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of groups
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ABSTRACT — A subgroup H of a finite group G is said to be S-semipermutable in G if HG), =
Gp H for every Sylow subgroup G, of G with (|H|, p) = 1. A subgroup H of G is said to
be weakly S-semipermutable in G if there exists a normal subgroup 7" of G such that HT is
S-permutable and H N T is S-semipermutable in G. In this paper we prove that for a finite
group G, if some cyclic subgroups or maximal subgroups of G are weakly S -semipermutable
in G, then G is p-nilpotent.
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1. Introduction

All groups considered in this paper are finite. For a group G, let 7(G) denote the set
of all prime divisors of |G|; G, a Sylow p-subgroup of G for some p € n(G); F(G)
the Fitting subgroup of G; F*(G) the generalized Fitting subgroup of G; ®(G) the
Frattini subgroup of G. Let i be a class of groups, & is said to be a formation, provided
that if G € ¥ and H < G, then G/H € &, and for any normal subgroups N, M of
G,if G/N and G/M are in §, then G/(M N N) € §F. The formation F is said to be
saturated if G/ ®(G) € F implies that G € §. In this paper, U will denote the class of
all supersoluble groups. As is well known, U is a saturated formation. Z,(G) is the
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hypercenter of G. A normal subgroup H of G is said to be hypercyclically embedded
in G if every chief factor of G below H is cyclic. Zy(G) is said to be a U-hypercenter
of G and is the product of all hypercyclically embedded subgroups of G.

Let H and K be two subgroups of G. The product HK of these subgroups is a
subgroup of G if and only if HK = K H . The subgroup H is said to be quasinormal
or permutable [12] in G if H permutes with all subgroups of G, and S-permutable or
S-quasinormal or -quasinormal [9] in G if H permutes with all Sylow subgroups
of G. It is observed by Ore [12] that every permutable subgroup of a finite group G
is subnormal in G. By extending this result, Ito and Szép have proved in [8] that for
every permutable subgroup H of a finite group G, H/Hg is nilpotent. Here, Hg is
the Core of H, which is the largest normal subgroup of G contained in H. Maier
and Schmid proved in [11] that for every permutable subgroup H of G it is true that
(HC/Hg) € Zoo(G/Hg). Here, HC is the normal closure of H in G, which is the
intersection of all normal subgroups of G that contain H.

A subgroup H of G is said to be S-semipermutable [1]in G, if HG, = G, H for
every Sylow subgroup G, of G with (|H|, p) = 1.

Clearly, every S-permutable subgroup of G is S-semipermutable in G but the
converse does not hold; for example, a Sylow 2-subgroup of S3 (the symmetric group
of degree 3) is semipermutable, thus S'-semipermutable in S3, but it is not S'-permutable
in S 3.

H is said to be an S-embedded subgroup [3] of G if G has normal subgroup 7" such
that HT is S-permutable in G and H N T < Hg, where Hyg denotes the subgroup
generated by all subgroups of H that are S-permutable in G.

DEFINITION. A subgroup H of a finite group G is called weakly S -semipermutable
in G if there exists a normal subgroup 7" of G such that HT is S-permutable and
H N T is S-semipermutable in G.

Clearly every S-semipermutable subgroup of G is weakly S'-semipermutable in G,
but the converse does not hold: for example, let G = S4 (symmetric group of degree 4)
and H = {(12)). Then H is weakly S-semipermutable in G, but H is not S-semi-
permutable in G.

We prove that for a finite group G, if some cyclic subgroups or maximal subgroups
of G are weakly S-semipermutable in G, then G is p-nilpotent.

