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Canonical universal locally finite groups

SAHARON SHELAH (*)

ABsTRACT — We prove that the existence of universally locally finite groups implies that there is
a canonical one in any strong limit singular cardinality of countable cofinality. Moreover,
those canonical groups are parallel to the special models for complete first order theories.
For showing the existence we rely on the existence of enough indecomposable such groups
as we proved in [Rend. Sem. Mat. Univ. Padova 144 (2020), 253-270]. More generally, we
also deal with the existence of a universal member in general classes for such cardinals.
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canonical groups, indecomposable groups.

1. Introduction
1.1 — Background and aims

Our motivation is to investigate the class Kj¢ of locally finite groups. The reader
may consider only this case ignoring the general case or may consider universal classes
(see Definition 1.4). The present work continues [15]. For historical remarks, see there
and [17]; for earlier history, see [11].

The main problem we are facing is the following:

This is publication 1175 in Shelah’s list of publications.

(*) Indirizzo dell’A.: Einstein Institute of Mathematics, The Hebrew University of
Jerusalem, Edmond J. Safra Campus, Givat Ram, Jerusalem 91904, Israel; and
Department of Mathematics, Rutgers University, Hill Center — Busch Campus,

110 Frelinghuysen Road, Piscataway, NJ 08854-8019, USA; shelah@math.huji.ac.il


https://creativecommons.org/licenses/by/4.0/
mailto:shelah@math.huji.ac.il

S. Shelah 26

ProBLEM 1.1. We consider the following questions:

(1) Isthere a universal G € Kl)f (= the class of members of Kj; of cardinality 1), see
Definition 1.3 (1); e.g., for A = 3,7 Or just A a strong limit cardinal of cofinality
R (which is not above a compact cardinal)?

(2) May there (consistently) be a universal G € K, when A < A®0 e.g,, for A =
N, < 2809

For general background on the problem of the existence of a universal model for a
class in cardinality A see the classical works by Jonsson [9, 10], Morley—Vaught [13]
and the recent surveys by DZamonja [5] and by the author [19].

Returning to locally finite groups, concerning Problem 1.1 (1) recall that by
Grossberg—Shelah [7], if A = AR0_ then there is no universal member for Kf{. However,
if A is a strong limit cardinal of cofinality R above a compact cardinal «, then there is
G e Kl/{ which is universal. So Problem 1.1 addresses the remaining main open cases.

Let us consider the model theory of locally finite groups. Recall the following
definition.

DEeriniTION 1.2. Let G be a group.
(1) G isan If (locally finite) group if every finitely generated subgroup of G is finite.

(2) G is an exIf (existentially closed locally finite) group (in [11] it is called ulf,
universal locally finite group) if G is a locally finite group and for any finite
groups K C L and embedding of K into G, the embedding can be extended to
an embedding of L into G.

(3) Let K¢ be the class of If (locally finite) groups (partially ordered by C, being a
subgroup) and let K., be the class of existentially closed G € Kj;.

Wehrfritz asked about the categoricity of the class of exIf groups in any A > R.
This was answered by Macintyre—Shelah [12] who proved that in every A > R there
are 2* non-isomorphic members of Ki’df. This was disappointing in some sense: in g
the class is categorical, so the question was perhaps motivated by the hope that also
general structures in the class can be understood to some extent.

The existence of a universal object can be considered as a weak positive answer.

A natural and frequent question on a class of structures is the existence of rigid
members, i.e. those with no non-trivial automorphism. Now any exlf group G € Ky
has non-trivial automorphisms: the inner automorphisms (recalling it has a trivial
center). So the natural question is about complete members where a group is called
complete if and only if it has no non-inner automorphism.

Concerning the existence of a complete, locally finite group of cardinality A: Hickin
[8] proved that such group exists in 8¥; (and more: for example, he found a family of
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281 such groups pairwise far apart, i.e., no uncountable group is embeddable into two
of them). Thomas [22] assumed G.C.H. and built one in every successor cardinal (and
more: for example, it has no Abelian or just solvable subgroup of the same cardinality).
Related are works by Giorgetta—Shelah [6] and Shelah—Ziegler [21] who investigated
K, getting similar results. Dugas—-Gabel [4, Thm. 2] proved that for A = AR and

e . . + . .
Go € K% , there is a complete G € Ki"j_f extending Go; moreover 2* " pairwise non-

isomorphic ones. Then Braun—Gobel [1] got better results for complete locally finite
p-groups.

Now [15] shows that although the class K¢y is very “unstable”, there is a large
enough set of definable types so we can imitate stability theory and have reasonable
control in building exIf groups, using quantifier free types. This may be considered as
a “correction” to the non-structure results discussed above. This was applied to build a
canonical extension of a locally finite group of the same cardinality and also endo-rigid
locally finite groups in a more relaxed way.

