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Height pairings of 1-motives
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ABsTRACT — The purpose of this work is to generalize, in the context of 1-motives, the p-adic
height pairings constructed by B. Mazur and J. Tate on abelian varieties. Following their
approach, we define a global pairing between the rational points of a 1-motive and its dual.
We also provide a local pairing between disjoint zero-cycles of degree zero on a curve, which
is done by considering the Picard and Albanese 1-motives associated to the curve.
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1. Introduction

In [12], Mazur and Tate gave a construction of a global pairing on the rational points
of paired abelian varieties over a global field, as well as Néron-type local pairings
between disjoint zero-cycles and divisors on an abelian variety over a local field. Their
approach involved the concept of p-splittings of biextensions of abelian groups, which
they mainly studied in the case of K-rational sections of a G,,-biextension of abelian
varieties over a local field. They proved that, when certain conditions on the base field,
the morphism p, and the abelian varieties are met, there exist canonical p-splittings for
this type of biextensions. They went on to construct canonical local pairings between
disjoint zero-cycles and divisors on an abelian variety using said p-splittings. By
considering a global field endowed with a set of places and its respective completions,
they were also able to construct a global pairing on the rational points of paired abelian
varieties.

(*) Indirizzo dell’A.: Dipartimento di Matematica “T. Levi-Civita”, Universita degli Studi di
Padova, Via Trieste, 63, 35121 Padova, Italy; carolinariveraar @gmail.com
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The Poincaré biextension of an abelian variety and its dual defined over a non-
archimedean local field of characteristic O will be of particular interest to us. When
considering this biextension, there is an alternate method of obtaining p-splittings,
due to Zarhin [16], starting from splittings of the Hodge filtration of the first de Rham
cohomology group of the abelian variety. His construction coincides with Mazur and
Tate’s in the case that p is unramified, or when p is ramified and the splitting of the
Hodge filtration is the one induced by the unit root subspace. In the latter case, the
equality of both constructions is a result of Coleman [6] in the case of ordinary reduction,
and of Iovita and Werner [10] in the case of semistable ordinary reduction.

For our generalization to 1-motives, we will focus on the ramified case. Following
Zarhin’s approach, we will construct p-splittings of the Poincaré biextension of a 1-
motive and its dual starting from a pair of splittings of the Hodge filtrations of their
de Rham realizations; this is the content of Section 4. In order to construct pairings
from these p-splittings, we will require them to be compatible with the canonical
linearization associated to the biextension; the conditions under which this happens
are studied in Section 3.

In Section 5 we consider a semi-normal irreducible curve C over a finite extension
of @, and construct a local pairing between disjoint zero-cycles of degree zero on C
and on its regular locus C.s. We do this by considering the Poincaré biextension of the
Picard and Albanese 1-motives of C. This construction generalizes the local pairing of
Mazur and Tate [12, p. 212] in the case of elliptic curves.

Finally, in Section 6 we consider a 1-motive M over a number field F' and a set
of places 'V of F. For each v € V we consider a homomorphism p, : Fy — Q,, as
well as a p,-splitting ¥, : P(Fy) — Q, on the Fy-rational sections of the Poincaré
biextension P of M and its dual MV, satisfying certain properties. With this data
we construct a global pairing between the F-rational points of M and MY under the
following condition on the family {y, },: either V¥, is compatible with the canonical
LF,

» XF, L\Iév -linearization of Pf,, or M, has good reduction and v, is zero on

the set P(OF,) of sections of P over the ring of F,-integers. The pairing is defined
similarly to the case of abelian varieties, hence generalizing the global pairing of Mazur
and Tate [12, Lem. 3.1] in the case of an abelian variety and its dual.

2. Preliminaries on abelian varieties and 1-motives
2.1 — p-splittings on abelian varieties

For the definition of biextension of abelian groups and group schemes we refer to
[13].
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DerintTiON 2.1 ([12, p. 199]). Let A, B, H, Y be abelian groups and P a bi-
extension of (A, B) by H.Let p: H — Y be a homomorphism. A p-splitting of P is
amap ¥ : P — Y such that

1) v(h+x)=p(h) +¥(x),forallh € H and x € P, and

(ii) for each a € A (resp. b € B) the restriction of ¥ to P, p (resp. P4 ) is a group
homomorphism,

where P, p (resp. P4 p) denotes the preimage of P over {a} x B (resp. A x {b}).

Thus, a p-splitting can be seen as a bi-homomorphic map which is compatible with
the natural action of H on P. Moreover, ¥ induces a trivialization (as biextension) of
the pushout of P along p, hence its name.

The context in which these maps were classically studied is the following. Consider
a field K which is complete with respect to a place v, either archimedean or discrete,
A and B abelian varieties over K, P a biextension of (4, B) by G, and p: K* —> Y
a homomorphism from the group of units of K to an abelian group Y. A key result
by Mazur and Tate [12, p. 199] states the existence of canonical p-splittings of the set
P(K) of K-rational points of P in the following cases:

(1) v is archimedean and p(c) = O for all ¢ such that |¢|, = 1,

(i) v is discrete, p is unramified (i.e. p(R*) = 0, where R is the valuation ring of K)
and Y is uniquely divisible by N, and

(iii) v is discrete, the residue field of K is finite, A has semistable ordinary reduction
and Y is uniquely divisible by M,

where N is an integer depending on A and M is an integer depending on A and B.
We will mainly focus on case (iii). In this case, the p-splitting of P(K) is obtained
by extending a local formal splitting of P, which exists and is unique because of the
semistable ordinary reduction of A.

In the case of a p-adic base field, when considering B = AV the dual abelian variety
of A and P = P4 the Poincaré biextension, there is an alternate method of obtaining
p-splittings of P (K) starting with a splitting of the Hodge filtration of the first de Rham
cohomology of A. This construction is due to Zarhin [16] and is done as follows. Let
K be a field which is the completion of a number field with respect to a discrete place
v over a prime p and consider a continuous homomorphism p : K* — Q. Recall that,
associated to the first de Rham cohomology K-vector space of A, there is a canonical
extension

2.1 O—>H°(A,le/K) — Hjz(4) — H'(4,04) — 0

coming from the Hodge filtration of Hj (A). It is known that (2.1) can be naturally
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identified with the exact sequence of Lie algebras induced by the universal vectorial

extension AV of A
0—>wg— AV - 4Y -0,

where wy is the K-vector group scheme representing the sheaf of invariant differentials
on A (see [11, Prop. 4.1.7]). Therefore, it is possible to obtain a (uniquely determined)
splitting : AV (K) — AV#(K) at the level of groups from any splitting 7 : H' (4, 04) —
HéR (A) of (2.1) (see [16, Ex. 3.1.5] or [6, Lem. 3.1.1]). Since AV represents the
functor Extg (A4, G,,), while AY* represents the functor Extrig, (4, Gyp) of rigidified
extensions of A by G, the morphism 7 gives a multiplicative way of associating a
rigidification to every extension of A by G,,. Indeed, take a pointa¥ € AV (K) and let
P4 4 be the fiber of the Poincaré bundle P4 over A xg {a"'}. Then n(a"') corresponds
to the extension P4 4v of A by G, endowed with a rigidification or, equivalently, a
splitting
A AZES Lie PA,av (K) — Lie Gm (K)

of the exact sequence of Lie algebras induced by the extension P4 ,v. The composition
Lie p o t,v can then be extended to a group homomorphism P4 ,v (K) — Q, (see
[16, Thm. 3.1.7]), for every a¥ € AV, hence obtaining a p-splitting

Yyt P4(K) = Qp.

