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Abstract. We apply the theory of descent for buildings to give elementary constructions
of the exceptional buildings of type A>, B>, C3 and F4 as the fixed point building of
a Galois involution of a building of type Ee¢, E7 or Eg or, in one case, a pseudo-split
building of type F4.
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1. Introduction

In this paper we apply the theory of descent for buildings introduced in [MPW]
to give elementary constructions of the exceptional buildings of type A,, By, C3
and F4 as the fixed point buildings of a Galois involution of either a building
of type Eg¢, E; or Eg or, in one case, a pseudo-split building of type Fy (as
defined in 15.3). Our main results are 11.21, 12.11, 13.12, 14.11, 15.4 and 17.14.

The notion of a building was introduced by J. Tits in order to give a uniform
geometric/combinatorial description of the groups of rational points of an isotropic
absolutely simple group. The buildings that arise in this context are spherical.
In [Tit2], Tits classified irreducible spherical buildings of rank at least 3 and this
classification was extended to the rank 2 case in [TW] under the assumption that
the building satisfies the Moufang condition (which is automatic when the rank
is at least 3). The classification in the rank 2 case is carried out by studying
commutator relations; in [TW, Chapter 40] it is used to give another proof of the
classification in rank greater than 2. The question of existence is settled in [TW,
Chapter 32] for the rank 2 case and in [TW, 40.56] for the remaining cases
using the geometric ideas introduced by Ronan and Tits in [RT]. This replaced
the earlier existence proofs for the exceptional buildings in [Tit2, 5.12 and 10.3]
and [TW, 42.6], where existence is proved using the theory of Galois descent in
algebraic groups (see 5.6).
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The result of this classification is that most spherical buildings satisfying the
Moufang condition are the spherical buildings associated with absolutely sim-
ple algebraic groups. The exceptions are buildings determined by algebraic data
involving infinite dimensional structures, defective quadratic or pseudo-quadratic
forms, inseparable field extension and/or the square root of a Frobenius endomor-
phism. Most notable among these exceptions are the indifferent quadrangles, the
Moufang quadrangles of type F, and the Moufang octagons.

The classification results in [Tit2] and [TW] do not reveal the connection
between a spherical building and its ambient split building which is the central
concern in the theory of Galois descent. In [MPW, Part 3], this shortcoming was
remedied with a theory of descent for buildings. This theory gives, in particular, a
combinatorial interpretation of the Tits indices which appear in [Titl]. It applies,
moreover, to buildings of arbitrary type. Some central results of this theory are
summarized in §6 below and they are applied to buildings of type E¢, E7, Eg
and F4 in subsequent sections.

This paper can thus be seen as a contribution to Tits’ larger plan of interpreting
the classification of isotropic absolutely simple algebraic group purely in the
language of buildings.

The results in this paper provide uniform proofs of [MPW, 34.3-34.9];
see [MPW, 34.12]. These results, in turn, are applied in [MPW, Chapter 36]
to the study of exceptional affine buildings. Precursors of the results in this paper
can be found in [Mue] and [MMI].

We confine our attention in this paper to those exceptional groups which can
be constructed as fixed point buildings of Galois involutions (as defined in 4.15
below). This allows various simplifications in the arguments. In particular, we
do not treat the Moufang hexagons (which require the action of a larger Galois
group) in this paper. The Moufang octagons can be constructed as fixed point
buildings of involutions, but these involutions involve a Tits endomorphism rather
than a Galois group; see [dMSW] for more about this case.

All known proper Moufang sets can be described in terms of our theory of
descent as fixed point buildings of relative rank 1. The methods used in this paper
provide a point of access to these buildings which we are presently pursuing.
See, in this context, [CdM] and [MM2].

This paper is organized as follows: In §2-§5, we give background material
in the theory of buildings, in §6 we summarize the results about descent we
require and in §7 and §8 we make some observations about buildings of type
A, and D, in terms of linear algebra. The proofs of existence for various forms
of buildings of type E¢, E7; and Eg begin then in §9, where we describe an
anisotropic Galois involution of a building of type D, . The existence proofs are
carried out in §10-§15 by extending this involution (for certain small values of n)
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to involutions of various ambient buildings. In §16 and §17, finally, we apply our
methods to construct the quadrangles of type Fj.

Notation 1.1. We will follow the conventions used in [TW] that a® = »~'ab and
[a,b] = a~'b~ab for all elements a,b in some group and we will compose
permutations from left to right. (When we are not composing them, however, we
will usually write functions on the left.) If i < j are integers, we denote by [i, j]
the interval {m € Z |i <m < j}; we only use this notation when i and j are
subscripts.

2. Coxeter groups

Let IT be a Coxeter diagram with vertex set S and let (W,S) be the
corresponding Coxeter system. An automorphism of (W, S) is an automorphism of
the group W that stabilizes the generating set S'. There is a canonical isomorphism
from Aut(W,S) to Aut(I1) and we will think of these two groups as being the
same.

Notation 2.1. Let ¥ be the graph with vertex set W in which two vertices
x and y are joined by an edge labeled with the element s of S whenever
x~1y = 5. Thus each edge of ¥ has a unique label in the set S. We call this
label the fype of the edge. The group W acts on ¥ by left multiplication and
can, in fact, be identified with the group of type-preserving automorphisms of X.
See [Weil, 3.10] for the definition of a root of X.

Lemma 2.2. The only automorphism of X stabilizing every root is the identity.

Proof. If ¢ and d are distinct vertices of X, there is a root of ¥ containing
¢ but not d (by [Weil, 3.20]). Thus a non-trivial automorphism of ¥ cannot
stabilize every root of X. O

Notation 2.3. Let J be a spherical subset of S (by which we mean that the
subgroup Wj; := (J) is finite) and let w; denote the longest element of the
Coxeter group W; with respect to the generating set J. By [Weil, 5.11], the map
s +— wyswy is an automorphism of the subdiagram of Il spanned by the set
J . We denote this subdiagram by I1; and this automorphism by op;. The map
op; is called the opposite map of Il;.

Remark 2.4. The map op; stabilizes every connected component of II; and
acts non-trivially on a given connected component if and only if it is isomorphic
to the Coxeter diagram A, for some n > 2, to D, for some odd n > 5, to E¢
or to I,(n) for some odd n > 5.
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Suppose now that (W, S) itself is spherical, equivalently, that the graph X is
finite.

Notation 2.5. We say that two vertices of X are opposite if they are at maximal
distance in X. Let &(x) = xwg for all x € W, where wg is as in 2.3 with
J = S. Every vertex of ¥ has a unique opposite vertex, and the unique vertex
opposite a vertex x is precisely &(x).

Notation 2.6. Let op = opg be as in 2.3. By [Weil, 5.11], § maps edges of type
s to edges of type op(s). The automorphism op is trivial if and only if wg is
in the center of W and in this case, £ is given by left multiplication by wg.

Remark 2.7. The permutation op of S C W extends to a unique automorphism
m of ¥ fixing the vertex 1. The automorphisms  is simply conjugation by wg.
The automorphisms 7 and & commute and their product is left multiplication by
ws .

Proposition 2.8. The automorphism & defined in 2.5 is the unique automorphism
of ¥ mapping every root to its opposite.

Proof. By [Weil, 5.1], no root of ¥ contains two opposite vertices. In other
words, £(a) C —a for each root «. Since all roots contain the same number
of vertices (namely |W|/2), we conclude that £ maps each root to its opposite.
Uniqueness holds by 2.2. O

Remark 2.9. Suppose that (W, S) is the spherical Coxeter system associated with
a root system @, so § is the set of reflections corresponding to the walls of a
unique chamber ¢ of ®. If op is non-trivial, then all the roots of ® have the
same length. Hence there always exists a unique automorphism of & fixing ¢
and inducing the permutation op on S. We can thus think of = and £ in 2.7 as
automorphisms of & and it follows from 2.8 that £ is the unique automorphism
of ® mapping every root of ® to its negative.

Remark 2.10. Let ® and & be as in 2.9. If ® is of type D, with n > 4 even,
then by 2.4, 2.6 and 2.9, wg is the unique automorphism of ® mapping every
root of ® to its negative.

3. Buildings

Let (W,S) be a spherical Coxeter system and let A be a building of type
(W,S) as defined in [Weil, 7.1]. (All buildings considered in this paper are
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assumed to be spherical and thick.) Thus A is a graph whose vertices are called
chambers and whose edges are labeled by elements of S. The apartments of A
are the subgraphs isomorphic to the graph ¥ defined in 2.1. We assume that A
is Moufang as defined in [Weil, 11.2]. This means that A is irreducible and of
rank |S| at least 2 and that for each root of A, the corresponding root group
U, defined in [Weil, 11.1] acts transitively on the set of apartments containing «.

Notation 3.1. We denote by G the subgroup of G := Aut(A) generated by all
the root groups of A.

Remark 3.2. Let ¥ be an apartment of A, let ¢ be a chamber of X, let «y,...,a,
be the roots of ¥ containing ¢ but not some chamber of ¥ adjacent to ¢ and
let D be the subgroup of G' generated by the 2n root groups Usyq,, ..., Uiq, -
By [Weil, 11.22], the stabilizer Dy induces the group W on X and hence D
contains Upg for all roots B of X. By [Weil, 1111(ii)], therefore, D contains Ug
for all roots of A containing c. Since A is connected and D acts transitively
on each panel containing ¢, D acts transitively on the set of chambers of c.
Thus D = G*'.

Moufang buildings were classified in [Tit2] and [TW]. There is a summary
of the classification in [Wei2, Appendix B]. We will use the notation for these
buildings given in [Wei2, 30.15].

Notation 3.3. Suppose that (K, L, Q) is a regular quadratic space of finite Witt
index £ > 1. We denote by B(Q) the building defined in [MPW, 35.5] whose
chambers are the maximal flags of subspaces of L that are totally isotropic with
respect to the quadratic form Q.

Proposition 3.4. Let (K, L, Q) be a regular but not hyperbolic quadratic space
with finite Witt index £ > 1. Then B(Q) =~ BZQ(A), where A is the anisotropic
part of (K,L,Q) and BZQ(A) is as in [Wei2, 30.15].

Proof. By [MPW, 35.6], it suffices to assume that £ = 1. Let L=K®KoL
and let O: L — K be the quadratic form given by O(x,y,v) = xy + Q(v) for
all (x,y,v) € L. Then B(Q) is a residue of B(Q) and we have B(Q) = BZ(A)
by [MPW, 3.8 and 3.20] applied to O. O

The remaining results in this section will be needed in §13.

Definition 3.5. Let ¥ be an apartment and let R be a residue of A containing
chambers of ¥. We say that a root @ of ¥ cuts R if it contains some but not
all chambers of the apartment ¥ N R of R. Equivalently, a root cuts a residue
if the residue contains panels in the wall of the root.
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Notation 3.6. Let IT be the Coxeter diagram corresponding to (W, S), let J
be a subset of S such that the subdiagram I1; spanned by J is irreducible
and |J| > 2 and suppose that K is a subset of S such that /J N K = @ and
[/,K]=1.Let L=JUK,let R be a J-residue of A, let T be an L -residue
containing R, let & be the restriction of the projection map projp (as defined
in [Weil, 8.23]) to T, let Gr,; denote the subgroup G consisting of those
elements of the stabilizer Gr which induce an automorphism of the Coxeter
diagram IT mapping J to itself and let

X&) — 7(x¥)

for all g € Gry and all chambers x of R. By [MPW, 2140], £ is a
homomorphism from Gr,; to Aut(R).

Notation 3.7. Let R, T, m, etc.,, be as in 3.6, let ¥ be an apartment containing
chambers of R, let « be a root of ¥ cutting R, let g be an element of Gr s
stabilizing X, let Ry = R and let R, = Ré. By [MPW, 21.38(i)], the residues R;
and R, are parallel as defined in [MPW, 21.7]. By [MPW, 21.19(i)], therefore, «
cuts R, and by [MPW, 21.8(v)], the restriction 7 of 7 to R, is an isomorphism
from R, to R;. Let X denote the set of apartments of A containing o (so
¥ € X) and for i € [1,2], let ¥; be the set of apartments of R; containing
the root @« N R; of R;. The map A+ AN R; is a bijection from X to Y; for
i €[1,2]. By [Weil, 8.23], 7(ANRy) C ANR, for all A € X. Since 7 is a
bijection, it follows that

(3.8) T(ANR) =ANR,
for all A € X. Hence, in particular, we have
(3.9 a(eNRy) =aNRy.

For i € [1,2], let ¢; denote the map that sends each element of U, to its
restriction to R;. By [Weil, 9.3 and 11.10] U, acts faithfully on X, the root
group Uyng;, of R; acts faithfully on Y; and ¢; is an isomorphism from U,
to Ugnpg; such that

A® = (AN R;)¥@

for all A€ X, all a € U, and for i € [1,2]. By (3.8) and (3.9), therefore,
(3.10) A7 gi(a)- & = ¢a(a)

for all a € U,. This means that if we identify U, with Uyng;, via ¢; for
i €[1,2], then 7 simply centralizes the root group U,.
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Proposition 3.11. Let R and & be as in 3.6, let X, o, g and ¢; be as in 3.7
and let B = a¥. Then £(g) is an automorphism of R, B is a root of ¥ cutting
R, BN R = (aN RE® and for each a € Uy, the restriction of a® € Ug to R
equals ¢1(a)*® € Ugng.

Proof. By 3.6, £(g) € Aut(R). By [MPW, 21.19(i) and 21.38(i)], B is a root of X
cutting R. We can thus replace o by B everywhere in 3.7. By (3.9), therefore,
BN R = (xn R & The last assertion holds by 3.10. O

Remark 3.12. Let «, &, etc., be as in 3.11 and for each root y of ¥ cutting
R, let U, be identified with the root group U,ng of R via the map that sends
an element to its restriction to R. Then the last assertion in 3.11 says simply that
a® =af® forall a € U,.

4. Simply laced buildings

We continue to let A be a spherical building of type (W,S) satisfying the
Moufang condition. In this section we assume that A is simply laced and split.
This means that there exists a field £ such that A is isomorphic to A,(E) for
some n > 1, to D,(E) for some n >3, to Eg(E), to E7(E) or to Eg(E).