2. Preliminaries

In this section, we give some results which will be useful in the sequel.
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LemMma 2.1 ([10, Lemma 2.1]). Suppose that a subgroup H of a group G is
S-permutable in G and N is a normal subgroup of G. Then the following hold:

(1) If H < K <G, then H is S-permutable in K.
(2) HN and H N N are S-permutable in G, HN/N is S-permutable in G/ N .
(3) H N K is S-permutable in K.
4) If H is a p-subgroup of G, then H € Op(G) and OP(G) < Ng(H).
(5) H/Hg is nilpotent.
Lemma 2.2 ([10, Lemma 2.2]). Suppose that a subgroup H of a group G is
S-semipermutable in G and N is a normal subgroup of G. Then the following hold:
() If H < K < G, then H is S-semipermutable in K.

(2) If H is a p-subgroup for some prime p € w(G), then HN/N is S-semipermutable
inG/N.

B) If(|H|,|N|) =1, then HN/N is S-semipermutable in G/N .
4) If H < 0,(G), then H is S-permutable in G.

LemMma 2.3 ([7, IV, Theorems 5.4 and 2.8]). Suppose that G is a minimal non-
nilpotent group. Then the following hold:

(1) G has a normal Sylow p-subgroup Gp, for some prime p and G = G, Q, where
Q is a non-normal cyclic q-subgroup for some prime q # p.

(2) Gp/®(Gp) is a minimal normal subgroup of G/ ®(Gp).

(3) If Gy is non-abelian and p > 2, then the exponent of G, is p; if G is non-abelian
and p = 2, then the exponent of G, is 4.

(4) If G is abelian, then the exponent of Gy is p.
Lemma 2.4 ([16,Lemma 2.2]). Let G be a group and p € n(G) satisfying (|G|, p —
1) = 1. Then the following hold:
(1) If N is a normal subgroup in G of order p, then N lies in Z(G).
(2) If G has cyclic Sylow p-subgroup, then G is p-nilpotent.
(3) If M is a subgroup of G with index p, then M is normal in G.

LemMma 2.5 ([2, Lemma 1.2]). Let H, K and T be subgroups of a group G. Then
the following statements are equivalent:

() HNKT = (HNK)HNT).
(2) HKNHT = H(KNT).
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Lemma 2.6 ([6, Lemma 2.5]). Let N be an elementary abelian normal subgroup
of a group G. If there exists a subgroup D in N satisfying 1 < |D| < |N| and every
subgroup H of G with |H| = |D| is S-semipermutable in G, then there exists a
maximal subgroup L of N which is normal in G.

Lemma 2.7. Suppose that a subgroup H of a group G is weakly S -semipermutable
in G and N is a normal subgroup of G. Then the following hold:

(1) If H < K < G, then H is weakly S-semipermutable in K.
Q) If |H|,|N|) = 1, then HN/N is weakly S-semipermutable in G/ N .

(3) If H < K 4 G, then G has a normal subgroup L contained in K such that HL is
S-permutable in G and H N L is S-semipermutable in G.

@) If H is a p-subgroup of G, then HN/N is weakly S-semipermutable in G/ N .

(5) If N < U and U/ N is weakly S-semipermutable in G/ N, then U is weakly S -
semipermutable in G.

Proor. (1) Since H is weakly S-semipermutable in G, then there exists a normal
subgroup 7" of G such that HT is S-permutable and H N T is S-semipermutable in G.
Let7"=TNK.Then T << K, HT' = H(T N K) = HT N K is S-permutable
inKbyLemma2l,and HNT' =HN(TNK)=HNT)NK=HNTis
S-semipermutable in K by Lemma 2.2. Thus, H is weakly S-semipermutable in K.

(2) Since H is weakly S-semipermutable in G, there exists a normal subgroup
T of G such that HT is S-permutable and H N T is S-semipermutable in G. Let
T'"/JN =TN/N.ThenT'/N <« G/N,(H/N)(T'/N)= HTN/N is S-permutable,
and (HN/N)N(T'/N)=(HNNTN)/N =(HNTN)N/N=(HNT)N/N is
S-semipermutable in G/ N by Lemma 2.2. Hence, H N/ N is weakly S-semipermutable
inG/N.