In the present work, we return to the universality problem for i = 3, or just strong
limit of cofinality Ro. We prove for Ky and similar classes that if there is a universal
model of cardinality u, then there is something like a special model of cardinality u,
in particular, universal and unique up to isomorphism. This relies on [18], which
proves the existence and even the density of so-called 6-indecomposable (i.e., 8 is not
a possible cofinality) models in Kj; of various cardinalities continuing the work of
Corson—Shelah [3] who deal with the class of all groups.

Returning to Problem 1.1 (1), a possible avenue is to try to prove the existence of
universal members in 4 when it = )", _ [n, each i, measurable < u, i.e., maybe
for some reasonable classes this holds.

1.2 — Definitions

We begin with describing the general context. In the sequel, K will be one of the
following cases:

Case 1 K = Ky, the class of locally finite groups, so the submodel relation is just
being a subgroup.
Case 2 K is a universal class, see Definition 1.4 (1) below, the submodel relation is

just being a submodel.

Case3 Kis ¥ = (Ks, <g), an a.e.c. with LSTy < u, see [14, §1]; we shall only
comment on it. In particular, in this context, in the definitions, M C N should
be replaced by M <y N.

‘We now need several definitions.
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DerintTION 1.3. We define the following:

We say that M € K, is universal (in K or in K ;) when every member of K, can
be embedded into it.

We say that M < K is universal for K-, when every M € K., can be embedded
into it; see Definition 1.4 (4) below.

We define “M € K is universal for K,” and “M € K is universal for K<,”
similarly.

DeriniTION 1.4. We define the following:

We shall say that K is a universal class when for some vocabulary t = 1k:

(a) Kisaclass of t-models, closed under isomorphisms;

(b) a r-model belongs to K iff every finitely generated sub-model belongs to it.
Let K, be the class of M € K of cardinality t. We define K -, K<, naturally.

For cardinals A < p let K, ; be the class of pairs (N, M) such that N € K,
M eKyand M CN.

Let (N1, M1) <,.n (N2, M>) mean that (N;, My) € K, for £ = 1,2 and
M, € M3, Ny € N».

For A < p we define K, < and <, -, similarly.

A universal class K can be considered as the a.e.c. ¥ = (K, ).

Also some notation is needed.

NotaTtion 1.5. We introduce the following notation.

Let M, N and also G, H, L denote members of K.
Let | M| be the universe = set of elements of M and || M || its cardinality.

Leta, b, ¢, d denote members of such M, and let a, 15, ... denote sequences of
such elements.

Finally, we introduce some more definitions.

DerintTION 1.6. (1) We say that the pair (N, M) is an (x, i, k)-amalgamation

base (or amalgamation pair; but we may omit y when y = p, and we may even
omit 4, k too) when

(@ (N.M)e Ku,/c;

(b)y if Ny = Nand M C N, € K,, then Ny, N, can be amalgamated over M,

this mean that for some N3, f1, f> we have M C N3 € K and f;-embeds
Ny into N3 over M .
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(2) We say that the pair (N, M) is a universal (i, A)-amalgamation base (we may
omit i, A) when
(@ (N.M)eKy;;
(b) if N € N’ € K,, then N’ can be embedded into N over M.

(3) Inparts (1) and (2), we may omit w, k when (i, A) = ([N ||, [|M]).

2. Indecomposability

In this section we deal with indecomposability, equivalently CF(M ), see, e.g., [20].
We have K} in mind, but still it is meaningful and of interest also for other classes.

Why do we deal with indecomposable members K? When we shall try to under-
stand universal members M of K, we shall use some 8-indecomposable N € M of
cardinality < p. How will this help us? The point is that N € K, may have too many
embeddings into M, but if (0 = cf(#) # cf(un) and o < u = ||Vl <y and) N is
f-indecomposable and 6 is regular uncountable < p, then this is not the case.

We need indecomposable ¢ : [A] — 0 in order to build enough #-indecomposable
locally finite groups (as done in [18]).

DerintTION 2.1. We define the following notions concerning decomposability.
(1) We say that M is 6-indecomposable or § € CF(M) when: 0 is regular and if
(M; :i < 6) is C-increasing with union M, then M = M; for some i.
(2) We say that M is ®-indecomposable when it is 6-indecomposable for every

0 € ©. We say that M is ©°"-indecomposable when it is §-indecomposable for
every regular 6 ¢ ©.

(3) We say that G is §-indecomposable inside G when
(a) 6 =cf(9);
(b) G <G
(c) if (G; :i < 0) is C-increasing continuous and Gg = G (hence G C Gy),

then for some i < 6 we have G C G;.

