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1. Introduction

For a smooth projective variety X over C, let A’(X) = CH' (X )q denote the Chow
group of codimension i algebraic cycles modulo rational equivalence with Q-co-
efficients. Intersection product defines a ring structure on A*(X) = @, A’ (X).
In the case of K3 surfaces, this ring structure has an interesting property:

TueoreMm 1.1 (Beauville and Voisin [8]). Let S be a K3 surface. Let D;, D] €
AY(S) be a finite number of divisors. Then

> Di-D;=0inA*(S) < Y D;-Dj=0in H*S.Q).
i i

Conjecturally, a similar property holds for self-products of K3 surfaces:

ConJeEcTURE 1.2 (Beauville—Voisin). Let S be a K3 surface. For r > 1, let
D*(S") C A*(S7) be the Q-subalgebra generated by (the pullbacks of ) divisors
and the diagonal of S. The restriction of the cycle class map induces an injection

D'(S") — H*(S".Q)
foralli and all r.

For extensions and partial results concerning Conjecture 1.2, cf. [53], [54],
[56], and [58].

Beauville has asked which varieties have behaviour similar to Theorem 1.1
and Conjecture 1.2. This is the problem of determining which varieties verify the
“weak splitting property” of [7]. We briefly state this problem here as follows:

ProBLEM 1.3 (Beauville [7]). Find a nice class C of varieties (containing K3
surfaces and abelian varieties), such that for any X € C, the Chow ring of X
admits a multiplicative bigrading Az‘*)(X ), with

AN(X) =P Al (X) foralli.

Jj=0

This bigrading should split the conjectural Bloch—Beilinson filtration, in particu-
lar

Ajom(X) = €D 45 (X).

Jjz1
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It has been conjectured that hyperkihler varieties are in C [7, introduction].
Also, not all Calabi—Yau varieties can be in C [7, Example 1.7(b)]. An interesting
novel approach of Problem 1.3 (as well as a reinterpretation of Theorem 1.1) is
provided by the concept of multiplicative Chow—Kiinneth decomposition (cf. [43],
[50], [44], and Section 2.3 below).

In this note, we ask whether EPW sextics might be in €. An EPW sextic is
a special sextic X C P>(C) constructed in [I8]. EPW sextics are not smooth;
however, a generic EPW sextic is a quotient X = Xy/(09), where Xg is a
smooth hyperkéhler variety (called a double EPW sextic) and o is an anti-
symplectic involution, see [35, Theorem 1.1] and [36]. Quotient varieties behave
like smooth varieties with respect to intersection theory with rational coefficients,
so the following conjecture makes sense:

CoNIECTURE 1.4. Let X be an EPW sextic, and assume X is a quotient variety
X = Xo/G with Xo smooth and G C Aut(Xy) a finite group. Then X € C.

There are two reasons why Conjecture 1.4 is likely to be true: first, because an
EPW sextic is a Calabi—Yau hypersurface (and these are probably in €); secondly,
because the hyperkihler variety X should be in C, and the involution oy should
behave nicely with respect to the bigrading on AE‘*)(Xo). Let us optimistically
suppose Conjecture 1.4 is true, and see what consequences this entails for the
Chow ring of EPW sextics. We recall that Chow groups are expected to satisfy
a weak Lefschetz property, according to a long-standing conjecture:

ConNJECTURE 1.5 (Hartshorne [24]). Let X C P"*1(C) be a smooth hypersur-
face of dimension n > 4. Then the cycle class map

A2(X) — H*(X, Q)
is injective.
Conjecture 1.5 is notoriously open for all hypersurfaces of degree d > n + 2.
Since quotient varieties behave in many ways like smooth varieties, it seems
reasonable to expect that Conjecture 1.5 extends to hypersurfaces that are quo-

tient varieties. This would imply that an EPW sextic X as in Conjecture 1.4 has
Aﬁom (X) = 0. That is, conjecturally we have that

AN(X) = Afgy(X) foralli <2.
For any r > 1, let us now define

E*(X") C A*(X")
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as the Q-subalgebra generated by (pullbacks of) elements of 4! (X) and A%(X) and
the class of the diagonal of X. The above remarks imply a conjectural inclusion

E*(X") C AZ‘O)(X’) = A" (X")/ Apor(X7).
We thus arrive at the following concrete, falsifiable conjecture:

CoNJECTURE 1.6. Let X be an EPW sextic as in Conjecture 1.4. Then restriction
of the cycle class map
E'X") — H* (X", Q)
is injective for all i and all r.

Conjecture 1.6 is the analogon of Conjecture 1.2 for EPW sextics; the role of
divisors on the K3 surface is played by (the hyperplane section and) codimension
2 cycles on the sextic. The main result in this note provides some evidence for
Conjecture 1.6: we can prove it is true for O-cycles and 1-cycles on one very special
EPW sextic:

THEOREM (= Theorem 4.7). Let X be the very special EPW sextic of [16]. Let
r € IN. The restriction of the cycle class map

E'(X") — H*(X".Q)
is injective fori > 4r — 1.

The very special EPW sextic of [16] (cf. Section 2.7 below for a definition) is
not smooth, but it is a “Calabi—Yau variety with quotient singularities.” The very
special EPW sextic X is very symmetric; it is also remarkable for providing the
only example known so far of a complete family of 20 pairwise incident planes in
P>(C), see [16]. As resumed in Theorem 2.28 below, the very special EPW sextic
X is related to hyperkéhler varieties in two different ways: (a) X is rationally
dominated via a degree 2 map by the Hilbert scheme S[?! where S is a K3 surface
of Picard number 20; (b) X admits a double cover that is the quotient of an abelian
variety by a finite group of group automorphisms, and this quotient admits a
hyperkéhler resolution Xj.

To prove Theorem 4.7, we first prove (Proposition 3.3) that the very special
EPW sextic X has a multiplicative Chow—Kiinneth decomposition, in the sense of
Shen and Vial [43], and so the Chow ring of X has a bigrading. Next, we establish
(Proposition 3.8) that

) A2 (X) = Ay (X).

Both these facts are proven using description (b), via the theory of symmetrically
distinguished cycles [37].
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Note that equality (1) might be considered as evidence for Conjecture 1.5 for X .
In order to prove Conjecture 1.5 for the very special EPW sextic X, it remains to
prove that

x)Zo.
Likewise, in order to prove the full Conjecture 1.6 for the very special EPW sextic
X, it remains to prove that

hom

Al (X) N Ap

A‘@(X’) N Afom(X") 20 foralli,r.

We are not able to prove these equalities outside of the range i > 4r — 1; this
is related to some of the open cases of Beauville’s conjecture on Chow rings of
abelian varieties (remarks 4.4 and 4.8).

On the positive side, we establish a precise relation between the Chow ring of
the very special EPW sextic X and the Chow ring of the hyperkdhler fourfold X,
mentioned in description (b) (Theorem 4.9). This relation provides an alternative
description of the splitting of the Chow ring of X, coming from a multiplica-
tive Chow—Kiinneth decomposition (Corollary 4.10). In proving this relation, we
exploit description (a); a key ingredient in the proof is a strong version of the gen-
eralized Hodge conjecture for X and X, (Proposition 3.1), which crucially relies
on the fact that the K3 surface S has maximal Picard number.