(3) Since H is weakly S-semipermutable in G, there exists a normal subgroup
T of G such that HT is S-permutable and H N T is S-semipermutable in G. Let
T"=TNK.ThenT' <« G, HT' = H(T N K) = HT N K is S-permutable in G
by Lemma2.1,and HNT' = HN(T N K) = H N T is S-semipermutable in G.

(4) Since H is weakly S-semipermutable in G, there exists a normal subgroup T’
of G such that HT is S-permutable and H N 7T is S-semipermutable in G. Since
TN/N <1 G/N and HT is S-permutable in G, we have that (HN/N)(TN/N) is
S-permutable in G/N by Lemma 2.1. Since (H N T)N/N is S-semipermutable in
G/N, we have that (HN/N)N (TN/N) = (HN NTN)/N = (H NT)N/N is
S-semipermutable in G/ N .

(5) Apply the same arguments as in part (4). ]
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Lemma 2.8. Let L be a minimal normal and elementary abelian subgroup of G.
Then L has not a proper subgroup D with 1 < |D| < |L|, such that every subgroup
H of L with |H| = |D| is weakly S-semipermutable in G.

Proor. Let L have a proper subgroup D with 1 < |D| < |L| such that every
subgroup H of L with | H| = | D] is weakly S-semipermutable in G . Then there exists
anormal subgroup 7 of G with T < L such that HT is S-permutable and H N T
is S-semipermutable in G by Lemma 2.7. If T = L, then H = H N T is S-semi-
permutable in G. If T = 1, then H = HT is S-permutable in G. Therefore L has a
maximal subgroup which is a normal subgroup of G, a contradiction by Lemma 2.6
and the minimality of L. u

Lemma 2.9 ([15, Theorem C]). Let E be a normal subgroup of a group G. If
F*(E) is hypercyclically embedded in G, then E is hypercyclically embedded in G.

Lemma 2.10 ([5, Lemma 2.2]). Let N be a non-identity normal p-subgroup of a
group G. Then the following hold:

(1) If N is elementary and every maximal subgroup of N is S-embedded in G, then
some maximal subgroup of N is normal in G.

(2) If N is a group of exponent p and every minimal subgroup of N is S-embedded
in G, then N < Zy(G).

Lemma 2.11 ([15, Lemma 2.2]). Let E be a normal p-subgroup of a group G. If
E < Zu(G), then (G/Cg(E)*P~Y < 0,(G/Cg(E)).

LemmA 2.12 ([14, Lemma 2.16)). Let §§ be a saturated formation containing 1
and G be a group with normal subgroup E such that G/ E € §. If E is cyclic, then
Gef.

3. Main results

TueoreM 3.1. Let G be a group and p be the smallest prime divisor of |G|. If
Gp is a Sylow p-subgroup of G such that every maximal subgroup of G, is weakly
S-semipermutable in G, then G is soluble.

THEOREM 3.2. Let G be a group, p € n(G) with (|G|, p—1) =1, and G, be a
Sylow p-subgroup of G. If every maximal subgroup of G, is weakly S -semipermutable
in G, then G is p-nilpotent.
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TueOREM 3.3. Let G be a group, p € n(G) with (|G|, p — 1) = 1, and G, be
a Sylow p-subgroup of G. If every cyclic subgroup of G, which does not have any
p-nilpotent supplement in G with order p or 4 (G is a non-abelian 2-group) is weakly
S-semipermutable in G, then G is p-nilpotent.

THEOREM 3.4. Let G be a group and N be a normal subgroup of G. If there exists
a normal subgroup L of G such that F*(N) < L < N and for any non-cyclic Sylow
p-subgroup L, of L, either every maximal subgroup of L, or every cyclic subgroup
of L, with order p or 4 (L is a non-abelian 2-group) is weakly S -semipermutable in
G, then N < Zy(G) (i.e., each G-chief factor below N is cyclic).