(4) Forf =cf(f) <A < usuchthat 6 ¢ ®) (see Theorem 2.2 (1)), we say that K is
(i, A, 0)-indecomposable when for every pair (N, M) € K, ; thereis (N1, M) €
K,.,» whichis <, ;-above it and M is 6-indecomposable (really, not just inside
N1p).For 0 = cf(0) < A < u we say that K is (i, < A, 6)-indecomposable when:
if =cf(0) <Ay <A,0 ¢ Oy, thenKis (i, A2, 0)-indecomposable for some
Az € [Ar, pu].
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(5) We say that ¢ : [A]> — S is #-indecomposable when: if (u; : i < 0) is a C-
increasing sequence of sets with union A, then S = {c{a, 8} : @ # B € u;} for
somei < 6.

(6) We may replace above the cardinal 6 by a set or class © of regular cardinals (as
done in Definition 2.1 (2)).

A group G may be considered indecomposable as a group or as a semi-group; our
default choice is semi-group; but note that for locally finite groups the two interpretations
are equivalent. The following was proved in [18].

THEOREM 2.2. The following holds.

(1) IfA=>Ryandwelet ®) = {cf(L)} except that ®) = {cf(1),d} = {A, I} when
(¢),.,9 below holds, then clauses (a) and (b) hold:

(@)  Some ¢ : [A]? — Ais O-indecomposable for every 6 = cf(0) ¢ ©;.

(b)  Forevery Gy € Kli ), there is an extension G, € Ki{ which is @3’th-inde—
composable.

()59 Forsomep, A =pt, u>0=cf(u)and p =sup{f < p: 0 is a regular
Jonsson cardinal}.

Q) Ifu=A=0=cf(0)and6 ¢ ©,, A > Ry, thenKys is (t, A, 0)-indecomposable.

Q) Ifu>=Aand (Hy,Gy) € K<y <y, then we can find a pair (Hz, G) € K, ; such
that

(a) Gyis @i“h—indecomposable;
(b) if u > A, then the pair (H, G1) is 8-indecomposable for every regular 0;

(c) H,is ®‘l’f‘h—indecomposable.
For the convenience of the reader we give some details of the proof.

Proor. (1) By [18, Thm. 3.5].

(2) The proof will serve also for part (3). Let (N, M) € K, » be given. We choose a
pair (x, d) of cardinals and ¢ suchthat A < y < u,d =cf(d) <A,0# G andc: [x]*> — x
is #-indecomposable (possible here as 0 ¢ ©,, A > R; even for y = A).

By induction on o < 9, we choose Hy, Ly, but Ly is chosen together with Hy 1
when « is a successor ordinal, such that
(@ (Hg, Ly) € K, is increasing continuous with o;

(b)  (Ho.Lo) = (N. M);
(¢) ifa=pB+41<86,then L, is 8-indecomposable.
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Why can we carry out the induction? For o = O this is trivial; similarly for « a limit
ordinal. Lastly, by clause (b) of part (1), fora = 8 + 1 < o, recall the proof of [18,
Prop. 3.4], pedantically as without loss of generality, Hg, L g are existentially closed,
hence generated by the elements of order 2. Let (aq : o < ) list{a € Lg : a of order 2}.
By [18,Prop.3.4(2)], withuy = {a}, wecanfind Hy 1 € Kii extending H g and pairwise
commuting by € Hy,1 each of order 2, for @ < p (the order 2 was not mentioned but
proved) and pairwise commuting dy € Hy,1, each of order 2, for o < pu such that Lg
is included in the subgroup Ly 1 of Hy,1 generated by {b,, do : @@ < A}.

Now apply [18, Prop. 3.4 (1)] for a #-indecomposable ¢ : [A]?> — A.

(3) We deal with every regular 8 < u successively. Fixing 6, we can use the proof
of part (2). [ ]

Now comes the central definition. What is its role? We like to sort out when there is
a universal member of K, and when there is a canonical universal member. For reasons
explained above we concentrate on the case p being a strong limit of cofinality Ry, for
example 2, . To find out the answer to those two questions for every universal class K
seems like too much to hope for. Definition 2.3 accomplishes a more modest task: it
gives a large frame satisfied by a large family of pairs (K, i) for which we shall prove
an equivalence. In particular, our class Kjs belongs to this family.

DEeriNITION 2.3. We say that K is p-nice when
(a) 1K has cardinality < u;
(b) forevery M € K, thereis N € K, extending M ;
(¢) K has the JEP (joint embedding property);
(d) Kis (u, < u,cf(n))-indecomposable;
or just

(d)’ for arbitrarily large A, < p letting 6 = cf(u) < A, we have that K is
(i, A2, 8)-indecomposable.

Naturally we like to prove that the pair (Ky, 3,) falls under the frame of Defini-
tion 2.3. This is the role of Claims 2.4 and 2.5. In Section 3 we point out an additional
family. For the main case, p is a strong limit of cofinality Ry.

Cramm 2.4, Kyt is p-nice when pu > Ry.

