 + n(qy) is parabolic in «.

Proor. We know (see e.g. [7, Ch.VIIL,Prop.10]) that q; N g5 contains a Cartan
subalgebra § of k. If R is the corresponding set of roots, then each q; (i = 1,2)
decomposes into a direct sum

qi zbéBZKa,

AER,
a(4;)=0

where A1, A, € by and, for each a € R,
ke ={Z €x|[A,Z] = a(A)Z, forall A € hg}

is the root space of a.
Take € > 0 so small that € - |a(A42)| < a(Ay) if a(A7) > 0. Then

q:b®ZKa1

AER,
a(A1+edr)>0

is parabolic. In fact, if £(q;) are the h-invariant reductive summands of q; and
n(q;) the ideals of nilpotent elements of their radicals, we have

q = (£(gq1) N £(q2)) & (£(q1) N n(q2)) & n(q1). o

From now on we assume that k is the complexification of its compact real
form k¢. Conjugation in k will be understood with respect to k¢ . Using parabolic
regularization and Lemma 5.1 we obtain

ProposiTion 5.2. If (kg, ) is n-reductive, then [(v) contains a q having a
conjugation-invariant reductive Levi subalgebra.

Proor. We can take ¢ = (e N ¢) + n(e), for the parabolic regularization e
of v. |

This shows that, for an n-reductive (kg, v), the set

(5.3) Po(v) ={g € P(v) | 9= (@Nq) &n@)}

is nonempty. For q € Py (v) we will use £(q) = qNgq. The parabolic regularizazion
produces a small ¢ and a corresponding smaller (e N ¢) @ n(e) in Po(v). We are
however more interested in the maximal elements of B3 (v). To explain the meaning
of maximality, we prove (cf. [1, Proposition 20])
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ProposiTion 5.3. If (kg, v) is n-reductive and q any maximal element of P (v),
then

(5.4) q = Lie (n(v) + £(q)) and n(q) = Zadh (£(q)) (n(v)).
h

Proor. Let q € Py(v) and denote by 3 the center of £(q). Being invariant
under conjugation, it is the complexification of the Lie subalgebra 3, of a maximal
torus tp of ko. Set 3r = 43. Following the construction of Konstant in [19], we
consider the set Z consisting of the nonzero elements v of the dual 35, for which

ky ={X ex|[Z,X]=v(Z)X forall Z € 3R} # {0}.

This set Z shares many properties of the root system of a semisimple Lie algebra.
With the scalar product defined on 3 by the restriction of the trace form of a
faithful linear representation of k and the corrisponding dual scalar product on
3R> We have

6) veZ = —veZ, and K, = K_y,

(ii) Vi, V2, V1 + V2 €Z = [Ky,,Kyy| = Kyj+vss
(iii) Vi,V € Z and (vq|v3) >0 = v; — v, € Z,
(iv) forall v € Z, k, is an irreducible £(g)-module,

v) n(q) = Z ky, for some lexicographic order in Z,

v>0

(vi) there exists a basis {{t1, ..., ¢} C Z of positive simple roots of 3.

The Lie subalgebra Lie(n(v) + £(q)) is contained in q and is a direct sum

Lie(n(v) + £(1) = £() & Y _ kv,

veg

for a subset & of ZT = {v > 0}. Assume that there is a positive simple root j;
which does not belong to &. Since ; is simple, ¢’ = q @ k—_,,, is still a parabolic
Lie subalgebra. Let us show that it is an element of 3¢(v). We have

q =) @n(). with £(q) = £@) Bk, Bry, andn(g) =Y k.
ve(ZH\{ii )

Note that £(q") = ¢’ N g’. An element X € n(v) can be written in a unique way as
asumX =Y ¢ X, with Xy, € ky. Then X € n(q’), because & C Z*\ {i;}. This
shows that n(v) C n(q’), i.e that g’ € Po(v). Thus, if q is maximal in Py (v), then
Lie(n(v) + £(q)) contains all k,,; for7 = 1,..., £ and thus is equal to g, because
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(i7) and the fact that every positive root is a sum o simple positive roots yield that
Lie(2f=1 Ku;) = n(q). Finally, it follows from the discussion above that n(q) is
the ad(£(q))-module generated by n(v). O

Analogously, we obtain

ProrosrTion 5.4. If q is any maximal element of B (v), then
(5.5) q = Lie(n(v) + £(q)),

for any reductive Levi factor £(q) of q, and n(q) is the ad(£(q))-module generated
by n(v).

