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Abstract – A subgroup H of a finite group G is said to be S -semipermutable in G if HGp D

GpH for every Sylow subgroup Gp of G with .jH j; p/ D 1. A subgroup H of G is said to
be weakly S -semipermutable in G if there exists a normal subgroup T of G such thatHT is
S -permutable and H \ T is S -semipermutable in G. In this paper we prove that for a finite
groupG, if some cyclic subgroups or maximal subgroups ofG are weakly S -semipermutable
in G, then G is p-nilpotent.
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1. Introduction

All groups considered in this paper are finite. For a groupG, let �.G/ denote the set
of all prime divisors of jGj; Gp a Sylow p-subgroup of G for some p 2 �.G/; F.G/
the Fitting subgroup of G; F �.G/ the generalized Fitting subgroup of G; ˆ.G/ the
Frattini subgroup ofG. Let F be a class of groups, F is said to be a formation, provided
that if G 2 F and H E G, then G=H 2 F, and for any normal subgroups N;M of
G, if G=N and G=M are in F, then G=.M \N/ 2 F. The formation F is said to be
saturated if G=ˆ.G/ 2 F implies that G 2 F. In this paper, U will denote the class of
all supersoluble groups. As is well known, U is a saturated formation. Z1.G/ is the
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hypercenter of G. A normal subgroup H of G is said to be hypercyclically embedded
in G if every chief factor of G belowH is cyclic. ZU.G/ is said to be a U-hypercenter
of G and is the product of all hypercyclically embedded subgroups of G.

Let H and K be two subgroups of G. The product HK of these subgroups is a
subgroup of G if and only if HK D KH . The subgroup H is said to be quasinormal
or permutable [12] in G if H permutes with all subgroups of G, and S -permutable or
S-quasinormal or �-quasinormal [9] in G if H permutes with all Sylow subgroups
of G. It is observed by Ore [12] that every permutable subgroup of a finite group G
is subnormal in G. By extending this result, Ito and Szép have proved in [8] that for
every permutable subgroup H of a finite group G, H=HG is nilpotent. Here, HG is
the Core of H , which is the largest normal subgroup of G contained in H . Maier
and Schmid proved in [11] that for every permutable subgroup H of G it is true that
.HG=HG/ � Z1.G=HG/. Here, HG is the normal closure of H in G, which is the
intersection of all normal subgroups of G that contain H .

A subgroup H of G is said to be S -semipermutable [1] in G, if HGp D GpH for
every Sylow subgroup Gp of G with .jH j; p/ D 1.

Clearly, every S-permutable subgroup of G is S-semipermutable in G but the
converse does not hold; for example, a Sylow 2-subgroup of S3 (the symmetric group
of degree 3) is semipermutable, thusS -semipermutable inS3, but it is notS -permutable
in S3.
H is said to be an S -embedded subgroup [3] ofG ifG has normal subgroup T such

that HT is S -permutable in G and H \ T � HsG , where HsG denotes the subgroup
generated by all subgroups of H that are S -permutable in G.

Definition. A subgroupH of a finite groupG is called weakly S -semipermutable
in G if there exists a normal subgroup T of G such that HT is S-permutable and
H \ T is S -semipermutable in G.

Clearly every S -semipermutable subgroup of G is weakly S -semipermutable in G,
but the converse does not hold: for example, letG D S4 (symmetric group of degree 4)
and H D h.12/i. Then H is weakly S-semipermutable in G, but H is not S-semi-
permutable in G.

We prove that for a finite group G, if some cyclic subgroups or maximal subgroups
of G are weakly S -semipermutable in G, then G is p-nilpotent.

2. Preliminaries

In this section, we give some results which will be useful in the sequel.
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Lemma 2.1 ([10, Lemma 2.1]). Suppose that a subgroup H of a group G is
S -permutable in G and N is a normal subgroup of G. Then the following hold:

(1) If H � K � G, then H is S -permutable in K.

(2) HN and H \N are S -permutable in G, HN=N is S -permutable in G=N .

(3) H \K is S -permutable in K.

(4) If H is a p-subgroup of G, then H � Op.G/ and Op.G/ � NG.H/.