Proor. In Definition 2.3 clause (a) is trivial. As Ky is closed under products,
clearly clauses (b) and (c) are clear. For p regular, clause (d) is trivial (and is not used),
and for p singular, it holds by Theorem 2.2 (3), see also Claim 2.5 (2) below. ]
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We give below more than what is strictly needed.

Cramm 2.5. Assume K = Kj;.
(1) We have (A) = (B) where:
A) () =N
(i) Ox <pand Ay < W fora < 8«;
(iii) Ag > |a| is non-decreasing;
(iv) G K<y,
(v) Gie €Koy, and Gy o C Gy for a < 0.
(B) There are Gy, Gy such that
(i) Gz €K, extends Gy;
(i) G,= (Ga,q : @ < 8x) Is increasing;
(iii) Go,« € Kj, extends G o;
(iv)  Gs is ©-indecomposable where ® = (O, U {cf(8x)})°™;
V) Gagis @ir;h-indecomposable (not just inside H») for every a < 8x;
(vi) ifpu =) A e o <8x}, then Gy = | J{G2q : @ < Ox}.

2) Ifu>A=Ry, then Ry € @Z’?(}L) U @i“h except possibly when . = At and
Cf(k) = Ny.

Proor. (1) We prove the claim step by step. By induction on o < §, we choose
H,, Hy, Ly, but L, is chosen together with H, 4 and not chosen for « = ax, such
that

(a) H, is increasing continuous with «;
(by Ho=Giando >0= Hy € Ky;
(©) (Hy,Lp) €Kjywhena =+ 1 < ay;

(d)  Hy = (Hype:€e <08x)suchthatif u =) {A,: e < &4}, then this sequence is
increasing with union Hy, and Hy . has cardinality A, when o > 0 and < A,
when o = 0;

(e) Gip,Hgyg, Ly are subgroups of L, when B <o, e <a,y <o;
() Lgis @f;h-indecomposable;
(g) G, is O-indecomposable where @ = (0, U {cf(8)})*.

Why can we carry out the induction? We choose H,, just after H, was chosen.
For a = 0 this is trivial (note that L, is not chosen), similarly for « a limit ordinal.
Lastly, for « = B + 1 < &, Definition 2.1 (4) and Theorem 2.2 (3) give the desired
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conclusion. In details, first choose L; C Hpg of cardinality at most A, satisfying the
desired sets (listed in clause (e)). Then apply Theorem 2.2 (3) to the pair (Hg, L;) to
get (Hy, Lg). Lastly, let G, € K, extend Hg, and let it satisfy the indecomposability
demand. Letting G, o = Lg, we are done.

(2) Easy. |

The final claim of this section is immediate and we omit its proof.
CLAm 2.6. If w is strong limit singular and N € K, then the set
IDC.,(N) ={M : M C N has cardinality < j and is cf(u)-indecomposable}

has cardinality < [.

3. Universality

For quite many classes, there are universal members in any (large enough) p which
is a strong limit of cofinality R¢, see [16] which includes history. Below we investigate
“is there a universal member of Kg for such ©”. We prove that if there is a universal
member, e.g., in Kg, then there is a canonical one.

What do we mean by “canonical”? This is not a precise definition, but we mean it
is unique up to isomorphism, by a natural definition. Examples we have in mind are
the algebraic closure of a field, the saturated model of a complete first-order theory T
in cardinality u* = 2* > |T|, and the special model of a complete first-order theory
T in a singular strong limit cardinal u > |T'|, see [2]. The last one means:

(*) Forsuch T, u we say that M is a special model of 7" of cardinality ;. when some
M witnesses M, which means

@ M= (M;:i<cf(n)

(b) M; is <-increasing with i;
(c) each M; has cardinality < u;
@ M =M, i <cf(u):

(e) for every A < u and for every large enough i < cf(u) the model M; is
AT -saturated.

Considering our main case, Ky, a major difference between what we prove here
(e.g., for Kj¢) and () is that here amalgamation fails, so clause (B) of Theorem 3.1 is a
poor man’s replacement.
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THEOREM 3.1. Assume u is a strong limit of cofinality R and K is p-nice.
(1) The following conditions are equivalent:
(A) There is a universal G € K.

(B) If H € K, is Rg-indecomposable for some A < ju, then there is a sequence
G = (Gy : a0 < oy < 1) such that
(a) H g Go{ S KH".
(b) if G € K, extends H, then for some o, G is embeddable into G
over H.
(B)" We can add in (B):
() Ifar <ap <ax, then Gy, Gy, cannot be amalgamated over H, that

is, there are no G, fi, f> suchthat H C G € K and f; embeds G,
into G over H for{ = 1,2.

(d) (H,Gy) is an amalgamation pair (see Definition 1.6 (1)), moreover
a universal amalgamation base (see Definition 1.6 (2)).
(2) We can add in part (1):
(C) There is Gy such that
(a) G« € K, isuniversal for K ;
b &g

Gy, <L
< W equivalence classes;

(see Definition 3.2 below) is an equivalence relation with

() Gy is p-special (see Definition 3.2 (5) below).
(O)F Like clause (C) but we add:
d) If G, G« € K, are pu-special, then G, G« are isomorphic (that is,

uniqueness).