5.2 — A remark on the HNR condition

Assume that (kg, v) is n-reductive and let Q be the parabolic subgroup of K
corresponding to a q in &]30(0) Let Q, be the unipotent radical of Q and set
V =V-Q,. Then V' N V' = VNV and therefore the minimal K orbits in

M_ =K/Vand M’ = K/V' are diffeomorphic as Ko-homogeneous manifolds:
the CR algebras (kg, v) and (ko,b + q,) define two CR structures on the same
My = Kq/ Vo, the latter being stronger than the first. These are the CR structures
inherited from the embeddings My < M_ and My < M’. Note that M is the
basis of a complex fiber bundle M_ — M’ , with Stein fibers bi-holomorphic to
Ck for some nonnegative integer k (cf. [1, Thm.30]). The choice of a maximal q in
Po(v) leads to a minimal v + q,, while a minimal q € By (v) to a maximal v + qy,
defining, when (kg, v) is not HNR, a maximal Ky-homogeneous CR structure on
My which is HNR and stronger than the original one.

ExAMPLE 5.5 (minimal orbit of SU(2, 3) in %1 3(C°)). We denote by %7 3(C°)
the flag manifold consisting of the pairs ({1, £3) of a line £; and a 3-plane £3 of C?
with 0 € £; C £3. We fix the Hermitian symmetric form of signature (2, 3) in C”",
corresponding to the matrix

15}
( —13)’

and consider the minimal orbit for the action of the real Lie group SU(2, 3) in
?1,3(65) :

My = {(£1,£3) € F13(C°) | £ C L3 C L3).



26 S.Marini — M. Nacinovich

Fix on My the base point pg = ({e1 + e3), {e1 + e3, ex + €5, e5)). Its stabilizer
in K is

Mooz1
0 A
V= )\1 0 Z1 )\i,ZiEC, )\%)\%)\3:1 y
0 )\3 Zp
0 0 )\2
with Lie algebra
Moozp
0 X
b = MO0 oy Ni,zi €C, 20 +20 + A3 =0
0 )\3 Zp
0 0 X

The normalizer of v,, in k is the parabolic

Mooz
0 )\2 5
q= )\3 o] Zp )\i,Zi,OLiEC, Z)xi:O R
oy g Z3 i=1
0 0 Xs

which is also a maximal element in $B¢(v) and hence (s(u(2) x u(3)), v) is not
HNR.

The Lie algebra
)\1 Z1
0 A
6=U—|—C|n= MO0 2z, Ni,zi€C, 2(M+X2) +A3=0
0 )\.3 Z3
0 0 M

is the Lie algebra of the stabilizer V in K = S(GL»(C) x GL3(C)) of p; €
F1.2.4(C°) for pj = ({e1+e3), (e1+e3, ea), (€1, €3, eq, e2+es)). This corresponds
to the intersection of the SU(2, 3)-orbit

M, = {(l1,€2,Ly) € F12,4(C°) | £ = L N Ly, dim(ly N 7)) = 1}
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with its Matsuki dual K-orbit M. With L, = (eq, e,) and L3 = (e3, e4, e5), we
have
M ={(l1.42,44) € F124(C°) | dim(¢; N L) =0, dim(¢; N L3) =0,
dlm(ﬁz N Lz) = 0, dll’l’l(ﬁz N L3) = 1,
dlm(£4 N Lz) = 1, dll’l’l£4 N L3 = 2}
This shows that, in this case, the strengthening of the CR structure on M, corre-
sponds to considering the compact intersection with its Matsuki dual of an inter-

mediate orbit in some complex flag manifold of the same complex semisimple Lie
group (in this case of SLs(C)).

ProposiTioN 5.6. Assume that (o, v) is n-reductive. Then, if o is a complex
Lie subalgebra of x with v C w C v @ b, then also (kg, W) is n-reductive.

Proor. The reductive Lie group k has an invariant nondegenerate bilinear
form B, which is real and negative definite on ko . We observe that, if the pair
(Ko, ) is n-reductive, then v, = v N vL, where vt = {Z € « | B(Z,Z') =
0, for all Z’' € v}, and that v + v has the direct sum decomposition

b+ =0 b,.

If 1 is a complex Lie subalgebra with v C tv € v + b, then o = v & (1o N by,).
Since B defines a duality pairing between v,, and b,, we obtain the decomposition

= (o N1) @ to,,
with
, =0, N(WND,)", wWND=(0OND)D (v, ND) B (5, N W),
showing that also (kg, tv) is n-reductive. O

RemARKk 5.7. If (kg, v) is n-reductive, then v is the Lie algebra of an algebraic
Lie subgroup V of K. This is the content of [, Thm.26]. In particular, all Lie
subalgebras v with b C tv C v 4 b are Lie(W) for an algebraic Lie subgroup W
of K.

ExAMPLE 5.8 (minimal orbit of SU(2,3) in F7,(C°)). We partly use the
notation of Example 5.5. Denote by M, the minimal orbit of SU(2, 3) in the flag
3’71,2(([]5 ) of nested lines and 2-planes.