THEOREM 3.5. Let §§ be a saturated formation containing U. If G has a normal
subgroup N such that G/ N € & and there exists a normal subgroup L of G such that
F*(N) < L < N and for any non-cyclic Sylow p-subgroup L, of L, either every
maximal subgroup of L, or every cyclic subgroup of L, with order p or 4 (Ly is a
non-abelian 2-group) is weakly S-semipermutable in G, then G € §.

Proor or THEOREM 3.1. If p # 2, then G is soluble by Feit-Thompson’s theorem.
So let p = 2, suppose that the theorem is false and consider a counterexample G of
minimal order.

Step 1. Op(G) = 1 and O,/ (G) = 1.

Suppose that O,(G) # 1. It is clear that |G,/ O0,(G)| > 2. Let P1/O0,(G) be a
maximal subgroup of G,/0,(G). Then P; is a maximal subgroup of G, therefore
Py is weakly S-semipermutable in G. Then G/O,(G) is soluble by Lemma 2.7 and
the choice of G, hence G is soluble, a contradiction. Suppose that O,/(G) # 1. Let
M/ 0O, (G) be a maximal subgroup of G, 0,/ (G)/ O, (G), M = P, 0, (G) for some
maximal subgroup P; of G,. So, by the hypothesis of the theorem and Lemma 2.7 (2),
M/0,(G) is weakly S-semipermutable in G/ O,/ (G). Thus, G/ O, (G) is soluble by
our choice of G and hence G is soluble, a contradiction.

Step 2. Final contradiction.

Let N be a minimal normal subgroup of G. If N N G, < ®(G,), then N is p-
nilpotent by [7, IV, Theorem 4.7]. Let N, be a normal p-complement of N. Then
Ny < O0p(G) =1, N is a p-subgroup of G. This is a contradiction as O,(G) = 1
by Step 1. Thus N N G, £ ®(G,). Then there exists a maximal subgroup M of
Gp such that G, = M(G, N N). There exists a normal subgroup 7" of G such that
MT is S-permutable in G and M N T is S-semipermutable in G. If T = 1, then
M is S-permutable in G. Then by Lemma 2.1 (4), M < O,(G) = 1, thus |G,| =
2. By [13, Theorem 10.1.9], G is 2-nilpotent. Then G is soluble, a contradiction.
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Hence T #1land N <T,NNM = N N M NT is S-semipermutable in G, thus
for every Sylow g-subgroup N, of N, Ny(N N M) = (N N M)N, and therefore
(N N M)Ny is a subgroup of G. Then there exists a proper normal subgroup N’
of N such that either N N M < N’ or N; < N’ by Lemma 2.1. If N; < N’, then
N = N’ by [7, 1, Theorem 9.12], a contradiction. Thus N " M < N' N M and
IN/N'|; = |N|2/IN'l2 =GN N|/|GaNN'| <|G, N N|/|[M N N| <2.Hence
N/N'is p-nilpotent by [13, Theorem 10.1.9]. Then N/N’ is soluble, so N/N' is an
elementary p-group, therefore N is a p-group, a contradiction. |

Proor or THEOREM 3.2. Suppose that the theorem is false and consider a coun-
terexample G of minimal order.

Step 1. G is soluble.
G is soluble by Feit-Thompson’s theorem and Theorem 3.1.

Step 2. G, is not cyclic and G is not a non-abelian simple group.

G has a non-cyclic Sylow p-subgroup G, by Lemma 2.4, thus G, is not cyclic. Let
G be a non-abelian simple group and G be a maximal subgroup of G. Then there
exists a normal subgroup T of G such that G, 7" is S-permutable in G and G, N T is
S-semipermutable in G. If T = 1, then GI’; is a proper subnormal subgroup of G, a
contradiction. If T = G, we also get a contradiction.

Step 3. There exists a unique minimal normal subgroup N of G such that G/ N is
p-nilpotent and G = N x T where T is a maximal subgroup of G.