We also obtain some results concerning Bloch’s conjecture (Section 5.1), as
well as a conjecture of Voisin (Section 5.2), for the very special EPW sextic. The
application to Bloch’s conjecture relies on description (b) (via the theory of sym-
metrically distinguished cycles), but also on description (a) (via the surjectivity
result proposition 3.12).

We end this introduction with a challenge: can one prove Theorem 4.7 for other
(not very special) EPW sextics?

ConvenTions. In this note, the word variety will refer to a reduced irreducible
scheme of finite type over C. A subvariety is a (possibly reducible) reduced
subscheme which is equidimensional.

All Chow groups will be with rational coefficients: we denote by A;X the

Chow group of j-dimensional cycles on X with Q-coefficients; for X smooth
of dimension n the notations A; X and A"~/ X will be used interchangeably.
The notations Aﬂom(X ), Aﬂum(X ), Aﬁ 7(X) will be used to indicate the sub-
groups of homologically trivial, resp. numerically trivial, resp. Abel-Jacobi triv-
ial cycles. The contravariant category of Chow motives (i.e., pure motives with
respect to rational equivalence as in [42], [34]) will be denoted M.

We will write H/(X) and H;(X) to indicate singular cohomology H” (X, Q),
resp. Borel-Moore homology H; (X, Q).
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2. Preliminary material
2.1 — Quotient varieties
DEerINITION 2.1. A projective quotient variety is a variety
X =Y/G,
where Y is a smooth projective variety and G C Aut(Y) is a finite group.

Proposition 2.2 (Fulton [22]). Let X be a projective quotient variety of
dimension n. Let A*(X) denote the operational Chow cohomology ring. The
natural map

AN (X) — Api(X)

is an isomorphism for all i.
Proor. This is [22, Example 17.4.10]. O

RemARrk 2.3. It follows from Proposition 2.2 that the formalism of correspon-
dences goes through unchanged for projective quotient varieties (this is also noted
in [22, Example 16.1.13]). We can thus consider motives (X, p, 0) € My, where X
is a projective quotient variety and p € A" (X x X) is a projector. For a projective
quotient variety X = Y /G, one readily proves (using Manin’s identity principle)
that there is an isomorphism

h(X) = h(Y)% = (Y,A%,0) in M,

where AF denotes the idempotent 573" e -

2.2 — Finite-dimensionality

We refer to [32], [4], [34], [26], and [30] for basics on the notion of finite-
dimensional motive. An essential property of varieties with finite-dimensional
motive is embodied by the nilpotence theorem:

TueoreM 2.4 (Kimura [32]). Let X be a smooth projective variety of dimen-
sion n with finite-dimensional motive. Let I' € A" (X x X) be a correspondence
which is numerically trivial. Then there is N € N such that

eV =0eA"(X x X).
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Actually, the nilpotence property (for all powers of X) could serve as an
alternative definition of finite-dimensional motive, as shown by a result of Jannsen
[30, Corollary 3.9]. Conjecturally, all smooth projective varieties have finite-
dimensional motive [32]. We are still far from knowing this, but at least there
are quite a few non-trivial examples:

RemAaRrk 2.5. The following varieties have finite-dimensional motive: abelian
varieties, varieties dominated by products of curves [32], K3 surfaces with Pi-
card number 19 or 20 [38], surfaces not of general type with p, = 0, see [23,
Theorem 2.11], certain surfaces of general type with p, = 0 [23], [40], [55],
Hilbert schemes of surfaces known to have finite-dimensional motive [13], gen-
eralized Kummer varieties [57, Remark 2.9(ii)], [21], threefolds with nef tan-
gent bundle [27] and [47, Example 3.16], fourfolds with nef tangent bundle [28],
log-homogeneous varieties in the sense of [12] (this follows from [28, Theo-
rem 4.4]), certain threefolds of general type [49, Section 8], varieties of dimension
< 3 rationally dominated by products of curves [47, Example 3.15], varieties X
with A,i4 7(X) = 0 for all i [46, Theorem 4], products of varieties with finite-
dimensional motive [32].

REMARK 2.6. It is an embarrassing fact that up till now, all examples of finite-
dimensional motives happen to lie in the tensor subcategory generated by Chow
motives of curves, i.e., they are “motives of abelian type” in the sense of [47].
On the other hand, there exist many motives that lie outside this subcategory, e.g.,
the motive of a very general quintic hypersurface in P3, see [14, 7.6].

The notion of finite-dimensionality is easily extended to quotient varieties:

DerintTION 2.7. Let X = Y/ G be a projective quotient variety. We say that X
has finite-dimensional motive if the motive

h(Y)C = (Y, A§.0) € Mra
is finite-dimensional. Here, Ag denotes the idempotent

1

@ZFg € An(Y X Y)

geG
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Clearly, if Y has finite-dimensional motive then also X = Y /G has finite-
dimensional motive. The nilpotence theorem extends to this setup:

ProrosiTion 2.8. Let X = Y /G be a projective quotient variety of dimension
n, and assume X has finite-dimensional motive. Let I € A (X x X). Then there
is N € N such that

eV =0eA"(X x X).

Proor. Let p:Y — X denote the quotient morphism. We associate to " a
correspondence 'y € A" (Y x Y) defined as

[y :='Tpolol, € A(Y xY).
By Lieberman’s lemma [47, Lemma 3.3], there is equality
Iy =(pxp)*T’ in A(Y xY),
and so I'y is G x G-invariant:
ASoTy o A§ =Ty inA"(Y xY).

This implies that
Iy € AS 0 A"(Y xY) o AY,

and so
Ty € Endyq,, (h(Y)©).

Since clearly T'y is numerically trivial, and 4(Y )¢ is finite-dimensional (by as-
sumption), there exists N € IN such that

(Ty)°N =Tyolol, 0 Tyo0--0l, =0 inA™(Y xY).
Using the relation I', o ‘T, = d Ay, this boils down to
dN71 T, oM 0T, =0 in A™(Y x Y).
From this, we deduce that also

1
eV — ero(dfv—1 Tyol®NoT,) 0T, =0 inA"(X xX). O
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2.3 — MCK decomposition

DEerintTION 2.9 (Murre [33]). Let X be a projective quotient variety of dimen-
sion n. We say that X has a CK decomposition if there exists a decomposition of
the diagonal

Ay =Tlg + 111 +---+ I, in A"(X x X),
such that the I1; are mutually orthogonal idempotents and
(M)« H*(X) = H'(X).
Remark 2.10. The existence of a CK decomposition for any smooth projective
variety is part of Murre’s conjectures [33], [29]. If a quotient variety X has finite-

dimensional motive, and the Kiinneth components are algebraic, then X has a CK
decomposition (this can be proven just as [29], where this is stated for smooth X).

DEerintTION 2.11 (Shen and Vial [43]). Let X be a projective quotient variety
of dimension n. Let AX, € A2"(X x X x X) be the class of the small diagonal

Agfn::{(x,x,xﬂxeX}CXxXxX.

An MCK decomposition of X is a CK decomposition {I1;} of X that is multi-
plicative, i.e., it satisfies

Mo AX o(I; x ;) =0 in A2"(X x X x X) foralli + j # k.
(NB: the acronym “MCK?” is shorthand for “multiplicative Chow—Kiinneth.”)