When p is unramified, ¥, does not depend on the choice of splitting of (2.1),
recovering Mazur and Tate’s result for case (ii) (see [16, Thm. 4.1]). On the other hand,
when p is ramified, ¥, does depend on the chosen splitting of (2.1) (see [16, Thm. 4.3]).
Coleman [6] demonstrated that, when A has good ordinary reduction, the canonical
p-splitting of P4(K) constructed by Mazur and Tate comes from the splitting of (2.1)
induced by the unit root subspace, which is the subspace of Hi;(4) on which the
Frobenius map acts with slope 0. Later, Iovita and Werner [10] were able to generalize
this result to abelian varieties with semistable ordinary reduction by considering their
Raynaud extension, which can be seen as a 1-motive whose abelian part has good
ordinary reduction (see also [15]).

2.2 — 1-motives

According to Deligne [8, p.59], a 1-motive M over a field K consists of

(i) alattice L over K, i.e. a group scheme which, locally for the étale topology on K,
is isomorphic to a finitely generated free abelian constant group;

(ii) a semi-abelian variety G over K, i.e. an extension of an abelian variety A by a torus
T; and

(iii) a morphism of K-group schemes u : L — G.
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A 1-motive can be considered as a complex of K-group schemes
M=[L% G

with the lattice in degree —1 and the semi-abelian variety in degree 0. A morphism of
1-motives can then be defined as a morphism of the corresponding complexes.

2.2.1. Cartier duality. Associated to a 1-motive M, there is a Cartier dual 1-motive
MY =LY N GV

defined as follows (see [8, p. 67]). The lattice L := Homg (T, G,) is the Cartier dual
of T, the torus 7 := Homg (L, G,,) is the Cartier dual of L, the abelian variety A"
is the dual abelian variety of A, and the semi-abelian variety GV is the image of the
composition v : L % G — A under the natural isomorphism

Homg (L., A) = Bxtk(4Y,TV).

There is a canonical biextension P of (M, M") by G,,, called the Poincaré biex-
tension, expressing the duality between M and M V. It is defined as the pullback to
G xg GV of the Poincaré biextension P4 of (4, AY). The biextension P is naturally
endowed with trivializations

1:LxgGY - P, V:GxglLY —>P

that coincide over L x g LY, which complete its structure of biextension of (M, M) by
Gum (see [8, p. 60]). Using the fact that the group scheme G represents the fppf-sheaf
Extg ([L = A], Gy,), it is possible to define the map u¥ : LY — GV as

u" : Hom (T, Gyp) — Exty ([L > A], Gpp)
£
X = [L — PA,UV(xV)],

where x¥ € LV is the element corresponding to y € Homg (T, G,,) and £ is obtained
from the trivialization of P over L xg LV.

2.2.2. De Rhamrealization. A 1-motive is endowed with a de Rham realization defined

via its universal vectorial extension (see [8, p.58]). The universal vectorial extension
. u .

of a I-motive M = [L — G] over K is a two-term complex of K-group schemes

i
M =[L 5 G



C. Rivera Arredondo 156

which is an extension of M by the K-vector group wgv of invariant differentials on G

0 0 L=——L——0
luﬂ lu
0 WG G G 0

and satisfies the following universal property: for all K-vector groups V, the map
Homg, (wgv,V) — Ext}((M, V),

which sends a morphism wgv — V of vector groups to the extension of M by V
induced by pushout, is an isomorphism. It is well known that the universal vectorial
extension of a 1-motive always exists. The de Rham realization of M is then defined as

Tar(M) := Lie G".
This is endowed with a Hodge filtration, defined as follows:
Tr(M) ifi < -1,
Fi TdR(M) = wGv ifi = O,
0 ifi > 1.

We mention some properties concerning schemes involved in universal vectorial exten-
sions.

LemMma 2.2. (i) The group scheme G! represents the fppf-sheaf
S {(g, V) | g € G(S) and V is a f]-structure on the extension
[L§ — Pg,gv] of Mg by G, s associated to g}.

(i1) If we regard the semi-abelian variety G as the 1-motive G[0] = [0 — G, then its
universal vectorial extension is a group scheme G* which is an extension of G by
the vector group w4~ . Moreover, G* represents the fppf-sheaf

S {(g, V) | g € G(S) and V is a f-structure on the extension
of [L§ AN A1 by Gy s associated to g}.

(iii) If we regard the abelian variety A as the 1-motive A[0] = [0 — A], then its universal
vectorial extension is a group scheme A* which is an extension of A by the vector
group wav. Moreover, A* represents the fppf-sheaf

S {(a, V) | a € A(S) and V is a fj-structure on
the extension P, 4v of A§ by Gm,g}.
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(iv) If we regard the lattice L as the 1-motive L[1] = [L — 0], then its universal
vectorial extension is the complex [L — wrv]. Via the identifications L =
Homy (TV, Gyp) and wrv = Homg (Lie T, Ok), this map is described as

Homy (T, G,n,) — Homg, (Lie T, Ok)
x — Lie y.

Proor. Parts (i) and (ii) follow from [4, Prop. 3.8] and [4, Lem. 5.2], respec-
tively. Part (iii) follows from [11, Props. 2.6.7 and 3.2.3 (a)] (see also [6, Thm. 0.3.1]).
And, finally, (iv) follows from [1, Lem. 2.2.2], once we notice that there is a natural
isomorphism L ®z G, = wrv mapping x ® 1 +— Lie y. ]

Let P! be the biextension of (MY, M%) by G, obtained from P by pullback.
There is a canonical connection V on P% which endows it with a f-structure (see
[8, Prop. 10.2.7.4]). Its curvature is an invariant 2-form on G" xgx GVI and therefore
it determines an alternating pairing R on Lie G' xx Lie GVY with values in Lie G,,.
Since the restriction of R to Lie G and Lie G ¥ is zero, this map induces a pairing

@ : Lie G" xg Lie G¥* — Lie Gy,
Deligne’s pairing is then defined as
(-, )l i= —@ : Tr(M) xgx Tir(M"Y) — Lie Gp.

