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A note on semi-conjugacy for circle actions
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Abstract. We define a notion of semi-conjugacy between orientation-preserving actions of
a group on the circle, which for fixed point free actions coincides with a classical definition
of Ghys. We then show that two circle actions are semi-conjugate if and only if they
have the same bounded Euler class. This clarifies some existing confusion present in the

literature.
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1. Introduction

A fundamental problem in one-dimensional dynamics is the classification of
group actions on the circle. More precisely, denote by Homeo™ (S') the group of
orientation-preserving homeomorphisms of the circle. Given a group I', we will
refer to a homomorphism p : I' — Homeo™ (S') as a circle action. One would
like to associate to every circle action of I" a family of invariants which classify
the action up to a suitable equivalence relation, ideally up to conjugacy. For the
case of a single transformation acting minimally on the circle, this problem was
solved by Poincaré around the end of the 19th century, using his theory of rotation
number [Poil, Poi2].

In [Ghyl, Ghy2] Etienne Ghys introduced and studied a far reaching gener-
alization of the rotation number, the bounded Euler class of a circle action. For
minimal actions, i.e. actions for which every orbit is dense, he thereby achieved
a complete classification result:

Theorem 1.1 ([Ghy2, Theorem 6.5]). Let py,ps : I' — Homeo™ (S') be minimal
circle actions. Then p; and p, are conjugate if and only if they have the same
bounded Euler class.
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The bounded Euler class is thus a complete conjugacy-invariant for minimal
actions. For non-minimal actions, this result is not true. Instead, non-minimal
actions sharing the same bounded Euler class only satisfy a weaker equivalence
relation. In [Ghyl] Ghys introduced the notion of semi-conjugacy between circle
actions, which generalizes the notion of conjugacy. With this notion he proved:

Theorem 1.2 ([Ghyl, Theorem Al]). Two circle actions py,p, : I' — Homeo™ (S!)
are semi-conjugate if and only if they have the same bounded Euler class.

The bounded Euler class which appears in Theorem 1.1 and Theorem 1.2 is an
invariant with values in the second bounded cohomology Hbz(F; Z) of T' with
Z -coefficients. The theory of Ghys developed in [Ghyl, Ghy2] goes far beyond
Theorem 1.2. Namely, not only does it parametrize semi-conjugacy classes of circle
actions by classes in Hlf(F;Z), but it also characterizes exactly which classes
in HbZ(F;Z) can be realized by circle actions. This then provides a bijection
between semi-conjugacy classes of circle actions and a certain explicit subset of
Hﬁ(F;Z). Although we will have nothing to say on this part of the theory in
this note, let us at least state the main result:

Theorem 1.3 ([Ghyl, Theorem B]). Let " be a discrete countable group and
B e Hf([‘, 7). There exists a representation p: T — Homeo™ (S') such that p
is the bounded Euler class of p if and only if B can be represented by a cocycle
taking only the values 0 and 1.

Ghys’ theory of the bounded Euler class has found applications in many
different directions. Recently there has been revived interest in Theorem 1.2,
since it plays a fundamental role in the bounded cohomology approach to higher
Teichmiiller theory ([BIW1, BIW2, BSBH]).

The beginner in the field who is trying to understand the proof of Theorems 1.1
and 1.2 has to face several challenges which we try to address with this note.

The first challenge is to understand the notion of bounded Euler class. Like
ordinary cohomology, bounded cohomology can be defined either abstractly or
through various concrete resolutions. In each concrete model the bounded Euler
class is represented by a specific cocycle. For example, the proof of Ghys’
Theorem makes use of two different incarnations of the bounded Euler class,
namely the geometric description of the bounded Euler class associated with the
Homeo™ (S!)-action on S', and the algebraic description in terms of translation
numbers. Neither of these incarnations is particularly intuitive at first sight, and
while it is well known to the experts that they represent the same cohomology
class under a canonical isomorphism, this does not appear obvious just by looking
at the definitions.
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In our opinion, the most canonical way to define the bounded Euler class is to
define it as the bounded lifting obstruction for the central extension corresponding
to the universal covering of Homeo™ (S'). This is the approach taken in the present
note (see Definition 3.4). We then carefully establish that the so-defined class can
be represented over the circle by the well-known Euler cocycle (Corollary 3.10)
and can also be related to the translation number (Proposition 3.5). This then
shows in particular the equivalence of the two definitions used in the proof of
Ghys’ Theorem. Yet another characterization of the bounded Euler class in terms
of the Sullivan cocycle over the double covering of the circle is given in the
appendix. This description is crucial if one wants to extend the notion of bounded
Euler class to higher dimensions and plays an important role in the study of the
cohomology of SL,(R). It also allows us to give a different (and apparently new)
characterization of circle actions with vanishing bounded Euler class, hence we
include it here.