Notation 4.1. Let ® be the corresponding root system of type A,, D,, E¢, E7
or Eg, let ay,...,a, be the basis of the root system & described in [Bou, Plate I
or IV-VII] and let d be the unique chamber of ® which is the intersection of
the half-spaces determined by the roots «;,...,a,, let ¥ be an apartment of A
and let ¢ be a chamber of ¥. We denote the reflection associated with a root S
of ® by sg and we identify W with the Weyl group of & in such a way that
S = {Sa;..-..5q, ). There is then a unique W -equivariant bijection ¢ from the
set of chambers of X to the set of chambers of ® mapping ¢ to d. The bijection
0 induces a bijection from Aut(®) into Aut(X) that carries the stabilizer of d
to the stabilizer of ¢ and it induces a bijection from the set of roots of ¥ to
the set of half-spaces associated with the roots of ® and thus to @ itself. From
now on, we identify Aut(®) with its image in Aut(X) under 6 and we identify
the roots of ¥ with the corresponding roots of ®. In particular, W C Aut(d)
is the group of type-preserving automorphisms of ¥ and to each root 8 of &,
we have a root group Ug of A (as defined in [Weil, 11.1]).

Theorem 4.2. There exists a collection of isomorphisms xg: E — Ug, one for
each root B of ®, and a mapping t: ®x & — {1,—1} such that for all ordered
pairs («, B) of roots of © such that a # £8 and for all s,t € E, the following
hold:
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() [ra(s). ¥(0)] = xarp (vl B)st) if @+ B € ©.
(i) [xa(s),xgD)] =11 a+p¢>.
i) UZF*O = yXe@™ iy 0.

Proof. The building A is the building obtained by applying [TW, Prop. 42.3.6]
to the root group data associated with the corresponding Chevalley group. The
assertions (i) and (ii) hold, therefore, by [Ste, (R2) on p. 30]; see also [Car,
Thm. 5.2.2]. Assertion (iii) holds by [Ste, (R7) on p. 30 and Lemma 59 on
p. 160]. O

Remark 4.3. Let o € ® and suppose that U§ = i‘g(’_l) for some g € U_,
and some ¢ € E*. Since the identity is the only element of U_, normalizing
Uy, it follows from 4.2(iii) that g = x_o(?).

Notation 4.4. We call a set {xg}gce satisfying the three conditions in 4.2 for
some map t a coordinate system for A and we call the map t the sign function
of {xg}ges. This notion depends, of course, on the choice of the apartment X
and the choice of the identification of ® with the set of roots of X which we
made (once and for all) in 4.1.

If {xg}pes is a coordinate system, then we obtain new coordinate system
(with a new sign function) by choosing B € ® and replacing xg and x_g by
x/IB and x’_ﬂ, where x//3(t) = xg(—t) and x’_ﬂ(t) =x_pg(—t) forall t € E.

Notation 4.5. We call two coordinate systems {xg}ges and {x}} }Bed equivalent
if there exists a map B + &g from the set of positive roots ®* to {I,—1}
such that x//3(t) = xg(ept) and x’_ﬁ(t) = x_pg(egt) for each t € E and for each
Bedt.

Proposition 4.6. Let {xg}ges and {xl’g}ﬁecp be two coordinate systems for A
such that xq; = x(’xi forall i € [1,n]. Then {xg}pce and {xllg}ﬁeq) are equivalent.

Proof. By [Hum, §10.2, Cor. to Lemma A] and induction, there exists a map
B+ ep from ®* to {I,—1} such that xp(t) = xp(egt) for all B € ot and
all t € E. By 4.3, it follows that x’_ﬂ(t) = x_g(ept) for all B € & and all
teE. O

Theorem 4.7. Let {xg}pece» be a coordinate system for A, let Ai,..., A, be
non-zero elements of E and let 0 € Aut(E). Then the following hold:
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(i) There exists a unique automorphism
8 = 8A1,sdnso
of A that fixes the chamber ¢ and stabilizes the apartment X such that
Xa; ()8 = Xa; (Ai17)

for all i € [1,n] and all t € E.

(i) If
ﬂ = ZC,‘O[,‘ e P,
i=1
then
xp(t)¢ = xg(Agt?),
where

Aﬂ:fpﬁ
i=1

Proof. The existence assertion in (i) holds by [Ste, Lemma 58 on p. 158] and the
existence of field automorphisms; uniqueness holds by [Weil, 9.7]. By 4.3, we
have x_g, (1)% = x_g, ()ui_lt") for all € E and each i € [1,n]. By 4.2(i), [Hum,
§10.2, Cor. to Lemma A] and induction, it follows that (ii) holds. O

Remark 4.8. Let «: E — E be given by «(t) = —¢t for all ¢+ € E. Suppose that
the set {oy,...,a,} is ordered so that for each j € [2,n], there is at most one
i €[l,j—1] such that o; + o; € ®. Let {xg}geq be a coordinate system for
A. Replacing x4; by k- x4 for suitable i, we can find an equivalent coordinate
system {xk}ﬁ@ whose sign function 7’ satisfies t/(o;, ;) = 1 for all i, j € [1,n]
such that i < j.

In the following display, xg denotes the map ¢ — xg(¢) followed by the inner
automorphism of the root group Ug induced by the automorphism ¢ of A.

Proposition 4.9. Let {xg}gece and {X};}ﬂeq) be two coordinate systems for A.
Then there exists a unique automorphism ¢ of A acting trivially on ¥ such that

81 pea

is a coordinate system for A which is equivalent to {xl/ff }ged for all B e ®.



216 B. MUHLHERR and R. M. WEiss

Proof. Let t and t’ be the sign functions of {xg}ges and {X}}}ﬁGQ. Since the
Coxeter diagram of A has no circuits, it follows from 4.8 that after replacing
{x//B }peo by an equivalent coordinate system, we can assume that

(4.10) (o, 05) = v/ (04, )

for all i, j € [1,n].

Let M be the set of pairs i,j € [1,n] such that o; + o; € ®. For each
{i.j} € M, let R;; be the unique {co;,«;}-residue containing c. By (4.10)
and [TW, 7.5], there exists for each {i,j} € M a unique automorphism ¢;;
of R;; acting trivially on X N R;; such that

W =,
for k =i and j. By 4.7(i) applied to each R;; and then to A, it follows that
there exists a unique automorphism ¢ of A acting trivially on ¥ such that
Xy = Xop
for all k € [1,n]. By 4.6, we conclude that {xg}ﬂ@ is a coordinate system
equivalent to {x//B Joed .- O

In the following result, we are identifying Ug with the root group Ugngr of
the residue R for each B € ®; via the isomorphism which sends each element
of Ug to its restriction to R, and hence for each € ®;, xg is simultaneously
an isomorphism from E to Ug and an isomorphism from E to Ugngr.

Proposition 4.11. Let M C [1,n], let X ={a; |i € M}, let J ={sq; | i € M}
and let R be the unique J-residue of A containing c. Suppose that R is
irreducible and of rank at least 2, let ®; denote the root system (X)N ® and
let {x}} }ged, be a coordinate system for R with respect to the apartment LN R.

Then there exists a coordinate system {xg}gead for A such that xg = x% for all
,3 € d,.

Proof. Let {xg}gee» be an arbitrary coordinate system for A. Since R is
irreducible and of rank at least 2, it is Moufang (by [Weil, 11.8]). By 4.9,
therefore, there exists an automorphism ¢g of R acting trivially on £ N R such
that {ng }ge®, is a coordinate system for R equivalent to the coordinate system
{x//B }ped, - Thus there exists a coordinate system {x//BI }ped equivalent to {xg}geco
such that (xg)"’R = x}, for all B € ®,. By 4.7(i), g can be extended to an
automorphism ¢ of A acting trivially on X. Hence {(xg)“’}ﬁecp is a coordinate
system for A extending {x,/s}ﬂéfbl- O
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Theorem 4.12. Let {xg}gea be a coordinate system for A and let y € Aut(®).
Then there exists a unique automorphism y of A that stabilizes the apartment
> such that

Xo; (1)17 = xy(ai)([)
for all t € E. Furthermore, there exists a mapping p,: ® — {1,—1} such that
x5(1)Y = xy8)(py (B)) for all B ® and all t € E.
Proof. This holds by [Ste, Thm. 29 on p. 154]. O

Notation 4.13. Let {xg}geo be a coordinate system for A. We set

&Y A sedns0 = &Apsesdnso * Y

for all y € Aut(®), all Ay,....4, € E* and all 0 € Aut(E), where g,,
is as in 4.7(i) and y is as in 4.12.

..... An,o

Proposition 4.14. Let {xg}gew be a coordinate system for A. If g € Aut(A)
stabilizes X, then there exist y € Aut(®), Ay,...,A, € E* and o € Aut(E) such
that

8 = 8v.A1sesdnsot

Proof. 1t suffices to assume that g is an element of Aut(A) acting trivially on
3. Thus g stabilizes every irreducible rank 2 residue containing the chamber c.
By [TW, 37.13], we can assume that g acts trivially on each of the n panels
containing c¢. The claim holds, therefore, by [Weil, 9.7]. O

Definition 4.15. Let {xg}geo be a coordinate system for A. A Galois involution
of A is an element of order 2 in the coset g, 1,...., ln,oGT for some y,A1,...,A,,0
such that o # 1, where G' is as in 3.1. This is a special case of the notion of a
Galois involution of an arbitrary Moufang building given in [MPW, 31.1]. By 4.9,
in particular, it is independent of the choice of the coordinate system {xg}gecs.
By [MPW, 29.24], it is, in fact, independent also of the choice of ¥ and the
identification of the set of roots of ¥ with & in 4.1.

Proposition 4.16. Let {xg}geco be a coordinate system for A, let g be an element
of Aut(A) acting trivially on ¥ and let y,Aq,...,A,,0 be as in 4.14. If {x}} }Bed
is another coordinate system for A, then there exists a map i — ¢&; from [1,n]
to {1,—1} such that ¢; =1 if w(a;) = to; and

g = g;,y)y Ao
where A} = g;A; for all i € [1,n] and g;’,*ﬁ
{xg}pew replaced by {xj}gea.

is as defined in 4.13 with
[og

Proof. This holds by 4.9. O
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5. The exceptional Moufang quadrangles

A Moufang quadrangle is a building of type B, satisfying the Moufang
condition. The exceptional Moufang quadrangles are the Moufang quadrangles
defined in [TW, 16.6-16.7]. These are the Moufang quadrangles denoted by BS(A)
and By (A) in [Wei2, 30.15], where A is a quadratic space of type Eg, E; or
Eg in the first case and A is a quadratic space of type F4 in the second.

Definition 5.1. A quadratic space (K,V,q) is of type Ey for k =6, 7 or 8
if it is anisotropic and for some 7;,...,ny € K, where d = 2 + 2k=6 and
some separable quadratic extension E/K with norm N, the quadratic form g is
equivalent to the quadratic form Q on E¢ given by

(5.2) Qi,....ug) =mNu1) + -+ naN@ua)
for all (uy,...,uq) € E 4 with the additional conditions that
(5.3) mnz2nsne & N(E)

if k=7 and

(5.4) —mnz2---1e € N(E)

if k=38.

Remark 5.5. Let (K,V,q) be a quadratic space of type Ey for k = 6, 7 or
8. If E is as in 5.1, then N ®k E is hyperbolic and hence gr = q ®x E
is also hyperbolic. By [dMed, Lemma 4.2] and [MPW, 8.5], if E/K is an
arbitrary separable quadratic extension such that gg is hyperbolic, then there
exist n1,...,nq € K satisfying (5.3) if k =7 and (5.4) if k =8 such that ¢ is
equivalent to the quadratic form Q: E? — K given by (5.2).

Remark 5.6. In [dMed, Thm. 5.3], it is shown that for each ¢ € {6,7,8}, an
anisotropic quadratic form is of type E if and only if its even Clifford algebra has
a certain structure. In the paragraphs entitled “Type (2)”, “Type (3)” and “Type
(4)” in [TW, 42.6], it is shown (given [dMed, Thm. 5.3]) that a quadratic form
of type Eq, E7, respectively, Eg is precisely the ingredient needed to construct
a form of type 2ESS, E3}, respectively, ESS (in the notation of [Titl]). See
also [Tit3, §5].

The following notion was introduced in [TW, 14.1].
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Definition 5.7. A quadratic space (K,V,q) is of type F4 if it is anisotropic,
char(K) = 2 and for some separable quadratic extension E/K with norm N,
some extension F/K (of arbitrary dimension, possibly infinite) such that F2 C K
and some 71,72 € K such that

mna € F?,
the quadratic form ¢ is similar to the quadratic form Q on E® E & F given by
(5.8) Q(uy.uz. 1) = niN@uy) + n2N(uz) + 12

for all (uy,us,t) € E®E @ F. (Here F? denotes {t?> |t € F}, not F @ F.)

Remark 5.9. Let (K, V,q) be a quadratic space of type Fy, let F be as in 5.7
and let D denote the radical of the bilinear form dg. Then F? = q(D)/q(v) for
every non-zero v € D . Thus the extension F/K is an invariant of the similarity
class of ¢.

Remark 5.10. If A = B5(A) for some quadratic space A of type Eg, E7 or
Eg, then by [TW, 35.11], A is an invariant of A up to similarity. If A = Bf (A)
for some quadratic space A = (K,V,q) of type F4 and F is as in 5.9, then
by [TW, 35.12], the similarity class of A determines a second similarity class
of quadratic spaces over F of type F, and this pair of similarity classes is an
invariant of A.

Definition 5.11. We call a quadratic space (K,V,q) pseudo-split if it is the
orthogonal sum of a finite dimensional hyperbolic space and an anisotropic totally
singular space (of arbitrary dimension). See [MPW, 2.31-2.33].

Remark 5.12. Let (K, V,q) be a quadratic space of type Fy, let f = dg and
let E/K be as in 5.7. Since N ®g E is hyperbolic, the quadratic form ¢g
is pseudo-split as defined in 5.11. Suppose that E/K is an arbitrary separable
quadratic extension such that gg is pseudo-split. Let v, v’ be two elements of V
such that v® 1 and v’ ® 1 span a hyperbolic pair in V ®x E and f(v,v') =1.
The restriction of ¢ to (v,v’) is similar to N. Let n; = g(v). By [MPW, 9.7],
there exists 7, € K such that 7,7, € F? and ¢ is similar to the quadratic form
Q: E®E®F — K given by (5.8).