Mo = {(£1, L2 € F12(C°) | £, C L3}
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is a CR manifold of type (3, 4). It is the total space of a CIP'-bundle on the CR
manifold M}, of isotropic 2-planes in the Grassmannian §»,(C*), which has type
(2,4). The stabilizer V of the base point pg = ({e1 + e3), (e1 + €3, €2 + e4)), has
Lie algebra

)\1 Z1
0 )\2 )\,’,Z,’ eC
b= )\1 Z1 Zn
0 )\2 Z3 2)\1 + 2)\.2 + )\3 =0
0 0 X3

The largest q € Po(v) has

0 z;
0 0
Gn = 0 z z3 z; €C
0 0 Z4
0 0 O

and hence (s(su(2) x su(3)), v) is not HNR. We note however that

Ao Oy
2 Ni,Ci,zi € C _
o = MOz N \ N Co+vo
G A 2 20 + 20+ A3 =0
0 0 X

has a horocyclic tv,,. The orthogonal mgy of v 4+ v in s(p(2) x p(3)) is

X
mo = —-X X ep(2)
0

and, according to Theorem 4.14 it can be used to describe the typical fiber of the
Mostow fibration M_ — M, in this case.

5.3 — Decomposition of unipotent Lie groups

A unipotent Lie group is a connected and simply connected Lie group N having
a nilpotent Lie algebra n. Then the exponential map exp:n — N is an algebraic
diffeomorphism and each Lie subalgebra ¢ of n is the Lie algebra of an analytic
closed subgroup E of N.
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ProrosiTion 5.9. Let N be a unipotent Lie group and S a group of automor-
phisms of its Lie algebra n, which acts on n in a completely reducible way. If E
a Lie subgroup of N with an S-invariant Lie algebra ¢, then we can find an S-
invariant linear complement | of ¢ in n such that

(5.6) IXE> (X,x) —exp(X)-x eN

is a diffeomorphism onto.

Proor. We argue by recurrence on the sum of the dimension n of n and the
codimension k of e in n. The statement is indeed trivial whenn = 1, or k = 0. If
k = 1, then ¢ is an ideal in n and has a 1-dimensional S-invariant complement [ in
n. Since [ is a Lie subalgebra, using e.g. [31, Lemma 3.18.5] we conclude that (5.6)
is a diffeomorphism in this case.

Assume now that k > 1 and that the statement has already been proved
for subalgebras ¢ of codimension lesser than k or nilpotent Lie algebras n of
dimension lesser than n. Since n is nilpotent, its center ¢ has positive dimension
and is S-invariant. If ¢ N e # {0}, then A = exp(c N ¢) is a nontrivial normal
subgroup of N. Since dim(N/A) < n and S acts in a completely reducible
way on n/(c N ¢), by the recursive assumption we can find an S-invariant linear
complement [ of ¢ in n such that, for its projection I’ in n/(c N ¢), the map

U x (E/A) > (X', x') — exp(X') - x" e N/A

is a diffeomorphism. This implies that (5.6) is also a diffeomorphism. In fact,
if { € N, by the surjectivity of f” there is a pair (X,y) € [ x E such that
exp(X) -y = (-a, for some a € A. This shows that { = exp(X) - (y -a~') and
therefore (5.6) is onto. If { = exp(X1) - (x1) = exp(X2) - (x2) - a, with X1, X5 € [,
x1,Xx2 € Eanda € A, then X; = X, = X because the projection [ — [' is a linear
isomorphism. Moreover, the correspondence { — X is €*°-smooth, because f’ -1
is smooth. Then{ — x = exp(—X)-{ € Eis also smooth, and { — (X, exp(—X){)
yields a smooth inverse of (5.6).

If ¢ N e = {0}, then by the recurrence assumption, we can take an S-invariant
linear complement [ of ¢ in n containing ¢ and such that

(/o) x (E-C)/C) > (X', x") — exp(X') - x’ e N/C.

is a diffeomorphism. We claim that, with this choice, (5.6) is a diffeomorphism.
Indeed, (E - C)/C ~ E and therefore for { € N there is a unique x € E, with
x = ¢(Q) for a smooth function ¢p: N — E, such that, for some Z € cand Y € |,

{-exp(Z)=exp(Y) - x = {=exp(Y —Z)-x.
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The exponential is a diffeomorphism of n onto N. If we denote by log: N — n its
inverse, we obtain X =Y — Z = log({ - x~!) € [and

N> — (log@- [$@)] ™). ¢(0)) € IxE
is a smooth inverse of (5.6). This completes the proof. 0

With the notation of the previous section, we will apply Proposition 5.9 to the
case where N = Q, and n = g, for a minimal q € By(tv), while ¢ = v, and
S = Ad(Vy). Since Vy is compact, its adjoint action on gy is completely reducible.

5.4 — Structure of the typical fiber

The quotient K/Q of K by a parabolic subgroup Q is compact and thus a homo-
geneous space of its compact form Ky. Thus

5.7 K=K,-Q.

Set k = Lie(K), ¢ = Lie(Q), and choose Ky to contain a maximal compact
subgroup of Q. Then Q has a Levi-Chevalley decomposition Q = L(Q) - Q,,
whose reductive factor L(Q) has Lie algebra £(q) = q N q. The conjugation is
taken with respect to the real compact form ko and Q,, is the unipotent factor of
Q, with Lie algebra q,,. We consider the Cartan decomposition k = ko ®pg, with
po = i-kg . Using the Cartan decomposition of L(Q), we obtain the direct product
decomposition

(5.8) Q = L(Q) - exp(n(q)) = Lo(Q) - exp(po Nq) - exp(n(q)).