2.2.3. Albanese and Picard 1-motives. Let Cq be a curve over a field K of characteristic
0, i.e. a purely 1-dimensional variety. Note that originally Deligne considered only
algebraically closed fields, but these constructions can also be done over an arbitrary
field of characteristic O (see [3, pp. 87-90]). Consider the commutative diagram

c e

|k

q c L s ¢C

il

Co

where C’ is the normalization of Cy, C’ is a smooth compactification of C’, and C
(resp. C) is the curve obtained from C’ (resp. C’) by contracting each of the finite sets
g~ (x), for x € Cy. Notice that C is projective and C is semi-normal. Let S be the set
of singular points of C, S’ := n~'(S),and F :==C'—C' =C —C.
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The cohomological Albanese 1-motive of Cy is defined as
AlbT(Cp) = [uap : DivE(C’) — Pic®(C)],

where:

(i) Pic®(C) denotes the group of isomorphism classes of invertible sheaves on C
which are algebraically equivalent to 0. This is a semi-abelian variety: the map
7* : Pic’(C) — Pic%(C’) is surjective and its kernel is a torus.

(i) Div%(C") denotes the group of Weil divisors D on C’ such that supp D C F and
O(D) € Pic®(C").

(iii) uap is the map D +— (D) attaching to a divisor D the corresponding invertible
sheaf O (D).

The homological Picard 1-motive of Cy is defined as
Pic™(Co) = [upic : Divg, ,5(C', F) — Pic’(C', F)],

where:

(i) Pic®(C’, F) denotes the group of isomorphism classes of pairs (£, ¢), where
£ is an invertible sheaf on C’ algebraically equivalent to 0 and ¢ : £|r — OF
is a trivialization of &£ over F. This is a semi-abelian variety: the natural map
Pic®(C’, F) — Pic®(C’) is surjective and its kernel is a torus.

(ii) Divg, /s (C’, F) denotes the group of Weil divisors D on C’ which belong to the
kernel of 7, : Div},(C’) — Div}(C) and satisfy supp D N F = 0.

(iii) upjic is the map D +— (D) attaching to a divisor D the corresponding invertible
sheaf O (D).

An important fact is that the dual of Pic™(Cy) is Alb*(Cy), and viceversa.

3. Linearizations of biextensions

For the entirety of this section, we fix a field K. The following is inspired by
[14, Def. 1.6].

DeriNiTION 3.1. Let C =[A 5 B],C'=[A’ N B’] be complexes of commutative
group schemes over K. Let

oc:Axg B— B
(a,b) > u(a) +b
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be the A-action on B induced by u, and define ¢’ : A’ xg B’ analogously. Let P
be a biextension of (B, B’) by G,,. We define an A xg A’-linearization of P as an
A xg A’-actionon P,

ZI(AXKA/)XKP%P,
satisfying the following conditions:

(1) Gy-equivariance: Fora € A,a’ € A’,c € G, and x € P,
Y(a,a',c+x)=c+ X(a,d, x).
(ii) Compatibility with o and 6’: Fora € A and a’ € A’, if x € P lies above (b, b’) €
B xx B’, then X (a,d’, x) lies above (o (a, b), o’ (a’,b")).
(iii) Compatibility with the partial group structures of P:Fora € A, a),a’, € A" and
X1, X2 € P lying above b € B,
Y(a,a) 4 ay, x1 41 x2) = X(a,ay, x1) +1 Z(a, 5, x2),
and foray,a, € A,a’ € A" and x1, x, € P lying above b’ € B’,

Y(ay 4+ asz,a',x1 +2x2) = T(ay,a’, x1) +2 X(az, d’, x2).

REMARK 3.2. Anaction X : (A xg A") xg P — P satisfying conditions (i) and
(i1) is an A xg A’-linearization of the line bundle P in the sense of [14, Def. 1.6]; this
can be summed up as saying that X is a “bundle action” lifting the actions ¢ and ¢”.
Notice that o and ¢’ are homomorphisms, and so condition (iii) may then be interpreted
as a lifting to P of the compatibility of o and ¢’ with the group structures of B and
B’. In the rest of the article, we will only use the term linearization in the sense of
Definition 3.1 above.

RemMARK 3.3. By considering constant group schemes, we will also be able to talk
about linearizations of biextensions of abelian groups.

LetC = [A = Bland C' = [A N B’] be as in Definition 3.1 and consider a
biextension P of (B, B’) by G,,. Whenever P has the structure of biextension of
(C, C") by G, with trivializations

T:Axg B - P, v :BxgA — P,
we can define an A xg A’-linearization of P as

Y:(Axg A)yxg P — P
(@.d'.x) o> [0 (@), @) +2 7' (b, )] +1 [(@, b') +2 x],
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where x € P lies above (b, b’) € B xg B’. This construction is due to [5, Thm. 6.8]
(see also [15, p.306]). Conversely, given an A xg A’-linearization

Y:(Axg A)yxxg P - P

of P, we can define a biextension structure of (C, C’) by G,, on P as the one determined
by the trivializations

1:Axg B — P /:BxgA — P
(a,b’) = 2(a,0,04), (b,a’) — X(0,d’,0p),

where 0p, 05 are the zero elements in the groups (Pp,p’, +1), (Pp b, +2), respectively.
These constructions are inverses of each other.

ProrosiTioN 3.4. Let C,C' and P be as in Definition 3.1 and suppose that u(K)
and u'(K) are injective. Then an A xg A'-linearization ¥ of P induces a biextension

O(K) of (B(K)/A(K), B'(K)/A'(K)) by K*.
Proor. Notice that P(K) is a biextension of (B(K), B’(K)) by K* and that
Y(K): (A(K) x A/(K)) x P(K) — P(K)

isan A(K) x A’(K)-linearization of P(K). We define Q(K) as the set consisting of
the orbits
[x] :={Z(a.d",x) | a € A(K), d’ € A'(K)}

of elements x € P(K) under X. Then Q(K) maps surjectively onto B(K)/A(K) x
B'(K)/A'(K) and is endowed with a K*-action which is free and transitive on fibers.
To see that it is a biextension it is then enough to prove that +; and +, induce
partial group structures on Q(K). For this, take elements x1, x, € P(K) lying above
(b1,b7), (b2, b}) € B(K) x B'(K), respectively, such that the orbits of by and b, under
o are equal. This is equivalent to having

by = o(a.bs),

for some (unique) a € A(K). Then x; and X (a, 0, x2) project to b; € B(K) and we
are able to define
[x1] +1 [x2] == [x1 +1 Z(a, 0, x2)].

This is well defined and commutative. We define the partial group structure 4+, in the
analogous way. |
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Consider a pair of 1-motives M = [L = G, M' =[L' N G'] over K and a
biextension P of (M, M’) by G,,. For our purposes, we give the following definition
which is inspired by [9, p. 326].

DerintTION 3.5. We define the group of K -points of M, denoted M (K), as
M(K) := Extg (M"Y, Gp).

Consider the following short exact sequence of complexes:

0—— 00— LV——=LY——0

T

0 TV GY AY 0

and the long exact sequence of abelian groups that it induces:
u(K) 1 v
cor > L(K) —> G(K) > M(K) - Extpe (T, Gp) — --- .