Remark 5.13. In [CP, D.2.7], forms of relative rank 2 of a pseudo-split group of
type Fy are classified in terms of quadratic forms of type F,. The quadratic forms
which appear in this context are those where at least one of the two extensions
K/F or F/K? in 5.9 is finite.
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Proposition 5.14. Let A = (K,V,q) be an anisotropic quadratic space. Suppose
that either A is a quadratic space of type E¢, E7 or Eg or that the bilinear
form dq is degenerate but not identically zero. Then q is not similar to the norm
of a composition algebra.

Proof. Let Q be the norm of a composition algebra (as defined in [Wei2, 30.17]).
Then the bilinear form dQ is either non-degenerate or identically zero. If 9Q is
non-degenerate, then dim(Q) divides 8 and if dim(Q) = 8, its Hasse invariant
is trivial. If A is of type E¢, E; or Eg, then dg is non-degenerate, but its
dimension divides 8 only if A is of type E7 and in this case the Hasse invariant
is non-trivial (by [MPW, 8.3]). ]

In the following, A;(D) and BIQ(A) are as defined in [MPW, 3.8]. Thus A;(D)
is the Moufang set (as defined in [MPW, 1.5]) associated with the projective line
D U {oo} and BIQ(A) is the Moufang set associated with an anisotropic quadratic
space A = (K, V,¢) on the “projective line” V U {oo}.

Proposition 5.15. Let A be as in 5.14. Then there is no field or skew field D
such that BIQ(A) ~ A (D).

Proof. Let D be a field or skew field and let F be its center. By [Wei3, 31.21],
BIQ(K, V.q) = A1(D) for some anisotropic quadratic space (K,V,q) if and only if
(D, F) is a composition algebra, F =~ K and ¢ is similar to the norm of (D, F).
The claim holds, therefore, by 5.14. O

We will use the following result, which depends on the classification of
Moufang polygons, to identify the fixed point buildings that we construct.
Alternatively, we could have used [MPW, 24.32] to identify these buildings
by calculating their commutator relations. This is what is done, for instance,
in [MM1].

Proposition 5.16. Let A be a Moufang quadrangle, let G = Aut(A), let ¢ be a
chamber, let Ry and R, be the two panels containing ¢ and for i =1 and 2,
let M; be the Moufang set induced by the stabilizer Gg, on R;. Suppose that
M; ~ BIQ(A) for some quadratic space A = (K,V,q) of type Eg¢, E7, Eg or
F, and that either

(@) M, has non-abelian root groups or

(b) M, =~ B?(@) for some anisotropic quadratic space ® = (F,L,Q) such
that 0Q is degenerate but not identically zero.

Then A is of type Eg, E7 or Eg and A = B5(A) if (a) holds and A is of type

Fy and A = Bj (A) if (b) holds.
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Proof. By [TW, 38.9], A is in one of the six cases described in [MPW, 4.2],
where the quadrangles are described in terms of root group sequences as defined
in [TW, 8.7]. The root groups of M are abelian and if (b) holds, then by [MPW,
4.8(iii)], the tori of M, (as defined in [MPW, 1.6]) are non-abelian. If A were
as in [MPW, 4.2(iii)], then the root groups and (by [MPW, 4.8(iv)]) the tori
of M; for both i = 1 and 2 would have to be abelian. Hence A is not as
in [MPW, 4.2(iii)]. If A were as [MPW, 4.2(i), (ii) or (iv)], then there would
exist a field or a skew field D such that M; = A;(D) for i = 1 or 2. This
is impossible by 5.15. Only the cases (v) and (vi) of [MPW, 4.8] remain. Thus
A = Bz‘g (A) for some quadratic space A’ of type E¢, E; or Eg if (a) holds
and A =~ Bj (A’) for some quadratic space A’ of type Fy if (b) holds. Suppose
that (a) holds. Then M; =~ BIQ(A’) and hence by [MPW, 6.10], A’ is similar
to A. Thus A = B5(A) (by [TW, 35.11]). Suppose that (b) holds and let A”
denote the dual of A’ as defined in [MPW, 9.5]. By [TW, 28.45], there is a non-
type-preserving isomorphism from Bj (A’) to Bj (A”). Thus M; is isomorphic
to BE(A') to BE(A”). By [MPW, 6.10] again, A is similar to A’ or A”. Hence
A = BJ (A) (by [TW, 35.12]). [l

6. Descent

In this section we assemble the results in [MPW] on descent in buildings that
we will require.

Definition 6.1. Let A be a building and let I' be a subgroup of Aut(A). A
I -residue is a residue of A stabilized by I'. A T -chamber is a I'-residue which
is minimal with respect to inclusion. A I'-panel is a I'-residue P such that for
some ['-chamber C, P is minimal in the set of all I'-residues containing C

properly.

Definition 6.2. Let A and T" be as in 6.1. The group T is anisotropic if A itself
is the unique I'-chamber and isotropic if this is not the case. Thus I" is isotropic
if and only if there exist I'-panels (equivalently, if there exist I'-residues other
than A itself).

Notation 6.3. Let A be a building and let I be an isotropic subgroup of Aut(A).
We denote by AT the graph with vertex set the set of all T'-chambers, where
two I'-chambers are joined by an edge of AT if and only if there is a I'-panel
containing them both.

Definition 6.4. Let A be a building. A descent group of A is an isotropic
subgroup I' of Aut(A) such that each I'-panel contains at least three I"-chambers.
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Theorem 6.5. Let A be a simply laced spherical building which is Moufang and
split. If 2 is an isotropic Galois involution of A as defined in 4.15 and 6.2, then
I':=(Q) is a descent group of A.

Proof. By [MPW, 28.16], A satisfies [MPW, 30.1(i)]. The claim holds, therefore,
by [MPW, 32.27]. O

Proposition 6.6. Suppose that R is a residue of a Moufang building A. Let &
be an apartment containing chambers of R and let Ugr denote the subgroup
generated by the root groups U, for all roots a of ¥ containing RN X. Then
Ur is independent of the choice of X.

Proof. This holds by [MPW, 24.17]. O

Definition 6.7. The group Ugr in 6.6 is called the unipotent radical of the
residue R.

Definition 6.8. A Tits index is a triple (I1,®, A) where I1 is a Coxeter diagram,
® is a subgroup of Aut(IT) and A4 is a ®-invariant subset of the vertex set S
of IT such that for each s € S\A, the subset A U ®(s) of S is spherical (i.e.,
the subgroup (AU ®(s)) of W is finite) and A is stabilized by the opposite map
Op4ue(s) defined in 2.3. Here ©(s) denotes the ©-orbit containing s.

Definition 6.9. Let T = (I1,®,A) be a Tits index. For each s € S\A,
let § = wqwaue), where wy for J = 4 and J = AU O(s) is as in 2.3.
Thus there is one element § for each @-orbit in S\A. Let S be the set of all
these elements s. By [MPW, 20.32], (W,S’) is a Coxeter system. Let T be
the corresponding Coxeter diagram. We call II the absolute Coxeter diagram
of T and II the relative Coxeter diagram of T. An algorithm for calculating
the relative Coxeter diagram of a Tits index is described in [TW, 42.3.5(c)].

Conventions 6.10. Our notion of a Tits index generalizes the usual notion of a
Tits index as defined, for example, in [TW, 42.3.4], where it is called a Witt
index. We use Tits’ conventions for indicating a Tits index (II, 4, ®), drawing
the Coxeter diagram IT with a circle around each ®-orbit disjoint from A and
with vertices in the same ®-orbit brought near to one another. See [MPW, 34.2]
for a more precise description of these conventions.

Examples 6.11. There are Tits indices (drawn using the conventions in 6.10) in
all of our main results. Using [TW, 42.3.5(c)], we can check that the relative
type of the indices in 11.21, 13.12, 14.11 and 17.14 is B,, the relative type of the
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index in 12.11 is A,, the relative type of the first three indices in 15.4 is F, and
the relative type of the last index in 15.4 is C3. We observe, too, that the Tits
index in 17.14 does not appear in [Titl].

The following is a special case of the main results of [MPW, Part 3].

Theorem 6.12. Let " be a descent group of a spherical building A. Let T1 be
the Coxeter diagram of A, let S denote the vertex set of T1 and let ® denote
the subgroup of Aut(I1) induced by T. Then the following hold:

(i) The graph AU is a building with respect to a canonical coloring of its edges.

(ii) All T -chambers are residues of A of the same type A C S, the set A is
® -invariant and the rank k of AV is the number of ®-orbits in S disjoint
from A.

(iii) The triple T := (1,0, A) is a Tits index and A' is a building of type TI,
where I1 is the relative Coxeter diagram of T .

(iv) If A is Moufang and k > 2, then AL is also Moufang.

(v) Suppose that A is Moufang and that k = 1 and let X denote the set of
all T -chambers. For each R € X, let Ur denote the subgroup of Sym(X)
induced by the centralizer Cy,(I') of I' in the unipotent radical Ug. Then

(X,{Ur | R € X})

is a Moufang set.

Proof. Assertions (i) and (ii) hold by [MPW, 22.20(v) and (viii)], assertion (iii)
holds by [MPW, 22.20(iv) and (viii)] and the remaining two assertions hold
by [MPW, 24.31]. O

Definition 6.13. Let I and A be as in 6.12. We refer to the triple 7 in 6.12(iii)
as the Tits index of I'. (In fact, the Tits index of a descent group I' is defined
also when A is not assumed to be spherical; see [MPW, 22.20 and 22.22].)

Definition 6.14. A fixed point building is a building of the form AT for some
pair A, T as in 6.12. If the rank of AT is 1 and A is Moufang, we interpret
AT to mean the Moufang set described in 6.12(v).
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Remark 6.15. Let A, I', ®, A, etc.,, be as in 6.12 and suppose that A is
Moufang. Let A = AT and let G = Aut(A). By 6.9, we can identify the vertex
set of the relative Coxeter diagram I1 with the set of ©-orbits disjoint from A.
Let I = ©O(s) be one of these orbits, let J = AU I, let R be a I'-residue
of type J and let 'y denote the restriction of I' to R. By [MPW, 22.39],
P := RT® is an I-panel of A and by [MPW, 24.30], R'® is isomorphic as a
Moufang set (see 6.14) to the Moufang set induced on P by the stabilizer of P
in G.

7. Linear groups

Let V' be an (n + 1)-dimensional vector space over a field £ (by which we
mean a commutative field) for some n > 1 and let

B = (61,...,€n+1)

be an ordered basis of V. For each ordered pair (i, j) of distinct integers i, j
in the interval [1,n 4 1] and each ¢ € E, let x;;(¢#) denote element of SL(V)
that maps e; to e; +te; and fixes e; for k # j.

Let © be the root system of type A4, and let e1,...,&441, @1,...,0, and
& be as in [Bou, Plate I]. Thus, in particular, o; = &; — ¢;41 for each i € [1,n]
and & = &1 —ep41. For each B € @, we set set xg = x;; if B =6 —¢;. Let A
be the building of type A, associated with V. Thus the chambers of A are the
maximal flags of subspaces of V', and A = A,(E) in the notation in [Wei2,
30.15]. The groups xg(E) act faithfully on A and we will simply identify them
with their images in Aut(A). Let ¥ the apartment of A whose chambers are
maximal flags involving only subspaces spanned by subsets of the basis B, let ¢
denote the chamber

(7.1 (e1) C (e, ex) C--- C ey, ea,...,e)

of ¥ and let ® be identified with the set of roots of ¥ and Aut(®) with a
subgroup of Aut(X) as in 4.1. Thus «1,...,a, are the roots of ¥ containing c
but not some chamber of X adjacent to ¢ and {xg}ges is a coordinate system
for A. By [Tit2, Prop. 6.6], there is a natural homomorphism from Aut(SL(V))
to Aut(A).

The following observation will be used in §14.

Lemma 7.2. There exists a unique automorphism Q of A stabilizing ¥ such
that xo,(t) = Xg—a,(—1), Xa,(t) = Xg—a, (1) and x4, (t) = xX_q,(—t) for all
i € 2,n—1]. The automorphism Q2 has order 2.
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Proof. Let T denote the linear automorphism of V' that interchanges e; and e, 4+
and fixes e; for all i € [2,n], let Q € Aut(SL(V)) denote the composition of the
automorphism A + (A4’)~! followed by conjugation by 7. The automorphism
of A induced by 2 has the desired properties. Uniqueness holds by 4.7(i). O

The following observation will be used in the proof of 15.4.

Lemma 7.3. There exists a unique automorphism Q of A stabilizing ¥ such
that Xxg, (¢ = Xoyy—; (=) for all i € [1,n] and all t € E. The automorphism
Q has order 2.

Proof. Let T denote the linear automorphism of V that interchanges e; and
ent+2—; for all i € [1,n + 1] and let Q2 € Aut(SL(V)) denote the composition of
the automorphism A +— (A4*)~! of SL(V) followed by conjugation by 7. The
automorphism of A induced by 2 has the desired properties. Uniqueness holds
by 4.7(3). O

Remark 7.4. Let Q2 be as in 7.3 and let ¢ be the flag in (7.1). Then c¢ is the
unique chamber of the apartment X stabilized by the root group U, for all
i €[l,n]. Since Q stabilizes ¥ and interchanges these root groups, it fixes c.

Remark 7.5. The automorphisms € of A in 7.2 and 7.3 are not type-preserving.

8. Orthogonal groups

Notation 8.1. Let E be a field, let V' be a vector space over E of dimension
2n for some n > 3, let

B = {61,...,€n,f1,...,fn}
be a basis of V, let g: V +— E be the quadratic form given by

Q(i(xiei + yz'fi)) = Xn:xiyi
i=1 i=1

for all x1,...,y, € E and let O(q) denote the corresponding orthogonal group.

Notation 8.2. For distinct i, j € [1,n] and all t € E, we denote by x;;(¢) the
element of O(q) fixing ex and f,, for all k # j and all m # i that maps e;
to e; +te; and f; to fi —tf;.

For i,j such that 1 <i < j <n and all r € E, we denote by y;;(¢) the
element of O(q) fixing e; and f, for all k and all m ¢ {i, j} that maps f;
to fi —te; and f; to f; +te;.
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For i,j such that 1 <i < j <n and all ¢t € E, we denote by z;;(¢) the
element of O(gq) fixing e, and f, for all k & {i,j} and all m that maps e;
to e; +1tf; and e; to ej —tf;.