(5) H=HG is nilpotent.

Lemma 2.2 ([10, Lemma 2.2]). Suppose that a subgroup H of a group G is
S -semipermutable in G and N is a normal subgroup of G. Then the following hold:

(1) If H � K � G, then H is S -semipermutable in K.

(2) IfH is a p-subgroup for some prime p 2 �.G/, thenHN=N is S -semipermutable
in G=N .

(3) If .jH j; jN j/ D 1, then HN=N is S -semipermutable in G=N .

(4) If H � Op.G/, then H is S -permutable in G.

Lemma 2.3 ([7, IV, Theorems 5.4 and 2.8]). Suppose that G is a minimal non-
nilpotent group. Then the following hold:

(1) G has a normal Sylow p-subgroup Gp, for some prime p and G D GpQ, where
Q is a non-normal cyclic q-subgroup for some prime q ¤ p.

(2) Gp=ˆ.Gp/ is a minimal normal subgroup of G=ˆ.Gp/.

(3) If Gp is non-abelian and p > 2, then the exponent of Gp is p; if Gp is non-abelian
and p D 2, then the exponent of Gp is 4.

(4) If Gp is abelian, then the exponent of Gp is p.

Lemma 2.4 ([16, Lemma 2.2]). LetG be a group andp 2 �.G/ satisfying .jGj;p �
1/ D 1. Then the following hold:

(1) If N is a normal subgroup in G of order p, then N lies in Z.G/.

(2) If G has cyclic Sylow p-subgroup, then G is p-nilpotent.

(3) If M is a subgroup of G with index p, then M is normal in G.

Lemma 2.5 ([2, Lemma 1.2]). Let H;K and T be subgroups of a group G. Then
the following statements are equivalent:

(1) H \KT D .H \K/.H \ T /.

(2) HK \HT D H.K \ T /.
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Lemma 2.6 ([6, Lemma 2.5]). Let N be an elementary abelian normal subgroup
of a group G. If there exists a subgroup D in N satisfying 1 < jDj < jN j and every
subgroup H of G with jH j D jDj is S-semipermutable in G, then there exists a
maximal subgroup L of N which is normal in G.

Lemma 2.7. Suppose that a subgroupH of a groupG is weakly S -semipermutable
in G and N is a normal subgroup of G. Then the following hold:

(1) If H � K � G, then H is weakly S -semipermutable in K.

(2) If .jH j; jN j/ D 1, then HN=N is weakly S -semipermutable in G=N .

(3) IfH � K E G, then G has a normal subgroup L contained in K such that HL is
S -permutable in G and H \ L is S -semipermutable in G.

(4) If H is a p-subgroup of G, then HN=N is weakly S -semipermutable in G=N .

(5) If N � U and U=N is weakly S-semipermutable in G=N , then U is weakly S-
semipermutable in G.

Proof. (1) Since H is weakly S -semipermutable in G, then there exists a normal
subgroup T ofG such thatHT is S -permutable andH \ T is S -semipermutable inG.
Let T 0 D T \ K. Then T 0 C K, HT 0 D H.T \ K/ D HT \ K is S-permutable
in K by Lemma 2.1, and H \ T 0 D H \ .T \ K/ D .H \ T / \ K D H \ T is
S -semipermutable in K by Lemma 2.2. Thus, H is weakly S -semipermutable in K.

(2) Since H is weakly S-semipermutable in G, there exists a normal subgroup
T of G such that HT is S-permutable and H \ T is S-semipermutable in G. Let
T 0=N D TN=N . Then T 0=N C G=N , .H=N/.T 0=N/DHTN=N is S -permutable,
and .HN=N/\ .T 0=N/D .HN \ TN/=N D .H \ TN/N=N D .H \ T /N=N is
S -semipermutable inG=N by Lemma 2.2. Hence,HN=N is weaklyS -semipermutable
in G=N .

(3) Since H is weakly S-semipermutable in G, there exists a normal subgroup
T of G such that HT is S-permutable and H \ T is S-semipermutable in G. Let
T 0 D T \K. Then T 0 C G, HT 0 D H.T \K/ D HT \K is S-permutable in G
by Lemma 2.1, and H \ T 0 D H \ .T \K/ D H \ T is S -semipermutable in G.