We keep the notation of the previous sections, with to the maximal complex
Lie subalgebra with v C tv € v + v and take q in Po(tv). Thene = v + g, is a
Lie subalgebra of k and the pair (k¢, ¢) has the HNR property. Set

(5.9) fo = po N (0 + gn) ™.
By (4.21), we obtain the direct product decomposition
(5.10) K =Ko - exp(fo) - exp(vs + qn) - exp(v N po).

We use Proposition 5.9 to decompose exp(v, + q,): we can find an Ad(Vy)-in-
variant linear subspace [ of (v, + q,) such that v, 4+ q, = [ & v, and

(5.11) [Bv,>(X,Y) —exp(X)-exp(Y) €V, -Q, =exp(v, + qn)

is a diffeomorphism. We obtained:
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THeOREM 5.10. Let fy and | be defined by (5.9) and (5.11). Then we have a
direct product decomposition

(5.12) K = K - exp(fo) - exp() - V',

where V' = exp(v,) - exp(b N po).
Then Fy = exp(fy) - exp(l), with the adjoint action of V, is the typical fiber of
the Mostow fibration:

(5.13) _ ~K/V ~Kj xy, Fo.

LemMma 5.11. If N is a unipotent subgoup of K, then, for every p € Po(n), the
map
(5.14) Noz—z*pze N, ={z*pz |z eN}

is a diffeomorphism.

Proor. In fact the stabilizer Stab(p) of p for the right action
Kx Py(k) 3 (z,x) — z¥ - x-z € Po(k)

of K on $y(k) is a compact group and hence has trivial intersection with N.
Thus (5.14) is a diffeomorphism with the image, being the restriction to N ~
N/{ex} of the diffeomorphism K/Stab(p) — £ (k). |

CoroLLARY 5.12. Fix q € Po(w) and let f, and | be the corresponding
subspaces of « of Theorem 5.10. Then the elements X € o and Z € | of the
decomposition

{=u-exp(X)- -exp(Z)-v, withu e Ky, v e exp(vy,)-exp(vNpgy)

are obtained in the following way:

(a) [0,1] 21— exp(2t X) is the geodesic in Py(x) joining ex to the unique point
po Of Ngxg = {z*-C*-C-z | z € V- Q,} at minimal distance from ex:;

(b) Z is the unique element of | such that exp(Z™*) - po - exp(Z) belongs to
Npy ={z"-po-z|z eV}

Proor. Indeed the Mostow fibration of M’ = K/(V - Q,) can be taken to
have a hermitian typical fiber exp(f,) and correspondingly we obtain a unique
decomposition

{=u-exp(X)-E-exp(Y) withEé €eQ,andY €vnNpy,

The characterization of X coming from the proof of Proposition 4.5 yields (a).
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Next we consider pg = £* - exp(2X)-§ = £* - po - §. By Lemma 5.11 and
the choice of [ we know that the element pg of {z* - po -z | z € Q,} uniquely
decomposes as a product w* - exp(Z*) - po -exp(Z) - w with w € V, and Z € [.
This completes the proof. O

6. Application to Dolbeault and CR cohomologies

The cohomology groups of the tangential Cauchy—Riemann complex on real-
analytic forms on M, is the inductive limit of the corresponding Dolbeault co-
homology groups of its tubular neighborhoods in M_. We know by [14] that in
some degrees these groups coincide with those computed on tangential smooth
forms or on currents. We will employ Andreotti—Grauert theory to compare the
tangential CR cohomology on M, with the corresponding global Dolbeault co-
homology of M_. To this aim we will use the Mostow fibration M_ — M, to
construct a non negative exhaustion fuction for M_, vanishing on My, and having
a complex Hessian whose signature reflects the pseudoconvexity/pseudoconcavity
of My. In this way we prove relations of the CR cohomology of M, with the Dol-
beault cohomololy of the K-orbit M_, similar to what J.A.Wolf did in [28] for the
relationship of the open orbits M of areal form Gy of a complex semisimple Lie
group G in a flag M of G with the structure of their Matsuki duals M_ = M,
which in this case are compact complex manifolds.