Notation 8.3. Let A = D,(E) denote the building of type D, associated with ¢.
The chambers of A are the maximal elements of the set F(g) described in [MPW,
35.9], where ¢ is the quadratic form in 8.1. We will call these maximal elements
oriflammes. Thus an oriflamme is a set of n subspaces Zi,...,Z, of V each
of which is totally isotropic with respect to ¢ such that dimg Z; = i for all
i €[l,n=2], dimg Z,_; = dimg Z, = n, dimg(Z,-1 N Z,) = n—1 and
Z; C Z; forall i €[l,n—2] and all j € [1,n] whenever i < j. Let ¢ denote
the oriflamme consisting of the subspaces

(e1) C (e1,e2) C--- C(er,ea,...,€n-2)

together with (ej,es,...,en—1,€,) and (e1,ea,...,en—1, fn)-

Notation 8.4. Let ® be the root system of type D, and let €1,...,&,, &1,...,0y
and & be as in [Bou, Plate IV]. Thus o; = & —ej41 for i € [1I,n — 1],
O = é&y—1+¢&;, and & = &1 +¢&,. For each B € ®, we set xg = x;; if B =¢;—¢j,
we set xg = y;; if B =¢ +¢ and we set xg = z;; if B = —s —¢;. The
groups xg(E) for B € ® act faithfully on A and we will simply identify them
with their images in Aut(A). Let S denote the set of reflections {sq,....,Sq,}
and let W = (S) C Aut(d) be the Weyl group of ®. Let ¥ be the apartment
of A whose chambers are the oriflammes containing only subspaces spanned by
a subset of B and let ® be identified with the set of roots of ¥ and Aut(®) (and
hence, in particular, W) with a subgroup of Aut(X) as in 4.1. Thus «q,..., o,
are the roots of ¥ containing ¢ but not some chamber of ¥ adjacent to c¢. For
each B € @, the group xg(E) is the root group of A corresponding to the root
B of X, and there exists a map v such {xg}ges is a coordinate system for A
as defined in 4.4.

Notation 8.5. The symbol Q2(g) denotes the subgroup of O(g) generated by all
its root groups. The group €(g) is the kernel of the spinor norm from O(gq)
to E*/(E*)?. In particular, the quotient O(g)/(g) is an elementary abelian
2-group; see, for example, [Die, II, §6.4 and §10.4].

We will apply 8.6-8.13 in §13.

Notation 8.6. Let n be even and at least 6 and let ®; = («3,...,®,) N®. Thus
®, is a root system of type D,_». Let J be the set of reflections {sq; | i € [3,n]},
let w; be the longest element in the Coxeter group Wy = (J) with respect to the
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set of generators J and let wg = sq, w;. The roots «; and & are perpendicular
to ®; and hence fixed by w;, and w;(o;) = —o; for all i € [3,n] by 2.10. Since

(8.7) a=oa1 +20 + -+ 20,2 +a,_1 + oy,

it follows that «q + oy + wi(az) = @. Thus
(8.8) wi(a2) = &2 + €3,

so wi(az) is the highest root of the root system (os,...,0,) N ® of type D,
(by 8.4). It also follows from (8.8) that

(89) U)()(Olz) =& +& = a — 0.
Finally, we have
(8.10) wo(wi) = —0;

for all i € [1,n] other than 2.

Lemma 8.11. Let n be even and at least 6 and let wo be as in 8.6. There
exists a unique automorphism 2 of A mapping the basis B to itself such that
Xay (1) = Xug@) (1), Xap () H Xugr)(t) and xq, (1) = Xyy,)(—t) for each
i €[3,n]. The automorphism 2 has order 2 and interchanges the residues of A
corresponding to {e1) and (e,).

Proof. 1t follows from 8.2, (8.9) and (8.10) that conjugation by the automorphism
of V' that interchanges e; with e, f1 with f, and e; with f; for each i € [3,n]
induces an automorphism of A with the desired properties. Uniqueness holds
by 4.7(i). O

Remark 8.12. Let I/} be a totally isotropic subspace of V' of dimension k < n—3
contained in an oriflamme ¢y, let R; be the residue of A containing all oriflammes
that agree with ¢; in all dimensions at least k, let R, be the residue of A
containing all oriflammes that agree with c¢; in all dimensions at most k and
let m; = proj R for i = 1 and 2 (as defined in [Weil, 8.23]). Let d be an
arbitrary oriflamme containing V;. Then m;(d) is the oriflamme that agrees with
c; in all dimensions at least £ and with d in all dimensions at most k, and
mo(d) is the oriflamme that agrees with ¢; in all dimensions at most k and with
c; in all dimensions at least k.
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Remark 8.13. Let Q2 be the automorphism of A in 8.11, let ¢; be an oriflamme
(i.e. a chamber of A) containing (e;) and (e, e;) and contained in the apartment
>, let d be the oriflamme containing (e,) that agrees with ¢; in all dimensions
greater than 1 and let P be the panel of A containing ¢; and d. Thus d is the
other chamber in P NX. By 8.12, the composition 2 -projp (that is, Q followed
by projp ) interchanges ¢; and 4 and maps the image of d under x,,(¢) to the
image of d under xq,(¢t7') for all 1 € E*.

The following will be applied in §12.

Lemma 8.14. There exists a unique automorphism 2 of A stabilizing ¥ such that
Xg, (t) = x5(t) and x4, (t) = X_o; (=) for each i € [2,n]. The automorphism
has order 2.

Proof. The automorphism of A induced by the element of O(g) that fixes e;
and f; and interchanges e; and f; for each i € [2,n] has the desired properties.
Uniqueness holds by 4.7(i). O

Notation 8.15. Let o be an involution in Aut(£) and let K = Fixg (o). We will
usually write ¥ in place of x? for elements x € E. Let N be the norm of the
quadratic extension E/K.

The last two results of this section will be applied in the proof of 15.4. For
the definition of the quaternion algebra (E/K,«) that appears in the next result,
see, for example, [TW, 9.3].

Lemma 8.16. Suppose that n is even and that « is an element of K not in
N(E). Let R be the residue of A whose chambers are the oriflammes containing
the subspaces (e1,ez,...,er) for all even k € [1,n] and let Ry denote the residue
whose chambers are the oriflammes containing the subspace (e1,es,...,e,). Then
there exists a type-preserving Galois involution Q on A that stabilizes ¥, R
and Ry such that Q does not stabilize any proper residues of R and

RV = A, (D),

where Q1 denotes the restriction of Q to Ry, m = (n/2) —1 and D denotes
the quaternion division algebra (E/K, k).

Proof. Let T denote the unique o -linear automorphism of V' that extends the
maps te; +> tej+1 and tf; > kt fi+1 for all odd i € [1,n] and te; > kfe;—; and
tfi — T fi_y for all even i € [l,n]. Then ¢(T(v)) =« -q(v) for all v € V and
T stabilizes the subspaces (ej,...,ex) for all even k € [1,n]. Let Q denote the
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automorphism of A induced by 7. Then Q2 =1 and Q stabilizes both R and
R;. Let I' = () and let T'; denote the restriction of I to R;.

Every subspace of V := (ej,...,e,) of dimension n — 1 is contained in
exactly two totally isotropic subspaces of V' of dimension n. It follows that the
residue R; is isomorphic to the building of type A,—; whose chambers are the
maximal flags of subspaces of V := (eq,...,e,).

We have

D={x+4+uy|x,yekFE}

where uy -uz = «yz, uy -z = u(yz) and y-uz = u(yz) for all y,z € E.
The vector space V has a unique structure as a right vector space over D of
dimension n/2 such that

(se; +teit1)(x +uy) = (x5 + kyt)e; + (xt + yS)ej+1

for all odd i € [1,n] and all s,7,x,y € E. We have T(v) =v-u forall veV.
It follows that the T -invariant subspaces of V as a vector space over E are
precisely the subspaces of V as a right vector space over D. Thus R is a
I' -chamber and R{‘ >~ Ap(D). O

Lemma 8.17. If n = 3, then there exists a unique automorphism Q of A
stabilizing ¥ such that xq,(1)% = xo,(—1) and xa,(t)% = xay(—1) for all
t € E. The automorphism 2 is a non-type-preserving Galois involution and
A ~ BS(K,E,N).

Proof. Let T be the unique o -linear automorphism of V that fixes e; and
fi, maps e, to —e; and f, to —f, and interchanges ez with f3. Then
T2 = 1 and ¢(T(v)) = q(v) for all v € V and by 8.2, x4, ()T = xq,(-7)
and xq, T = Xq;(—1) for all + € E. Let Q2 denote the Galois involution of A
induced by 7. Then €2 is non-type-preserving and stabilizes X. By 4.7(i), 2 is
unique. Since c¢ is the unique chamber of ¥ contained in «; for all i € [1,3],
Q fixes c¢. Thus, in particular, Q is isotropic.

Let t be a non-zero element of trace 0 in E, let w be an element of E not
in K and let Vo = Fixy(T), let V; denote the subspace over K (rather than
E) spanned by the set

By :={e1, fi. tea. T ' fo. e3+ f3, wes +@f3).

Then V7 C Vy, so ¢(V1) C K and by [MPW, 2.40(G)], Vi = V. Let Q: Vi - K
denote the restriction of ¢ to Vi. By 6.5, T' := (Q) is a descent group of A.
By [MPW, 2.40(ii)], AT is isomorphic to the building B(Q) defined in 3.3. The
restriction of Q to {ey, f1.tes, 77! f>) is hyperbolic and the map
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s(es + f3) +t(wes +w f3) > s + tw

is an isometry from the restriction of Q to the subspace (e; + f3,we; + @ f3)
of Vi to the norm N viewed as a quadratic form over K. Thus N is the
anisotropic part of Q. By 3.4, we conclude that B(Q) =~ BZQ(K, E,N). O

9. An anisotropic Galois involution of D,(q)

We continue with all the notation and assumptions from the previous section.
In particular, A is the building D, (E) whose chambers are the oriflammes of V
with respect to the quadratic form ¢ as defined in 8.3.

Notation 9.1. Let 0, K, x — x and N be as in 8.15, let @ be an element of E

not in K and let

x2—ax+b=(x—-0)(x—0)

be the minimal polynomial of @ over K. Thus
9.2) N(x + yo) = x> + axy + by?
for all x,y € K.
Lemma 9.3. Let w, a, b, x X and N be as in 9.1. Let i € [1,n], let e = ¢;,
let f = fi, let ne E and let ¢ be the quadratic form on (e, f) given by
p(xe + yf) = xy
for all x,y € E. Let by =ne + f and let by, = nwe + o f. Then the following
hold:
(i) e=n"'@—w) (@b —b2) and f =—(@— ) (0by —bs).
(ii) @(xb; + yby) = n(x> +axy + by?) for all x,y € E.
(iii)) ¢ = N Qg E.

Proof. It can be verified with a few calculations that (i) and (ii) hold; (iii) follows
from (ii) and (9.2). O

Notation 9.4. Let #;,...,n, be non-zero elements of K and let Q: E" — K
denote the quadratic from over K given by

Q1. ¥n) = D_miN(yi)

i=1

for all (y1,...,yn) € E".
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Proposition 9.5. Let q: V — E be as in 8.1, let x — X and K be as in
9.1, let ni,....,nn and Q be as in 9.4 and let Q2 = Q) .5, be the o-linear

automorphism of 'V given by

n

9.6) QY Ciei +vi /) = D (nviei + 07 % f)
i=1

i=1
for all xi1,...,y, € E. Then the following hold:
() ¢(QW)) =q) for all veV and Q* = 1.
(i) ¢ =0 ®x E.

(iii) If the quadratic form Q is anisotropic, then there are no non-zero £2-
invariant subspaces of V that are totally isotropic with respect to q.

Proof. Assertion (i) is clear and assertion (ii) follows from 9.3(iii). Suppose that
Vo is a non-zero totally isotropic 2-invariant subspace of V. Thus g(v) = 0 for
all veVy. Let u be a non-zero element of V. The sum v := u + Q(u) is fixed
by Q. Replacing u by tu for some t € E\K if necessary, we can assume that
v is non-zero. Hence

v=Y (xie; + i fi)

i=1

for some xi,...,y, € E not all zero. Since v is fixed by 2, we have x; = n;y;
for each i € [1,n]. Therefore the elements y;,...,y, are not all zero and

Qis- s yn) = D _miyiVi = q(v) = 0.

i=1

Thus (iii) holds. O

Proposition 9.7. Let «y,...,a, and xg for B € ® be as in 8.4 and let Q be
as in (9.6). Then

Xa; (N? = x_g (=07 01 7)
for all i € [l,n—1] and all t € E and
Xay ()% = xoa,, (=1L 117,T)

for all t € E.

Proof. This holds by 8.2, (9.6) and some computation. O



232 B. MUHLHERR and R. M. WEiss

Notation 9.8. Let W be the Weyl group of &, let w; be the longest element in
W with respect to the set of generators {so;, | i € [1,n]} and let Q; := Q1
be the involution obtained by setting n; = --- =15, = 1 in 9.5. We use the
same letters = Qy, .5, and ©; to denote the automorphisms of A induced
by these two involutions of V'; this convention should not cause any confusion.
Since 71,...,n, € K, we have

9.9 Q=gr . Anid" 21 = 8ui—Aps—An,o

if n is even by 2.10, 8.15 and 9.7, where A; = n; 54 for all i € [I,n—1] and
An =005 ) 8aysanid is as in 4.7(1) and gy, .2, i as in 4.13.

Notation 9.10. Let ¢ be the automorphism of V given by
n n

(DoCuen+yif)) = Y. Gie + i f)
i=1 i=1

for all x1,...,y, € E. Then t(q(v)) = ¢(v) for all v € V', « commutes with the
element 2; in 9.8, the composition ¢-$2; is contained in O(g) and
xg(1)" = xp(7)

for all Be ® and all t € E.

Proposition 9.11. Let n be even and let 21 and ¢ be as in 9.8 and 9.10. Then
the product t- Q2 induces an automorphism of A contained in the group G'
defined in 3.1.

Proof. Since n is even, there is a unique element of O(g) that maps e; to e;j4+;
and f; to fiy, for all odd i € [I,n] and ¢; to fi—; and f; to e;—; for all
even [1,n], and the square of this element equals ¢- Q2. By 8.5, it follows that
t-21 € Q(gq). The claim holds, therefore, by 8.5. O

10. An extension from D,(E) to D,y+1(E)

Let V, E, Q=Qy,,..n.» 4, B, @, etc., be as in the previous two sections.