(4) Since H is weakly S-semipermutable in G, there exists a normal subgroup T
of G such that HT is S-permutable and H \ T is S-semipermutable in G. Since
TN=N C G=N and HT is S-permutable in G, we have that .HN=N/.TN=N/ is
S-permutable in G=N by Lemma 2.1. Since .H \ T /N=N is S-semipermutable in
G=N , we have that .HN=N/ \ .TN=N/ D .HN \ TN/=N D .H \ T /N=N is
S -semipermutable in G=N .

(5) Apply the same arguments as in part (4).
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Lemma 2.8. Let L be a minimal normal and elementary abelian subgroup of G.
Then L has not a proper subgroup D with 1 < jDj < jLj, such that every subgroup
H of L with jH j D jDj is weakly S -semipermutable in G.

Proof. Let L have a proper subgroup D with 1 < jDj < jLj such that every
subgroupH of L with jH j D jDj is weakly S -semipermutable inG. Then there exists
a normal subgroup T of G with T � L such that HT is S-permutable and H \ T
is S-semipermutable in G by Lemma 2.7. If T D L, then H D H \ T is S-semi-
permutable in G. If T D 1, then H D HT is S-permutable in G. Therefore L has a
maximal subgroup which is a normal subgroup of G, a contradiction by Lemma 2.6
and the minimality of L.

Lemma 2.9 ([15, Theorem C]). Let E be a normal subgroup of a group G. If
F �.E/ is hypercyclically embedded in G, then E is hypercyclically embedded in G.

Lemma 2.10 ([5, Lemma 2.2]). Let N be a non-identity normal p-subgroup of a
group G. Then the following hold:

(1) If N is elementary and every maximal subgroup of N is S-embedded in G, then
some maximal subgroup of N is normal in G.

(2) If N is a group of exponent p and every minimal subgroup of N is S-embedded
in G, then N � ZU.G/.

Lemma 2.11 ([15, Lemma 2.2]). Let E be a normal p-subgroup of a group G. If
E � ZU.G/, then .G=CG.E//

A.p�1/ � Op.G=CG.E//.

Lemma 2.12 ([14, Lemma 2.16]). Let F be a saturated formation containing U

and G be a group with normal subgroup E such that G=E 2 F. If E is cyclic, then
G 2 F.

3. Main results

Theorem 3.1. Let G be a group and p be the smallest prime divisor of jGj. If
Gp is a Sylow p-subgroup of G such that every maximal subgroup of Gp is weakly
S -semipermutable in G, then G is soluble.

Theorem 3.2. Let G be a group, p 2 �.G/ with .jGj; p � 1/ D 1, and Gp be a
Sylow p-subgroup ofG. If every maximal subgroup ofGp is weakly S -semipermutable
in G, then G is p-nilpotent.
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Theorem 3.3. Let G be a group, p 2 �.G/ with .jGj; p � 1/ D 1, and Gp be
a Sylow p-subgroup of G. If every cyclic subgroup of Gp which does not have any
p-nilpotent supplement inG with order p or 4 (G2 is a non-abelian 2-group) is weakly
S -semipermutable in G, then G is p-nilpotent.

Theorem 3.4. Let G be a group and N be a normal subgroup of G. If there exists
a normal subgroup L of G such that F �.N / � L � N and for any non-cyclic Sylow
p-subgroup Lp of L, either every maximal subgroup of Lp or every cyclic subgroup
of Lp with order p or 4 (L2 is a non-abelian 2-group) is weakly S -semipermutable in
G, then N � ZU.G/ (i.e., each G-chief factor below N is cyclic).

Theorem 3.5. Let F be a saturated formation containing U. If G has a normal
subgroup N such that G=N 2 F and there exists a normal subgroup L of G such that
F �.N / � L � N and for any non-cyclic Sylow p-subgroup Lp of L, either every
maximal subgroup of Lp or every cyclic subgroup of Lp with order p or 4 (L2 is a
non-abelian 2-group) is weakly S -semipermutable in G, then G 2 F.