It follows that, when T is split (or, equivalently, when L is constant), the group of
K-points of M can be described as

M(K) = G(K)/ Im(u(K)).

If L, L' are constant and u(K), u’(K) are injective, then P(K) induces a biextension
of (M(K), M’'(K)) by K*, by Proposition 3.4. When M’ = M"Y and P is the Poincaré
biextension, we will denote by Qs (K) the induced biextension of (M (K), MV (K))
by K*.

We will now introduce the concept of compatibility between a linearization and
a p-splitting of a biextension (see Definition 2.1 for the definition of p-splitting of a
biextension).

DeriNITION 3.6. Let C =[A 5 B],C’ =[A’ , B’] be complexes of commutative
group schemes over K and P a biextension of (C, C’) by G,,. Let Y be an abelian
group and p : K* — Y a homomorphism. We will say that a p-splitting ¥ : P(K) - Y
of P(K) is compatible with the A xg A’-linearization X of P if any of the following
equivalent conditions is satisfied:

) v(Z(a,a’,x)) = ¥(x),foralla € A(K),a’ € A/(K) and x € P(K),
(ii) ¥ o7 and ¥ o t’ vanish on A(K) x B’(K) and B(K) x A'(K), respectively.
REMARK 3.7. Assuming that u(K) and u’(K) are injective in Definition 3.6, a

o-splitting v is compatible with the A xg A’-linearization if and only if it induces a
p-splitting on the biextension Q(K) of Proposition 3.4.
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4. p-splittings in the ramified case

Let K be a finite extension of @, and consider a 1-motive M = [L 5 G] over K
with dual y
MY =[LY > GVl.

We will assume that L and T are split (or, equivalently, that LY and T are split). Let
ull uVi
M'=[L—G" and MY'=[L— GV

be their corresponding universal vectorial extensions. We will denote Deligne’s pairing
associated to M and its dual as

(-, ) Tar(M) xg Tr(MY) — Lie G,y = G,.

Let P be the canonical biextension of (M, M V¥) by G,,,. We will denote by e p: /gn and
epn/Gvi the zero sections of P% over G! and GVI, respectively, and by
7' PY — G" xg GV the projection:

epl/Gh ph €pi/GVa
ln”(’_\

G xx {0} —— G¥ xx GV +—— {0} xx GVI.

The canonical connection on P determines, and is determined by, a normal bi-invariant

1
1-form w € QPH/K

images of @ under the canonical maps

(see [6, Prop. 2.1]). In particular, if we denote by w; and w, the

- Q! and Q! - Q!

Q PY/GVA PY/K Pt/GH”

1

PU/K

then w; and w, are invariant differentials over GV and GY, respectively. Let
r : Lie(PY/GV") — G,gve and ry: Lie(P'/G") — G, .o

be the homomorphisms corresponding to w; and w,, respectively.

We fix abranch A : K* — K of the p-adic logarithm for the rest of the section. For
a commutative algebraic group H over K we will denote by Ay : H(K) — Lie H(K)
the uniquely determined homomorphism of Lie groups extending A as constructed in
[17, §1]. We have the following result:

Lemma 4.1. Let h € GY(K), h¥ € GYYK) and y € PYK) be such that
7'(y) = (h,hY). Then

(Aga(h), Agva(BV)pg' = ripv o dpn (M) —rapodpn (V).
Gi.nv n,Gav
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Proor. Let 7 P! denote the tangent sheaf of PY. Notice that the germ of 7 P! at
y € P can be expressed as the contracted product of G ,-torsors

(TPY, =Lie P}, ,, A% Lie P} ..,

where (h, hY) = 7%(y). Let Fy, F, € T'(P", 7 P") be the global sections given by
F0) = dpe ) Adpr  (epaygalh) € Lie P, A% Lic Pl .
F(y) = APéW (eprygua(hV)) A AP:'GVH (y) € Lie Pgu’hv AGa Lie Pﬁ,Gvu.
We have the formula
do(Fi, F2) = Fi - o(F2) — F> - o(F1) — o([F1, F2]),

where F; - w(F3,) denotes the vector field F; applied as a differential operator to the
scalar field w(F,). First, we observe that [F;, F>] = 0. Furthermore,

Fi-o(F2) = Fi - 02(F2) = wa(F>),

where the first equality is due to eps;gvy being the zero section of Pl over GV!, and
the second one due to epy 1 being the zero section of PY over GU. Similarly, we have

Fy - w(Fy) = o1(F1).
Therefore, the alternating map on 7 P! x 7 P¥ induced by dw satisfies

do(Fi(y), F2(y)) =ran0 AP}S - (¥) —ripv o Apgu o ).

where (h, 1Y) = 7l(y).
Now, let y be the 2-form on G xx GV¥ inducing Deligne’s pairing. Since dw =
n”*y (see [6, Prop. 2.1]) we have that

Y((Agu(h),0), (0. Agvs (1)) = dw(F1(y), F2(»)).

Finally, note that Deligne’s pairing ([8, (10.2.7.3)]) on the pair (Ag1(h), Agvi(hY)) is
given by the formula

(Ags(h). Agva(h")pp = =y ((Aga(h),0), (0, Agve (hY))).

Putting together the last three equalities, we obtain the desired result. u
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DeriNiTION 4.2, Let 7: G(K) — GY(K) and ¥ : GV (K) — GV¥(K) be a pair
of splittings of the exact sequences of Lie groups

4.1) 0 — wgv (K) > GI(K) S G(K) >0,
42) 0 = we(K) = 6VI(K) L5 6V(K) — 0.

We say that (1, 1), or also that (Lie n, Lie V), are dual with respect to Deligne’s
pairing if
(Lie n, Lie n¥)}!' = 0.
The following result is a slight generalization of [6, Lem. 3.1.1] (see also [16,
Thm. 3.1.3]). It implies, in particular, that from any section r of Lie 8 : Lie G'(K) —

Lie G(K) we can always obtain a canonical section 7 of 8 : G¥(K) — G(K) such that
Lien =r.

LemMma 4.3. Let
O—-V-—->X—->Y—>0

be an exact sequence of algebraic K-groups with V' a vector group. There is a bijection
between splittings of the exact sequence

4.3) 0—V(K)— X(K)—>Y(K)—0
and splittings of the exact sequence of Lie algebras
4.4) 0 — Lie V(K) — Lie X(K) — Lie Y(K) — 0.

Proor. Consider the commutative diagram

0 — V(K) —— X(K) » Y(K)

H s [

0 — Lie V(K) —— Lie X(K) —> Lie Y(K) — 0.

