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Cohen-Macaulayness
and sequentially Cohen—Macaulayness
of monomial ideals

HaAssaAN NOORMOHAMMADI (%) — AHAD RAHIMI ()

ABsTrRACT — In this paper, we give a characterization for Cohen—Macaulay rings R /I where
I ¢ R = K[y1,...,yn] is a monomial ideal which satisfies bigsize I = size .
Next, we let S = K[x1,...,Xm,¥1,...,yn] be a polynomial ring and I C S a
monomial ideal. We study the sequentially Cohen—Macaulayness of S/ with respect
to Q = (¥1,...,yn). Moreover, if I C R is a monomial ideal such that the associated
prime ideals of / are in pairwise disjoint sets of variables, a classification of R/ to be
sequentially Cohen—Macaulay is given. Finally, we compute grade(Q, M) where M is
a sequentially Cohen—-Macaulay S-module with respectto Q.
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1. Introduction

The notions of the size and bigsize of a monomial ideal were introduced by
Lyubeznik and Popescu in [9] and [11], respectively. Let K be a field, I C R =
K[y1,...,yn] amonomial ideal and py, . . ., p, be the associated prime ideals of /.
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According to [9], the size of I is the number v 4+ (n — h) — 1, where A is the
height of }_7_, p; and v is the minimum number e for which there exist integers
i1 < -+ < iesuchthat Y y_,p;, = >.i_;pi. The bigsize of I, is the number
t + (n — h) — 1, where ¢ is the minimal number e such that for all integers
i1 < -+ < i it follows that > 7 _; p;x = >_i_; pi- Lyubeznik [9] showed that
depth R/I > size I. If bigsize(/) = size(]), then depth R/I = size I and so /
satisfies Stanley’s Conjecture by [7]. Fact 2.3 gives an equivalent condition for the
ideal I satisfies bigsize(/) = size(/). We observe that, if bigsize(/) = size(/)
then / has no embedded prime ideal and all the associated primes are minimal.
In Section 2, we give a classification for all Cohen—Macaulay rings R/I where
I C R is a monomial ideal such that bigsize I = size I.

Next, we let S = K[x1,...,Xm, V1,- .., Vn] be the standard bigraded polyno-
mial ring in the variables x, ..., Xm, V1, ..., yn. In other words, degx; = (1,0)
and degy; = (0,1) for all i and j. We set Q = (y1,...,yn). The second au-
thor has been studying the algebraic properties of a finitely generated bigraded
S-module M and also the local cohomology modules of M with respect to Q,
see for instance [12], [13], [14], and [I5]. In Section 3, we study the sequen-
tially Cohen—Macaulayness of S/ with respect to Q where I C S is a mono-
mial ideal. A finite filtration F: 0 = M, M, M, = M of
M by bigraded submodules M, is called a Cohen—Macaulay filtration with re-
spect to Q if each quotient M; /M;_, is Cohen—Macaulay with respect to Q and
0 < cd(Q,M;/My) < cd(Q,M/M;) < --- < cd(Q,M,/M,_1). Here by
"Cohen—Macaulay with respect to Q" we mean grade(Q, M) = cd(Q, M) where
cd(Q, M) denotes the cohomological dimension of M with respect to Q which
is the largest integer i for which H lQ (M) # 0. If M admits a Cohen—Macaulay
filtration with respect to Q, then we say that M is a sequentially Cohen—Macaulay
S-module with respect to Q. Ordinary sequentially Cohen—Macaulay results from
our definition if we assume m = 0.

In [14] it is shown that if M is a finitely generated bigraded Cohen—Macaulay
S-module, then M is Cohen—Macaulay with respect to P = (x1, ..., X;) if and
only if M is Cohen—Macaulay with respect to Q. Inspired by this fact and on the
evidence of all known examples we raised the following question in [10].

QuestioN 1.1. Let I C S be a monomial ideal. Suppose S/I is Cohen—
Macaulay.

(a) If S/1 is sequentially Cohen—Macaulay with respect to P, is S/ sequen-
tially Cohen—Macaulay with respect to Q

(b) Is S/1 sequentially Cohen—Macaulay with respectto P and Q?
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An example is given to show that this question has negative answer, see
Example 3.5. However, it is shown in the case that bigsize I = size /, the question
has positive answer, see Theorem 3.6. We end this section with the following
question.