Proof of Theorem 3.1. If p ¤ 2, thenG is soluble by Feit–Thompson’s theorem.
So let p D 2, suppose that the theorem is false and consider a counterexample G of
minimal order.

Step 1. Op.G/ D 1 and Op0.G/ D 1.
Suppose that Op.G/ ¤ 1. It is clear that jGp=Op.G/j � 2. Let P1=Op.G/ be a

maximal subgroup of Gp=Op.G/. Then P1 is a maximal subgroup of Gp, therefore
P1 is weakly S-semipermutable in G. Then G=Op.G/ is soluble by Lemma 2.7 and
the choice of G, hence G is soluble, a contradiction. Suppose that Op0.G/ ¤ 1. Let
M=Op0.G/ be a maximal subgroup of GpOp0.G/=Op0.G/,M D P1Op0.G/ for some
maximal subgroup P1 of Gp . So, by the hypothesis of the theorem and Lemma 2.7 (2),
M=Op0.G/ is weakly S -semipermutable in G=Op0.G/. Thus, G=Op0.G/ is soluble by
our choice of G and hence G is soluble, a contradiction.

Step 2. Final contradiction.
Let N be a minimal normal subgroup of G. If N \ Gp � ˆ.Gp/, then N is p-

nilpotent by [7, IV, Theorem 4.7]. Let Np0 be a normal p-complement of N . Then
Np0 � Op0.G/ D 1, N is a p-subgroup of G. This is a contradiction as Op.G/ D 1

by Step 1. Thus N \ Gp Š ˆ.Gp/. Then there exists a maximal subgroup M of
Gp such that Gp D M.Gp \ N/. There exists a normal subgroup T of G such that
MT is S-permutable in G and M \ T is S-semipermutable in G. If T D 1, then
M is S-permutable in G. Then by Lemma 2.1 (4), M � Op.G/ D 1, thus jGpj D

2. By [13, Theorem 10.1.9], G is 2-nilpotent. Then G is soluble, a contradiction.
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Hence T ¤ 1 and N � T , N \M D N \M \ T is S-semipermutable in G, thus
for every Sylow q-subgroup Nq of N , Nq.N \M/ D .N \M/Nq and therefore
.N \M/Nq is a subgroup of G. Then there exists a proper normal subgroup N 0

of N such that either N \M � N 0 or Nq < N
0 by Lemma 2.1. If Nq � N

0, then
N D N 0 by [7, I, Theorem 9.12], a contradiction. Thus N \M � N 0 \M and
jN=N 0j2 D jN j2=jN

0j2 D jG2 \N j=jG2 \N
0j � jG2 \N j=jM \N j � 2. Hence

N=N 0 is p-nilpotent by [13, Theorem 10.1.9]. Then N=N 0 is soluble, so N=N 0 is an
elementary p-group, therefore N is a p-group, a contradiction.

Proof of Theorem 3.2. Suppose that the theorem is false and consider a coun-
terexample G of minimal order.

Step 1. G is soluble.
G is soluble by Feit–Thompson’s theorem and Theorem 3.1.

Step 2. Gp is not cyclic and G is not a non-abelian simple group.
G has a non-cyclic Sylow p-subgroup Gp by Lemma 2.4, thus Gp is not cyclic. Let

G be a non-abelian simple group and G�p be a maximal subgroup of Gp. Then there
exists a normal subgroup T of G such that G�pT is S -permutable in G and G�p \ T is
S-semipermutable in G. If T D 1, then G�p is a proper subnormal subgroup of G, a
contradiction. If T D G, we also get a contradiction.

Step 3. There exists a unique minimal normal subgroup N of G such that G=N is
p-nilpotent and G D N Ì T where T is a maximal subgroup of G.