Notation 10.1. Let 1, be a vector space over E containing V' as a subspace of
co-dimension 2, let

602{607""en9f09"'7fn}
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be an extension of the basis B to a basis of Vy, let go: Vo — E be the quadratic

form given by
n n
LIO(Z(Xiei + yz‘fi)) =Y xiyi
i=0 i=0

and let o, oq,...,a, be an extension of the basis «j,...,a, of ® to a basis
of a root system &, of type D,4; containing ®. We extend Q to a o-linear
automorphism Qg of V, by setting

(10.2) Qo(xpeo + Yo fo + v) = Xoeo + Yo fo + 2(v)

for all x¢,y0 € E and all v € V. Since Q is an involution, so is Q.

Notation 10.3. Let A, denote the building of type D,4+; whose chambers are
the oriflammes with respect to go. We identify the building A = D, (E) in §9
with the residue of Ag consisting of all oriflammes containing the subspace (eg)
and we denote the automorphism of Ay induced by ¢ also by Q4. Thus A is
a (Q2p)-residue and 2¢ is a Galois involution of Ay extending 2.

Proposition 10.4. Suppose that the quadratic form Q in 9.4 is anisotropic. Then
A is a (Qg)-chamber and the fixed point building A(()QO) is isomorphic to

BE(K,E", Q),
where BIQ(K, E™ Q) is as defined in [Wei2, 30.15].

Proof. Tt follows from 9.5(iii) that A is a (g)-chamber. Let
Qo K@ K®E" > K
be the quadratic form over K given by

Qo(x0eo + Yo fo +v) = xoyo + O (V)

for all x¢,y0 € K and all v € E". Thus Q is the anisotropic part of Q.
Let V = Fixy, (20). By [MPW, 2.40(i)], there is a canonical isomorphism from
V ®k E to Vo mapping 0 ®¢ to t for all 5 € V and all ¢ € E. By [MPW,
2.40(ii)], the map W +— W NV is an inclusion- and dimension-preserving bijection
from the set of §2¢-invariant subspaces of Vo to the set of all subspaces of V.
For each i € [1,n], the elements b; and b, defined in 9.3 are fixed by Q¢. The
set of these elements together with eo and f, is thus a basis for V over K.
By 9.3(ii), it follows that Qg is the restriction of go to V. Thus by 9.5(ii), an
Qg -invariant subspace W of V4 is totally isotropic with respect to go if and
only if W N Vs totally isotropic with respect to Q¢. By 3.4, we conclude that
A ~ BQ(K, E", Q). O
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Notation 10.5. For all 8 € ®, and all ¢ € E, let xg(¢) be the elements of O(qo)
defined by applying 8.2 and 8.4 with the interval [I,n] replaced by the interval
[0,n]. Thus, in particular, the restriction of xg(f) to V is as it was in the previous
section for all B € ® and all t € E, x4,(f) is the unique element of O(qo) that
fixes the elements ex and f,, of By for all kK # 1 and all m # 0 and maps e;
to e; +teg and fo to fo—tf1 for all + € E and xg(¢) is the unique element
of O(gp) that fixes the elements e and f, of By for all k € [0,n] and all
m € [2,n] and maps fo to fo—te; and f1 to f1 +teo for all t € E, where &
is the highest root of ®, with respect to the basis «y,...,qy,.

Proposition 10.6. Let Q¢ be as in 10.2 and let & be the highest root of the root
system ® = (aq,...,q,) N Dy of type D, . Then

Xao ()20 = xg ()
and
Qo _ -1 -
Xo; (1) —x—(xi(_ni Ni+11)
for all t € E and all i € [1,n—1] as well as
Xa, ()% = x_g, (= L1, ')
for all t € E.

Proof. The first identity holds by (10.2), 10.5 and some computation, and the
remaining identities hold by 9.7. O

11. The quadrangles of type Eg

Our goal in this section is to prove 11.21. Let ® be a root system of type E7
and let oy,...,07 and @ be as in [Bou, Plate VI]. Let W be the Weyl group
of @, let S be the set of reflections so, for i € [1,7], let ®; be the root system
(a2, ...,7) N @ of type Dg, let S1 = S\{sq,} and let W; = (S;).

The pair (Wi, S1) is a Coxeter system of type Dg. Let w; denote the longest
element in W; with respect to the set of generators S;. Since & is orthogonal
to «; for all i € [2,7], we have

(11.1) wy (@) = a.
By 2.10, wi(e;) = —o; for all i € [2,7]. Applying w; to the equation
(11.2) a =201 + 20 + 303 + 4ag + 305 + 206 + a7,

we conclude that
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(11.3) a = wy(ay) + .
Thus
(11.4) wi(oy) = a1 + 20 + 303 + dag + 305 + 206 + 7.

Notation 11.5. We denote by A the building E;(E). Let ¥ be an apartment
of A, let ¢ be a chamber of ¥ and let A; be the unique residue of A of type
D¢ containing c¢. Thus A; = Dg(E) and X; := A; N X is an apartment of A;.
We identify the root system ¢ with the set of roots of ¥ and Aut(®) with a
subgroup of Aut(X) as in 4.1. This gives an identification of &; with the roots
of El.

Notation 11.6. Let A, ¥, ¢, @;,....d and {¥g}gco, be the building, the
apartment, the chamber, the set of roots and the coordinate system called A,
X, ¢, ap,...,06 and {xg}ges in 8.3 and 8.4 with n = 6. There exists an
isomorphism v from A to A; mapping ¥ to X, ¢ to ¢ and the root @;
to ar) for all i €[1,6], where m is the map sending the sequence 1,2,...,6 to
the sequence 7,6,5,4,2,3. Let xg =v~1-%g-v for all B € ®;. Then {xp}pecq,
is a coordinate system for A;. By 4.11, we can extend this coordinate system to
a coordinate system {xg}gee for A.

The root & is orthogonal to the root o; for all i € [2,7]. Thus [Uiy,,Us] =1
for all i € [2,7] by 4.2(ii). By 3.2 and 9.11, there exists an element $2; in

(Us | B € ®1) C Aut(A)
stabilizing A; and X¥; and centralizing Uz such that

(11.7) X8 = x_y (—1)

o

for all i €[2,7].

Let R be the unique residue such that RN ¥ and X; are opposite residues
of X. For each root 8 in ®;, there exist chambers of ¥; not in 8. Thus each
root of ®; contains chambers of R (by [Weil, 5.2]) and hence the corresponding
root group stabilizes R. Therefore the element 2, stabilizes R. Since it also
stabilizes X;, it stabilizes projp(X;). By [Weil, 5.14(1)], projr(X;) = RN X.
Hence Ql stabilizes the convex closure of ¥; and RN X. By [Weil, 8.9 and
9.2], this convex closure is X. We conclude that Ql stabilizes X. Since w; and
Ql have the same restriction to X, the restriction of le to ¥ is w;. By 4.14,
therefore, there exist «i,...,k7 € E* such that



236 B. MUHLHERR and R.M. WEIss

Thus, in particular, we have

(11.8) xal(t)ﬁl = Xu, (ay) (K1)

for «k = x, and for all t € E. By (11.7), x; = —1 for all i € [2,7]. By 4.7(ii),
there exists p € E* such that

(11.9) Xw @) (D! = X, (1)
for all € E. By 4.2(i) and (11.3), there exists § € {1,—1} such that
(11.10) [Xey (). Xy (@) (1) ] = xa(851)

for all 5,7 € E. Applying €, to this identity, we find that

[xwl(ﬂtl)(’cs)wx(xl (Pt)] = xg(dst)
for all s,¢t € E. Thus

[xal (,Of), xwl(al)(Ks)] = x&(—Sst)

for all s, € E. Applying (11.10) to the left-hand side of this identity, we conclude
that

(11.11) Kkp = —1.

Notation 11.12. Let o, x > X and K be as in 8.15, let A1,71,...76 € K* and
let Q be as in 9.4 with n = 6. We set

A

Q = g/ll,/lz...,/l7,0 ° Ql’

where 1> = n5lns, Az = n3lngl, Aa = n7'ns, As = n3'na, Ae = n3'ns,
A7 =n7'ny and gi, . a0 is as in 4.7(i). Thus

(11.13) MAZAGAZAZA, = it

Notation 11.14. Let v: A — A; be as in 11.6 and let Q be the automorphism
of A in (9.6) with n = 6 and 75;,...,7¢ be as in 11.12. We denote by
Q the automorphism v~'.Q-v of A;. The automorphism € satisfies the
identities in 9.7 with » = 6 and with the roots «;,...,as replaced by the roots
o7,d6, 5,04, 02,23 of @ (in that order).

Proposition 11.15. The automorphism 2 stabilizes Ay, the restriction of 2 to A,
is the automorphism Q defined in 11.14 and Q2 is an involution.

Proof. Since Ql and g;,,.. 1,0 both stabilize A, so does Q. The second claim
holds by (9.9) and the third claim by 9.5(). O



Galois involutions and exceptional buildings 237
Proposition 11.16. The automorphism Q is an involution if and only if
(11.17) N(A1) = =11+ 16,

where N is as in 9.1

Proof. The automorphism €2 is an extension of  and €2 = 1. Thus 2
centralizes Uy, for all i € [2,7]. By the uniqueness assertion in 4.7(i), therefore,
Q is an involution if and only if Q2 centralizes Uy, . We have

X, (D% = Xy, (@) (KM D) ® by (11.8)
= X @yt gt kA )@ by 4.7(ii), (11.4) and (11.13)
= Xy (o - Ny ng ') by (11.9)
= Xo; (NG ng'0) by (11.11).
Thus Q is an involution if and only if (11.17) holds. O

Corollary 11.18. Suppose the quadratic form Q in 1112 is anisotropic and that
(11.17) holds. Then Q is a Galois involution and A is a (Q)-chamber.

Proof. The first claim holds by 11.16 and the second claim holds by 9.5(iii)
and 11.15. O

Proposition 11.19. Suppose the quadratic form Q in 1112 is anisotropic and that
(11.17) holds. Then A%¥ is a Moufang set with non-abelian root groups.

Proof. By 11.18, 2 is an involution and by 4.7(ii), (11.2) and (11.13), we have
(1120) 3 (0% = xg(-Ah D = xg(-Aidi D)
for all t € E. Let T be the trace of the extension E/K and let
X ={(t,u) € E?| T(Au) +kSN(Ait) = 0).
It follows from (11.8), (11.10) and (11.20) that for all (z,u) € X, the element
gt 1= Xay (1) Xuwy (@) (KA17)XG (1)

is centralized by Q.

The roots of X cutting A; (as defined in 3.5) are the roots in ®;. All the
other positive roots of ® contain A; N X. In par}icular, oy, wi(ay) and & all
contain A; N'X. By 6.12(v), the root group of A2 fixing the ($2)-chamber A,
is isomorphic to the centralizer of  in the group generated by all the roots
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of ® containing A; NX. Thus (g, | (u,¢) € X) is contained in this root group.
For each t € E, we can choose u; € E such that (¢,u;) € X. Applying (11.10)
and the identities [TW, 2.2], we find that

[gs,usv gt,u;] = xg (8K A1 (st —51))

for all s,t € E. Thus not all of the elements g;,, commute with each other. [

Theorem 11.21. Let A = (K,V, Q) be a quadratic space of type Eg. Then there
exists a separable quadratic extension E/K such that Qg is hyperbolic and for
each such extension E/K, there exists a Galois involution Q of the building
A = Eg(FE) such that the Tits index of the group T := (Q) is

@---I-@

and the fixed point building A' is isomorphic to BS(A).

Proof. By 5.5, we can choose a separable quadratic extension E/K such that Qg
is hyperbolic and we can assume that V = E® and there exists 7,...,76 € K
such that

O(ur,...,ug) = mN(uy) + -+ nsN(ug)

for all (u;,...,us) € V, where N is the norm of the extension E/K, and
(11.22) —mn2---ne € N(E).

Let A =Eg(E), let ¥ be an apartment of A and let ¢ be a chamber of X. Let ®
be the root system of type Eg and let «1,...,ag be as in [Bou, Plate VII]. We
identify & with the set of roots of ¥ and Aut(®) with a subgroup of Aut(X)
as in 4.1 and choose a coordinate system {xg}gee for A. Let A be the unique
subset of S spanning a subdiagram of IT of type Dg, let w; denote the longest
element in the Coxeter group W, with respect to the set of generators A, let R
denote the unique A-residue of A containing c, let R; be the unique residue of
type D7 containing R and let R, be the unique residue of type E; containing
R.

By (11.22), we can choose A; so that (11.17) holds. Let « be as in (11.8) and
let A;,...,A7 be as in 11.12. We then set x; = kA;, k; = —A; for all i €[2,7],
kg = 11 and

Q= W1 ,K1 ,..,K8,0
where o is the non-trivial element in Gal(E/K) and gy, «;,...cs,0 1S as in 4.13.

Let I' = (Q2). Since w; stabilizes RN X, it also stabilizes Ry NY and R, N X.
Hence R, R; and R, are I -residues.
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By 4.11 with R; in place of R and 11.6, we can assume that the coordinate
system {xg}gee Was chosen so that there are two isomorphisms, one from R;
to the building Ay in 10.3 with n = 6 carrying the automorphism 2, defined
in 10.2 to the restriction of 2 to R; and the other from R, to the building A
in 11.5 carrying the automorphism Q defined in (11.12) to the restriction of €
to R,. By 10.6 applied to the restriction of Q to R, Q2 centralizes Uy, for all
i €[2,8] and R is a I'-chamber. By 11.18 applied to the restriction of Q to R,
Q2 also centralizes U, . Thus © is a Galois involution. By 6.5, therefore, I' is a
descent group of A. By 6.11 and 6.12(iii), Al is a building of type B,, and thus
by 6.12(iv), AT is a Moufang quadrangle. Let M; and M, be as in 5.16 applied
to AT. By 6.15, 10.4 and 11.19, one of these two Moufang sets is isomorphic
to BIQ(K, E®, Q) and the other has non-abelian root groups. By 5.16(a), it follows
that AT >~ BS(A). O

12. The exceptional buildings of type A;
Our goal in this section is to prove 12.11.

Notation 12.1. Let A = D5(EF) and let X, ¢, ®, ay,...,a5, &, (W,S), the
identification of ® with the set of roots of X and the identification of Aut(®)
with a subgroup of Aut(X) be as in 4.1. Let S; = S\{sq,}, let Wi = (51),
let ®; be the root system (s, ...,as5) N of type D4 and let A; be the unique
residue of type D4 containing c.