Assume that N is a minimal normal subgroup of G and G, € Syl,(G). Hence
GpN/N is a Sylow p-subgroup of G/N. Let M/N be a maximal subgroup of
GpN/N . Then there exists a maximal subgroup P; of G, such that M = P;N and
Gp, NN = Py N N isaSylow p-subgroup of N. Since P; is weakly S-semipermutable
in G, there exists a normal subgroup K of G such that P; K is S-permutable and
P; N K is S-semipermutable in G. KN/ N is a normal subgroup of G/N. P{KN/N
is S-permutable in G/ N by Lemma2.1,s0 (M/N)(KN/N)=(PiN/N)(KN/N) =
P1KN/N is S-permutable in G/N. (P; N K)N/N is S-semipermutable in G/N by
Lemma2.2. (PN N)(KNN)= PiKNN,hence PPN N KN = (P N K)N by
Lemma2.5,thus M/N N K/N = PPN/N N KN/N = (PN N KM)/N is S-semi-
permutable in G/N. Then M/ N is weakly S-semipermutable in G/ N, therefore G/ N
is p-nilpotent by the choice of G. Since the class of all p-nilpotent groups is a saturated
formation, N is a unique minimal normal subgroup of G and N % ®(G). Then there
exists a maximal subgroup 7 of G suchthat G = N xT and Cg(N) N T = 1, thus
N = Cg(N).
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Step 4. Op (G) = 1.
Let Oy (G) # 1. Then G/O,/(G) is p-nilpotent by the choice of G, hence G is
p-nilpotent, which is a contradiction.

Step 5. Op(G) # 1 and O,(G) = N.

Let Op(G) =1.Then N < Oy (G) = 1,thus G = G/N is p-nilpotent by Step 3,
a contradiction. There exists a normal subgroup L of G such that G = LN and
L NN = 1. Since O,(G) N L is normalized by N and L, thus O,(G) N L is normal-
izedby G = LN. This implies O,(G) = N.

Step 6. Final contradiction.

We have G, = N % (G, N T) by Steps 3 and 4. Then there exists a maximal
subgroup P’ of G, such that G, N T < P’, G, = NP’. There is a normal sub-
group L of G such that P'L is S-permutable and P’ N L is S-semipermutable
in G. Since N is minimal normal in G, we have N < (P")¢ = (P")9"©@)0p py
G = OP(G)G,.If L = 1, then P’ is S-permutable in G and N < (P’)» = P’ by
Lemma 2.1. Since G, = NP’, we have G, = P’, a contradiction. Hence L # 1 and
N <L.Then NN P' =N N(P'NL)is S-semipermutable in G by Lemma 2.2. If
NNP #1,then N <(NnNP)¢ = (Nn P0G < (p)Gr = P’ acontra-
diction. Thus N N P’ = 1 and [N| = p. Then G/N = G/Cg(N) == A < Aut(N)
and (|G|, p — 1) = 1lead to G = N, a contradiction. [

Proor or THEOREM 3.3. Suppose that the theorem is false and consider a coun-
terexample G of minimal order.

Step 1. G is a minimal non-nilpotent group and G, is non-cyclic.

Clearly G is non-nilpotent. If G, is cyclic, then G is p-nilpotent by Lemma 2.4,
a contradiction. Hence G, is non-cyclic. Let M = G and L be a cyclic subgroup of
G, N M with order p or 4 (G is a non-abelian 2-group) which does not have any p-
nilpotent supplement in M, hence L has no p-nilpotent supplement in G. Therefore L
is weakly S-semipermutable in G by hypothesis. Thus L is weakly S-semipermutable
in M by Lemma 2.7. Hence M is p-nilpotent, by the choice of G. Then G is minimal
non-nilpotent and G satisfies the results of Lemma 2.3.

Step 2. There exists a minimal normal subgroup L/ ®(G,) of G,/ ®(G) such that
L/®(Gp) is not S-permutable in G/ ®(G)).