6.1 — An Exhaustion Function for M_

In [13] H. Grauert noticed that a real-analytic manifold admits a fundamental
systems of Stein tubular neighborhoods in any of its complexifications. In fact, a
homogeneous analogue of Grauert’s theorem is the fact that the complexification
K of a compact Lie group K is Stein, and the isomorphism provided by the Cartan
decomposition

Ko x> (x,X) — x-exp(iX) e K

also yields the exhaustion function
K> x-exp(iX) — | X||? = —4£(X.,X) €R,

which is zero on K, positive on K \ Kq and strictly pseudo-convex everywhere.
Here and in the following we shall denote by 4 both the negative definite invariant
form of a faithfull unitary representation of ¢, and its C-bilinear extension to k.
When k¢ is semisimple, the adjoint representation is faithful and we may take as
£ the Killing form.
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We proceed in a similar way to construct an exhaustion function on M_ for the
canonical embedding My < M_ of a n-reductive Ky-homogeneous compact CR
manifold M. We use the notation of the previous sections.

Assume that the pair (ko, v) is n-reductive and HNR. We already noticed that
the last condition is natural if we consider on My maximal Ky-invariant CR
structures. Then, by Corollary 5.12, we have a direct product decomposition

6.1) K = Ky - exp(fy) - exp(v,) - exp(b N py)

with po = i-ko and fo = (b + 0)* N py . Moreover, the exp(f,)-term in (6.1) is
characterized by

62) ifC=u-exp(X)- v, withu € Ky, X € fy and v € V, then
' IX]| = 3 dist§*¢, N), for N = {v*-v | v € V} C Po(x).

This is indeed a consequence of Corollary 5.12 when [ = {0}.
By passing to the quotient, the map

Ko xfo 3 (x, X) — ||X|*> = £(X,X) € R.

defines a smooth exhaustion function (as usual square brackets mean equivalence
classes)

(6.3) d: M_ ~ Ko xvy, fo 2 [x, X] — | X||* € R.

We have:

LemwMma 6.1. If (o, v) is n-reductive and HNR, then the map ¢ of (6.3) has the
properties:

1) peC®M_,R)and ¢ > 0on M_;
(2) ¢710) = Mpandd #0if ¢ > 0;

(3) ¢ is invariant under the left action of Ko on M_ :

o(x-p)=0d(p), forallpe M_,x e Ky.

NortaTion 6.1. The level and sublevel sets of ¢ will be denoted by

64) & ={peM_|¢(p)=c}EM_ and Q. ={peM_|d(p) <c}.
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6.2 — Ky-Orbits in M_

The level sets @, are foliated by Ky-orbits. Since all points of M_ have repre-
sentatives of the form x - exp(X) with x € Ko and X € f,, then every Ky-orbit
intersects the fiber Fy over the base point pg at a point py = [exp(X)], for some
X € fo. An x € K stabilizes py if and only if x - exp(X) is still a representative
of px, and this, by the equivalence relation defining Ko xv,, fo, means that x € V,
and Ad(x)(X) = X. Indeed the equation x exp(X)z = exp(X) with z € V im-
plies, by the uniqueness of the Mostow decomposition, that z = x~! € V, and
xexp(X)x™! = exp(Ad(x)(X)) = exp(X), yielding Ad(x)(X) = X.
Thus the Kg-orbit

(6.5) My = {x- px =[x -exp(X)] | x € Ko}

in M_ through px can be identified with the homogeneous space K¢y/Vx, where
Vx ={x € Vo [ Ad(x)(X) = X},

is the stabilizer of py in Ky. It is a closed Lie subgroup of K¢ with Lie algebra
vy ={Y €vo | [Y, X] =0}

LeEmMa 6.2. My is a compact Ko-homogeneous CR-manifold with CR-algebra
(ko0, Ad(exp(X))(v)) at px = [exp(X)].

ReEmARK 6.3. In general, My may not be diffeomorphic to M,. Indeed, My is
a minimal Ky-orbit in M_ and My is diffeomorphic (and CR-diffeomorphic) to
M if and only if My and M, have the same dimension.

For X € f,, the left translation M_ > p — exp(X) - p € M_ is a biholomor-
phism of M_ which transforms M, onto a CR-diffeomorphic submanifold

(6.6) My = exp(X) - M.
Lemma 6.4. For X € f,, we have

6.7) My C{¢ < [IX]*} = Qpx )2
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Proor. Let 7:K 5 T — [(] € K/V >~ M_ be the canonical projection. Any
point of My is 7 (u) for some u € K¢ and then the points p of My have the form
p =exp(X)m(u) = w(exp(X) - u). Set { = exp(X) - u. We know that ¢(p) is the
square of the half-distance in $y(K) from the base point ex to

Nc*c = {U*C*CU | S V}

Since the point ({* -C) belongs to Ng«¢ and has distance 2||X| from ek, (in
fact t — u™-exp(2¢X)-u is the geodesic joining ex to ({*-0)), it follows that
o(p) < IX]1?. O

We summarize:

ProprosITION 6.5. Let ¢ > 0. Then

6.8) @, = JMx (disjoint union), My C{o < |X|*}. forall X €f,.
X€fo,
1X)%=c

In particuar, for ¢ > 0, we can draw through each point of ®, a translate My
of My, which is CR-diffeomorphic to M, and tangent to ®. from inside, i.e. lying
in Q.. This means that the boundary U, of . is at each point less convex than
M.