Assume that N is a minimal normal subgroup of G and Gp 2 Sylp.G/. Hence
GpN=N is a Sylow p-subgroup of G=N . Let M=N be a maximal subgroup of
GpN=N . Then there exists a maximal subgroup P1 of Gp such that M D P1N and
Gp \N D P1 \N is a Sylowp-subgroup ofN . SinceP1 is weakly S -semipermutable
in G, there exists a normal subgroup K of G such that P1K is S-permutable and
P1 \K is S -semipermutable in G.KN=N is a normal subgroup of G=N . P1KN=N

isS -permutable inG=N by Lemma 2.1, so .M=N/.KN=N/D .P1N=N/.KN=N/D

P1KN=N is S -permutable in G=N . .P1 \K/N=N is S -semipermutable in G=N by
Lemma 2.2. .P1 \N/.K \N/ D P1K \N , hence P1N \KN D .P1 \K/N by
Lemma 2.5, thusM=N \K=N D P1N=N \KN=N D .P1N \KM/=N is S -semi-
permutable inG=N . ThenM=N is weakly S -semipermutable inG=N , thereforeG=N
is p-nilpotent by the choice ofG. Since the class of all p-nilpotent groups is a saturated
formation, N is a unique minimal normal subgroup of G and N Š ˆ.G/. Then there
exists a maximal subgroup T of G such that G D N Ì T and CG.N / \ T D 1, thus
N D CG.N /.
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Step 4. Op0.G/ D 1.
Let Op0.G/ ¤ 1. Then G=Op0.G/ is p-nilpotent by the choice of G, hence G is

p-nilpotent, which is a contradiction.

Step 5. Op.G/ ¤ 1 and Op.G/ D N .
Let Op.G/ D 1. Then N � Op0.G/ D 1, thus G D G=N is p-nilpotent by Step 3,

a contradiction. There exists a normal subgroup L of G such that G D LN and
L\N D 1. SinceOp.G/\L is normalized by N and L, thusOp.G/\L is normal-
ized by G D LN . This implies Op.G/ D N .

Step 6. Final contradiction.
We have Gp D N Ì .Gp \ T / by Steps 3 and 4. Then there exists a maximal

subgroup P 0 of Gp such that Gp \ T � P
0, Gp D NP 0. There is a normal sub-

group L of G such that P 0L is S-permutable and P 0 \ L is S-semipermutable
in G. Since N is minimal normal in G, we have N � .P 0/G D .P 0/O

p.G/Gp by
G D Op.G/Gp. If L D 1, then P 0 is S-permutable in G and N � .P 0/Gp D P 0 by
Lemma 2.1. Since Gp D NP

0, we have Gp D P
0, a contradiction. Hence L ¤ 1 and

N � L. Then N \ P 0 D N \ .P 0 \ L/ is S -semipermutable in G by Lemma 2.2. If
N \ P 0 ¤ 1, then N � .N \ P 0/G D .N \ P 0/Op.G/Gp � .P 0/Gp D P 0, a contra-
diction. Thus N \ P 0 D 1 and jN j D p. Then G=N D G=CG.N / Š A � Aut.N /
and .jGj; p � 1/ D 1 lead to G D N , a contradiction.

Proof of Theorem 3.3. Suppose that the theorem is false and consider a coun-
terexample G of minimal order.

Step 1. G is a minimal non-nilpotent group and Gp is non-cyclic.
Clearly G is non-nilpotent. If Gp is cyclic, then G is p-nilpotent by Lemma 2.4,

a contradiction. Hence Gp is non-cyclic. Let M ˆ G and L be a cyclic subgroup of
Gp \M with order p or 4 (G2 is a non-abelian 2-group) which does not have any p-
nilpotent supplement inM , hence L has no p-nilpotent supplement in G. Therefore L
is weakly S -semipermutable in G by hypothesis. Thus L is weakly S -semipermutable
in M by Lemma 2.7. Hence M is p-nilpotent, by the choice of G. Then G is minimal
non-nilpotent and G satisfies the results of Lemma 2.3.

Step 2. There exists a minimal normal subgroup L=ˆ.Gp/ of Gp=ˆ.Gp/ such that
L=ˆ.Gp/ is not S -permutable in G=ˆ.Gp/.