QuEesTioN 1.2. Let M be a finitely generated bigraded S-module. If M is
sequentially Cohen—Macaulay with respect to Q, is M/ PM sequentially Cohen—
Macaulay?

In the following section, we let I C R be a monomial ideal and the associ-
ated prime ideals of / are in pairwise disjoint sets of variables. It is shown that
R/I is sequentially Cohen—Macaulay if and only if / is an intersection of irre-
ducible monomial ideals such that at most one of the factors is not principal. As
a consequence, if / C R is an intersection of monomial prime ideals in pairwise
disjoint sets of variables, then R/I is sequentially Cohen—Macaulay if and only
if 1 is a product of monomial prime ideals such that at most one of the factors is
not principal. In particular, R/I is Cohen—Macaulay if and only if / is a product
of principal monomial prime ideals.

There is an algebraic proof [6] as well as a combinatorial proof ([4], [16])
to compute the depth sequentially Cohen—Macaulay monomial ideals. In the final
section, we extend this result by computing grade(Q, M) where M is sequentially
Cohen—Macaulay with respect to Q.

2. Size, bigsize and Cohen—Macaulayness of monomial ideals

Let/ C R = K[y1, ..., yn] be a monomial ideal. Then I = (");_, q;, where each
q; is generated by pure powers of the variables. In other words, each g; is of the
form ( yf: L yff ). Moreover, an irredundant presentation of this form is unique.
As a consequence a monomial ideal is irreducible if and only if it is generated
by pure powers of the variables, see [5, Theorem 1.3.1] and [5, Corollary 1.3.2].
Thus for a monomial ideal / C R an irredundant irreducible decomposition
always exists. Let q; be p;-primary. Then each p; is a monomial prime ideal and
Ass(R/I) = {p1,...,p,} where r < s. Notice that if / is a squarefree monomial
ideal, then all the associated prime ideals are minimal and hence r = s. In this
note, by a minimal(irredundant) primary decomposition, we mean p; # p; if
qi # q;. For the squarefree case, the irredundant irreducible decomposition is the
same as minimal primary decomposition.
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ExampLE 2.1. The ideal

I =393 y2y2, y1¥2y3.¥2y2) C R = K[y1. 2. y3)

has the irredundant irreducible decomposition
I= ({939 NGy N0 y3).
Hence Ass(R/1) = {(y1.y3), (V1. ¥2, y3)}.

DEeriniTION 2.2. According to Lyubeznik [9, Proposition 2] the size of 1,
denoted size /, is the number v + (n — h) — 1, where A is the height of Y/, p;
and v is the minimum number ¢ for which there exist integers iy < --- < i; such

that ) .
Z Pip = sz
k=1 i=1

Replacing in the previous definition "there exist i; < --- < i;" by "for all
i1 <--- < i;" one obtains the definition of bigsize of I, introduced by Popescu [11].

Of course, bigsize / > size I and in fact the bigsize of [ is in general much
bigger than the size of /. In Example 2.1, we have size / = 0 and bigsize I = 1.

In this section, we may assume Zir=1 p; = m the graded maximal ideal
of R, because each free variable on [/ increases size and bigsize with 1. In
fact, if Z = {y; : y; ¢ Yi_pi}, T = K[Y \ Z]and J = I N T. Then
size ] = sizeJ + |Z| and bigsize I = bigsize J + |Z]|. In this case, h = n
and sosize/ = v —1.

Fact 2.3. Notice that bigsize I = size I = v — 1 if and only if v is the largest
integer such thatp; ¢ ZieA\{j}pi forall j € [r] ={l,...,r},where@ # A C [r]
with |A| < v. In particular,

() bigsize I =sizel =r -1 <= pj,@Zpi.
ie[rI\{j}
Observe that if bigsize I = size /, then all the associated prime ideals p; are
minimal.
ReMARk 2.4. Suppose size/ = bigsize/ where / C R is a monomial
ideal. We observed that the ideal / has no embedded prime ideal, and so all
the associated prime ideals are minimal. Thus if / = ();_, q; is an irredun-

dant irreducible decomposition of 1, then ~/1 = (\/_, p; is an irredundant ir-
reducible decomposition of +/7 where p; = Jqi fori =1,... r. It follows that
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Ass(R/I) = Ass(R/~/I) and hence size I = size +/I. Note that size I is not
equal to size /7 in general. Consider the ideal / = (7. y1¥2) C K[y1, y2]. As
Ass(R/I) = {(y1). (1. y2)} and Ass(R/~/T) = {(y1)}, we have 0 = size ] #
bigsize I = 1 and size v/T = 1.