~
[e=]

If s : X(K) — V(K) is a splitting of (4.3), then Lies : Lie X(K) — Lie V(K) is a
splitting of (4.4); notice that Lie s o Ax = s. For the converse, let r : Lie X(K) —
Lie V(K) be a splitting of (4.4). Then

52 X(K) 25 Lie X(K) 5> Lie V(K) = V(K)

is a splitting of (4.3). Moreover, by the properties of the logarithm (see [17, §1]), this
map is such that Lie s = r. We remark that the above also implies that the functor
Lie provides a bijection between splittings s’ : Y(K) — X(K) of (4.3) and splittings
r’: Lie Y(K) — Lie X(K) of (4.4). [
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TueoreM 4.4. Let ) : G(K) — GY(K) and ¥ : GY(K) — GYY(K) be splittings
of the exact sequences (4.1) and (4.2), respectively. Then:
(1) There is a A-splitting Y1 : P(K) — K of P(K) defined as follows. For z € P(K)
lying above (g, g") € G(K) x G (K), denote by sgv the rigidification of Pg,gv
corresponding to 0 (g"'). The map sgv sits in the following diagram:

K* A > K

]T"ng
1
/

APG gV .
PG’g\/(K) —— Lie P, ’g\/(K)

| |

G(K) x {g¥) —2% 5 Lie G(K).

We define the image of z by 1 as
V1(z) = sgv 0 Apg v (2).

(i1) There is a A-splitting Yo : P(K) — K of P(K) defined as follows. For z € P(K)
lying above (g,g") € G(K) x GY(K), denote by sg the rigidification of Pg Gv
corresponding to 1(g). The map sg sits in the following diagram:

K* A s K

[ 0"
A /

Pe.GV, .
Pg’(;v (K) ——— Lie Pg,Gv (K)

| |

(g} x G¥(K) =9 Lie G¥(K).

We define the image of z by W, as
V2(z) = sg 0 Ap, o (2).
(iii) If (n,nV) are dual with respect to Deligne’s pairing, then Yy = V.

Proor. By construction, the invariant 1-form w; € Q;:n GV is obtained via pull-
back from an invariant differential
@1 € Q)
! P G,GVD/ Gv®
where Pg i denotes the pullback of P along the map Id x 6V : G x GV" > G xGY

(see the proof of [4, Prop. 3.9]). Similarly, w, € Q}:n /G comes from an invariant
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differential
1

wy € 2 .
2 Py gv/GE

Denote by
fl . Lie(PG’Gvﬂ/Gvn) d Ga,GVu and fz . Lie(PGﬂ’Gv/Gn) d Ga’Gﬂ

the homomorphisms corresponding to w; and w;, respectively.
Consider the following diagram, where 8 x 8V : P% — P denotes the morphism
of biextensions obtained from 6 x 6" by pullback:

Pu ox6v P

| J»

G xg GVI 28 G xg GV.
Letz € P(K)and (g,g¥) = 7(z). Let y € PY(K) be the rational point such that
7'(y) = (n(g),n"(g")) and O x6Y(y) =z

We have the following diagram:

Gm Gm Gm
T
Pn(g),GV” e Pn(g),GV _— Pg,GV

| | l

~

()} xx V' £ (n(g)} xx G¥ —— {g} xx GV,

where the lower squares are pullback diagrams, so that 6 denotes the morphism of
extensions obtained from 6" by pullback. Notice that the isomorphism

Pye).Gv — Pe.gv

sends 8" (y) to z. We now consider the corresponding diagram of rigidified extensions
of Lie algebras:

Lie Gy, Lie G,, =———= LieG,,
j’v\ 2.n(g) J:I';_ J:]T
' 72, n(g) 18g
/ B /, /’
v ~ .
Lie PY ) s —2%— Lie Pye) av —— Lie Py v

Lie 7w ﬂl l lLie 14

{(n(g)} xx Lie G¥I B9 (n(e)\ xg Lie G¥ —= {g} xx Lie G".
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From the commutativity of this diagram and the properties of the logarithm we obtain
the following equalities:

72,n(g) © A pt (¥) = Fan(g) 0 Lie 0 o Apt )
n(g).G1v n(g).GIv

= Fan(g) © APyey v (0¥ (1))

=g 0 AP, v (2).

Analogously, we have
1,7V (gV) OAPtl (y) = Sgv OAPG.gv(Z)‘
Gl.nV(gV)
Therefore,

(Lien o Ag(g),Lien" o Agv (gV))fj‘
Del

= (Agaon(g). Agva 017 (g¥)) ),
= rl,nv(gv)olpﬂ () = T2,n(9) O)Lpu )

Gl.nv(gV) n(g).GIY
= Sg\/ o APG,gV (Z) - sg o A’Pg,GV (Z)
= ¥1(2) — ¥2(2).
Since z € P(K) was arbitrary, it is clear from the above formula that if (n, nV) are
dual with respect to Deligne’s pairing, then ¥; = ;.

It remains to check that ¥; and ¥, are indeed A-splittings. First, notice that for all
ce€ K*andz, z' € Pggv(K) we have

Vi(c +z) =sgvolp, . (c+2)
= 5gv 0 Apg v (€) + 5gv 0 Apg . (2)
= A(c) + ¥1(2),
Y1(z +2') = sgv o dpg (2 +22))
= Sgv 0 Apg v (2) +Sgv o dp, .\ (2)
= ¥1(2) + ¥1(2).
In a similar way we prove the compatibility of i, with the partial group structure +
of P(K) and the K*-action. If (17, n") are dual with respect to Deligne’s pairing, then
Y1 = ¥, and both v and v, are A-splittings. To prove that ¥, is a A-splitting in the

general case (the proof for 1, is done similarly), notice that it is always possible to
find a splitting 7 : Lie G(K) — Lie G¥(K) of

i ie 6
0 — wgv (K) T e GY(K) % Lie G(K)—0
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such that (7, Lie n¥) are dual, due to the fact that Deligne’s pairing is perfect (see
[4, Thm. 4.3]). Applying Lemma 4.3, we can obtain a splitting 7 of (4.1) such that
Lie 7 = 7. Proceeding as before with (7, nV), we are able to prove that v is a
A-splitting. ]

TaeoREM 4.5. Let 1) : G(K) — GY(K) and ¥ : GY(K) — GVN(K) be a pair
of splittings of the exact sequences (4.1) and (4.2), respectively, which are dual with
respect to Deligne’s pairing. Assume, moreover, that n and n¥ make the following
diagrams commute:

L(K) = L(K) LV(K) = LV(K)

S R R

G(K) —— GY(K), GV(K) —— GVU(K).

Then the A-splitting W : P(K) — K constructed in Theorem 4.4 is compatible with the
L xg LY-linearization of P. In particular, it induces a A-splitting of the biextension
Om(K) of (M(K), MV (K)) by K* in the case that u(K) and u" (K) are injective.

REMARK 4.6. The condition 7 o u = u" says that, on K-sections, (Id, ) is a splitting
of the complex M " seen as an extension of M by wgv ; and similarly for nV.

Proor. We have to prove that the A-splitting ¥ : P(K) — K constructed in Theo-
rem 4.4 satisfies that ¢ o T and ¥ o T vanish on K-sections. We will only prove this
for ¥ o T since the proof for ¢ o tV is carried out in a similar way.

We fix a splitting of the following short exact sequence of vector groups:

JEN L ~<
4.5) 0 RO % > WGV > TV > 0.