6.3 — Application to Dolbeault and CR cohomologies 1

By Andreotti—Grauert theory (see [4]) we know that for every coherent sheaf F
on an r-pseudoncave complex manifold X we have

H/ (X,F) < oo, forall j <r—hd(¥),

where hd(¥) is the homological dimension of &F.
We obtain the following:

THEOREM 6.6. Let My be a compact n-reductive homogeneous CR manifold,
with (xg, v) HNR and canonical complex embedding My — M_.

If My is an r-psudoconvave CR-manifold, then M_ is an r-pseudoconcave
complex manifold and for every coherent sheaf F we have

(6.9) dim(H’/ (My, F) ~ H/ (M_,F)) < oo, forall j <r —hd(5).
In particular,

(6.10) dim(H?/ (My) ~ HP/ (M_)) < o0, forall j <r.
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Here we used the notation H?/ for the 3 and dp,-cohomologies on forms
of type (p, *). Because of the validity of the Poincaré lemma in degree j, for
0 < j < r (see [26]), they coincide with the Cech cohomology with coefficients
in the sheaf of germs of CR or holomorphic p-forms. Moreover, in this range, the
tangential Cauchy—Riemann complexes on currents, C*°-smooth forms and real-
analytic forms on M, have isomorphic finite dimensional cohomology groups.

Proor. By the HNR assumption, the exhaustion function ¢ in (6.3) is well de-
fined. Then to verify (6.9) we can apply Andreotti—-Grauert’s theory, after showing
that, for ¢ > 0, each subdomain Q. = {¢ < ¢} is r-pseudoconcave. To this aim, we
prove that the complex Hessian of ¢ admits at least r negative eigenvalues on the
analytic tangent to . = 9€2.. By exploiting the Ky-invariance of ¢, we can, with-
out any loss of generality, restrict our consideration to points py = [exp (X)] € ®,
with || X||> = ¢ € R. We may consider (0, 1)-vector fields which are tangent to the
submanifold 1\7IX, defined in (6.6) and that are also tangent to 92, at pg, because
My is tangent to d. at po. By Lemma 6.4, My is contained in Q. = {¢ < || X}
Since MX is CR-diffeomorphic to My, it is r-pseudoconcave. Being MX c Q.,
the restriction of the complex Hessian of ¢ to the analytic tangent to My at po
has at least as many negative eigenvalues as the Levi form of My in the codirec-
tion Jd ¢([exp(X)]), which, by the assumption, are at least r. This completes the
proof. O

6.4 — Application to Dolbeault and CR cohomologies 11

In this section we want to exploit the amount of pseudo-convexity of the exhaus-
tion function ¢. We keep the assumption that (i, v) is n-reductive and HNR and
set q={Z €« |[Z,v,] Cv,} for the maximal parabolic subalgebra in o (v).
We recall that v,, = g, is the nilradical of q. Let Q be the parabolic subgroup
of K with Lie(Q) = g and Q, its conjugation-invariant reductive factor. Let
w:K — M_ = K/V be the quotient map. The image of Q, by @ is a Q,-homo-
geneous complex submanifold Q_ of M_.

LEMMA 6.7. For every X € §,, the CR manifold My and the complex manifold
Q_ are transversal at px and their analytic tangent spaces at px are orthogonal
for the complex Hessian of ¢.

Proor. The pull-backs of Ty;' My and T,y Q_ to the base point py by the
bi-holomorphic map p — exp(X) - p are, respectively, v, and g, /(b N v). This is
a consequence of the fact that X € q,. The statement follows from the fact that
qr = qr and [qr, 0] C 0y, [qr, 04] C Oy O
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THEOREM 6.8. Let My be a compact n-reductive homogeneous CR manifold of
type (n, k), with (xo, v) HNR and canonical complex embedding My — M_.

If My is an r-psudoconvave CR-manifold, then M_ is n — r-pseudoconvex
complex manifold and for every coherent sheaf F we have

(6.11) dim(H/ (My, F) ~ H/ (M_, %)) <oo, forall j >n—r.
In particular,

(6.12) dim(HP/ (My) ~ HP/ (M_)) < o0, forall j >n—r.

Proor. By [14, Theorem 2.1], under the r-pseudoconcavity assumption, the
tangential CR cohomology groups on Mj are the inductive limits of the corre-
sponding groups of sheaf and Dolbeault cohomology of the tubular neighborhoods
of My in M_. While computing the Levi form of ¢, it suffices to note that its restric-
tion to Q_ is strictly pseudo-convex, since it is the exhaustion function associated
to the canonical CR-embedding My N N_ < N_ of a totally real (Ko N Q;)-
homogeneous manifold. Indeed, by [5, Theorem 4.1], the distance from the totally
geodesic submanifold N/ = {{*{ | T € V N Q,} in the negatively curved space
M = Q,/(Q; NKy) is strictly convex on M’ \ N’, and ¢|o_ pulls back on Q, to
the composition of { — {*{ with the square of the distance from N’.