Remark 2.12. The small diagonal (seen as a correspondence from X x X
to X) induces the multiplication morphism

AX h(X) @ h(X) — h(X)  in My
Suppose X has a CK decomposition

2n
h(X) =@ (X) in M.
i=0
By definition, this decomposition is multiplicative if for any i, j the composition

B (X) ® W (X) — h(X) ® h(X) 2 h(X) i M

factors through h*+/(X).

The property of having an MCK decomposition is severely restrictive, and
is closely related to Beauville’s “weak splitting property” [7]. For more ample
discussion, and examples of varieties with an MCK decomposition, we refer to
[43, Section 8] and also [50], [44], and [21].
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Lemma 2.13. Let X, X' be birational hyperkdhler varieties. Then X has an
MCK decomposition if and only if X' has one.

Proor. This is noted in [50, Introduction]; the idea is that Rie3’s result [41]
implies that X and X’ have isomorphic Chow motives and the isomorphism is
compatible with the multiplicative structure.

More precisely: let ¢: X --> X’ be a birational map between hyperkéhler
varieties of dimension n. According to [41] there exists a correspondence y €
A" (X x X') inducing a ring isomorphism A*(X) =~ A*(X’).

Suppose that {TTX} is an MCK decomposition for X. Let AX , AX' denote the
small diagonal of X resp. X'. As explained in [43, Section 6], the argument of [41]
gives the equality

yoA¥ ol(y xy) =A% inA"(X' x X xX').
The prescription

Y :=yonfoly e A"(X x X'

1

defines a CK decomposition for X’. (The IT lX " are orthogonal idempotents thanks
to RieB’s result that y o'y = Ayx- and’y oy = Ay [41].)

To see that this CK decomposition {HiX "} is multiplicative, let us consider
integers i, j, k such thati 4+ j # k. It follows from the above equalities that

¥ o A%, o (MY x 1))
:yoH?o’yoyoAgfno’(yxy)o(yxy)o(HiXXH]X)oty
:yoH?oAgfno(HiXxH]X)oty
=0 in A*"(X' x X').

(Here we have again used RieR’s result that y o’y = Ay and'y oy = Ax.) O

2.4 — Niveau filtration

DEerintTION 2.14 (coniveau filtration [10]). Let X be a quasi-projective variety.
The coniveau filtration on cohomology and on homology is defined as

NH'(X,Q) =) Im(Hy(X.Q — H'(X,Q));
NCH;(X,Q) = ) Im(H;(Z,Q) — Hi(X,Q)),

where Y runs over codimension > ¢ subvarieties of X, and Z over dimension
<[ — ¢ subvarieties.
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Vial introduced the following variant of the coniveau filtration:

DEerintTION 2.15 (Niveau filtration [48]). Let X be a smooth projective variety.
The niveau filtration on homology is defined as

N7 Hi(X) =) Im(Hi—2(Z) — Hi (X)),
FEAl'_j (ZXX)

where the union runs over all smooth projective varieties Z of dimension i — 2j,
and all correspondences I' € A;_;(Z x X). The niveau filtration on cohomology
is defined as

NH'X := N " H,,_; X.

RemARK 2.16. The niveau filtration is included in the coniveau filtration:
N/H'(X) c N/H (X).

These two filtrations are expected to coincide; indeed, Vial shows this is true if
and only if the Lefschetz standard conjecture is true for all varieties [48, Proposi-
tion 1.1].

Using the truth of the Lefschetz standard conjecture in degree < 1, it can
be checked [48, p. 415, “Properties”] that the two filtrations coincide in a certain

range:
i—1

N/H (X)=N’H'X forall j >

2.5 — Refined CK decomposition

THeoreEM 2.17 (Vial [48]). Let X be a smooth projective variety of dimension
n < 5. Assume the Lefschetz standard conjecture B(X) holds (in particular, the
Kiinneth components r; € H*"(X x X) are algebraic). Then there is a splitting
into mutually orthogonal idempotents

T = Zni’j S H2n(X X X),
J

such that .

(mi,1)0 H*(X) = grk HI(X) .
(Here, the graded grj~ H'(X) can be identified with a Hodge substructure o

N

H(X) using the polarization.) In particular,

(1)« H/ (X) = H*(X) N F',

(m2,0)« H’ (X) = HE(X).
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Here F* denotes the Hodge filtration, and HZ(X) is the orthogonal complement
to H*(X) N F! under the pairing
H*(X) ® H*(X) — Q,
a®b —>aURh">Ub.

Proor. This is [48, Theorem 1]. O

THEOREM 2.18 (Vial [48]). Let X be as in Theorem 2.17. Assume in addition
X has finite-dimensional motive. Then there exists a CK decomposition T1; €
A" (X x X), and a splitting into mutually orthogonal idempotents

M=) T, € A"(X x X),
J

such that
Hi,j = Ti,j in Hzn(X X X),

and
(Mpi)«AK(X) =0 forallk #i.

The motive h; o(X) = (X, I1;,0,0) € My is well defined up to isomorphism.

Proor. This is [48, Theorem 2]. The last statement follows from [48, Propo-
sition 1.8] combined with [31, Theorem 7.7.3]. O

RemARrk 2.19. In case X is a surface with finite-dimensional motive, there is
equality
hZ,O(X) = tZ(X) in Mrat,

where 7, (X) is the “transcendental part of the motive” constructed for any surface
(not necessarily with finite-dimensional motive) in [31].

LemMma 2.20. Let X be a smooth projective variety as in Theorem 2.18, and
assume

dim H?(X, 0x) = 1.

Then the motive
hZ,O(X) € J\/[rat

isindecomposable, i.e., any non-zero submotive M C h3 o(X) is equal to hy o(X).
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Proor. (This kind of argument is well known, cf. for instance [55, Corol-
lary 3.11] or [39, Corollary 2.10] where this is proven for K3 surfaces with finite-
dimensional motive.) The idea is that there are no non-zero Hodge substructures
strictly contained in H2(X). Since the motive M C hj (X) defines a Hodge
substructure

H*(M) C HX(X),

we must have H*(M) = HZ2(X) and thus an equality of homological motives
M = h2,0(X) in Mhom'
Using finite-dimensionality of X, it follows there is an equality of Chow motives

M - hz,O(X) in Mrat. D

LemMma 2.21. Let X1, X2 be two projective quotient varieties of dimension 4.
Assume X1, X have finite-dimensional motive, verify the Lefschetz standard con-
Jecture and

NYH*(X;)) = N'H*(X;) forj =12,

where N}, is the Hodge coniveau filtration. Let T € A*(X; x X») and ¥ €
A*(X5 x X1). The following are equivalent:

0 Lut HO4(X1) — H*Y(X2)
is an isomorphism, with inverse W;
(11) T HY(X)) — HY(X5)
is an isomorphism, with inverse W;
(1) [ihgo(X1) —> hao(X2)  in Mia
is an isomorphism, with inverse .
Proor. Assume (1), i.e.,
W, Ty = id: H**(X1) — H®*(Xy).
Using the hypothesis N}, = N, this implies
W, T, =id: H*(X;)/N' — H*(X,)/N',
and so

2) (WoT oIy = (Myh)s: H*(X1) — H*(X1).
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Considering the action on H.}(X1), this implies
U, T, = id: HY (X)) — Hi(Xy).