Before we prove Theorem 3.1, we state the following definition, which is not just
used in the proof but also in phrasing Theorem 3.1 (2).

DeriNITION 3.2. For § = cf(u) < p and M, € K, we define:
(1) INDg,I*’ <u =N : N =¢ M, has cardinality < x and is f-indecomposable}.
) 3";‘:4*’ <, = {f :for some f-indecomposable N = Ny € K-, with universe an
ordinal, f is an embedding of N into M,}.

3) 8?,1*‘” ={(fi.2): fi,fr € ?1?4*,<w Ny, = Ny, and there are embeddings
g1, &2 of M, into some extension M € K, of M, such that g o f; = gz 0 f>}.

(4) We say that M, is 9—819”* <y -indecomposably homogeneous (or just My is 0-
indecomposably homogeneous) when some M witnesses it, which means:
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(@) M = (M; :i < cf(M)) is increasing continuous with limit j;

(b) if A1, fr € EFJ?/I*,<M and (f1, f2) € 816\/1*,<u and there exists i < 6 such that
A € M, has cardinality < u, then there is (g1, g2) € 819‘,1*’ <, such that
f1 C g1 A fo Cgrand A C Rang(g;) N Rang(gz).

It follows that if cf(u) = R, then for some g € aut(My) we have f, = g o fi.

(5) We say that M, € K, is p-special when it is 8-indecomposably homogeneous
and is universal for K., that is, every M € K., is embeddable into it.

It is worth making the following remark.

ReEmMaRk 3.3. We may consider in Theorem 3.1 also (A)y = (A) where (A), is as
follows:

(A IfA<u,HCGe K<M and |H| < A, then for some G, we have G1 C G, €
K_, and (H, G2) is a (1, i, A)-amalgamation base.

Proor or THEorEM 3.1. It suffices to prove the following implications:

(A) = (B). Let G4« €K ., be universal and choose a sequence (Gy :n < w) such that
G. = U, Gi Gl € Gy |G < .

Let H be as in Theorem 3.1 (B) and let § = {g : g embeds H into G,; for some n}.
Soclearly |G| < 3, |G¥|/H! < D oa<u 2* = u (an over-kill).

Let (g; @ < ay < ) list G and let (G, go) be such that
() @ HCSGyeKy
(b) gq is an isomorphism from G, onto G4 extending g;.

Why? Let U be a set of cardinality u extending H. As |U| = |G«| = u > |H|, there is
a one-to-one function g, from U onto G« extending g, . Let G, € K have universe U
such that g, is an isomorphism from G, onto G.

It suffices to prove that G = (Gy : @ < @) is as required in clause (B). Now clause
(B) (a) holds by (x); (a) above. As for clause (B) (b), let G satisfy H € G € sz
hence there is an embedding g of G into G«. We know that g(H) € G = | J,, G,, hence
(g(H) N Gy, : n < w) is C-increasing with union g(H ); but g(H ) by the assumption
on H is Rg-indecomposable, hence g(H) = g(H) N G, < G,; for some n. This
implies g | H € § and so for some o < oy we have g | H = g. Hence g, g is
an embedding of G into G extending (g, | H) '(g | H) = (g)"'(g}) = idy as
promised.

(B) = (B)™. What about (B)" (c)? While G does not necessarily satisfy it, we can
“correct it”, e.g., we choose U, Vo, and if o ¢  J{vg : B < a}, we also choose G, by
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induction on ¢ < a4 such that!
()5 (@ GoCG,eK,ifaé¢JH{vp:B<ak
(b) ug Caandvy S ax \ (@ +1);

(c) if B <a,thenug =uy NP anduy Nvg = 9
(d) ifa=p+1,thenp cugyiff f ¢ (J{v, :y < B}
(e) ifa ¢ J{vy 1y <a}, then:
o, Y € vy iff (y > @ and) G, is embeddable into G, over H ;

o, ify e\ (e+ 1)\ (U{vg : B <a}), then G, is not embeddable
over H into any G’ satistying G, € G’ € K;

() ifa=pB+1and B ¢ ugy, thenvg = 0.

Why is this sufficient? Because if we let uq, = ox \ (U{vy : ¥ < a4}), then
(G}, : o € uq,) is as required; but we elaborate.

First, for clause (B) " (c) assume that @ < 8 are from ug, . As B ¢ vq, by (*)i (e) oy
we know that Gg is not embeddable into any extension of G/, over H;butas G g C G}}
clearly also G/’g is not embeddable into any extension of G/, over H. Renaming this
means that G, G//S cannot be amalgamated over H, as promised.