The following example shows that if all the associated prime ideals are mini-
mal, then the equality size / = bigsize / may not hold.

ExaMPLE 2.5. Let [ = ﬂf’=1 q; be an ideal of R = K[y, ¥2, ¥3, y4] such that
a1 = (y1,¥3,¥3) » 42 = (3, ¥3) and q3 = (3, ya). Thus

Ass(R/1) = {(y1,y2.¥3). (¥3.Y4), (2. Ya)}.

and so all the associated prime ideals are minimal. On the other hand,

sizel = 2 4+( 4 — 4 )—1=1,
~—— ~—— ——
v n h

bigsizel = 3 +( 4 — 4 )—1=2.
—— ~—— N——

v n h

In the following, we give a classification for R/ I to be Cohen—Macaulay when
bigsize I = size I. We first recall the following result from [7, Theorem 1.2].

LeEmMa 2.6. Let I C R be a monomial ideal. Assume that bigsize I = size I.
Then
depth R/I = size .

For the proof of our main result we need the following.

Lemma 2.7. Let I C R be a monomial ideal and 1 = (\;_, q; an irredundant
irreducible decomposition of 1. Assume that bigsize I = size I. Then for each
F C [r] we have bigsize Ir = size [ where Ir = (;cF 4i-

Proor. Put Ass(R/Ir) = {p1,...,p:} where t < r. Here we consider two
cases. First suppose ¢ > v. It follows that bigsize [r = size I[r = v — 1. Now let
t <v.ByFact2.3

p; €Y pi forall j € [t],
ieA\{j}
where @ # A C [t] with |A] < ¢. In particular, bigsize [r = sizelr =t — 1,
as desired. O
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Tueorem 2.8. Let I C R be a monomial ideal and I = (\;_, qi an irre-
dundant irreducible decomposition of I with /q; = p;. Assume that bigsize I =
size I. Then the following statements are equivalent

(a) R/I is Cohen—Macaulay;

(b) R/~ is Cohen—Macaulay;

(c¢) p; differs with p;j only in one variable for all i # j with i, j € [r];
(d) Foreach subset F C [r], R/ (\;eF 9i is Cohen—Macaulay.

Proor. (a) <= (b). By Lemma 2.6,
depth R/I = size I = size v/I = depth R//1.
Remark 2.4 provides the second equality. On the other hand,
dim R/I = dim R/~/1.
Thus the assertion follows.
(a) < (c). Suppose R/I is Cohen—Macaulay. It follows that R/ is un-

mixed and hence dim R// = dim R/p; = n — heightp; for all i € [r]. On the
other hand, depth R/I = size | = v — 1 by Lemma 2.6. Thus

2) n —heightp; =v—1 foralli € [r].
Let A C [r] with |4] = v. Note that

n= height(Zpi) = heightp; + height( 3 i\ kv € p,-})).
i€ ieA\{j}
We set
= (0 \ VK, vk, €05)).
ieA\{j}

Thus heightc; = v — 1 by (2). It follows that each p; differs with p; only in one
variable for all i # j.

(¢) = (a). Let p; differs with p; only in one variable and ¢; and A be as
above. It follows that R/ is unmixed and height¢; = v — 1. Using these facts we

have,
dim R/I = n — heightp;

= height ( Z pi) — heightp;
i€A
= heightp; + heightc; — heightp;
=v—1
= size ]
=depth R/,

as desired.
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(c) = (d). Lemma 2.7 and the equivalence (a) and (c) yield the desired
conclusion.
The implication (d) = (a) is trivial. |

In particular, if size/ = bigsize/ = r — 1 which is equivalent to say
p; & X icpy Pi by (1), then we have the following

CorOLLARY 2.9. Let I C R be a monomial ideal and I = (\_, q; an
irredundant irreducible decomposition of 1. Assume that p;j L 3 ;i) Vi for
all j € [r]. Then R/I is Cohen—-Macaulay if and only if /I = q + L where q is
a monomial prime ideal and L is a product of principal monomial prime ideals.