If all minimal normal subgroups of G,/ ®(G)) are S-permutable in G/ P(G,), we
get a contradiction by Lemma 2.8. Hence G,/ ®(G,) has a minimal normal subgroup
L/®(Gp) such that L /®(G,) is not S-permutable in G/ P(Gp).
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Step 3. Final contradiction.

Let x € L \ ®(Gp). Then (x) is a cyclic group of order p or 4. Suppose that T is
an arbitrary supplement of (x) in G. Then G, = G, N (x)T = (x)(G, N T). Since
Gp/®(Gp) is anormal subgroup of G/ ®(G,), we have (G, N T)P(G,)/ P(Gp)) <
G/ ®(Gp), then (G, N T)P(G,) < G. The group G,/ P(G,) is a minimal normal
subgroup of G/®(G,) by Lemma 2.3, hence (G, N T) < ®(Gp) or (G, N T) =
Gp, as G,/ ®(Gp) is a chief factor of G. If (G, N T) < ®(G,), then G, = (x), a
contradiction. If (G, N T) = Gp, then T = G and T is a unique supplement of (x)
in G. A cyclic subgroup (x) is weakly S-semipermutable in G by Step 2. Then there
exists a normal subgroup K of G with K < G, such that K (x) is S-permutable and
(x) N K is S-semipermutable in G by Lemma 2.7. Then (x) N K is S-permutable
in G by Lemma 2.2. Since G,/ ®(G,) is a chief factor of G, we have K < &(G,) or
K =G,. It K < ®(Gp), then L/ P(G,) = ((x) KP(Gp))/ P(Gp) is S-permutable in
G/ ®(Gp), a contradiction. If K = G, then (x) = (x) N K is S-permutable in G, and
L/®(Gp) = ({(x)®P(Gp))/ P(Gp) is S-permutable in G/ P(Gp), a contradiction. m

ProoF oF THEOREM 3.4. Since F*(N) < L, it is sufficient to show that L <
Zu(G) by Lemma 2.9. Suppose that the theorem is false and consider a counterexample
(G, L) for which |G||L] is minimal. Let L, € Syl (L) where p is the smallest prime
number dividing |L|. By [7, IV, Theorem 2.8], L, is not cyclic.

Step 1. L is p-nilpotent.

Since L, is not cyclic, either every maximal subgroup of L, or any cyclic subgroup
of L,, with order p or 4 (L, is a non-abelian 2-group) is weakly S-semipermutable in
L by Lemma 2.7. Then L is p-nilpotent by Theorems 3.2 and 3.3.

Step 2. L = L.

L is p-nilpotent by Step 1. Therefore there exists a normal p-complement subgroup
Kof L,thus K < G.If K # 1,then L/K < Zy(G/K). Since K < Zy(G), we have
L < Zy(G) by the choice of (G, L), thus N < Zy(G), which is a contradiction. So
K =1landthen L = L,.

Step 3. L, is not a minimal normal subgroup of G and every cyclic subgroup of
L, with order p or 4 (L, is a non-abelian 2-group) is S-embedded in G.