Hence, for X # 0, the complex Hessian of ¢ restricts to a Hermitian symmetric
form having, by Lemma 6.7, at least r + k — 1 positive eigenvalues on the analytic
tangent of ®, at py.

The thesis is then a consequence of the isomorphisms proved in [4, §20]. O

ExampLE 6.9. Fix integers 1 < p < g < n and consider the real action of
SL, +1(C) on the Cartesian product §7,(C" ') x g7, (C" ') of the Grassmannians
of p and g planes, described by

a-(p,Ly) = (a(lp),a(ly)),

for all @ € SLy41(C), £, € §r,(C"1), €, € §1,(C""). The orbits of the real
form _GO = SL,+1(C) are parametrized by the dimension of the intersection
£, N Ly : with kg = max{0, p + g —n — 1} we have the orbits

My (k) = {(£y, Ly) € Grp(C" ) x g1y (C"TY) | dime(L, N €y) = kY,

for kg < k < p. The complexification K = SL,(C) of the compact form
Ko = SU(n + 1) acts on §7,(C"t') x r,(C"!) by

a-(lp,ly) = (allp), Ta_l(gq))a
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for all a € SLy+1(C), £, € §1,(C" 1), £, € §r,(C"*1). Consider the polarity
Gr(C"T1) 5 0y > £ € G115 (C" 1) defined by the symmetric bilinear form

bw,w)= Tw)-v = Zviwi.
i=0

Then the orbits of K in §7,(C" ") x §r,(C"*) are parametrized by
M_(k) = {(£y. L) € §rp(C"H1) x Grg(C™F1) | dime(l, N £0) = p — k).

for kg < k < p. The manifolds M4 (k) and M_(k) are Matsuki-dual to each
other. In fact, since SU(n + 1) preserves Hermitian orthogonality in C"*! and Eq
and Zg are Hermitian orthogonal in C"*!, the pair (£p.£4) belongs to My(k) =
M4 (k) N M_(k) if and only if

tp =ty N lg) ® (N9,

and either
dim(¢, N{g) =k, or dim, NLY) = p—k.

Setny =p—k,ny=k,n3=n+1+k— p—gq,ns =q — k. Then, taking as
base point, with obvious notation, py = (C"! & C"?, C"> & C"*), the stabilizer of
po in K = SL,, 11 (C) has Lie algebra

Z1y Zipx Zi13 Zi1a
0 Zz,z 0 22’4
0 0 Z3z3 Zza
0 0 0 Zia

Zi,j € Qi N sly4+1(C).

Indeed, in the block matrix Z = (Z; j)i<i,j<4 s€ have Z3; = 0, Z3» = 0,
Zyy = 0, Z4p = 0 because Z({eq,...,ep)) C {e1,...,ep). Moreover, the
inclusion 7Z(C"2 @ C"+) C C"2 @ C™ is equivalent to

711 TZy, 0 0 0 0
T T
Zip 'Zzp 0 0 Xz Y,
’ ’ = for all X, € C"2, X4 € C"4,
TZvs TZa3 TZzs TZus || O 0 oratt 42 4
714 TZy4 TZ34 TZ44) \ X4 Yy

and this yields Z,,; = 0, Z»,3 = 0, Z4,3 = 0. The compact CR manifold M, (k)
has CR dimension equal to v = (n1n, + n1n3 + ning + nyng + n3ng) and CR
-codimension d = 2n,n3. The case k = ko, where n3 = 0, is the one where v is
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parabolic, and My (ko) = M_ (ko) is a complex flag manifold. In general, (k¢, v,)
is HNR because

0 Zip Zi13 Z1a
0 0 0 Z5 4 -
— s Z . Cn,xnj N [ C
U 0 0 0 Z3’4 i,j € 5n-i-l( )
0 0 0 0

is the nilpotent radical of

Zig Zin2 Zi13 Zia
Zop Zoz Zoy

0 n
ey Z = Cn,xnj m [ C
| 0 Zisp Z33 Zszga b shi+1(0)
0 0 0 Zsu
Then
0 0 0 o0
(6.13)  fp=mo = 8 ZO* 23’3 8 Zyz € CMPM3 L~ CM273
423
0 0 0 O

The CR algebra (ko, v) is weakly degenerate when k < p and strictly nondegen-
erate, according to [23], when k = p. The vector valued Levi form is

(Z12: 713, Z1,4: 22,4, Z34) —> Z{ 2713+ 22473,

and hence all the nonzero scalar Levi form have a Witt index equal to p =
(n1+n4) = (p—k)+(@—k) = p + q — 2k. The complex manifold M_(k) has
dimension N = nyjn, + ninz 4+ ning + nansz + npng + n3ng and, according to
Theorems 6.6 and 6.8 is jL-pseudoconcave and (v — [u)-pseudoconvex.