Notation 12.2. Let A, ¥, ¢, &,...,d4 and {¥g}gce, be the building, the
apartment, the chamber, the set of roots and the coordinate system called A,
Y, ¢, ai,...,a4 and {xg}ges, in 8.3 and 8.4 with n = 4. There exists an
isomorphism v from A to A, mapping £ to X£;, ¢ to ¢ and the root @
to ari) for all i € [1,4], where & is the map sending the sequence 1,2,3,4 to
the sequence 5,3,4,2. Let xg = v !-%g-v for all B € ®;. Then {xp}gee, is
a coordinate system for A;. By 4.11, we can extend this coordinate system to a
coordinate system {xg}gee for A.

The pair (W, S) is a Coxeter system of type Ds and the pair (Wp,Sp) is
a Coxeter system of type D,4. Let w; denote the longest element in W; with
respect to the set of generators S; and let @, be the root system of type Dsg
obtained by applying 10.1 to ®. By 8.6 applied to &y, we have

(12.3) wi(ay) =a = a1 + 20 + 203 + oy + as.

We also know that
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(12.4) wy () = —a;

for all i € [2,5]. By 4.16 and 8.14, there exists § € {1,—1} such that
(12.5) Q= 8wi.8,—1,—-1,—1,—1,id

is an involution, where gy, s,—1,—1,—1,—1,id is as in 4.13.

Notation 12.6. Let 1y,...,n74 and Q be as in 9.4 with n =4, let o, K, etc.,
be as in 8.15, let v and A be as in 12.2 and let Q be the automorphism of A
in (9.6) with n = 4. We denote by Q the automorphism v='-Q-v of A;. The

automorphism 2 satisfies the identities in 9.7 with n = 4 and with the roots
a1,05,03,04 replaced by the roots s, o3, 4,0, of @ (in that order).

Notation 12.7. Suppose that there exists A; € E such that N(A1) = n11921m314
and let

Q= gr, 25,0 21 = Guy 5A1,~A2—Az,—Ag—As,0

where Ay = n3'n7", Az = 13'm3, Aa = n3'na, As = n7'n2, Q) and § are as
in (12.5) and g,,,. .15, is as in 4.7(i). We have

(12.8) MAZA2A4hs = A .

Theorem 12.9. Suppose that ni1n2n3ns € N(E) and that the quadratic form Q in
12.6 is anisotropic. Let Q be as in 12.7 and let Ay be the unique residue of type
Dy containing the chamber c¢. Then Q is a Galois involution of A stabilizing
A1 but not any proper residue of A;.

Proof. By (12.3) and (12.4), we have
Xg (1) = x5 (8M17)

for all t € E and R
X (1) = x_g; (—AiT)

for all # € E and all i € [2,5]. Since le is an involution, we have
(12.10) x5 (0% = x4, (81)
for all ¢ € E. Therefore
e 242 —~ .
Xuwy (@) ()™ = xg(A1A5A544A51) by 4.7(ii) and (12.3)
= xa(y D by (12.8)
= Xg, (571 1) by (12.10)
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for all € E. Hence Q2 centralizes Uy, . Thus € is an involution (and hence a
Galois involution). Since w; stabilizes X N Ay, Q stabilizes A7 . The restriction
of & to A1 coincides with the automorphism €2 defined in 12.6. By 9.5(iii), it
follows that €2 stabilizes no proper residue of Aj. O

Theorem 12.11. Let D be an octonion division algebra over a field K and
let E/K be a separable quadratic extension such that Dpg is split. Then there
exists a Galois involution Q2 of the building A = E¢(E) such that the Tits index

of the group T := (Q) is

and the fixed point building A' is isomorphic to Ay(D).

Proof. Let A = Eg(E), let ¥ be an apartment of A and let ¢ be a chamber
of ¥. Let ® and «,...,as be as in [Bou, Plate V]. We identify & with the set
of roots of ¥ as in 4.1 and choose a coordinate system {xg}gee for A. Let A
be the unique set of vertices of the Coxeter diagram IT spanning a subdiagram of
type D4, let w; denote the longest element in the Coxeter group Wy with respect
to the generating set A, let R denote the unique A-residue of A containing ¢
and let R; and R, be the two maximal residues containing R.

There exist 11,...,14 € K such that n,---n4 € N(E) and the quadratic form
QO defined in 9.4 is similar to the norm of D. Let Ay,---,A5 and § be as in 12.7.
We set k1 = 8A1, ko = —Ag, k3 = —Aa, ks = —A3, k5 = —As and k¢ = n1.
Next, we set

QO =gwl,l<.'1 ..... KG,0

where o is the non-trivial element in Gal(E/K) and gy, «,
Finally, we set I = (Q2).

By 4.11 with R, in place of R and 12.6, we can assume that the coordinate
system {xg}gee Was chosen so that there are two isomorphisms, one from R;
to the building A in 12.1 carrying the automorphism €2 in 12.7 to the restriction
of Q to R; and the other from R, to the building Ay in 10.3 with n = 5
carrying the automorphism ¢ defined in (10.2) to the restriction of Q to R,.
Since w; stabilizes R N X, T' stabilizes R. Hence I' stabilizes the residues
of A that contain R. By 12.9, therefore, Q(z, centralizes Uy, for all i € [1,5]
and R is a I'-chamber, and by 10.6, Q% centralizes Uy, . It follows that Qg
is a Galois involution. By 6.5, therefore, I' := (o) is a descent group of A.
By 6.11 and 6.12(iii), AT is a building of type A,, and thus by 6.12(iv), AT
is a Moufang triangle. By [TW, 17.2-17.3], there exists a field, a skew-field or
an octonion division algebra D; such that AT = A,(D;). Thus the Moufang set

«e,o 1S as in 4.13.

.....
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induced by the stabilizer of a panel of AT in the automorphism group of AT is
isomorphic to A;(D;). By 6.15 and 10.4, it follows that

Ai(Dy) = BR(K,E*, Q).

Hence by [Wei3, 31.21], D; is an octonion division algebra whose norm is similar
to Q. Therefore D; =~ D (by [TW, 20.28], for example). O

13. The quadrangles of type E7
Our goal in this section is to prove 13.12.

Notation 13.1. Let A =Dg(E), X, ¢, D, «ay,...,aq, (W, S), the identification
of the set of roots of ¥ with @, the identification of Aut(®) with a subgroup
of Aut(X), etc., be as in 4.1. Let S; = S\{sq,,5q,}, let Wi = (S1) and let &,
be the root system (as,...,06) NP of type Dy. Let A; be the unique residue
of type D4 containing c.

Notation 13.2. Let A, X, &, G1,....d4 and {¥g}ges, be the building, the
apartment, the chamber, the set of roots and the coordinate system called A,
X, ¢, ai,...,a4 and {xg}ges, in 83 and 8.4 with n = 4. There exists an
isomorphism v from A to A mapping ¥ to ¥y, ¢ to ¢ and the root &
to oy for all i € [1,6], where m is the map sending the sequence 1,2,3,4
to the sequence 6,4,5,3. Let xg = v~!-Xg-v. Then {xg}ges, is a coordinate
system for A;. By 4.11, we can extend this coordinate system to a coordinate
system {xg}gep for A.

The pair (W, S) is a Coxeter system of type D¢ and the pair (Wp,Sp) is
a Coxeter system of type D4. Let w; denote the longest element in W; with
respect to the set of generators S; and let wy = 5o, wi. By (8.7), (8.9) and (8.10),
we have

(13.3) wol(o) = a1 + o + 203 + 204 + a5 + 06

and
wo(a;) = —a;

for all i € [1, 6] other than 2. By 4.16 and 8.11 with n = 6, there exists w € {1,—1}
such that

(13.4) Q= 8w l,0,—1,—1,~1,—1,id

is an involution, where gy, 1,0,~1,~1,—1,—1,id iS as in 4.13.
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Notation 13.5. Let 1y,...,n74 and Q be as in 9.4 with n =4, let o, K, etc.,
be as in 8.15, let v and A be as in 13.2 and let  be the automorphism of A
in (9.6) with n = 4. We denote by Q the automorphism v='-Q-v of A;. The
automorphism 2 satisfies the identities in 9.7 with n = 4 and with the roots
a1,05,03,04 replaced by the roots g, o4, 5,3 of ®; (in that order).

Notation 13.6. Let

Q = gl],...,/l(),o' . Ql = ng,Al,a)/lz,—/l3,...,—/l(),0'7

where A1 = mmansns, A2 =1, A3 = n3'nz', Ae = 3z, As = n3'na,
Ao = 771_1772 and Q; and gu,, . .i.0 are as in 4.7(i). Note that

.....

(13.7) A1A2A222 0546 = 1.

Theorem 13.8. Suppose that ninansne &€ N(E) and that the quadratic form Q
defined in 13.5 is anisotropic and let Ay be the unique residue of type Ay x Dy
containing the chamber c¢. Then Q is a Galois involution of A stabilizing Ag
but not any proper residue of Ag.

Proof. We have )

Xy (D = Xy (M17)
and R

Xoy ([)Q = Xwo(az) (wt)
for all t € E as well as
(13.9) Yoy (D% = X_a, (— i)
for all # € E and all i € [3,6]. We also have

(1310) xwo(az)(t)gl = xdz(wt)
for all r € E since Ql is an involution. Therefore
Xwo(@) ) = Xuwgr) (A 1A2A3A2AsA61)% by 4.7(ii) and (13.3)

= Xug(ay (D by (13.7)
= X, (wF) by (13.10)

for all ¢ € E. Hence 2 centralizes U,,. Since A; € K for all i € [1,6] and
Q2 =1, it follows from 4.7(ii) that

Yooy ()% = x2a, A7'DP = xe, A7'7)
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and R R
Xy ()% = xg; AP = xg, (=417

for all + € E and all i € [3,6]. Therefore Q2 centralizes Uy, for all i € [1,6].
Thus € is a Galois involution.

The involution € induces the automorphism wy on X, and wy stabilizes
Ag N X. Therefore Q stabilizes Ag.

Let P be the 1-panel containing c, let 7p be the restriction of the projection
map projp to Ao, let = denote the restriction of the projection map proj,, to Ag
and let ¢ denote the restriction of -7 to Ay. By 3.11, 9.7 and (13.9), ¢ coincides
with the automorphism € defined in 13.5.

Suppose that R is a residue of Ag stabilized by . By 9.5(iii), ¢ does
not stabilize any proper residues of A;. Therefore the image of R under the
projection map m is A;. By 8.13, the image of Ay under wp is a projective
line over E which can be coordinatized so that -mp is the map ¢ — )LJ_I.
Since A; =ny---n4 € N(E), this map has no fixed points. Therefore the image
of R under 7p is P. Hence R = A,. Thus @ stabilizes no proper residues
of A(). O

Proposition 13.11. Suppose the quadratic form Q in 13.5 is anisotropic and that
nnanane € N(E). Then A®Y is a Moufang set with non-abelian root groups.

Proof. By (13.8), € is an involution. By 4.2(i) and (13.3), there exists § € {1, —1}
such that

[xm2 (1), xwo(az)(s)] = xg(6st)

for all 5,7 € E. Setting s = § and conjugating by 2, we have
350 = [Xuo(an (@F). Yo, (08)]
= xg(—71)
for all € E. Let T be the trace of the extension E/K and let
X ={(t,u) € E*| T(u)+ wSN(t) = 0}.
It follows from (11.10) and (11.20) that for all (¢,u) € X, the element
8t 1= Xap (1) Xwo(an) (W) Xg (1)

is centralized by Q.

The roots of X cutting A, are the roots in ® N {w,a3,...,06). All the other
positive roots of ® contain Ay N X. In particular, o, wo(z) and & all contain
Ay N X. The root group U of A®) fixing the (2)-chamber A; is isomorphic
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to the centralizer of Q in the group generated by all the positive roots of @
containing A; N X. For each ¢ € E, there exist u; € E such that (f,u;) € X.
Applying the identities [TW, 2.2], we see that

(€550 &, ] = X5 (S (sT —51))

for all s, € E. Thus not all of the elements g;,, commute with each other.
Therefore the root group U is non-abelian. [l

Theorem 13.12. Let A = (K,V, Q) be a quadratic space of type E7. Then there
exists a separable quadratic extension E/K such that Qg is hyperbolic and for
each such extension E/K, there exists a Galois involution Q of the building
A = E7(E) such that the Tits index of the group T' = (Q) is

® I ®

and the fixed point building AU is isomorphic to BS(K,V, Q).

Proof. By 5.5, we can choose a separable quadratic extension E/K such that
QF is hyperbolic and assume that V = E* and that there exists 7y,...,74 € K
such that

Our,...,us) = mN(@uy) + -+ n4N(ua)

for all (u1,...,ug) €V, where N is the norm of the extension £/K, and

mn2n3nas & N(E).

Let o be the non-trivial element in Gal(E/K), let A = E;(E), let ¥ be an
apartment of A and let ¢ be a chamber of X. Let & be the root system and let
ai,...,07 be as in [Bou, Plate VI]. We identify & with the set of roots of X
as in 4.1 and choose a coordinate system {xg}gee for A. Let A be the unique
subset of S spanning a subdiagram of I1 of type A; x D4, let wy denote the
longest element in the Coxeter group W, with respect to the generating set A
and let R denote the unique A-residue of A containing c¢. Let R; and R, be
the unique residues of type D¢ and A; x Ds containing ¢, let R; be the unique
residue of R, of type Ds containing ¢ and let § be the restriction of 2 -projg,
to Rs.

Let Aq,...,A¢ be as in 13.6. We set k1 = n;, ko = —As5, k3 = —Ag,
K4 = —A4, Ks = —A3, k¢ = 0Ay and k7 = A;. We then set

Q = ng,K] seeesK7,0

where gy «;,...c7,0 1S as in 4.13. Finally, we set I' = (Q2).

.....
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By 4.11 with R3 in place of R and 13.5, we can assume that the coordinate
system {xg}gesd was chosen so that there are two isomorphisms, one from R; to
the building A in 13.1 carrying the restriction of Q to R; to the automorphism
Q2 in 13.6 and the other from Rj to the building Ay in 10.3 with n = 5 carrying
the map £ to the automorphism ¢ defined in (10.2).