Assume that L, is a minimal normal subgroup of G. Thus L, is a normal elementary
abelian p-subgroup of G by Step 2. Let M be a maximal subgroup of L,. Thus ML,
is S-permutablein G and M N L, =M < L, = (Lp)s6. Then M is S-embedded in
G . Therefore L, has a maximal subgroup such that it is normal in G by Lemma 2.10,
a contradiction. This contradiction shows that L, is not a minimal normal subgroup of
G. Assume that any maximal subgroup M of L, is weakly S-semipermutable in G.
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Hence, for any minimal normal subgroup H of G with H < L,, L,/H < Zy(G/H)
by Lemma 2.7 and the choice of (G, L). Therefore H is a unique minimal normal
subgroup of G with H < L, and |H| > p. Now we consider two cases: &(L,) = 1,
and ®(L,) # 1. If ®(L,) = 1, then L, is an elementary abelian p-subgroup of G.
Let H; be a maximal subgroup of H, let B be the complement of H in L,, and let
L{ = H{B.Then L is a maximal subgroup of L, therefore L is weakly S-semi-
permutable in G, thus there exists T <1 G with T < L, such that 7L is S-permutable
and T N L, is S-semipermutable in G by Lemma 2.7. If T = 1, then Ly = TL is S-
permutable in G, hence H; = Hi(BN H)= HiBN H = L; N H is S-permutable
inG by Lemma2.1.If T = L,,then Ly = T N Ly is S-semipermutable in G, hence
L1 is S-permutable in G by Lemma 2.2, hence H; = H{(BN H) = HiBNH =
LN H is S-permutable in G by Lemma 2.1. If 1 < T < L,, then H < T, hence
Hy <T,thus HH < LiNT < (Ly)sg,since H N Ly = Hyand H; = H N (L1)s6
is S-permutable in G. Therefore every maximal subgroup of H is S-permutable in
G. It is a contradiction by Lemma 2.8. Hence ®(L,) # 1 and H < ®(L,). Thus
L,/H < Zy(G/H) by the choice of (G, L). Then (G/Cg (L,/ ®(L,)))*?Visa p-
group by Lemma 2.11. Hence (G/Cg (H))*P~V is a p-group by [4, Theorem 5.1.4].
Therefore O,(G/Cg(H)) = 1by [17, Corollary 6.4] and (G/Cg(H)) € A(p — 1).
Then |H| = p by [17, 1, Theorem 1.4]. This is a contradiction by |H| > p. Therefore
every cyclic subgroup K of L, with order p or 4 (L, is a non-abelian 2-group) is
weakly S-semipermutable in G, thus K is S-embedded in G.

Step 4. There exists R << G with R < L,, L,/R is a non-cyclic chief factor of G,
R < Zy(G) and V < R for any normal subgroup V' # R of G contained in L.

Let L,/R be a chief factor of G. Then R # 1 by Step 3, hence R < Zy1(G) by
the choice of (G, L). Therefore L < Zy(G) and we know that L, /R is not cyclic.
LetV < G with V' 5 L,. Then V < Zy(G) by the choice of (G, L). If V £ R, then
L, < Zy(G) by the G-isomorphism L,/R = VR/R = V/(V N R), a contradiction
by the choice of (G, L), therefore V' < R.

Let L, be a non-abelian 2-subgroup of G. We use Q2 := (L)), otherwise, let
Q= Ql(Lp)

Step 5. Cq(R2)/Cg(H) is a p-group.
It is true by [2, A, Lemma 1.2].

Step 6. Q £ Zu(G).

Let © < Zy(G). Then (G/Cg(2))*®~1 is a p-group by Lemma 2.11. Hence
(G/Cg(Lp/R)) € A(p—1)andso |L,/R| = p by Step 5, a contradiction. Hence
Q £ Zu(G).
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Step 7. Final contradiction.

2 = L, by Steps 4 and 6. Let W, W,, ..., W, be the set of all cyclic subgroups
of L, with order p or 4 (L, is a non-abelian 2-group) and W; £ R. Then W; is S-
embedded in G fori = 1,2, ..., m. Then there exists 7; <« G with 7; < L, such that
W;T; is S-permutable in G and W; N T; < (W;)sg fori =1,2,...,m. Since R < G,
if W; is S-permutable in G, then W; R/R is S-permutable in G/R. Suppose that W;
is not S-permutable in G, then 1 < 7; < L,. Thus T; < Rand W;R = W;T; R is S-
permutable in G. Therefore W; R is S-permutable in G in all of the cases, thus W; R/R
is S-permutable in G/ R in all of the cases. This is a contradiction by Lemma 2.8, since
(Lp/R) = (WiR/R)(W2R/R) ... (W, R/R) is an elementary abelian group. =

ProoF or THEOREM 3.5. We have N < Zy(G) by Theorem 3.4. Since G/N € §,
Lemma 2.12 implies G € §. ]
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