6.5 — Application to Dolbeault and CR cohomologies 111

In this section we extend Theorem 6.6 to the case where we do not assume that
(ko, v) is HNR. To this aim we utilize an r-pseudoconcave exhausting functions
which is only continuous (see [9, 10, 17, 29]). Namely, we will consider the
function

(6.14) o([5]) = dist®(C*¢, N), for¢ € K,

where N = {v*v | v € V} as in (4.5) and [(] is the element of M_ = K/V
corresponding to { € K.
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We recall that a continuous function ¢, defined on a complex v-dimensional
manifold M_, is said to be weakly r-pseudoconcave if, for every point p € M_,
we can find a coordinate neighborhood (U, z), centered at p, such that, for every
(v —r + 1)-dimensional linear subspace £ of C”, for every coordinate ball B € U
and \ plurisubharmonic on a neighborhood of B, with ¢ >  on £ N 3B we also
have ¢ > Yron € N B.

We say that ¢ is strictly r-pseudoconcave if, for each p € M_, we can find
an open coordinate neighborhood (U, p) centered in p and an € > 0 such that
¢ + €|z|? is weakly r-pseudoconcave in U.

By Bungart’s approximation theorem ([9, Theorem 5.2]) strictly r-pseudo-
concave functions can be uniformly approximated on compacts by piece-wise
smooth strictly r-pseudoconcave functions. Thus (see e.g. [2, Chapter IV]) we can
still apply the Andreotti—Grauert theory when we have a strictly-r-pseudoconcave
exhaustion function which is only continuous.

Our application relies then on the following lemmas.

LemMa 6.10. Let ¢ be a continuous exhaustion function on M_ and assume
that, for all ¢ > 0 and py € ®, = {p € M_ | ¢(p) = c} there is a germ
of CR generic r-pseudoconcave CR submanifold My(po) of M_ through po with
Moy(po) C {dp < c}. Then ¢ is weakly r-pseudoconcave.

Proor. We argue by contradiction, assuming that, for every coordinate neigh-
borhood (U, z) centered at a point pp € M, we can find a (v —r + 1)-dimensional
linear subspace £ of C and a plurisubharmonic 1, defined on a neighborhood
of the closure B of a coordinate ball in U, and a point p; € £ N B where
d(p1) < Y(p1), while ¢(p) = Y(p) for all p € dBNL. Clearly the same condition
is satisfied by any linear (v — r + 1)-plane sufficiently close to £, so that we can
assume that £ intersects My(p1) transversally. The intersection My (p1) N £ is then
a 1-pseudoconcave CR submanifold of £, but the restriction of s to £N My(p1) N B
contradicts then the maximum principle, since takes at the interior point p; a value
larger than the supremum of the values taken on the boundary £ N My(p;) N B
(see e.g. [16]). The contradiction proves that ¢ is weakly r-pseudoconcave. |

LemMma 6.11. The exhaustion function ¢ defined by (6.14) is strictly r-pseu-
doconcave on M_ \ M.

Proor. By Proposition 4.8, there is c¢o > 0 such that ¢ is strictly r-pseudo-
concave when 0 < ¢(p) < cg, since, by [17, Lemma 2.6], for a smooth function
the notion of strict r-pseudoconcavity coincides with the requirement about the
signature of its complex Hessian.
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For { € K, we can consider the function ¢¢(p) = $({~! - p), which is contin-
uous and weakly r-pseudoconcave on M_ \ ({- My) and strictly r-pseudoconcave
when it takes positive values smaller than 2. Let po € M_ with ¢(po) > ¢Z and
fix arelatively compact coordinate neighborhood (U, z) in M_, centered at py. We
can assume, for a fixed § with 0 < 28 < ¢o, that U C {p | |d(p) — d(po)| < 8%}.
We observe that ¢p(p) = inf¢([§])=¢(p0)_5(«/§ + (p))z. The functions p —
ne(p) = (V8 + /Pr(p))?, when ¢(5) = d(po) — 82, are uniformly strictly -
pseudoconcave on a neighgorhood of U. Thus, for a small € > 0, the functions
N + €]z — zo|?, for $({) = ¢(po) — 82, are still r-pseudoconcave on U. Passing to
the infimum, we deduce, by using [10, Proposition 2.2. (ii)] that ¢ + €|z — z¢|? is
weakly r-pseudoconcave on U. The proof is complete. O

From this and the remarks at the beginning of this subsection, we obtain:

THEOREM 6.12. Let My be a compact n-reductive homogeneous CR manifold,
with canonical complex embedding My — M_.

If My is an r-psudoconvave CR-manifold, then M_ is an r-pseudoconcave
complex manifold and for every coherent sheaf F we have

(6.15)  dim(H/ (Mo, F) ~ H/ (M_,¥)) <oo, forall j <r —hd(7).
In particular,

(6.16) dim(HP7 (My) ~ HPY (M_)) <00, forall j <r.
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