Proor. Suppose R/I is Cohen—Macaulay. By Theorem 2.8, each p; differs
with p; only in one variable for all i # j. Our assumption implies that each p; is
of the form (z1, 25, ..., z¢, w;) where z1, 22, ..., z;, w; € {y1,..., yn}. Note that

r r
\/7= ﬂpi = (21,22,...,21,1_111),').
i=1

i=1

We set q = (z1, 22, . . ., z;). Hence the assertion follows.
For the converse, we suppose ~/I = q + L. It follows that R/+/T is Cohen—
Macaulay. Hence by Theorem 2.8, R/I is Cohen—Macaulay as well. |

In particular, we have the following classification of all Cohen—Macaulay rings
R /I where [ is an intersection of monomial prime ideals in pairwise disjoint sets
of variables.

CoroLLARY 2.10. If I is an intersection of monomial prime ideals in pairwise
disjoint sets of variables, then R /I is Cohen—Macaulay if and only if I is a product
of principal monomial prime ideals.

3. Sequentially Cohen—Macaulayness of monomial ideals
with respectto P, Q,and P + Q

LetS = K[x1,...,Xm, Y1, .., Vn] be the standard bigraded polynomial ring over
K. In other words, degx; = (1,0) and degy; = (0,1) for all i and j. We set
P =(x1,...,xm)and Q = (¥1,...,yn). Let M be a finitely generated bigraded
S-module. A filtration D: 0 = Dy D, D; = M of bigraded
submodules of M is called the dimension filtration of M with respectto Q if D;_;
is the largest bigraded submodule of D; for which cd(Q, D;—1) < c¢d(Q, D;) for
alli =1,...,¢. We recall the following facts from [10].
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Facr3.1. LetD:0=Dyg D; ... D;= M bethe dimension filtration

of M with respect to Q. Then
@) Di =(),,¢p, , Njfori =1,....1—1where0 = ;=1 N; is an irredundant
primary decomposition of 0 in M with N, is pj-primary for j = 1,...,s and

Big = {p € Ass(M) : cd(Q,S/p) = cd(Q, Di)};

(b) Ass(M/D;) = Ass(M) \ Ass(D;) fori =1,...,t;

(c) grade(Q,M/D;_y) = cd(Q,D;) fori = 1,...,¢t if and only if M is
sequentially Cohen—Macaulay with respect to Q.

Fact 3.2. The following statements hold.

(a) The exact sequence 0 - M’ — M — M"” — 0 of finitely generated S-
modules yields cd(Q, M) = max{cd(Q, M’),cd(Q, M")}, see [2, Proposi-
tion 4.4].

(b) cd(Q, M) = max{cd(Q,S/p) : p € Ass(M)} = max{cd(Q,S/p) : p €
Supp(M)}, see [2, Corollary 4.6].

(c) grade(Q, M) < dim M — cd(P, M), and the equality holds if M is Cohen—
Macaulay, see [14, Formula 5].

(d) cd(P,M) =dimM/QOM andcd(Q, M) = dim M/PM, see [14, Formula 3].

A finite filtration F: 0 = M, M, M, = M of M by
bigraded submodules M is called a Cohen—Macaulay filtration with respect
to Q if each quotient M;/M;_; is Cohen—Macaulay with respect to Q and
0 <cd(Q, M/ My) < cd(Q, M/ M) < --- < cd(Q, M,/ M,_1). If M admits
a Cohen—Macaulay filtration with respect to Q, then we say M is sequentially
Cohen—Macaulay with respect to Q. Ordinary sequentially Cohen—Macaulay in-
troduced by Stanley results from our definition if we assume P = 0. Note that
if M is sequentially Cohen—-Macaulay with respect to Q, then the filtration JF is
uniquely determined and it is just the dimension filtration of M with respectto Q,
that is, & = D, see [15].