By 13.8, Q2 centralizes Uy, for all i € [2,7] and R is a I'-chamber. By 3.11
and 10.6, ©2 centralizes Uy, . Thus Q2 centralizes U,, for all i € [1,7]. Hence
@ is a Galois involution. By 6.5, therefore, I" is a descent group of A. By 6.11
and 6.12(iii), AT is a building of type B,, and thus by 6.12(iv), AT is a Moufang
quadrangle. Let M; and M, be as in 5.16 applied to AT By 6.15, 10.4 and 13.11,
one of these two Moufang sets is isomorphic to BIQ(K ,E*, Q) and the other has
non-abelian root groups. By 5.16(a), it follows that AT =~ BS(A). O

14. The quadrangles of type Eg
Our goal in this section is to prove 14.11.

Notation 14.1. Let A = As(E), let ® be the root system of type As, let ay,..., 05
and @ be as in [Bou, Plate I], let S be the set of reflections so; for i € [1,5],
let W = (S), let Si = {Say.5a3,5,}, let Wi = (S1), let &; denote the root
system (o, a3, 04) NP of type D3 and let A; denote the unique residue of type
D3 containing c.

Notation 14.2. Let A, ¥, ¢, G1,d2,4; and {¥g}ges, be the building, the
apartment, the chamber, the set of roots and the coordinate system called A,
X, ¢, aj,a,03 and {xg}gep, in 8.3 and 8.4 with n = 3. There exists an
isomorphism v from A to A mapping ¥ to ¥y, ¢ to ¢ and the root &
to arq) for all i € [1,6], where & is the map sending the sequence 1,2,3 to
the sequence 3,2,4. Let xg3 = v~ ! -%g-v for all B € ®;. Then {xg}pece, is a
coordinate system for A;. By 4.11, we can extend this coordinate system to a
coordinate system {xg}gee for A.

The pair (W, S) is a Coxeter system of type As and the pair (W, Sp) is
a Coxeter system of type D;. Let w; denote the longest element of W; with
respect to the set of generators Sj.

We have w; = (s25453)?, from which it follows that

wi(e) = o1 + oz + oz + oy

and
wy(os) = o + a3 + og + os.
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Now let = be as in 2.9 with ® a root system of type As and let w = 7w - wy.
Then

(14.3) W(oy) =ar +a3 +ag+a5 =0 —a
and
(14.4) W(as) =a; +ox+a3+og =0 —as
as well as w(a;) = —o; for all i € [2,4].

By 4.16 and 7.2, there exist ;1,85 € {1, —1} such that
(14.5) Q= &i,81,—1,—~1,—1,85,id

is an involution, where gy s, —1,—1,—1,85,id 1S as in 4.13.

Notation 14.6. Let A, = 11, A = n5'n3, A3 = ni'm, As = n3'n3' and
As =12, SO

(14.7) AA2A3A4ds =1,

and let

N

Q= 8A1,uAs,0 0 Q) = 8W,81A1,—A2,—A3,—A4.8545,0°
where Q;, 6; and 85 are as in (14.5), o is as in 815 and g;, . asc iS as
in 4.73).

Notation 14.8. Let A and v be as in 14.2, let Q be the automorphism of A
defined in (9.6) with n =3 and 7,712,793 asin 14.6 and let Q =v=!.Q-v.

Theorem 14.9. Suppose that the quadratic form Q defined in 9.4 is anisotropic.
Let Q2 be as in 14.6 and let Ay be the unique Si-residue containing the chamber
c. Then Q is a Galois involution of A stabilizing Ay but not any proper residue
Of A] .

Proof. We have )
xg (1) = Xgy(ay) (81217
for all ¢+ € E. Since Ql is an involution, we have
X ey) )P = xq, (811)
for all + € E. By 4.7(ii), therefore,

X (P = Xp @) (AaAsAadst)
= Xq, (81A2A344A51)
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for all ¢+ € E. By (14.7), therefore, Q2 centralizes Uy, . Similarly, Q2 centralizes
Uys . R R

Since w; stabilizes ¥ N A;, Q stabilizes A;. By 9.7, the restriction of
to A; is the automorphism € defined in 14.8. Since € is an involution, it
follows that ©22 centralizes U; for all i € [2,4] (and thus for all i € [1,5] by the
conclusion of the previous paragraph). We conclude that Q is a Galois involution
and that by 9.5(iii), 2 does not stabilize any proper residues of Aj. O

Proposition 14.10. Suppose the quadratic form Q in 9.4 is anisotropic. Then
A s a Moufang set with non-abelian root groups.

Proof. By (14.3), we have & = w(«;) + a1 . Hence there exists w € {1,—1} such
that

[xal (), xtf)((xl)(s)] = xg(wsr)
for all 5,7 € E. Setting s = » and conjugating by Q, we deduce that

3a(0)® = [%p @) (B1A17). Xy (122 -+ As)]
= xg(—1)
for all t € E. Let T be the trace of the extension E/K and let
X ={(t.u) € E*| T(u)+ 08111 N(t) = 0}.
For all (¢,u) € X, the element

gt 1= Xay (1) Xip(ay) ($1A17) XG (1)
is centralized by Q.

The roots of ¥ cutting A; are the roots in ® N (wy, 3, 04). All the other
positive roots of ® contain A; N X, In particular, oy, w(e;) and & all contain
AN X. The root group U of A? fixing the (Qo)-chamber A; is isomorphic
to the centralizer of Q in the group generated by all the positive roots of &
containing A; N X. For each ¢t € E, there exists u; € E such that (t,u;) € X.
Applying the identities [TW, 2.2], we see that

[&s,us- 8]l = Xa (wglkl (st — Et))

for all s, € E. Thus not all of the elements g;,, commute with each other.
Therefore the root group U is non-abelian. O

Theorem 14.11. Let (K,V,Q) be a quadratic space of type Eg. Then there
exists a separable quadratic extension E/K such that Qg is hyperbolic and for
each such extension E/K, there exists a Galois involution Q of the building
A = E¢(E) such that the Tits index of the group T := (Q) is

@{jj@
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and the fixed point building AU is isomorphic to B§ (K,V,0).

Proof. By 5.5, we can choose a separable quadratic extension E/K such that
QF is hyperbolic and assume that V = E3 and that for some 71;,7,.73 € K,

Oy, uz,uz) = niN(uy) + n2N(uz) + n3N(u3)

for all (u;,up,u3) €V, where N is the norm of the extension E/K.

Let A =Eg(E), let ¥ be an apartment of A and let ¢ be a chamber of X.
Let © be the root system of type Eg¢ and let «,...,a6 be as in [Bou, Plate V].
We identify & with the set of roots of ¥ and Aut(®) with a subgroup of Aut(X)
as in 4.1 and choose a coordinate system {xg}gee for A. Let A be the unique
subset of S spanning a subdiagram of IT of type D3 that is stabilized by
Aut(IT), let w; denote the longest element in the Coxeter group Wy with respect
to the generating set A, let R denote the unique A-residue of A containing c,
let R; be the unique residue of type As containing R and let R, be the unique
residue of type D4 containing R. Let & be as in 2.9 and let & = 7w, .

Let A1,...,A5,81,05 be as in 14.6. We set k1 = 8141, ko = 11, k3 = —A3,
k4 = —A3, k5 = —A4 and kg = 85A5. We then set

Q= 8 ,k1 5..sk6,0

where o is the non-trivial element in Gal(E/K) and gy i,
Finally, we set I' := (Q2).

By 4.11 with R, in place of R and 14.2, we can assume that the coordinate
system {xg}gee Was chosen so that there are two isomorphisms, one from R;
to the building A in 14.1 carrying the automorphism 2 in 14.6 to the restriction
of Q to R; and the other from R, to the building Aq in 10.3 with n = 3
carrying the automorphism 2o defined in (10.2) to the restriction of Q to R,.
By 10.6, ©2 centralizes Uy, for all i € [2,5] and R is a I'-chamber. By 14.9, Q2
also centralizes Uy, and Uy, . Thus Q2 is a non-type-preserving Galois involution.
By 6.5, therefore, T is a descent group of A. By 6.11 and 6.12(iii), AT is a
building of type B,, and thus by 6.12(iv), AT is a Moufang quadrangle. Let M,
and M, be as in 5.16 applied to AT. By 6.15, 10.4 and 14.10, one of these two
Moufang sets is isomorphic to BIQ(K, E3, Q) and the other has non-abelian root
groups. By 5.16(a), it follows that AT =~ BS(A). O

6,0 i as in 4.13.

.....

15. Non-pseudo-split buildings of type F4

In this section, we construct all buildings of type F, that are not pseudo-split
(as defined in 15.3) and the exceptional buildings of type C; (see [Tit2, 9.1-9.3])
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as the fixed point buildings of Galois involutions of buildings of type E¢, E7
and FEg. Our main result is 15.4.

Theorem 15.1. Let A be a simply laced and split building of type 11, let S be
the vertex set of 11, let J = S\{i} for some i € S, let T1j be the subdiagram
of T1 spanned by J, let Ay be a J-residue, let 21 be a Galois involution
of Ay and let (I1y,0®1, A) be the Tits index of T'1 := (Q1). Suppose that i is
adjacent in T1 to a unique element of J. Then there exist an extension of ©
to an automorphism © of I1 and an extension of Q1 to a Galois involution 2
of A such that the Tits index of T :=(Q) is (I1,0, A).

Proof. By [MPW, 24.36], ©2; has an extension to an involution  of A and
by [MPW, 29.28], @ is a Galois involution. By 6.5, therefore, I' := (Q2) is a
descent group of A. Let ® denote the image of I" in Aut(IT). The restriction
of ® to Iy is ®; and by 6.12(ii), a I';-chamber is also a I'-chamber. Thus
(IT,®, A) is the Tits index of TI'. O

Buildings of type F, are all of the form F4(D, K), where (D,K) is a
composition algebra; see [Tit2, Thm. 10.2] and [Wei2, 30.14 and 30.15].

Notation 15.2. Let A = (D, K) be a composition algebra. As in [Wei2, 30.17], we
say that A is of type (i) if D/K is an inseparable extension in characteristic 2
such that D? C K but D? equals neither K nor K?. We say that A is of
type (ii) if D = K 1is a field. We say that A is of type (iii) if D/K is a
separable quadratic extension fields; its standard involution in this case is the
unique non-trivial element in Gal(D/K). We say that A is of type (iv) if D is a
quaternion division algebra over K and we say that A is of type (v) if D is an
octonion division algebra over K. In cases (iv) and (v), the standard involution
o is as defined in [TW, 9.6 and 9.10]. In case (v), the triple (D, K,0) is an
honorary involutory set as defined in [TW, 38.11] and the Moufang quadrangle
B%(D, K.,o), which appears in 15.4(iii) below, is defined in [TW, 38.13].

Definition 15.3. A building F4(D, K) is split, respectively, pseudo-split, if the
composition algebra (D, K) is of type (ii), respectively, of type (i) or (ii), as
defined in 15.2.

Theorem 15.4. Let D/K be composition algebra of type (x) for x = iii, iv or v,
let o be the standard involution of D/K and let E be a subfield of D containing
K such that E/K is a separable quadratic extension. Then the following hold:
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(i) If x = iii, then there exists a Galois involution Q2 of the building A = Eg(E)
such that the Tits index of the group T := (Q) is

el

and the fixed point building A" is isomorphic to F4(D/K).

(i) If x = iv, then there exists a Galois involution Q of the building A = E7(E)
such that the Tits index of the group T := (Q) is

© ’L ®

and the fixed point building A" is isomorphic to F4(D/K).

(iii) If x = v, then there exists a Galois involution Q2 of the building A = Eg(FE)
such that the Tits index of the group T := (Q) is

c—® I )

and the fixed point building A" is isomorphic to F4(D/K) and there exists
a residue A1 of type E; of A stabilized by 2 such that the restriction T
of T to Ay has Tits index

C; I ®

and the fixed point building Al;l is isomorphic to C5(A), where A is the
honorary involutory set (D, K, o).

Proof. Suppose that x = iii, let A = E¢(F) and let A; be a residue of type As.
We identify A; with the building A in §7 with n =5 and let 2; be the non-
type-preserving Galois involution of A; obtained by composing the involution
in 7.3 with the involution which maps x,,(¢) to x4, (%) for all i € [1,5] and all
t € E. Next let 2 be a Galois involution of A obtained by applying 15.1 to €2;.
By 7.4, @, fixes a chamber of A. It follows that the Tits index of I' = () is
as in (i). By 6.11, therefore, AT is a building of type F,. Let J be the unique
subset of S spanning a subdiagram of IT of type As; that is stabilized by the
non-trivial automorphism of IT, let R be a J -residue stabilized by © and let T'g
denote the restriction of I' to R. By 8.17, we have

R"R = BY(K,E,N).

By [MPW, 22.39], RT® is a residue of AT'. If (E’,K’) is a composition algebra
with norm N’ such that
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BS(K,E,N) = BS(K',E',N'),

then by [TW, 20.28 and 35.7], there is an isomorphism from E to E’ mapping
K to K'. Therefore
AT ~ F4(E. K).

Thus (i) holds.

Now suppose that x = iv, let A = E7(E) and let A; be a residue of type
D¢. We identify A; with the building A in 8.3 with n = 6 and let Q; be a
Galois involution of A; obtained by applying 8.16. The Tits index of (€;) is as
in (ii) with the rightmost vertex deleted. We can thus apply 15.1 to ; to obtain
a Galois involution 2 of A such that the Tits index of T" := () is as in (ii).
Therefore AT is a building of type F4 (by 6.11). By [MPW, 22.39] and 8.16, AT
has residues isomorphic to A(D). It follows from [TW, 35.6] that

AT ~ Fy(D, K).

Thus (ii) holds.

Suppose, finally, that x = v. Let Q; be the Galois involution of Eg(FE)
in 12.11. Applying 15.1 once and then a second time, we obtain extensions of €2
to Galois involutions of E;(E) and then of Eg(E) generating groups whose Tits
indices and fixed point buildings are as in (iii). O

16. Pseudo-split buildings of type F4

The results of this section will be required in §17. They are completely parallel
to the results in §4, but we formulate them separately for the sake of clarity.