If all minimal normal subgroups of Gp=ˆ.Gp/ are S -permutable in G=ˆ.Gp/, we
get a contradiction by Lemma 2.8. Hence Gp=ˆ.Gp/ has a minimal normal subgroup
L=ˆ.Gp/ such that L=ˆ.Gp/ is not S -permutable in G=ˆ.Gp/.
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Step 3. Final contradiction.
Let x 2 L nˆ.Gp/. Then hxi is a cyclic group of order p or 4. Suppose that T is

an arbitrary supplement of hxi in G. Then Gp D Gp \ hxiT D hxi.Gp \ T /. Since
Gp=ˆ.Gp/ is a normal subgroup ofG=ˆ.Gp/, we have ..Gp \ T /ˆ.Gp/=ˆ.Gp//C
G=ˆ.Gp/, then .Gp \ T /ˆ.Gp/ C G. The group Gp=ˆ.Gp/ is a minimal normal
subgroup of G=ˆ.Gp/ by Lemma 2.3, hence .Gp \ T / � ˆ.Gp/ or .Gp \ T / D

Gp, as Gp=ˆ.Gp/ is a chief factor of G. If .Gp \ T / � ˆ.Gp/, then Gp D hxi, a
contradiction. If .Gp \ T / D Gp, then T D G and T is a unique supplement of hxi
in G. A cyclic subgroup hxi is weakly S-semipermutable in G by Step 2. Then there
exists a normal subgroup K of G with K � Gp such that Khxi is S-permutable and
hxi \K is S-semipermutable in G by Lemma 2.7. Then hxi \K is S-permutable
in G by Lemma 2.2. Since Gp=ˆ.Gp/ is a chief factor of G, we have K � ˆ.Gp/ or
K D Gp . IfK � ˆ.Gp/, thenL=ˆ.Gp/D .hxiKˆ.Gp//=ˆ.Gp/ is S -permutable in
G=ˆ.Gp/, a contradiction. IfK D Gp , then hxi D hxi \K is S -permutable inG, and
L=ˆ.Gp/ D .hxiˆ.Gp//=ˆ.Gp/ is S -permutable in G=ˆ.Gp/, a contradiction.

Proof of Theorem 3.4. Since F �.N / � L, it is sufficient to show that L �
ZU.G/ by Lemma 2.9. Suppose that the theorem is false and consider a counterexample
.G;L/ for which jGjjLj is minimal. Let Lp 2 Sylp.L/ where p is the smallest prime
number dividing jLj. By [7, IV, Theorem 2.8], Lp is not cyclic.

Step 1. L is p-nilpotent.
SinceLp is not cyclic, either every maximal subgroup ofLp or any cyclic subgroup

of Lp , with order p or 4 (L2 is a non-abelian 2-group) is weakly S -semipermutable in
L by Lemma 2.7. Then L is p-nilpotent by Theorems 3.2 and 3.3.

Step 2. L D Lp .
L is p-nilpotent by Step 1. Therefore there exists a normal p-complement subgroup

K of L, thusK C G. IfK ¤ 1, then L=K � ZU.G=K/. SinceK � ZU.G/, we have
L � ZU.G/ by the choice of .G;L/, thus N � ZU.G/, which is a contradiction. So
K D 1 and then L D Lp .

Step 3. Lp is not a minimal normal subgroup of G and every cyclic subgroup of
Lp with order p or 4 (L2 is a non-abelian 2-group) is S -embedded in G.

Assume thatLp is a minimal normal subgroup ofG. ThusLp is a normal elementary
abelian p-subgroup of G by Step 2. Let M be a maximal subgroup of Lp . Thus MLp

is S -permutable inG andM \Lp DM � Lp D .Lp/sG . ThenM is S -embedded in
G. Therefore Lp has a maximal subgroup such that it is normal in G by Lemma 2.10,
a contradiction. This contradiction shows that Lp is not a minimal normal subgroup of
G. Assume that any maximal subgroup M of Lp is weakly S-semipermutable in G.
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Hence, for any minimal normal subgroupH of G withH � Lp , Lp=H � ZU.G=H/

by Lemma 2.7 and the choice of .G; L/. Therefore H is a unique minimal normal
subgroup of G with H � Lp and jH j > p. Now we consider two cases: ˆ.Lp/ D 1,
and ˆ.Lp/ ¤ 1. If ˆ.Lp/ D 1, then Lp is an elementary abelian p-subgroup of G.
Let H1 be a maximal subgroup of H , let B be the complement of H in Lp, and let
L1 D H1B . Then L1 is a maximal subgroup of Lp, therefore L1 is weakly S-semi-
permutable inG, thus there exists T C G with T � Lp such that TL1 is S -permutable
and T \Lp is S -semipermutable in G by Lemma 2.7. If T D 1, then L1 D TL1 is S -
permutable in G, henceH1 D H1.B \H/ D H1B \H D L1 \H is S -permutable
in G by Lemma 2.1. If T D Lp , then L1 D T \ L1 is S -semipermutable in G, hence
L1 is S-permutable in G by Lemma 2.2, hence H1 D H1.B \H/ D H1B \H D