Remark 3.3. Let / C S be a monomial ideal and / = ()/_,q; an ir-
redundant irreducible decomposition of / where ¢; are p;-primary monomial
ideals. As before, we may write q; = qF + q; where g = (x{',...,x;*) and

gl = (yﬁ1 ...,yﬁs) are monomial ideals in K[xy,...,x,] and K[y, ..., ya], re-

spectively. We set /q; = p; = p¥ + p; for all i where p¥ = \/g¥ andp} = |/q;.
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The ideal I has the irredundant irreducible decomposition

I :(qlm...mqal)m...m(qat_l+lm...mqat)

where
heightp, ., =---=heightp) =d fori e {l,... t};
assuming ap = Oand d} < dy < --- < d;.By Fact3.1(a), S/I has the dimension
filtration 3: 0 = 1o/I I/I --- [I;/1 = §/I with respect to Q where
Iy =1,

I =(qlm"'mqal)m"'m(qat—z-l-lm"'mqat—l)’

L2 = (@1 N+ Nday) N (qay+1 N Nday),
Liei=q N N4qy,
Iy =S.
Here I;_; is the unmixed component of S/ with respect to Q. Observe that
3) cd(Q.1;/1i-1) =cd(Q. I;/T) =n—d] ;.

by Fact 3.2(b) and Fact 3.1(b).

In [14] it is shown that if M is a finitely generated bigraded Cohen—Macaulay
S-module, then M is Cohen—Macaulay with respect to P if and only if M is
Cohen—Macaulay with respect to Q. Inspired by this fact and on the evidence of
all known examples we raised the following question in [10].

QuesTiON 3.4. Let I C S be a monomial ideal. Suppose S/I is Cohen—
Macaulay.

(a) If S/1 is sequentially Cohen—Macaulay with respect to P, is S/I sequen-
tially Cohen—Macaulay with respect to Q?

(b) Is S/1 sequentially Cohen—Macaulay with respect to P and Q?

The following example shows that the answer is negative.
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ExampLE 3.5. Let S = K|[x1, x2, 1, V2, V3, ¥4] be the standard bigraded poly-
nomial ring. We set R = S/I where I = (y24, Y1Y4, Y2V3, V1V3, X1V3, X2Y2),
P = (x1,x2) and Q@ = (y1,Y2,¥3,y4). The ideal I has the minimal pri-
mary decomposition I = ﬂ?=1 p; where p; = (x1, y1,¥2), P2 = (X2, ¥3, Va),
p3 = (¥1, Y2, ¥3) and pg = (2, ¥3, y4). The ring R has dimension 3 and by using
CoCoA [3] depth 3. Hence R is Cohen—Macaulay.

We first show that R is sequentially Cohen—Macaulay with respect to P. By
Fact 3.1(a), R has the dimension filtration F: 0 = Jo// Ji/1 L/ =
S/1 with respect to P where Jo = I, J1 = p3 Npgand J, = S. By
Fact 3.2(c) and Fact 3.1(b) we have grade(P, S/I) = cd(P, J;/I) = 1. One has
grade(P,S/J1) = cd(P,S/I) = 2. Thus, R is sequentially Cohen—Macaulay
with respect to P by Fact 3.1(c).

Next we show that R is not sequentially Cohen—Macaulay with respect to Q.
By Fact 3.1(a), R has the dimension filtration F: 0 = Io/I ©Li/I /I =
S/1 with respect to Q where Ip = I, I; = p; Npp and I, = S. Observe
that grade(Q,S/I) = cd(Q, I;/I) = 1 by Fact 3.2(c) and Fact 3.1(b). Hence
1 = grade(Q,S/I;) # cd(Q,S/I) = 2. Thus, R is not sequentially Cohen—
Macaulay with respect to Q by Fact 3.1(c).

However, we show that Question 3.4 has positive answer in the following
special case. Notice that in Example 3.5, size [ = 1 and bigsize I = 3.

THEOREM 3.6. Let I C S be a monomial ideal such that bigsize I = size I. If
S /1 is Cohen—Macaulay, then S /1 is sequentially Cohen-Macaulay with respect
to P and Q.

Proor. We show that S/I is sequentially Cohen—Macaulay with respect
to Q. The argument for P is similar. By Fact 3.1(c) we only need to show
grade(Q, S/Ili—1) = cd(Q,I;/I) for i = 1,...,t where I; described in Re-
mark 3.3. By Theorem 2.8, S/I;—; is Cohen—-Macaulay for alli = 1,...,¢. Thus
we have

grade(Q, S/Ii—1) =dimS/Il;_y —cd(P,S/I;—1)
=mAn—(dy +dl ) —(m—d )
=h- dty—i-H
=cd(Q, I;/1;-1).