Notation 16.1. Let A = F4(L,E), where L/E is a field extension such that
char(E) =2 and L? C E. We assume that L # E (but we do not assume that
L/E is finite dimensional). Let ® be a root system of type Fy4, let ¥ be an
apartment of A and let ¢ be a chamber of ¥. Let «y,...,a4 be as in [Bou,
Plate VIII], let S be the set of reflections sq, for i € [1,4] and let W = (S)
be the Weyl group of ®. We identify ® with the set of roots of ¥ and Aut(®P)
with a subgroup of Aut(X) as in 4.1 so that «1,...,a4 are the four roots of X
containing ¢ but not some chamber of ¥ adjacent to c.

Theorem 16.2. There exists a collection of isomorphisms xg: E — Ug, one for
each long root B of ®, and a collection of isomorphisms xg: L — Ug, one for
each short root, such that for all o, p € ® such that o # £ and for all s € E
if o is long, all s € L if o is short, all t € E if B is long and all t € L if B
is short, the following hold:



Galois involutions and exceptional buildings 253

(i) [xa(s),xg(t)] = xq4p(st) if a and B have the same length and o+ € P.

(i) [xa(s),xg(t)] = xq1p(s1)Xq428(st?) if o is long, B is short and a+p € P,
in which case also a + 2B € ®.

(iii) [xq(s),xg(t)] =1 if «a is orthogonal to B.
(iv) UF=® = yXet™ i 520,
Proof. Assertions (i)—(iii) hold by [Ste, (R2) on p. 30] (or [Car, Thm. 5.2.2])

and [Tit2, 10.3.2]. Assertion (iv) holds by [Ste, (R7) on p. 30 and Lemma 59 on
p. 160]. O

Remark 16.3. We call a set {xg}geo satisfying the four conditions in 16.2 a
coordinate system for A. The assertions 4.6, 4.9 (with both r and ¢’ identically
equal to 1) and 4.11 all hold with the word “equivalent” replaced by “equal” in
our present setting and with virtually the same proofs (but without concerns over
minus signs since we are now in characteristic 2).

From now on we fix a coordinate system {xg}geqo for A.

Theorem 16.4. Let y € Aut(d), let A1, A, be non-zero elements of E, let A3, Ay
be non-zero elements of L and let o be an element of Aut(L) stabilizing E.
Then the following hold:

(i) There exists a unique automorphism
g = gy,/ll,/lz,l3,l4,o'
of A that stabilizes the apartment X such that
Xa; (t)g = xy(a,')(xita)
forall i €[1,2] and all t € E and
Xa; (v)g = xy(a,')(xivo)
forall i €[3,4] and all ve L.
Qi) If
4
,8 = ZC,’(X,’ € o,
i=1
then
xp (1) = xy(p)(Ap1%)
for all t € E if B is long, respectively, for all t € L if B is short, where

4
rp =[]
i=1
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Proof. The existence assertion in (i) holds by [Ste, Lemma 58 on p. 158] (and
the existence of field automorphisms) applied to F4(L) and restriction of scalars
to E in the long root groups; uniqueness holds by [Weil, 9.7]. Assertion (ii)
follows by induction from 16.2(i)—(ii) and [Hum, §10.2, Cor. to Lemma A] once
it is established that it holds for § = —«; for all i € [1,4]. This can be done
exactly as in the proof of 4.7(ii). [l

Definition 16.5. A Galois involution of A is an element of order 2 in the coset
9r1.2s0GT for some Ay,..., 4,0 with o # 1, where GT is as in 3.1. This
is a special case of the notion of a Galois involution of an arbitrary Moufang
building given in [MPW, 31.1].

Theorem 16.6. If Q is an isotropic Galois involution of A, then T := (Q) is a
descent group of A.

Proof. This is a special case of [MPW, 32.27]. O

17. The quadrangles of type Fj4

In this section we construct the Moufang quadrangles of type Fy as fixed
point buildings of Galois involutions of pseudo-split buildings of type Fy; see 15.3
and 17.14. Our construction is essentially the same as the construction given
in [MMI] except that we construct the initial anisotropic Galois involution of a
pseudo-split Moufang quadrangle and verify that it is anisotropic in a simpler
fashion.

Notation 17.1. Let L/E be as in 16.1, let M denote the direct sum of six copies
of E and let V =M & L, which we think of as a vector space over E. Let

B = {e1, ez, e3, f1, f2, 3}
be a basis of the subspace {(u,0) |u € M} of V, let L be identified with its
image under the map v > (0,v) € L and let ¢: V — E be the quadratic form
given by
q(xie1 + y1fi + x2e2 + y2 fo + x3€3 + y3 f3 + V) = x1y1 + X2y2 + X3¥3 + v?
for all x;,...,y3€ E and all v e L.

Notation 17.2. Let A, denote the building of type Bs; whose chambers are the
maximal flags of subspaces of V' that are totally isotropic with respect to ¢ and
let go denote the restriction of ¢ to L = (0,L) C V. Thus g¢ is anisotropic and
totally singular and by 3.4,

Ao = B$(E, L,qo).
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Notation 17.3. For each ordered pair (i, j) of distinct integers i, j in the interval
[1,3] and each 7 € E, let x;;(¢) denote unique element of O(g) that sends e;
to e; +te; and f; to f; +tf;, fixes all other elements of B and acts trivially
on L. For each unordered pair {i, j} of distinct integers i, j in [1,3] and each
t € E, let y;;(t) denote the unique element of O(g) that sends f; to f; + te;
and f; to f; +te;, fixes all other elements of B and acts trivially on L and
let z;;(t) denote the unique element of O(g) that sends e; to e; +¢f; and ¢;
to e; + tf;, fixes all other elements of B and acts trivially on L. For each
i €[1,3] and each v € L, let x;(v) denote the unique element of O(g) that
maps f; to f; +v2e; + v, fixes all other elements of B and acts trivially on L
and let y;(v) denote the unique element of O(g) that maps e; to e; +v2f; + v,
fixes all other elements of 5 and acts trivially on L.

Remark 17.4. Let X, be the apartment of Ay whose chambers contain only
subspaces spanned by subsets of B. Let ®; denote a root system of type Bj
and let oq,a2, 03 and &1,&,,63 be as in [Bou, Plate II] with n = 3, so that
o) =€ —&, 0y =& —¢3 and a3z = g3. For each B € ®;, we set ug = x;; if
B =¢ei—¢; for some i, j €[1,3], ug =y;; if p=¢;+¢; for some i, €[l1,3],
ug = z;j if B = —e; —¢; for some i,j € [1,3], ug = x; if B = ¢ for some
i €[l,3] and ug = y; if B = —g; for some i € [1,3], where x;;, y;;, etc. are
as in 17.3. Then ug(E) for B long and ug(L) for B short are root groups of Ag
and {ug}ged, is a coordinate system for Ag.

Notation 17.5. Let ¢ be an involution in Aut(L) stabilizing E, let F = Fixz (o)
and let K = Fixg (o). We will usually write X in place of x? for x € L. Let N
be the norm of the extension L/F. Thus F/K is a purely inseparable extension
such that F? C K and the restriction of N to E is the norm of the extension
E/K.

Notation 17.6. Let n;,n, be non-zero elements of K, let T = E® E & F
considered as a vector space over K, let Q¢: T — K denote the quadratic form
over K given by

Qo(y1. y2,u) = mN(y1) + 12N (y2) + u?

for all (y1,y2,u) €T andlet Q: K ® K & T — K denote the quadratic form
over K given by

Q(S,I,Z) = st + QO(Z)
for all (s,z,z) e T.
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Proposition 17.7. Let V, B, q, etc., be as in 17.1, let Vy denote the subspace
spanned by {es,e3, fa, f3}UL, let qo: Vo — E denote the restriction of q to Vy,
let x — X and F be as in 17.5, let n1,n2 and Q and Q¢ be as 17.6 and let
Q = Qy,.p, be the o-linear automorphism of V given by

3
Q(Z(xiei TS+ v) =X1e1 + V1.1 + mYzez2 + 07 ' %2 /o

i=1
+nayses + 1, ' X33 + T

Jor all x1,x2,%x3,%x1,y2,v3 € E and all v € L. Then the following hold:
() q(Q(x)) =q(x) for all x €V and Q?* =1.
() g = Q0 ®kE.

(iii) If the quadratic form Qg is anisotropic, then there are no non-zero £2-
invariant subspaces of Vy that are totally isotropic with respect to qq.

Proof. Assertion (i) is clear and assertion (ii) follows from 9.3. Suppose that U
is a non-zero totally isotropic 2-invariant subspace of V. Thus ¢(v) = 0 for
all ve U. Let u be a non-zero element of U. The sum v := u + Q(u) is fixed
by Q. Replacing u by ru for some ¢ € E\F if necessary, we can assume that
v is non-zero. We have

vV =2x2e2+y2fo+x3e3+y3f3+s

for some x,,x3,y,,y3 € E and some s € L not all zero. Since v is fixed by €,
we have x; = n;—1y; for i € [2,3] and 5 = 5. Therefore the elements y,, y3,s
are not all zero, s € F and

Q0(y2.¥3.8) = Mmy2y2 + n2y3¥3 + 5° = q(v) = 0.
Thus (iii) holds. O

Notation 17.8. Let A, X, ¢, ®, «oy,...,04, (W,S), the identification of @
with the set of roots of ¥ and the identification of Aut(®) with a subgroup
of Aut(X) be as in 16.1. Let {xg}gee be as 16.2, let A; denote the unique
{Say+ Sas» Sas }-residue of A containing c, let ¥; denote the apartment X N A;
of A; and let ®; denote the root system (a1, ,x3) NP of type B, which we
think of as the root system &®; in 17.4. There exists an isomorphism v from the
building A, defined in 17.2 to A; mapping X, to ¥; and sending each root
Bed CP of Zp to the root BN Xy of X;. Let {ug}gep, be as in 17.4 and
let xg = v~ '-ug-v for each B € ®;. Then {xg}gee, is a coordinate system
for A; and by 16.3, it extends to a coordinate system {xg}gece for A. We set
Qo=v71-Q-v, where Q =, ,, is as in 17.7.
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Notation 17.9. Let w; be the longest element in the Coxeter group Wy with
respect to the set of generators J := {sq,,Sq5}. Thus wy = (sazsa3)2, from which
it follows that

wi (o) = o1 + 200 + 2003

and

wi(eg) = az + 203 + a4,

as well as w;(o;) = —; for both i € {2, 3}.

Proposition 17.10. Let {xg}pceo and Qo be as in 17.8. Then
Xo; (t)QO = xwl(ai)(xi?)

for i €[1,2] and all t € E and

Xas (U)QO = Xwi(a3) (Aii)

for all v e L, where Ay =1, Ay =n7'n2 and Az = n;'.
Proof. This follows from 17.4, 17.7, 17.9 and some computation. O
Notation 17.11. Let A, be the unique {sq,,Sq,}-residue of A; containing c.

Theorem 17.12. Suppose that 110, = A2 for some A4 € F and that the quadratic
from Qg in 17.6 is anisotropic. Let

fz = 8wi,A1,A2,A3, 4,0
be as in 16.4(1) with o as in 17.5, wy as in 17.9 and A1,A», A3 as in 17.10, and

let Ay be as in 17.11. Then Q2 is a Galois involution stabilizing A, but no proper
residue of A,.

Proof. Since w; stabilizes A, N X, Q stabilizes A, . By 16.4(ii) and 17.9, we
have

5o s
xa4(v)9 =le(a4)(A4U)Q

= Xy, (Az)@)&ﬁv) = Xo, (V)

for all v € L. By 16.4(i) and 17.10, the restriction of Q to A1 coincides with Q.
Since Qg is an involution, we conclude that Q2 centralizes Uy, forall i €[1,4].
Therefore €2 is a Galois involution and by 17.7(iii), $ does not stabilize any
proper residues of A,. O
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Proposition 17.13. Suppose that the quadratic form Qg in 17.6 is anisotropic
and that nin, € F2. Let Q be as in 17.12, let T' = (Q), let Ay and A, be as
in 17.8 and 1711 and let R be the T -panel containing A, other than A,. Then

Al B (K.E® E & F. Qo)

and
R" = BE(F, M, Q)

for some anisotropic quadratic space (F, M, Q) defined over F whose defect is
non-trivial and has co-dimension 4.

Proof. First note that by 17.12, the restrictions of Q to A7 and to R are both
Galois involutions. Let V, g and Q be as in 17.7 and let V= Fixy (R2). It
follows from [MPW, 2.40] (as in the proof of 10.4) that the map W — W N Vs
an inclusion- and dimension-preserving bijection from the set of all €2-invariant
subspaces of V' to the set of all subspaces of V, and an §2-invariant subspace
W of V is totally isotropic with respect to ¢ if and only if W NV is totally
isotropic with respect to Q. Since Q is anisotropic, the first claim holds by 3.4.
Since
R =BZ(L,EY? x > x?),

the second claim holds by [MPW, 35.13]. O

In the following EF denotes the composite of the fields £ and F. Thus
EF/E is an extension such that (EF)?> C E.

Theorem 17.14. Let (K,V,¢) be a quadratic space of type F4 and let F be as
in 5.9. Then there exists a separable quadratic extension E/K such that ¢g is
pseudo-split and for each such extension E/K, there exists a Galois involution
Q of the building A = F4(EF/E) such that the Tits index of the group T' = (Q)
is

&——

and the fixed point building A' is isomorphic to BJ (K, V. ).

Proof. By 5.12, there exist separable quadratic extensions E/K such that ¢g
is pseudo-split and letting E/K be any one of them, we can assume that
V=E®E®®F and that for some 7,7, € K,

@1, y2.u) = mN1) + 12N (y2) + u?
for all (y1,y2,u) € V, where N is the norm of the extension E/K, and

nmna € F2.



Galois involutions and exceptional buildings 259

Let L = EF,let A =F4(L, E), let Q be the Galois involution called Q in 17.12
and let I' = (). By 16.6, I' is a descent group of A. By 17.12, there exist
I" -chambers of type B,. By 6.11 and 6.12(iii), it follows that AT is a building of
type B,, and thus by 6.12(iv), Al is a Moufang quadrangle. Let M, and M,
be as in 5.16 applied to AT. By 6.15 and 17.13, one of these two Moufang sets is
isomorphic to BIQ(A) and the other is as in 5.16(b). By 5.16, therefore, we have
AT >~ BJ(A). O
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