This induces by duality a splitting of the following exact sequence of Lie algebras:

J .

I\g =~ I\g =~
(4.6) 0 —— LieTV —— LieGY —— LieAY —— 0.

Consider the following commutative diagram with exact rows and columns, where
the splitting of the middle column is obtained by pushout along ¢ from the split exact
sequence (4.5):
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0 0
v
0 Y WAV s G* y G y 0
o
N \O
I
/ r v /l
~N-/
L 0
0 > WGV > G y G » 0
» Y
1 1
) o !
~N-/ ~N-/
wTVv wTVv
0 0,

Let x € L(K) and denote by y : TV — G, the homomorphism corresponding to
it. We have the following diagram with exact rows (see [1, §1.2]):

0 > TV >y GY > AY > 0
| [ |

00— Gy — Pv(x),AV > AY > 0

0— Gy — Pu(x),GV > GV > 0,

where v is the composition L % G — A. We also have the corresponding diagram of
Lie algebras with exact rows and splittings induced from (4.6) by pushout and pullback:
J

K~ ~~ K~ ~~
0 —— LieTVY — LieGY — LieAY —— 0

R T

4.7) 0 — LieG,, —— Lie Py(x),4v — LiedY —— 0

H 7T T T~ T RN T

0 — LieG,, —— Lie Py(x),gv — LieGY —— 0.

By Lemma 2.2 (i), u'(x) € GY(K) corresponds to the extension [LY — Py(x).Gv]
of MY by G,, endowed with a f]-structure. By Lemma 2.2 (iv), we know that the
invariant differential o o u"(x) € wrv (K) is the one associated to the homomorphism
Lie y € Homg, (Lie TV, G,). On the other hand, o o ul(x) € G*(K) is the extension
[LY = Py(x),av]of [LY 5 AY] by G, endowed with the normal invariant differential
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associated to £ : Lie Py (x),4v — Lie G,. The above can be summarized in the following
diagram:
wrv(K) +2— GYK) —Z—— G*(K)

LieX — uu(x) —_ ([Lv - Pv(x),AV]’E)'

The way in which we obtain an element in G¥(K) from a pair of elements in wzv (K)
and G*(K) is by considering the decomposition

Lie Pu(x),GV ~LieT" Xk Lie Pv(x),AV

induced by (4.6), as displayed by the following diagram:

Lie Gm e | Lle Gm

k/ ~ -
< Y Lk < ¥

0 — Lie TV ———— Lie Py(x).gv — Lie Pyxyav — 0

J

- - ~

‘ - ~< ~ -
INg N v I N 3

0 — {u(x)} xg LieTY — {u(x)} xg LieGY — {v(x)} xg LieAY — 0

~ ~

0 0.

From the decomposition of Lie P (x) v and our hypothesis that n o u = ul, it follows
that sy, (x) can be expressed as

Su(x) = Lie y + £ : Lie Pu(x),GV ~ Lie TV xg Lie Pv(x),AV — Gyg,.

Observe, moreover, that Ap, . .. (T(x, gY)) € Lie Py (x),gv corresponds under this

isomorphism to
(_] o )LG\/ (gv), ka(x),AV o ‘L'J/C(gv)) € Lie TV XK Lie Pv(x),AV'

Furthermore, the middle row in diagram (4.7) allows us to identify Lie Py (), 4v with
Lie G,, xg Lie AY; under this identification, )va(x).Av o 1,(g") € Lie Py(x),4v cor-

responds to

(—Lieyoj OlgV(gV),lAV(av)) € Lie Gy, Xk LieAV,
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where a¥ € AV is the image of g¢¥ € G under the canonical projection. Therefore,

Yo t(x,gY) = su) 0 Ay, v (T(X. €Y))
= Lie y(j o Agv(g") + E(Ap,, v 0 T2(g"))
=Lieyo joAgv(g’) —Lieyojoigv(g”)
= 0. [ ]

CoroLLARY 4.7. Let p : K* — Q, be a ramified homomorphism and consider a
pairr : Lie G(K) — Lie GY(K) and r¥ : Lie GY(K) — Lie GVY(K) of splittings of
the exact sequences of Lie algebras

i ied
0 — wov (K) =5 Lie GY(K) 2% Lie G(K) — 0,
. eV
0 — wg(K) Dt Lie GVY(K) B0 Lie GY(K) — 0,
respectively, which are dual with respect to Deligne’s pairing. Then:

(i) There is a p-splitting ¥ : P(K) — Q).

(ii) Let n: G(K) — GY(K) and nV : GV(K) — GVV(K) be the splittings of (4.1)
and (4.2), respectively, such that Lie n = r and Lien¥ = r", as constructed in
Lemma 4.3. If the diagrams

L(K) = L(K) LV(K) = LV(K)

) Y

G(K) —— GY(K), GV(K) —— GVI(K)

commute, then the p-splitting ¥ : P(K) — Qp of (i) is compatible with the
L xg LY-linearization of P. In particular, if u(K) and u” (K) are injective, then
Y induces a p-splitting of the biextension Q p(K) of (M(K), MV (K)) by K*.

Proor. (i) By [16, p.319], there exista branch A : K* — K of the p-adic logarithm
and a Qp-linear map § : K — Q, such that p = § o A. Let ¢ : P(K) — K be the
A-splitting constructed as in Theorem 4.4 from the splittings 7, n¥ of (4.1), (4.2),
respectively, satisfying Lien = r and Lien" = r¥. Then ¢, := oy : P(K) - Q)
is a p-splitting of P(K).

(i) Ifnou =u%andn¥ ou" =u"" then y, o T = § o ¥ o 7 is zero on K-sections,
and similarly for ¥, o t¥. Therefore, ¥/, is compatible with the L xg LV -linearization
of P and thus induces a p-splitting of Qs (K), in the case that u(K) and u" (K) are
injective. ]
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5. Local pairing between zero-cycles

In this section we construct a pairing between disjoint zero-cycles of degree zero
on a curve over a local field and its regular locus, which generalizes the local pairing
defined in [12, p.212] in the case of an elliptic curve (see also [7]).

Let K be a finite extension of Q, and C a semi-normal irreducible curve over K.
Consider the commutative diagram

0«—Q
QlﬁQl

where C’ is the normalization of C, C’ is a smooth compactification of C’, and C
(resp. C) is the curve obtained from C’ (resp. C’) by contracting each of the finite
sets w1 (x), for x € C. Let S be the set of singular points of C, S’ := 7~1(S), and
F :=C'—C’"=C — C.Werecall from Section 2.2.3 the homological Picard 1-motive
of C,

Pic™(C) = [u : Divg, ,4(C, F) — Pic®(C', F)],

and the cohomological Albanese 1-motive of C,
Alb*(C) = Pic™(C)¥ = [u" : Div%(C) — Pic®(C)].