Second, for clause (B)™ (d), let o € uy, . We have to prove that the pair (G,. H)
is a universal (i, k)-amalgamation base where « is the cardinality of H. So assume
G’ € K, extends G/; recall that we are assuming that (G : @ < ax) is as in clause
(B), hence there are f < ax and an embedding f of G’ into Gg over H. We shall
prove that § = & hence (recalling G, € G,) f embeds G’ into G, over H, which
completes the proof of (B) = (B)™.

If B € ug, \{a}, then f | G, embeds G, into G over H, a contradiction to
(B)* (c) which we have already proved.

If B € ax \ U, , then for some y we have 8 € vy, hence y < B and Gg is embeddable
into G;, over H; hence G’ is embeddable into G;, over H. As in the previous sentence
necessarily y = « and we are done.

Why can we carry out the induction? For ¢ = 0 and for « a limit ordinal, we have
nothing to do because u is determined by (*)ﬁ (b) and (*)g (¢). Fora = 8 + 1, if
B e Uy <p Uy, We have nothing to do, in the remaining case we choose G i€ K, by
induction on i € [, a«], increasing continuous with i. For i = 0 let G}’B ; = Ggand

for limit 7 let G;ﬂ,i = U{Glg,j : j < i}. Then choose G;/S,i+1 to make clause (e) true.

(1) The idea is that if 8 € vy, then B > « and Gg is discarded being embeddable into some
G/,, and G, is the “corrected” member.
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That is, first, if G//3 ; has an extension into which G; is embeddable over H, then

there is such an extension of cardinality p; and choose G/; ;41 as such an extension.
Second, if G/’g ; has no extension into which G; is embeddable over H, then we let
G/

Bi+1 — G;I,i'
Lastly, let G, = G, and ug =ug U{a}and vy = {i :i € s, i >, i ¢
(U{vy : ¥ < B} and G; is embeddable into G}g over H}.

B)t = (A). We prove below more: there is something like a “special model”, i.e.
Theorem 3.1 (2), that is, (B)T = (C)™.

(C)t = (C) = (A). This is trivial so we are left with proving the following.

(B)" = (O)F. Let K5I be the class of G such that
(g (@ GeKy;

(b) if H € G, H € K., then there are Ro-indecomposable H, € G for
n < w with union of cardinality < u such that H C | J{H, : n < w}, and
there are Rg-indecomposable G, € G for n < w such that G, € K,
Gn € Gpy1and G = |Gy, 1 n < w};

(¢) if H C G is Ry-indecomposable of cardinality < u, then the pair (G, H)
is a universal (i, < u)-amalgamation base (see Definition 1.6 (2));

(d) if H € G is Rp-indecomposable of cardinality < u, H € H' € K_ s
H' is Rp-indecomposable?, and G, H’ are compatible over H (in K< W
then H' is embeddable into G over H.

Now we can finish by proving (x), and (x)5 below.
(¥)y IfG €K<y, thensome H € Kj-llf extends G;
We break the proof into four steps; (), 3 gives the desired conclusion of ().
(*¥)4.0 IfG € K<, then for some H, H we have
(a) GCHEeKy;
(b) H=(H,:n<o);
(©) Hp S Hpy1 C H;
d H=U{H, : n<ow}

(e) each H, is Ng-indecomposable of cardinality < u;

(®) The Rp-indecomposability is not always necessary, but we need it sometimes.
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(f) (notreally needed) whenK =Ky, if K C Hy, | K| < dand 29 < | Hy,|, then
there is a subgroup L of H,, extending K which is ®grth—indecomposable.

Why? For clauses (a)—(e) by the definition of K being nice. For clause (f) by
Claim 2.5 (1), (2).

(x¥)4.1 If Ny € K<, then there is N5 such that
(@) N eKy;
(b) N1 S Nz

(¢) if H € IDC,(Ny), then (N2, H) is a universal (i, < p)-amalgamation
base.

Why? By Claim 2.6 it is enough to deal with one such H, which is okay by clause
(d) of Definition 2.3, recalling “universal (i, < t)-amalgamation base” by (B)* which
we are assuming.

(*)4, Like (%)4 ¢ but clause (c) is replaced by

(c)" if Hy € IDC<,(Ny) and Hy € H, € K., (and we may add: H, is
Rp-indecomposable), then either N, H; are incompatible over H; in
K<, or H, is embeddable into N, over H;.

Why? Again it is enough to deal with one pair (H, H»), which is done by hand.
(*¥)4.3 If Ny € K<y, then there is N5 such that
(@) Ny eKy;
(b) Ni S Nz

(¢) if H € IDC;(N>), then (N2, H) is a universal (i, < pt)-amalgamation
base;

(d) if Hy € IDC<,(N2) and H; € H, € K., (and we may add: H, is
Ro-indecomposable), then either N>, H; are incompatible over H; in
K<, or H, is embeddable into N, over H.