Switching the roles of X; and X5, one finds that likewise '« ¥, = id on Ht‘r‘ (X2),
and so the isomorphism of (1) is proven.
Next, we note that it formally follows from equality (2) that W is left-inverse to

[:hao(X1) —> hgo(X2)  in Myom.
Switching roles of X; and X5, one finds W is also right-inverse to I and so
[:hao(X1) —> hao(X2)  in Mpom

is an isomorphism, with inverse W. By finite-dimensionality, the same holds in
My, establishing (1). O

ReEMARK 2.22. The equality
Ny H*(X;) = N'H*(X))
in the hypothesis of Lemma 2.21 is the conjunction of the generalized Hodge

conjecture N = N and Vial’s conjecture N! = N'!.

2.6 — Symmetrically distinguished cycles on abelian varieties

DeFintTION 2.23 (O’Sullivan [37]). Let A be an abelian variety. Leta € A*(A)
be a cycle. For m > 0, let
Vin(a) C A*(A™)

denote the Q-vector space generated by elements
px((p0)" (@) - (p2)*(@?) -+ (Pn)*(@™)) € A¥(A™).

Here n < m, and r; € IN, and p;: A" — A denotes projection on the i-th factor,
and p: A" — A™ is a closed immersion with each component A" — A being
either a projection or the composite of a projection with [—-1]: 4 — A.

The cycle a € A*(A) is said to be symmetrically distinguished if for every
m € IN the composition

Vim(a) C A*(A™) — A*(A™) /Ay (AT)

is injective.
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TueoreEM 2.24 (O’Sullivan [37]). The symmetrically distinguished cycles form
a Q-subalgebra Ag,,,(A) C A*(A), and the composition
A:ym(A) - A*(A) - A*(A)/A;Iom(A)
is an isomorphism. Symmetrically distinguished cycles are stable under pushfor-
ward and pullback of homomorphisms of abelian varieties.

RemARrk 2.25. For discussion and applications of the notion of symmetrically
distinguished cycles, in addition to [37] we refer to [43, Section 7], [50], [3],
and [20].

LemMma 2.26. Let A be an abelian variety of dimension g.

(1) There exists an MCK decomposition {Hf‘} that is self-dual and consists of
symmetrically distinguished cycles.

(1) Assume g <5, and let {Hl‘-“} be as in (i). There exists a further splitting
My =14, + 5, in A5(A x A),
where the H‘z“,i are symmetrically distinguished and
N4, =n3; in H*(A4 x A).

Proor. (1) An explicit formula for {H;“} is given in [43, Section 7, for-
mula (45)].

(11) The point is that Hf’l is (by construction) a cycle of type

> CixD; in A5(A x A),
J

where D; C A is a symmetric divisor and C; C A is a curve obtained by inter-

secting a symmetric divisor with hyperplanes. This implies Hf’l is symmetrically

distinguished. By assumption, T14' is symmetrically distinguished and hence so

is 14! O
2,0°

2.7 — The very special EPW sextic

This subsection introduces the main actor of this tale: the very symmetric EPW
sextic discovered in [16].

DEerintTION 2.27 ([S]). A hyperkdhler variety is a simply-connected smooth
projective variety X such that H°(X, Q%) is spanned by a nowhere degenerate
holomorphic 2-form.
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Tueorem 2.28 (Donten-Bury et al. [16]). Let X C P>(C) be defined by the
equation

6, .6 6 6 6 6 4.2 4.2 2.4
x0+xl +X2 +X3 +.X4 +X5 +(X0x1 +XOX2+"'+X4.X5)
2.2.2 2.2.2 2.2.2
+ (xgx7x5 + xgx7x5 + - + xX3x5X5) + XoxX1X2X3x4%5 = 0.
(Note that the parentheses are symmetric functions in the variables xo, . . ., X5.)

(1) The hypersurface X is an EPW sextic (in the sense of [18] and [35]).

(1) Let S be the K 3 surface obtained from a certain Del Pezzo surface in [51], and
let S©1 denote the Hilbert scheme of 2 points on S. Then there is a rational
map (of degree 2)

p:SP > X

We have the commutative diagram

sl LSBT Ly = E4/(G)) —— X,

Here all horizontal arrows are birational maps. E is an elliptic curve and
X' := E*/(G’) is a quotient variety, and Xy is a hyperkdhler variety with
ba(Xo) = 23 which is a symplectic resolution of X'. The morphism g
is a double cover; X is a projective quotient variety X = E*/G where
G = (G',i) withi?> € G'. The groups G’ and G consist of automorphisms
that are group homomorphisms.

() SPand X have finite-dimensional motive and a multiplicative CK decom-
position.

Proor. (1) See [16, Proposition 2.6].

(11) This is a combination of [16, Proposition 1.1] and [16, Sections 5 and 6].
(Caveat: the group that we denote G’ is written G in [16].)

(1) Vinberg’s K3 surface has Picard number 20; as such, it is a Kummer
surface and has finite-dimensional motive. This implies (using [13]) that S[2] has
finite-dimensional motive. As birational hyperkihler varieties have isomorphic
Chow motives [41], X, has finite-dimensional motive. The Hilbert scheme S
of any K3 surface S has an MCK decomposition [43, Theorem 13.4]. As the
isomorphism of [41] is an isomorphism of algebras in the category of Chow
motives, X also has an MCK decomposition (Lemma 2.13). O
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Remark 2.29. The singular locus of the very special EPW sextic X consists
of 60 planes. Among these 60 planes, there is a subset of 20 planes which form
a complete family of pairwise incident planes in IP>(C) [16]. This is the maximal
number of elements in a complete family of pairwise incident planes, and this
seems to be the only known example of a complete family of 20 pairwise incident
planes.

RemaRrk 2.30. The variety Xy is not unique. In [17, Section 6], it is shown there
exist 816 symplectic resolutions of £4/(G’) (some of them non-projective). One
noteworthy consequence of Theorem 2.28 is that the varieties X, are of K3[?! type
(this was not a priori clear from [17]).

RemARrk 2.31. For a generic EPW sextic X, there exists a hyperkéhler fourfold
Xo (called a “double EPW sextic”) equipped with an anti-symplectic involution
oo such that X = X/ (0¢) [35, Theorem 1.1 (2)]. For the very special EPW sextic
X, I don’t know whether such X exists. (For this, one would need to show that
the Lagrangian subspace A defining the very special EPW sextic is in the Zariski
open LG(A3V)? € LG(A3V) defined in [35, page 3].)

3. Some intermediate steps
3.1 — A strong version of the generalized Hodge conjecture

For later use, we record here a proposition, stating that the very special EPW
sextic, as well as some related varieties, satisfy the hypothesis of Lemma 2.21:

Prorposition 3.1. Let Xg be any hyperkdhler variety as in Theorem 2.28 (i.e.,
Xo is a symplectic resolution of E*/(G")). Then

NYH*(Xo) = N'H*(X,).

(Here Ny; denotes the Hodge coniveau filtration and N* denotes the niveau
filtration (Definition 2.15).)
The same holds for X' := E*/(G') and for the very special EPW sextic X :

N}11H4(X/) — N1H4(X/)’
NLH*(X) = NYH4(X).