Denote by Creg the set of smooth points of C and let aj : Creg — Pico(é ) be the
Albanese mapping, which depends on a base point x € aeg which we assume to
be rational over K (see [3, p.50]). Extending by linearity, one obtains a mapping
é—r 1 Z O(C_’reg /K) — Pic®(C) on the group of zero-cycles of degree zero on C_’reg
defined over K; notice that aé—r does not depend on any base point. Finally, we denote
by P the Poincaré biextension of (Pic™(C), Alb*(C)) by G,y,.
We consider a homomorphism p : K* — Q) and a p-splitting ¢ : P(K) - Q,
which is compatible with the Divg/ /s (C', F) xg Div%(C)-linearization of P. Our
aim is to construct a pairing

[ -]c 1 (Z°(C/K) x Z°(Cre/ K)) — Qp,

where (Z°(C/K) x Z°(Cree/ K))' denotes the subset of Z°(C/K) x Z°(Cieg/K)
consisting of pairs of zero-cycles of degree zero defined over K with disjoint support.
First, we define a pairing

[' ’ ]/C : (Divo((_j/’ F) S ZO((_:reg/K))/ - Qp
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on the set of all pairs (D, z), with D a divisor on C’ algebraically equivalent to 0 whose
support is contained in C’ — F, and z a zero-cycle of degree zero on C_’reg defined
over K, satisfying supp D N supp z = @. Notice that a divisor D € Div®(C’, F) C
Div?(C’) corresponds to a line bundle L(D) over C’ together with a rational section
sp : C' -—> L(D) which is defined on the open subset C’ — supp D C C’; in particular,
sp is defined on F since supp D N F = @J. Moreover, the pullback along aj of Po(p),
the fiber of the Poincaré bundle P over O (D) € Pic®(C’, F), is the restriction of L(D)
to Creg, and so a; induces a map a;r’D : L(D)|5reg — Po(p) by pullback:

+
ax,
L(D)lg,, —2— Pow)

A _I
I
le \l
SD Creg +

Creg —2— {O(D)} xx Pic®(C).
Therefore, we can define
[D,z]¢ = anw oa;r’D osp(x)),

wherez =) njx; € ZO((_freg/K). Notice that since z has degree zero, [D, z], does
not depend on the base point x.

_ When D € Divg,/s(é’, F) ¢ Div%(C’, F), we have that aID osp =toa} on
Creg:

+
ax’
L(D)lg,, —=2— Pup)

1l ’ l]\.
I \ 7
_ i
5D|Creg \ n /

Creg —2— {D} xg Pic’(C).

This implies that [D, z],, = 0, for all D € Div, / s(C’, F). Notice that, since every
closed point in C” is also closed in C’, the subgroup of divisors in Div®(C’, F) that
are defined over K is Z°(C’/K). Moreover, since C’ is irreducible, the subgroup
of divisors in Divg, / S((_f ', F) that are defined over K is the free abelian subgroup
generated by cycles of the form xo — x1, where 7w (xg) = 7 (x1); denote this group
by Z°((S’/S)/K). Recalling that the pushforward of cycles along 7 preserves the
degree, we obtain the following exact sequence:

0— Z°(S'/S)/K) — Z°(C'/K) =5 Z°(C/K) — 0.

Therefore, [, -]’ is a pairing on (Z°(C’/K) x Z°(Crg/K))’ which is zero when
restricted to (Z°((S"/S)/K) x Z°(Cree/K))', yielding a pairing

[+, -1 (Z°(C/K) x Z°(Creg/ K)) = Qp.
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By restricting t0 Z%(Ciee/K) C Zo(aeg/K), we get the desired pairing
[' s ']C . (ZO(C/K) X ZO(Creg/K))/ - Q[J-

We make the observation that [D, z]- = 0 whenever z € Z O(F/K) (notice that
F = aeg — Creg). Indeed, since C' is irreducible, the subgroup of divisors in Div(}, (C)
defined over K is Z°(F/K), and so the restriction of ag to Z°(F/K) equals u":

Z°%F/K) — Div%(C)

[

Z%(Creg/ K) —— Pic%(C).

A+

Moreover, we have that the trivialization tV is given by the formula

‘L'V<(9(D),anx]') = ana;D osp(x;),

for D € Div®(C’, F) and }_n;x; € Z°(F/K), which implies that

[D,anxj]/c =Y o rv((D(D), anxj) = 0.

6. Global pairing on rational points

In this section we define a global pairing between the rational points of a 1-motive
over a number field and its dual. The construction, which is given in Proposition 6.3,
generalizes the global pairing defined in [12, Lem. 3.1] in the case of abelian varieties
(see also [16, p. 337]).

Let F be a number field endowed with a set of places V. For each place v, let
F, denote the completion of F with respect to v. For v discrete, denote by Of, the
ring of integers of F,, and let 7, be a uniformizer of Of, such that 7, € F. Let
Mfp =[LF oG F] be a l-motive over F, where G is an extension of Ar by TF.
For each place v, denote by Mr, = [LF, 1, G F,] its base change to Fy, so that G,
is an extension of Ar, by TF,. Denote by Pr the Poincaré biextension of (Mp, M)
and by P, its base change to Fj,, which coincides with the Poincaré biextension of
(MF,, My, ). Finally, denote by

. v VoL v
TR, . LF, XF, GFU—>PFU, ‘L’FU.GFU X R, LFU_)PFU

the trivializations associated to the 1-motive MF, and its dual. Observe that M, has
good reduction over O, for almost all discrete places v (see [2, Lem. 3.3]). When this
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is the case, there exists an O, -1-motive

Mo, =[Lo, —5 G
OF, _[ O Fy @FU]

with Gg, an extension of an abelian scheme Ag,, by a torus T, , whose generic
fiber is MF,. Furthermore, the Poincaré biextension P, —of (Mo M (\D/F ) has

v
generic fiber equal to Pr, and its trivializations

. Y \ . \Y
l'(ng . L(‘)Fv X@Fv G(')FU — P@Fv, T(‘)FU . G(QFU X@FU L@FU — P(')Fv

extend tp, and Ty , respectively.
Consider a family p = (py)yey of homomorphisms p, : F, — Q,, and, for every v,
a py-splitting ¥, : Pr, (Fy) = Qp of P, (Fy) such that

1) py ((9}*,U) = 0 for almost all discrete places v,

> pu(e)=0

vey

(i) the “sum formula”

holds for all ¢ € F*, and

(iii) Yy (Po, (OF,)) = 0 for almost all discrete places v for which M, has good
reduction.
Denote by V’ the set of discrete places v satisfying condition (iii); then this condition

is equivalent to 'V — V' being a finite set. Notice that p, ((9;}) =0forallv € V'. We
have the following result:

ProrosiTioN 6.1. There is a pairing
(-.:):GFr(F)x GE(F) - Q
such that if y € Pp(F) lies above (g,8") € Gp(F) x G}.(F), then

6.1) (g.87) =Y vy

veV

Proor. First, we prove that the right-hand side of (6.1) is a finite sum. For this, we
use the fact that the 1-motive M has good reduction over O [1/N], for N sufficiently
divisible (see [2, Lem. 3.3]). This implies that M r extends to a 1-motive Mo .[1/n] =
[Lo,11/N] = Gopp/nyl over Op[1/N], and similarly for M /. Moreover, the Poincaré
biextension Pg extends as well to a biextension Pg,.[1/n] over Of[1/N]. We then
obtain a tower of two biextensions as follows:
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OF[1/N]* < s F*
Po,11/N1(OF[1/N]) > Pr(F)

} |

Gorti/N(OF[L/N]) x GY, 1 wy(OF[1/N]) > G (F) x G}(F).