L1 \H is S-permutable in G by Lemma 2.1. If 1 < T < Lp, then H � T , hence
H1 � T , thusH1 � L1 \ T � .L1/sG , sinceH \L1 D H1 andH1 D H \ .L1/sG

is S-permutable in G. Therefore every maximal subgroup of H is S-permutable in
G. It is a contradiction by Lemma 2.8. Hence ˆ.Lp/ ¤ 1 and H � ˆ.Lp/. Thus
Lp=H �ZU.G=H/ by the choice of .G;L/. Then .G=CG.Lp=ˆ.Lp///

A.p�1/ is a p-
group by Lemma 2.11. Hence .G=CG.H//

A.p�1/ is a p-group by [4, Theorem 5.1.4].
Therefore Op.G=CG.H// D 1 by [17, Corollary 6.4] and .G=CG.H// 2 A.p � 1/.
Then jH j D p by [17, I, Theorem 1.4]. This is a contradiction by jH j > p. Therefore
every cyclic subgroup K of Lp with order p or 4 (L2 is a non-abelian 2-group) is
weakly S -semipermutable in G, thus K is S -embedded in G.

Step 4. There exists R C G with R � Lp , Lp=R is a non-cyclic chief factor of G,
R � ZU.G/ and V � R for any normal subgroup V ¤ R of G contained in Lp .

Let Lp=R be a chief factor of G. Then R ¤ 1 by Step 3, hence R � ZU.G/ by
the choice of .G; L/. Therefore L � ZU.G/ and we know that Lp=R is not cyclic.
Let V C G with V ˆ Lp . Then V � ZU.G/ by the choice of .G;L/. If V Š R, then
Lp � ZU.G/ by the G-isomorphism Lp=R D VR=R Š V=.V \R/, a contradiction
by the choice of .G;L/, therefore V � R.

Let Lp be a non-abelian 2-subgroup of G. We use � WD �2.Lp/, otherwise, let
� WD �1.Lp/.

Step 5. CG.�/=CG.H/ is a p-group.
It is true by [2, A, Lemma 1.2].

Step 6. � Š ZU.G/.
Let � � ZU.G/. Then .G=CG.�//

A.p�1/ is a p-group by Lemma 2.11. Hence
.G=CG.Lp=R// 2 A.p � 1/ and so jLp=Rj D p by Step 5, a contradiction. Hence
� Š ZU.G/.
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Step 7. Final contradiction.
� D Lp by Steps 4 and 6. Let W1; W2; : : : ; Wm be the set of all cyclic subgroups

of Lp with order p or 4 (L2 is a non-abelian 2-group) and Wi Š R. Then Wi is S-
embedded in G for i D 1; 2; : : : ; m. Then there exists Ti C G with Ti � Lp such that
WiTi is S -permutable in G andWi \ Ti � .Wi /sG for i D 1; 2; : : : ;m. Since R C G,
if Wi is S-permutable in G, then WiR=R is S-permutable in G=R. Suppose that Wi

is not S-permutable in G, then 1 < Ti < Lp . Thus Ti � R and WiR D WiTiR is S-
permutable inG. ThereforeWiR is S -permutable inG in all of the cases, thusWiR=R

is S -permutable inG=R in all of the cases. This is a contradiction by Lemma 2.8, since
.Lp=R/ D .W1R=R/.W2R=R/ : : : .WmR=R/ is an elementary abelian group.

Proof of Theorem 3.5. We haveN � ZU.G/ by Theorem 3.4. SinceG=N 2 F,
Lemma 2.12 implies G 2 F.
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