Proor. The point is that Vinberg’s K3 surface S has Picard number 20, and
so the corresponding statement is easily proven for S[21:
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LemMma 3.2. Let S be Vinberg’s K3 surface. Then
Ny H*(SP) = NTH*(SB)),

ProoF. Let S x S — S x S denote the blow-up of the diagonal. As it is well
known, there are isomorphisms of homological motives

h(S2) = h(S x §)%2,
h(S x 8§) = h(S x 8)@®h(S)(1)  in Mpom.

where G, denotes the symmetric group on 2 elements acting by permutation. It
follows there is a correspondence—induced injection

H*(SPl s H*(S x S) ® H*(S).
It thus suffices to prove the statement for S x S. Let us write
H*(S)=N@&T :=NS(S)® HZ(S).
We have

NLH*(S xS)=H*S xS)n F!
=HS)Q H*S)® H*(S)® H'(S)d N QN
OGNRITOTRIN®(TRT)NF!.

All but the last summand are obviously in N1. As to the last summand, we have
that

(TRT)NF!'=(T®T)NF>2.

Since the Hodge conjecture is true for S x § (indeed, S is a Kummer surface
and the Hodge conjecture is known for powers of abelian surfaces [1, 7.2.2], [2,
8.1(2)]), there is an inclusion

(TRT)NF2C N2H*(S x S) = N2H*(S x §),
and so the lemma is proven. A

Since birational hyperkéhler varieties have isomorphic cohomology rings [25,
Corollary 2.7], and the isomorphism (being given by a correspondence) respects
Hodge structures, this proves the result for Xy. Since Xy dominates X’ and X, the
result for X’ and X follows. Proposition 3.1 is now proven. |
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3.2 — MCK for quotients of abelian varieties

Prorosition 3.3. Let A be an abelian variety of dimension n, and let G C
Auty (A) be a finite group of automorphisms of A that are group homomorphisms.
The quotient

X=A4/G

has a self-dual MCK decomposition.

Proor. A first step is to show there exists a self-dual CK decomposition for X
induced by a CK decomposition on A:

Cram 3.4. Let A and X be as in Proposition 3.3, and let p: A — X denote the
quotient morphism. Let {Hf‘} be a CK decomposition as in Lemma 2.26(1). Then

1

1
n¥ .= Erponf‘ofr,, eA"(XxX), i=0,...,2n
defines a self-dual CK decomposition for X .

To prove the claim, we remark that clearly the given HiX lift the Kiinneth
components of X, and their sum is the diagonal of X. We will make use of the
following property:

LemmMma 3.5. Let A be an abelian variety of dimension n, and let {Hf} be an
MCK decomposition as in Lemma 2.26(1). For any g € Autz(A), we have

NAoT, =T, oI in A"(A x A).
Proor. Because g« H'(A) C H'(A), we have a homological equivalence
HAoT, —Tg oIl =0 in H>"(A x A).

But the left-hand side is a symmetrically distinguished cycle, and so it is rationally
trivial. A

To see that HiX is idempotent, we note that

1
Hl.XoHl.X=ﬁrponfo’rporpor[;‘o‘1“p

1 A A
= —T,oMf o () Iy)omfoT,
geG
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= %r,,on;‘ oMo () Ty)o'T,
geG

1 A
= T, oI; o(Yre)e'T,
geG

1 A
:EFPOHi otFpono’Fp

1
:EFPOHletFpodAX
=T,olAo'T, =TX inA"(X x X).

(Here, the third equality is an application of Lemma 3.5, and the fourth equality
is because H;“ is idempotent.) The fact that the T1¥ are mutually orthogonal is
proven similarly; one needs to replace I o TTX by X o IT¥ in the above argument.
This proves Claim 3.4.

Now, it only remains to see that the CK decomposition {HiX } of Claim 3.4 is
multiplicative.

Cram 3.6. The CK decomposition {HiX } given by Claim 3.4 is an MCK
decomposition.

To prove Claim 3.6, let us consider the composition
M o A¥, o (MF x TTY) € A"(X x X),
where we suppose i + j # k. There are equalities
¥ o AX o (T x I¥)

1

=3 Tpo T 0Ty o Al 0 Tpxp o (TT]! x H,;l) o Tpxp
1

=4 Tpo T o Af o Al o (AF x AF) o (TTf! x HJA)OZFPXP
1

=S Tpo A§ o T o AL o (M x TIf) o (A x A) 0Ty

=0 inA"(X x X x X).

Here, the first equality is by definition of the ITX, the second equality is Lemma 3.7
below, the third equality follows from Lemma 3.5, and the fourth equality is the
fact that {Hg“} is an MCK decomposition for A (Lemma 2.26).
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LemMA 3.7. There is equality

tFpoAganprp:%<Zc;rg)oAg4mo((2c:;Fg>X(Zc;rg))

g€ ge ge

=d?*A§ o AL o (AG x AG) in AP"(Ax A x A).

Proor. The second equality is just the definition of Ag. As to the first equality,
we first note that

1 1
A = (P X p X P)e(Afy) = STp 0 ALy 0 Ty in A" (X X X x X).
This implies that

1
t X _ t At
FpoAiolpxp == "Tpholpo AL, o T'pxp o I'pxp.

d
But'TpoT, =), I, and thus
‘Tp o Al 0 Tpxp
1 .
= E(ZFg)oAfmo((ZFg> X (ZFg)) in A% (A x A x A),
geG geG geG
as claimed. A
This ends the proof of Proposition 3.3. O

In the setup of Proposition 3.3, one can actually say more about certain pieces
Ay (X):

Prorosition 3.8. Let X = A/G be as in Proposition 3.3. Assume n =
dim X < 5and H*(X,Ox) = 0. Assume also there exists X' = A/(G') where
G = (G',i)withi? € G', and the action of i on H*(X', Ox/) is minus the identity.
Then any CK decomposition {I1;} of X verifies

(1)« A7 (X) =0 forall j # 1,
(Tle)+ A7 (X) =0 forall j # 3.

Proor. It suffices to prove this for one particular CK decomposition, in view
of the following lemma:

LeMMA 3.9. Let X = A/G be as in Proposition 3.3. Let TI, TT' € A"(X x X)
be idempotents, and assume T1 — 1" = 0 in H>"(X x X). Then

(M)A (X) =0 < (IT')«A4'(X) = 0.
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Proor. This follows from [48, Lemma 1.14]. Alternatively, here is a direct

proof. Let p: A — X denote the quotient morphism, and let d := |G|. One
defines
1
Iy := 7 Tyollol, € A*(A x A),

1
I, := E’F,, oll'ol, € A"(A x A).

It is readily checked ITy4, IT/, are idempotents, and they are homologically equiv-
alent.
Let us assume (IT),A*(X) = 0 for a certain i. Then also

(TLa)u p* A (X) = (E’FP oMoT,o ’F,,)* AL(X) = (T o Ty Al (X) = 0.

n
hom

By finite-dimensionality of A, the difference I14 —1IT/, € A
i.e., there exists N € IN such that

(Ax A) is nilpotent,

(Ty —T1,)°Y =0 in A"(4 x A).
Upon developing, this implies

M, =" =01+ -+ 0n inA"(4xA),
where each Q; is a composition

Qj=0Q}oQ%0--0 0N,
with Q}‘ € {I14, IT/;}, and at least one Q}‘ is IT4. Since by assumption
(M)« p* A'(X) = 0,

it follows that
(Qj)« = (something).(TT4)((TT)°")x = 0: p*A*(X) — p*A'(X) forall j.
But then also

(s p™ A (X) = (Q1 + -+ + ON)up* AT (X) = 0. A

Now, let us take a projector for A of the form
Mg =14, + 5, € A"(A x A),

where 14, TT4 | are as in Lemma 2.26.
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LemMma 3.10. Let A be an abelian variety of dimension n < 5, and let
G C Auty/(A) be a finite subgroup. Let H‘z‘{o be as in Lemma 2.26. Then

M1 0AS = A oY) € A"(A x A)
is idempotent. (Here, as before, we write Af = ﬁzgeG g € A"(A X A).)
Proor. For any g € G, we have the commutativity
Mygol, =Tgollyy inA"(AxA), forallgeg,

established in Lemma 2.26(11). (Indeed, these cycles are symmetrically distin-
guished by Lemma 2.26(11), and their difference is homologically trivial because
an automorphism g € G respects the niveau filtration.)