Consider a pair of F-points (g,g") € Gr(F) x G} (F). We have that, for S
sufficiently divisible, (g, g¥) belongs to the image of

Gori1/s1(OF[1/S]) x Gg .11/51(OF[1/S]) = GF(F) x G (F).
So, up to multiplying N by a factor, we can assume that (g, g¥) is in the image of
Gorli/N(OF[1/N]) X G .11 /n(OF[1/N]) = GFp(F) x G (F)

(notice that now N also depends on the pair (g, g")). Let y € Po,1/n1(OF[1/N])
be an element lying above (g, g"); observe that y € Pg £, (O, for almost all v. From
this we get that v, () = 0 for almost all v, thus proving that

> ()

veV

is a finite sum.

Observe that if y € P (F) lies above (g, g"), then any other element lying above
(g, g"V) is of the form ¢ + y, for ¢ € F*. From (ii) and the fact that each ¥, is a
pv-splitting we obtain the equalities

Dovule+ 1) =)o@+ D V() =D Yy,

veV veVy veVy veVy

which proves that the right-hand side of (6.1) indeed defines a map on Gf(F) X
G Y. (F). It remains to check that this map is bilinear. Let y;, y> € P (F) mapping
to (g1.87).(g2,8") € Gp(F) x G} (F), respectively. Since the 1, are p,-splittings,
we get that

(€14 22.8") =) vu(yi +232)

vey
=Y YD)+ Y ¥u(y2)
vey vey

=(g1.8") + (g2.8").

In a similar way we verify linearity in G ;.. |
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From now on we will assume that L r and TF are split. We assume, moreover, that
any v, factors through a py-splitting Y4,y of P, (Fy):

Vot Pr,(Fy) = Pap. (Fy) 225 Q.

LEMMA 6.2. Forevery x¥ € LY.(F)and g € G (F) there existst € Tp (F) such
that

Y o Vvoti (g x) = Y Yporp (TlexY),

vey vey-=y’
and similarly for every x € L (F) and g¥ € G} (F).

Proor. Fix x¥ € LY. (F) and g € Gr(F). Suppose that LY, =~ Z and let
(m1,...,m;) € Z'; be the element corresponding to x". Notice that this induces
an 1som0rphlsm Tr = G, . Consider a discrete place v in V'. Since G, has good
reduction, we have A, (F ) = Aoy, (OF,), which induces isomorphisms

GFU(FU) ~ TFU(FU)
Gor, (OF,)  Tor,(OF,)

Moreover, since M, has good reduction, the following diagram commutes:

(6.2) ~7".

0 < > Qp
Yolre . T va
Py, (OF,) > Pr,(Fy)
r‘\°/Fu <+ < r}v

Go, (OF,) x G(;FU (OF,) — GF,(Fy) x Gl\f-v (Fv)

A~
Tdxu Idxu Y
@Fv Fy

Gor, (Or,) x LY, (OF,) — Gr,(F) x LY, (Fy).

This implies that the map
Yo otp, (+.x7): GF, (Fy) > Qp

factors through the quotient G, (Fy)/Go ., (OF,). Thus, any 1, € TF, (Fy) whose
class in T, (Fy)/ To, (OF,) equals that of g satisfies

(6.3) Yy o T}\T/U (g.x")=1yyo T%U (ty, x7),

where we identify #,, with the corresponding point in G r, (F,). If the class of g corre-
sponds to (71, ...,n,) € Z" under the isomorphism (6.2), we may choose ¢, of the
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form t, := (7, ', ..., my"); in this way, t, belongs to T (F) and
(6.4) Y o Tp, (ty. x7) =0,

for all w € 'V’ such that w # v. To prove this last assertion, start by considering any
place w € V. We have the following commutative diagram with exact rows:

Gm,Fw = Gm,Fw
0 > T, d > PGFw,{xV} _ PAijav — 0

v -
= TFw \ l
\

0 TFu) X Fy {xV} E— GFw X Fuy {xV} E— AFw X Fy {aV} — 07

where a¥ € Ay (Fy) denotes the image of x" under the composition

UF,
\ w \ \

The map i is the one that when composed with Pg . (xvy = GF, XF, {x"} equals

the natural injection and when composed with Pg . (xv} = Pap, av equals zero. Let

X : Tr = Gy, F be the map corresponding to x¥ € LY. With this notation we have
T, (. XY) = () + i),

forall t € TF, . In particular, for w # vin V' and t = ¢, we get

Y o T, (ty, V) = Y (X (t) + i (1))
= pw (X (tv))
= pum-"")
= (nimy + -+ + nymp) py (1)
=0,

where the second equality is deduced from vy, (i (£,)) = 0 (since ¥, is obtained from
a py-splitting of P4, ), and the last one from the fact that 7, € (91*%‘ Define

t = H ty € Tk (F).

vey’/

Notice that this is a finite product, since g € Go,,, (OF,) for almost all v € V'. From
(6.3) and (6.4), we get that ¢ satisfies

Yo o Ty, (6.xY) = Yy 0 T, (8.xY),
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for every v € V'. Therefore, we obtain

Y pporh(ex) = Y Ypoth(@x)+ Y vyoty (g.xY)

veV veV-y’ veV’/

= > Yoty (g.x)+ D Yyor (t.xY)
veV-=y’ vey’

= > Yworp(g.x)— Y Yot (t.xY)
vevV-=y’ vey-y’

-1

= Z wvor}U(t g, x"),

veV-y’

where the third equality is derived from

S otk (t.x) = Y pu(x(0) = 0. .

vey vey

ProposITION 6.3. Suppose that ur (K) and u},(K) are injective, and that the
pu-splittings \r, are compatible with the L, X F, L\I/«“v -linearization of PF,, for every
place v € V — V'. Then the pairing (-, - of Proposition 6.1 descends to a pairing

(. )M : Mp(F)x My (F) — Qp.

Proor. Fix g € Gp(F) and x¥ € LY.(F), and let t € Tr(F) be the element
constructed in Lemma 6.2. We have

Z‘/’Uof;’/v(g’xv): Z Ypory (17, xY) =0.

veVy veV-y’

Since we have the analogous equality for every x € Lr(F) and g¥ € G (F), the
pairing (-, -) is zero on G(F) x Im(u" (F)) and Im(u(F)) x G (F), inducing a
pairing

(-, )M Mp(F)x Mg(F) — Qp. =
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