Fact 3.2(c) explains the first step in this sequence. For the second step, in Re-
mark 3.3 we set

heightp, |, =--- = heightp, =d; forie{l,... t}.

4
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Since S/I is Cohen—Macaulay, it follows that df < --- < dy < df and
di¥ +d;} = heightp;. The fourth step follows from (3) and the remaining steps are
standard. |

Remark 3.7. The following example shows that the converse of Theorem 3.6
does not hold in general. Let S = K|[x1, x2, y1, ¥2] be the polynomial ring. We
set P = (x1,x2), @ = (y1,)2), pr = (x1, 1), p2 = (x2,)2) and R = §/I
where I = p; N p,. One has cd(Q,R) = cd(P,R) = 1 and grade(Q, R) =
grade(P, R) = 1. Thus R is Cohen—Macaulay with respect to P and Q, and hence
sequentially Cohen—Macaulay with respect to P and Q. Moreover, bigsize I =
size/ = 1. On the other hand, dim R = 2, and depth R = 1 by Lemma 2.6.
Hence R is not Cohen—Macaulay.

We end this section with the following question.

QUuEsTION 3.8. Let M be a finitely generated bigraded S-module. If M is
sequentially Cohen—Macaulay with respect to Q, is M/ PM sequentially Cohen—
Macaulay?

4. Sequentially Cohen—Macaulayness of monomial ideals

In the following, our aim is to classify all rings R /I for a special class of monomial
ideal 7 for which R/I to be sequentially Cohen—Macaulay.

ProposITION 4.1. Let I C R be a monomial ideal and I = (;_, q; an
irredundant irreducible decomposition of I where the associated prime ideals
of 1 are in pairwise disjoint sets of variables. Then R/ 1 is sequentially Cohen—
Macaulay if and only if I is an intersection of irreducible monomial ideals such
that at most one of the factors is not principal.

Proor. (=) Suppose R/ is sequentially Cohen—Macaulay. By Fact 3.1(c)
we have
depthR/I;—y =dimI; /I =n—d;—i1,

foralli = 1,...,t wheret and /; described in Remark 3.3 with setting P = 0 and
dl.y = d;. The second equality follows from (3). Let py, ..., pp, and pp, 41, ..., Pp,
with b; < a; fori = 1,2 be the distinct monomial prime ideals of height d; and
d,, respectively. Fori = ¢, ¢ — 1, by using Lemma 2.6 we have

(4) b1+(n—b1d1)—l = n—d1 and b2+(l’l—b1d1—(b2—b1)d2)—1 = n—dz.
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Thus

&) b1 —1=di(b1 1)

and

(6) by —bidy — 1 = da(by — b1 — 1).

Weclaimthatdy = 1,b,—b; = 1 andt¢ < 2. This completes the proof. To show the
first claim, suppose d; > 1. Thus by = 1 by (5). Hence b, —d; — 1 = da(by — 2)
by (6). This yields d, < 1, a contradiction. Therefore, d; = 1. For the second
claim, we observe that b, —b1 — 1 = da(by — b1 — 1) by (6). If b, —b; — 1 > 0,
then d, = 1, a contradiction. Thus b, — by = 1. Finally we show that r < 2.
Suppose t > 2. Let pp,41, ..., Pp, With b3 < a3 be the distinct monomial prime
ideals of height d5. Fori = ¢ — 2, by using Lemma 2.6 we have

bz + (n —bid; — (bz —bl)dz — (b3 —bg)d3) —1=n-ds.

Thus
bz —by —dy —1 =dz(bs — by —2).

As d> > 2, we have d3 < 1, a contradiction.

(<) The assertion follows by replacing d; = 1 and b, —b; = 1in(4). O

CoroLLARY 4.2. Let I C R be the intersection of monomial prime ideals in
pairwise disjoint sets of variables. Then R/ I is sequentially Cohen—Macaulay if
and only if I is a product of monomial prime ideals such that at most one of the
factors is not principal. In particular, R/ is Cohen—Macaulay if and only if I is
a product of principal monomial prime ideals.