This commutativity clearly implies the equality

M4, 0A = A§ o T4, € A"(A x A).
To check that Hﬁi,o o A§ is idempotent, we note that
Mfg0Af oMy 0AS =12 0T 0 A 0 A =15 0 A in A"(A x A).
A

Let us write G = G’ x {1,i}. Since by assumption, i, = —id on H>°(X’),
we have equality

1 7 ’
5(Hg{ooAg +I500A o) =0 in H"(A x A).

On the other hand, the left-hand side is equal to the idempotent 15, o A§.
By finite-dimensionality, it follows that

MYyo AT =0 in A"(Ax A).

Using Poincaré duality, we also have i, = —id on H%>*(X’), and so (defining
IT¢, as the transpose of I3 ) there is also an equality

1 7 4
ng,on§ = E(Hg{z oAy + T, 0A oTy) =0 in H*(Ax A),
and hence, by finite-dimensionality

M¢,0A§ =0 inA"(A4 x A).
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Since 1'[‘2“,1 does not act on A/ (A) for j # 1 (Theorem 2.18), we find in particular
that
(M) = 0: 47 ()% — 47 (A)° forall j # 1.

Likewise, since Hé3 =1 1'[‘2“,1 does not act on A/ (A) for j # 3 (Theorem 2.18),
we also find that

(M), = 0: A7 (A — 47(A)C forall j # 3.

We now consider the CK decomposition for X defined as in Lemma 3.4:

1

1
n¥ .= ~Tpo NA0'T, € A"(X x X).
This CK decomposition has the required behaviour:
. 1 .
(M)’ (X) = (5T 0 115 0'T) 47 (X)

- (%r,,)* (T14).p* 47 (X)

1 ,
- (EF”) (T14), A7 (4)¢ =0 forall j # 1,

and likewise
(I¥), A7 (X) =0 forall j # 3.

This proves Proposition 3.8. O

For later use, we record here a corollary of the proof of Proposition 3.8:

CoroLLARY 3.11. Let A be an abelian variety of dimension n < 5, and let
H’z“’o, 1'[’2‘1,1 be as in Lemma 2.26(11). Let p: A — X = A/G be a quotient variety
with G C Auty(A). The prescription

Ny, :=Tpoll4; 0T, inA"(X xX)
defines a decomposition in orthogonal idempotents
My =3, + 105, in A"(X x X).
The Hi ; verify the properties of the refined CK decomposition of Theorem 2.18.

Proor. One needs to check the T1 f ; are idempotent and orthogonal. This eas-
ily follows from the fact that the H124,i commute with I'y for g € G (Lemma 3.10).
O
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3.3 — A surjectivity statement

Prorposition 3.12. Let X be a hyperkdhler fourfold as in Theorem 2.28.

Let AZ‘*)(XO) be the bigrading defined by the MCK decomposition. Then the

intersection product map
Aly(Xo) ® ALy (Xo) —> Ay (Xo)

is surjective.
The same holds for X' := E*/(G') as in Theorem 2.28: X' has an MCK
decomposition, and the intersection product map

2 2 4
A(z)(X/) ® A(z)(X/) —> A(4)(X/)
is surjective.

Proor. The result of Riel [41] implies there is an isomorphism of bigraded
rings
AL (SBh = 47 (Xo).

For the Hilbert scheme of any K3 surface S, the intersection product map
AL (8PN @ A2, (SP) — Af, (sP)

is known to be surjective [43, Theorem 3]. This proves the first statement.

For the second statement, the existence of an MCK decomposition for X’ is a
special case of Proposition 3.3. To prove the surjectivity statement for X', we note
that ¢: Xo — X' is a symplectic resolution and so there are isomorphisms

¢* HPO(X') = HP*(Xo) (p =2,4).

Using Lemma 2.21 (which is possible thanks to Proposition 3.1), this implies there
are isomorphisms

¢" H{(X") — H{(Xo) (p=2.4).
This means there is an isomorphism of homological motives
tF¢Z hp’()(X/) S hp,o(Xo) in Mhom (p =2, 4)
By finite-dimensionality, there are isomorphisms of Chow motives

Ty hpo(X') —> hpo(Xo) in Meu (p = 2.,4).
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Taking Chow groups, this implies there are isomorphisms

(3) (M) o Ty oMy )u: (M)A (X)) — (T)°)sA (Xo)  (p =2.4).
Let us now consider the diagram

A%(Xo) ® A%(X9) —> A*(Xo)

l I

Al (X)) ® AL (X') — Afy (X

Here, the vertical arrows in the upper square are given by projecting to direct
summand; the vertical arrows in the lower square are given by ¢*. Since pullback
and intersection product commute, the lower square commutes. Since AZ**) (Xop) is
a bigraded ring, the upper square commutes.

The composition of vertical arrows is an isomorphism by (3). The statement
for X’ now follows from the statement for Xj. O

4. Main results
4.1 — Splitting of A*(X)

THEOREM 4.1. Let X be the very special EPW sextic of Theorem 2.28. The
Chow ring of X is a bigraded ring

A*(X) = ALy (X),
where
AN X) = Ay (X) =
A2 (X) = Ay (X).
A(X) = AL (X) @ ALy (X) = Q & Apoy(X),

AY(X) = Al (X) ® ALy (X) = Q @ Ajo (X).

Proor. It follows from Theorem 2.28 that X is a quotient variety X = E*/G
with G C Autz(A). Moreover, there is another quotient variety X' = E*/(G’)
where G = (G’,i) and i? € G’ and such that i acts on H?(X’, Ox/) as —id.
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Applying Proposition 3.3, it follows that X has an MCK decomposition {ITX}.
Applying Proposition 3.8, it follows that

()47 (X) =0 forall j # 1,
(TX), A7 (X) =0 forall j # 3.

The projectors T1X are 0 for i odd. (Indeed, X has no odd cohomology so the ITX
are homologically trivial. Using finite-dimensionality, they are rationally trivial.)
The projectors {I1 lX } define a multiplicative bigrading

A*(X) = AL, (X).

where A/ (X) 1= (I1;_,)« A7 (X). The fact that AJ,,(X) = 0 for i < 0 follows
from the corresponding property for abelian fourfolds [6]. Likewise, the fact that

Aly(X) N AL (X) =0 forall j >3

hom
follows from the corresponding property for abelian fourfolds [6]. |

CoroLLARY 4.2. Let X be the very special EPW sextic. The intersection
product maps

A%2(X) ® A2(X) — A*(X),
A2(X) ®@ AN (X) — A3(X)

have image of dimension 1.