Why? We choose L, € K, by induction on & < cf(u), such that
(@) Lo €Ky
(b) (Lg:p = a)isincreasing continuous;
() Gi1 S Lo;
(d) ifa =3B+ 1,then Ly relates to L3g as Ny relates to Ny in (x)4.9;
(e) ifa =3B+ 2,then L, relates to L3g as N, relates to Ny in (x)4 13
(f) ifa =3B + 3, then L, relates to L3g1, as N, relates to Ny in (%), 5.
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There is no problem to carry out the induction. Note that if N C Lg(,) is cf(u)-
indecomposable, then for some & < cf(u) we have N € L. Then Ny = L) is as
required in (*)4 3 hence in (x),.

(*)s (@) IfG;,Gy € Kﬁf, then G, G, are isomorphic.

(b) If G;,G, € K:it H € K, is Ro-indecomposable and f; embeds H
into Gy for £ = 1, 2, and this diagram can be completed (i.e., there are
G € K, and an embedding g : Gy — G« such that gy o f1 = g2 0 f2),
then there is & such that

(o) h is an isomorphism from G; onto G;;
B) ho fr = fa

Why? Clause (a) follows from clause (b) using as H the trivial group. For clause
(b), let F = F[G, G,] be the set of f such that

(a)  f is anisomorphism from G, s € IDC.,(G1) onto G, s € IDC.,(G2);

(b) G1,G; are f-compatible in K, which means that there are G € K, and embed-
dings g¢ of Gginto G for £ = 1,2suchthat g, o f = g1 | Gy 7.

First, & is non-empty (the function f with domain f;(H) and range f>(H) will
do). Second, use the hence and forth argument; here we use cf(iu) = Rg. ]

We make a final remark in this section.

Remark 3.4. (1) Can we prove for strong limit singular x of uncountable cofinality
k a parallel result? Well, we have to consider the following game:

(*) The game is defined as follows:
(a) A play last 6 moves.

(b) In the & move, first, player I chooses M, € K-, and then, player II chooses
Ne e K.

(c) M € K., and if € is non-limit, then M, is cf(u)-indecomposable.
(d) (M; : ¢ < ¢) is increasing continuous.
(e) M N, C Me-{—l-

(f) In the end of the play, player II wins iff for every limit ordinal & < cf(u),
M is an amalgamation base inside K .

Now, if player II does not lose, then we can imitate the proof above; this should be
clear. Does the existence of a universal member of K, implies this? We hope to return
to this elsewhere.
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(2) Another remark is that the proof works for any a.e.c. ¥ with LSTy < u. But we
may wonder: can we weaken the demand on £? Actually we can: there is no need of
smoothness; that is, if (M, : o« < §) is <g-increasing, then | {My : o« < 8} <y M.
Moreover, while we need the existence of an upper bound for any <g-increasing
sequence, we also demand the union being such upper bound only for the cofinality
cf(1). Finally, we may add a version fixing A.

4. Universal in 1,

In Section 2 we have characterized when there are special models in K of cardi-
nality, e.g., 3,. We try to analyze a related combinatorial problem. Our intention is
to first investigate £4,q (the class structures consisting of a set and a directed family of
equivalence relations on it, each with a finite bound on the size of equivalence classes).
So ¥f,q 1s similar to Ky but seems easier to analyze. We consider some partial orders
on¥ = fgq.

First, under the substructure order, <; = C, this class fails amalgamation. Second,
we have other orders: <3 and <,, demanding a Tarski—Vaught condition TV (see below).
However using <3, where we have a similar demand for countably many points and
finitely many equivalence relations, we have amalgamation. This is naturally connected
to locally finite groups, see Definition 4.6 and Discussion 4.7.

DeriNiTION 4.1. Let K = Kgyq be the class of structures M such that3
(@ PM_ QM jsapartition of M, P non-empty;

(b) EM C pM x pM x QM (is a three-place relation) and we write a EM b for
(a.b.c) e EM;

(c) force QM, EM isanequivalence relation on PM with sup{|a/EM|:a € PM}
finite (see more later);

d 0y, S (M) forn k = 1;

(e) ifé=/{(cg:L<n)e"(OM),welet Ef” be the closure of |_J, E¢ to an equivalence
relation;

(f) n(QM) = Ukzl Q,J::IkZ

(g) ifce Qfl” ,then k > |a/E£4| for every a € PM,

We need a further definition.

(®) The vocabulary is defined implicitly and is 7k, i.e. depends just on K.
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DEerintTION 4.2. We define some partial orders on K.

(1) <1==<k= fnq is a sub-model.

(2) <3=<g= fnq is the following: M <3 N iff
(a) M,N €K;
(b) M S N;

(c) if A C N is countable and A N Q¥ is finite, then there is an embedding of
N | Ainto M over A N M or just a one-to-one homomorphism.