Proor. The first statement follows from Proposition 4.1. To show the second
statement, suppose R/I is Cohen—Macaulay. It follows from the proof of Propo-
sition 4.1 that b; = b, and ¢t = 1. Therefore, the conclusion follows. The converse
of the second statement is obvious. |

5. Compute grade(Q, M) where M is sequentially Cohen—Macaulay
with respect to 0

In this section, we compute grade(Q, M) where M is sequentially Cohen—
Macaulay with respect to Q. Here M is a finitely generated bigraded S-module
and as usual R = K[yy, ..., y»]- We recall the following fact from [15].
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Fact 5.1. If M is sequentially Cohen—Macaulay with respect to O with the
Cohen—Macaulay filtration ¥ : 0 = M, M, M, = M, then one
observes that

grade(Q, M;) = grade(Q, M) fori =1,...,r.

LemMma 5.2. Let M be sequentially Cohen—Macaulay with respect to Q with
the Cohen—Macaulay filtration 0 = My M, M, = M. Then for
i=1,...,r, we have

Ass(M;/M;i—1) = {p € Ass(M;) : cd(Q, S/p) = cd(Q, M;)}.
In particular,

Ass(M) = |_J Ass(M;/M; ).

i=1

Proor. Let p € Ass(M;/M;_y). Since M;/M;_; is Cohen—Macaulay with
respect to Q, it follows that cd(Q, S/p) = cd(Q, M;/M;_1) = cd(Q, M;). Thus
we only need to show that p € Ass(M;). As we always have Ass(M;/M;_) C
Ass(M;) U Supp(M;_,), it suffices to show that p & Supp(M;_1). Assume p €
Supp(M;_1). Fact 3.2(b) implies that cd(Q, S/p) < cd(Q, M;—;) < cd(Q, M;), a
contradiction. Thus p & Supp(M;_;) and hence p € Ass(M;).

Now let p € Ass(M;) such that cd(Q,S/p) = cd(Q, M;). The exact se-
quence 0 — M;_; — M; — M;/M;_, yields Ass(M;) C Ass(M;_;) U
Ass(M;/M;_y). A similar argument as above shows that p & Ass(M;_;). Hence
pe ASS(M,'/M,'_I). O

ProposiTioN 5.3. Suppose that the maximal height of an associated prime of
M in Ris d and |K| = oo. Then

grade(Q, M) <n—d.
In particular, if M is sequentially Cohen-Macaulay with respect to Q, then
grade(Q, M) =n—d.

Proor. By [8, Proposition 1.7] we have grade(Q, M) < cd(Q, S/p) for all
p € Ass(M). Let ¢ € Ass(M) has maximal height d in R. Thus by using
Fact 3.2(d) we have

grade(Q, M) <cd(Q,S/q) =dimS/(P +q) =dimS/(P +q”’) =n—d.
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Now let M be sequentially Cohen—Macaulay with respect to Q. Observe that

grade(Q, M) = grade(Q, M)
= cd(Q, M)
=cd(Q,S/p) forall p € Ass(M;)
=n-—d.

Fact 5.1 provides the first step in this sequence. The second step follows from the
definition. [8, Corollary 1.11] explains the third step. The final step follows from
the definition and Lemma 5.2. O

As a consequence we have the following known result. For a combinatorial
proof see [4, Theorem 4]. See also ([6] and [16]).

CorOLLARY 5.4. Let J C R be a monomial ideal with | K| = oco. Suppose that
the maximal height of an associated prime of J is d. Then

depthR/J <n—d and pdR/J >d.
In particular, if R/ J is sequentially Cohen-Macaulay, then
depthR/J =n—d and pdR/J =d.
We end this section with the following.

ProrosiTioN 5.5. Let I C S be a monomial ideal such that S/1 is Cohen—
Macaulay. Suppose that the maximal height of an associated prime of I in R is d.
Then

grade(Q,S/I)=n—d.

Proor. Since S/I is Cohen—Macaulay, it follows that ) < --- < dy < df
where

heightpy ., =--- = heightpy =d for ie{l,... 1}
and d* 4+ d’ = heightp;, see Remark 3.3. By Fact 3.2(c) we have

grade(Q, S/I)=dim S/I —cd(P, S/I)
=m+n—df +d})—(m—d))

=n—d,y,

as desired. O
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