RemARrk 4.3. Itis instructive to note that for smooth Calabi—Yau hypersurfaces
X C P*T1(C), Voisin has proven that the intersection product map

A (X)® A" (X) — A" (X)

has image of dimension 1, for any 0 < j < n, see [54, Theorem 3.4] and [56,
Theorem 5.25] (cf. also [19] for a generalization to generic complete intersections).

In particular, the first statement of Corollary 4.2 holds for any smooth sextic in
IP>(C). The second statement of Corollary 4.2, however, is not known (and maybe
not true) for a general sextic in P°(C). It might be that the second statement is
specific to EPW sextics, and related to the presence of a hyperkéhler fourfold X
which is generically a double cover.
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ReEMARK 4.4. Let F* be the filtration on A*(X) defined as

Fral(x)=Ep Al (X).
123}
For this filtration to be of Bloch—Beilinson type, it remains to prove that

7?
F'A2(X) = Ao (X).

This would imply the vanishing A7 (X) = 0 (i.e., the truth of Conjecture 1.5
for X).

Unfortunately, we cannot prove this. At least, it follows from the above descrip-
tion that the conjectural vanishing Aﬁom(X ) = 0 would follow from the truth of
Beauville’s conjecture

Aﬁom(E4) 2 A%l)(E4) ©® A%z) (E4)’

where E is an elliptic curve.

4.2 — Splitting of A*(X")
DeriniTION 4.5. Let X be a projective quotient variety. For any r € IN, and
any 1 <i < j<k<r,let
Dj: X — X,
pij: X" — X x X,
Pijk: X" — X x X xX
denote projection on the j-th factor, resp. projection on the i-th and j-th factor,
resp. projection on the i-th and j-th and k-th factor.
We define
E*(X") Cc A*(XT")
as the Q-subalgebra generated by (p;)*A'(X) and (p;)*A%(X) and (p;;)*(Ax) €
A*(X") and (pijr)*(A%,) € A3(X7).

As explained in the introduction, the hypothesis that EPW sextics that are
quotient varieties are in the class C leads to the following concrete conjecture:

CONJECTURE 4.6. Let X C IP>(C) be an EPW sextic which is a projective
quotient variety. Let r € IN. The restriction of the cycle class map

Ei(Xr) N H2i(Xr)

is injective for all i.
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For the very special EPW sextic, we can prove Conjecture 4.6 for 0-cycles and
I-cycles:

THEOREM 4.7. Let X be the very special EPW sextic of Definition 2.28. Let
r € IN. The restriction of the cycle class map

Ei (Xr) _ H2i (Xr)
is injective fori > 4r — 1.

Proor. The product X" has an MCK decomposition (since X has one, and
the property of having an MCK decomposition is stable under taking products
[43, Theorem 8.6]). Therefore, there is a bigrading on the Chow ring of X". As
we have seen (Theorem 4.1), A'(X) = (0)(X) and A%(X) = (0)(X) Also, it is

readily checked that
Ax € Ay (X x X).

(Indeed, this follows from the fact that

8
Ax = Z n¥ = Z ¥ o Ax o ITX =) (¥ x Y )uAx  in A*(X x X),
i=0 i=0

where we have used the fact that the CK decomposition is self-dual.) The fact that
X has an MCK decomposition implies that

AX e A8

0)(X X X x X),

see [43, Proposition 8.4].

Clearly, the pullbacks under the projections p;, pij, pijk respect the bigrading.
(Indeed, suppose a € A(O)(X ), which means a = (er)*(a). Then the pullback
(pi)*(a) can be written as

X xox X x (TMX)u(a) x X x---x X € A4X7),
which is the same as
(Hé(xmxl'[g(xnfle'[()fx---xHé()*(Xx'uxanxXxmxX).
This implies that
(p1)*(@) € (T3 ) AX(X") = Ay (X"),

where TT1X" is the product CK decomposition. Another way to prove the fact
that the projections p;, p;;. pijx respect the bigrading is by invoking [44, Corol-
lary 1.6].)
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It follows there is an inclusion
E*(X") C Afp)(X").
The finite morphism p*": A” — X" induces a split injection
(P*7)*: Ay (X7) N Ao (XT) —> A{g) (A7) N Aj, (A7) forall i.
But the right-hand side is known to be 0 for i > 4r — 1 [6], and so
ENX™) N Afo(X7) C Afgy(X) N A (X)) =0 foralli > 4r—1. O

RemMARrk 4.8. As is clear from the proof of Theorem 4.7, there is a link
with Beauville’s conjectures for abelian varieties: let £ be an elliptic curve, and
suppose one knows that

Al (E¥)yn Al (E¥) =0 foralli andallr.

hom

Then Conjecture 4.6 is true for the very special EPW sextic.

4.3 — Relation with some hyperkdhler fourfolds

THEOREM 4.9. Let X be the very special EPW sextic of Definition 2.28. Let
Xo be one of the hyperkdhler fourfolds of [17, Corollary 6.4], and let f: Xg — X
be the generically 2 : 1 morphism constructed in [16]. Then X¢ has an MCK
decomposition, and there is an isomorphism

F¥ Ao (X) > 4% (Xo).

hom

Proor. The MCK decomposition for Xy was established in Theorem 2.28.
The morphism f: Xog — X of [16] is constructed as a composition

FiXo 2 x' = E*/G) 5 X,

where ¢ is a symplectic resolution and g is the double cover associated to an anti-
symplectic involution. This implies f induces an isomorphism

FRHYOX) = HYO(X) S5 HYO(X,).

In view of the strong form of the generalized Hodge conjecture (Proposition 3.1),
Xo and X’ and X verify the hypotheses of Lemma 2.21. Applying Lemma 2.21,
we find isomorphisms of Chow motives

“Tyihao(X) —> hao(X') —> hao(Xo) in Mg,
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Since (Hff’ JxA*(X) = 0fori > 1 for dimension reasons, we have
(M)« A*(X) = (M) A*(X),
and the same goes for X’ and Xj. It follows that
I*: A (X) = A*(ha0(X)) —> A*(ha0(X0)) =: A}y (Xo). O

As a corollary, we obtain an alternative description of the splitting AE‘*)(X 0)
for the hyperkihler fourfolds Xj:

CoroLLARY 4.10. Let f: Xog — X be as in Theorem4.9. The splitting AZ‘*)(XO)
(given by the MCK decomposition of Xy) verifies

A4(X0) = (4)(X0) 2] A(z)(XO) 2] A(o)(XO)
= f* Ahom(X)EBker(A“(XO) AYX) e Q;

A3(X0) = (2)(X0) ® A(o)(XO)
= Ajom(Xo) ® H>*(Xo):

A%(Xo) = Aly(Xo) ® A(o)(Xo)
= ker(Apym(Xo) EAN A%(X)) ® Afy (Xo).

ReEMARK 4.11. Just as we noted for the EPW sextic X (Remark 4.4), for this
filtration to be of Bloch—Beilinson type one would need to prove that

(0) (XO) N Ahom(XO) - O

which I cannot prove. This situation is similar to that of the Fano varieties F
of lines on a very general cubic fourfold: thanks to work of Shen and Vial [43]
there is a multiplicative bigrading A (*)(F ) which has many good properties and
interesting alternative descriptions. The main open problem is to prove that

(0)(F) N Ahom(F) = O

which doesn’t seem to be known for any single F.