B) == <%( = <%nq is defined like <3 but in clause (c), 4 is finite.

We first state an easy claim.

Cramm 4.3. (1) K is a universal class, so (K, C) is an a.e.c.
) <f(, <%(, fll( are partial orders on K.
3) (K, §K) is an a.e.c.
@4 (K, ff() has disjoint amalgamation.

Proor. (1)—(3) Easy. (4) By Claim 4.4 below. ]

Cramm4.4. If M, 511( My, My 513( My and M1 N My = My, then M = My + M,
the disjoint sum of My, My belongs to K and extends My for £ = 0, 1,2 and even
M, < fnq M and [My < <2 My = M, < <2 M when:

(*) M = My +p, M> means that M is defined as follows:
(@ |M|=|M|U|M;]|
(b)y PM =pMiypM
© 0=0"Muo.
(d) We define EM by defining ECM for c € QM by cases:

(@) ifc € QMo then EM is the closure ofEéul U Eé‘b to an equivalence
relation;

(B) ifc € QMe\ QMo and € € {1,2}, then EM is defined by
. EMbiﬁ”a—bePM3—K\M00raEM£bsoa be PMe,
(e) Q g is the union of Q " k’ QM2 and the set of ¢ satisfying
() &e™(QM);
(B) ¢ ¢m(EM)un (M),
(y) E CM , which is now well defined, has no equivalence class with more than
k members, that is, for some finite A and pairwise distinctay, . . . ,ay € A,
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which are members ofa/Eﬁf, the closure of U{Egl’l MA i <l1g(c)}
to an equivalence relation satisfies a; E'a fori < k.

Proor. Clearly M is a well-defined structure, extends My, My, M, and satisfies
clauses (a), (b), (c) of Definition 4.1. There are two points to be checked:

(¥); IfaepPM andEeerl”,then |a/E£’I|§k.
(x), Ifce™(QM), thenc € |, nyk.

Proof of (x),. If ¢ € Q \ ( Q Q %)- this holds by the definition, so assume
c € Q%‘c, 1 < 2. If this falls, then there is a finite set A € M suchthatc C A,a € A
and the closure of ( {E fg P A: € <lg(c)} to an equivalence relation satisfies: some
equivalence class has > k members. Letting N = M | A, we have |a/E CN | > k.
By My < M1, My <3 M (really My <& M, suffice) there is a one-to-one homo-
morphism f from A N M, into My over A. Let B = (AU M) U f(A N M) and
N =M | B and let g = f Uidgnm,.Sogisa homomorphism from N onto N’
and g(a)/EN ( ) has > k members which implies that g’(a)/ EM /( ) has > k mem-
bers. Moreover, g(¢) € Q ! (Why? Trivially if ¢ = 1; if ¢ = 2 by the choice of f),
contradiction to M; € K.

Proof of (x),. If ¢ € M or ¢ C M, this is obvious by the definition of M, so assume
that they fail. By the definition of the fl"’k ’s we have to prove that sup{a/E é"f ta e
P M} is finite. Toward contradiction assume this fails for each k > 1, hence there is
ax € PM such that ay, /EZ M has > k elements, hence there is a finite Ay € M such
that ay / E; MVAk has > k elements Let A = | Jgs 4k, 50 4 is a countable subset of
M and we continue as in the proof of ().

Additional points (not really used) are proved like (x);:
(x)3 M <y M.
(*)g Mo <k My = M, <k M.
(*)5 My +pm, M is equal to My +p1, M. ]

Cramm4.5. (1) If A = A~* and M € K has cardinality < A, then there is N
such that

(a) N €K, extends M ;
(b) if Ny 5% N1 and Ny has cardinality < |1 and fy embeds Ny into N, then
there is an embedding f1 of Ny into N extending fo.

(2) Forevery M € K we can define an equivalence relation E = Ex on the class
N
{N e K: M <, N} with < 21M]| O-equivalence classes such that if N1, N, are
E-equivalence, then they can be amalgamated over M (in (K, <5)).
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(3) If u is a strong limit, then (K, <3) is u-nice.
What is the connection to Ky;? The following definition explains this (see [11]).

DeriNITION 4.6. (1) Foragroup G € Kj; we define M = fnqg € Kyyq as follows:
(a) PM is the set of elements of G.
() OM ={(c,1):c € G}, acopyof G.
(c) EM is the set of triples (a, b, (c, 1)) such that a, b, ¢ € G and for some
n,m € Z we have G = c"ac™ = b.
(2) For M € K we define G = grp,, as the subgroup of sym(P M) consisting of the

permutations 77 of P such that for some finite sequence ¢ of elements of Q™
we have JT(X)EéMX for every x € PM,

Discussion 4.7. The problem is that cases of amalgamation in (K, <,) cannot be
lifted to one in Kj;. For a related theorem on the existence of universal members in
cardinals as above, see [16, Th. 1.16].
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