RemARrk 4.12. Conjecturally, the relations of Corollary 4.10 should hold for
any double EPW sextic X, (with X being the quotient of X, under the anti-
symplectic involution). However, short of knowing X, has finite-dimensional
motive (as is the case here, thanks to the presence of the abelian variety E*),
this seems difficult to prove. Note that at least, for a general double EPW sextic
Xo, the relations of Corollary 4.10 give a concrete description of a filtration on
A*(Xp) that should be the Bloch—Beilinson filtration.
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5. Further results
5.1 — Bloch conjecture

ConNJECTURE 5.1 (Bloch [9]). Let X be a smooth projective variety of dimen-
sionn. Let ' € A" (X x X) be a correspondence such that

I, =0: H?°(X) — HP%(X) forall p > 0.

Then
I« =0:47_(X) — A7 _(X).

hom hom

A weak version of Conjecture 5.1 is true for the very special EPW sextic:

PROPOSITION 5.2. Let X be the very special EPW sextic. LetT' € A*(X x X)
be a correspondence such that

I, =0:H*°(X) — H*°(X).
Then there exists N € N such that
(M) = 0: A (X) — Af(X).

Proor. As it is well known, this follows from the fact that X has finite-
dimensional motive; we include a proof for completeness’ sake.
By assumption, we have

I, =0:H*X,C)/F! — H*(X,C)/F!

(where F* is the Hodge filtration). Thanks to the “strong form of the generalized
Hodge conjecture” (Proposition 3.1), this implies that also

I, =0:H*X,Q)/N' — H*(X.Q)/N".
Using Vial’s refined CK projectors (Theorem 2.18), this means
FoMy,=0 in H¥X x X),
or, equivalently,
F—> Tol},=0 in H3X x X).
(k,£)#(4,0)
By finite-dimensionality, this implies there exists N € IN such that

oN
(r-Zron,{z) —0 in A*(X x X).
(k,07(4,0)
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Upon developing, this gives an equality
) PV =014+ 0y inA*X x X),
where each Q; is a composition of correspondences

Qj=0}0Q}0--00} € A*X x X),

and for each j, at least one Qj. is equal to H,{ ¢ With (k. £) # (4,0). Since (for
dimension reasons)
(TE ) xAfom(X) = 0 forall (k,£) # (4,0).

hom

it follows that
(Q)+Apy(X) =0 forall j.

In view of equality (4), we thus have
(TN = 0: 47 (X)) — Af - (X). O
For special correspondences, one can do better:

PROPOSITION 5.3. Let X be the very special EPW sextic. LetT' € A*(X x X)
be a correspondence such that

r'*=0:H*°(X) — H*°(X).

Assume moreover that I' can be written as
r
I'=Y ¢, inAYX x X),
i=1

with ¢; € Q and 0; € Aut(X) induced by a G-equivariant automorphism
of: E* — E*,
where X = E*/(G) and criE is a group homomorphism. Then

I =0: Ap (X)) — Ap . (X).

Proor. Let us write A = E*, and X’ := A/(G’) for the double cover of X
with dim H%%(X’) = 1. The projection g: X’ — X induces an isomorphism

g*: H4’0(X) i H4’0(X/),
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with inverse given by % g+ Leto/: X' — X' (i = 1,...,r) be the automorphism
induced by ol.E. Foreachi = 1,...,r, there is a commutative diagram
/)*
H4 O(X/) H4,0(x/)
g*T lg*
H4 O(X) (0i)* H4’0(X)

Defining a correspondence

.
=Y Ty inA*(X' x X"),
i=1

we thus get a commutative diagram

H% O(X/) H% O(X/)
g*T lg*
H% O(X) H% O(X)

The assumption on I'* thus implies that
(IM* =0: H*°(X') — H*(X").
Since (by construction of X’) the cup-product map
H>(X') @ H>O(X') —> H**(X")
is an isomorphism of 1-dimensional C-vector spaces, we must have that
(I'* =0: H>°(X') — H*°(X").
It is readily seen this implies
(5) T oT¥, =0 in H3(X' x X').
Let T'4 denote the correspondence
Iy = Xr:ci Tor in A*(A x A).
i=1

Let p": A — X' = A/(G’) denote the quotient morphism. There are relations

1
(6a) My = |G| wo'Ty0'T,y in A*(X' x X'),

(6b) ny, = roMf 0Ty in A*(X' x X')

1
TR
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(the first relation is by construction of the automorphisms o/; the second relation
can be taken as definition, cf. Corollary 3.11). Plugging in these relations in
equality (5), one obtains

[y o'Tqo'Tyolyolly o'l =0 in H3(X' x X').
Composing with ’T',» on the left and ', on the right, this implies in particular that
‘Tp oTyo'Tgo'Tyolyolygo'Tyol, =0 in H3(A4x A).

Using the standard relation T’y o Iy = ; Cl}’l > gec L's, this simplifies to

(Z Fg)ofer(Z Fg)ongl,(,:o in H3(A x A).

geG’ geG’

The left-hand side is a symmetrically distinguished cycle which is homologically
trivial, and so it is rationally trivial (Theorem 2.24). That is,

(Y Te)o'Tuo (Y T)omsy=0 ina*xa,

g€G’ g€G’
in other words
Ty olyo'Tyo' Ty olyolljy=0 inA*Ax A).
Now we descend again to X’ by composing some more on both sides:
Ty o'TyolyoTyo' Tyolyollf o'Ty =0 inA*(X xX').
Using the relations (6), this shimmers down to
(‘T") oI5y =0 in A*(X' x X').

This implies that
(I')* = 0: AL (X)) —> A7 (XD,

hom

Since A‘(‘4) (X') equals the image of the intersection product

AR (X)) ® AL (X)) — A (X))

hom

(Proposition 3.12), we also have that

(T')* = 0: Al (X") — A(y (X))
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The commutative diagram

)
A (X)) 2 A% (X))

g*T T o*
1"*
Apom(X) ——> A (X)
in which vertical arrows are isomorphisms (proof of Theorem 4.9), now implies

that
I =0: Ap (X)) — Ap . (X). O

5.2 — Voisin conjecture

Motivated by the Bloch—Beilinson conjectures, Voisin formulated the following
conjecture:

ConJEcTURE 5.4 (Voisin [52]). Let X be a smooth Calabi-Yau variety of
dimension n. Let a,a’ € A? _(X) be two 0-cycles of degree 0. Then

hom

axa =(=1)"a xa inA*"(X x X).

It seems reasonable to expect this conjecture to go through for Calabi—Yau’s
that are quotient varieties. In particular, Conjecture 5.4 should be true for all EPW
sextics that are quotient varieties. We can prove this for the very special EPW
sextic:

PRrOPOSITION 5.5. Let X be the very special EPW sextic. Leta,a’ € Aﬁom(X).
Then
axa =da xa inA¥(X x X).

Proor. As we have seen, there is a finite morphism p: A — X, where 4 is an
abelian fourfold and

P* AL (X) — Al (A) = (1) A%(A)

hom

is a split injection. (The inverse to p* is given by a multiple of p..) Proposition 5.5
now follows from the following fact: any ¢, ¢’ € AZ‘4) (A) verify

cxc =c xc in A3(A4 x A);

this is [56, Example 4.40]. O
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