Once the notion of bounded Euler class is clarified, one needs to understand the
notion of semi-conjugacy. Unfortunately, the original definition in [Ghyl] suffered
from a minor inaccuracy, which was corrected in later papers of the author. In
the meantime, different authors had developed fixes of their own, leading to a
plethora of alternative definitions. Right now the situation seems to be that all
of these definitions are used simultaneously in the literature without much of a
distinction. Several of the most used definitions can be shown to be equivalent
and, more importantly, to satisfy Theorem 1.2. However there also appear several
other definitions of semi-conjugacy in the literature, which are not equivalent and
for which Theorem 1.2 does not hold. The main goal of this article is to clarify
the situation and to compare the different definitions.

All definitions of semi-conjugacy start from the notion of a non-decreasing
degree one map, ie., a map ¢ : S! — S! which admits a lift § : R — R
(called a good lift) such that @ (x +1) = @g(x) + 1 for every x € R and @
is non-decreasing, i.e., ¢ (x) < @ (y) whenever x < y. (In the body of this
text, we will adopt the equivalent but more geometric point of view given in
Definition 2.2.)

We emphasize that no continuity requirement is imposed in this definition,
and hence the Brouwer—-Hopf degree of ¢ may not be well defined. Even if
¢ happens to be continuous, it may still be constant and thus of Brouwer—
Hopf degree 0. In general, the Brouwer—Hopf degree of a continuous non-
decreasing degree one map is either 0 or 1 (and it is equal to zero if and
only if the map is constant). We say that a non-decreasing degree one map ¢
is upper/lower semi-continuous if it admits a good lift with the corresponding

property.
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Now let H := Homeot(S'). We call a non-decreasing degree one map
¢ : S' — S a left-semi-conjugacy from a circle action p; : I' — H to a circle
action py : I' > H if

p1(y)g = ¢p2(y) for every yeT.

We then call p; left-semi-conjugate! to p, and p, right-semi-conjugate to py .

Theorem 14. Let p; : ' - H and p, : ' — H be circle actions of the same

group T'. Then the following are equivalent:

(i) p1 is both left-semi-conjugate and right-semi-conjugate to p;.

(ii) Either both p1(T") and p2(I") do not have a fixed point and p, is left-semi-
conjugate to p, or p1(I') and p2(T") both have a fixed point.

(iii) There exist a left-semi-conjugacy ¢ from p; to py and a p>(T)-invariant
subset K C S! such that ¢|x is injective.

(iv) There exist a left-semi-conjugacy ¢ from py to p2, lifts o1 (y) and p3 (y) for
each y € T and a good lift ¢ of ¢ such that o1 (y) ¢ (x) = @ (2 (y)(x))
for all y e T and x € R.

(v) p1 and py have the same bounded Euler class.

All of these conditions remain equivalent if the left-semi-conjugacies in question
are required to be either upper semi-continuous or lower semi-continuous.

In this note we will define two circle actions p; and p, to be semi-conjugate
if they satisfy Condition (i) of the theorem (see Definition 2.5 below). The
equivalence (i) < (v) is then exactly the content of Theorem 1.2. According to
the theorem, each of the Conditions (ii)—(iv) could equally well be used as the
definition of semi-conjugacy for Theorem 1.2 to hold.

Definition (ii) is essentially Ghys’ original definition (modulo the necessary
correction in the case of fixed points). The case where both pi(I") and po(T")
have fixed points is actually equivalent to the vanishing of the bounded Euler
class. One problem with Definition (ii) is that it is not obvious a priori whether it
is an equivalence relation at all. From this point of view, Definition (i) is clearly
preferable. The (re-)discovery of this “symmetric” definition by the second named
author was one of our main motivations to write this note. (Later we learned
from the referee that this definition already appeared in an old manuscript of
Takamura [Tak], which however was never published.) Definition (iii) is due to the
first-named author [Buc] and convenient to check in practice, since only one left-
semi-conjugacy has to be constructed. Definition (iv) was kindly communicated
to us by Maxime Wolff [Wol].

'In [Ghyl] p; is simply called semi-conjugate to p>, but we would like to emphasize here the
asymmetry in p; and p5.



A note on semi-conjugacy for circle actions 321

Remark 1.5. As was communicated to us by Ghys and is pretty clear from the
proofs in [Ghyl], what was actually meant is a condition very close to Condition
(iv) in Theorem 1.4, which we state as Condition (vi) below. For this we observe
that every circle action of I' gives rise to a central extension I'(p) of I' as
follows. Denote by ‘H the universal covering group of H, which is a central
Z -extension of H and acts on the real line (see Subsection 3.2). Then I'(p) is
defined as the pullback

-
L(p) —H

|

I —H.

We can now state Condition (vi) which is equivalent to (i)—(v) above:

(vi) There exist an isomorphism  : T'(p1) — T'(p2) commuting with the
projections on T and a good lift ¢ of a non-decreasing degree one map
such that for all y € T'(p1) and x € R,

T =7 (% E0)).

It is obvious that it implies Condition (iv) of Theorem 1.4. Condition (vi) has
however the slight disadvantage that it requires the corresponding (unbounded)
Euler classes to be equal, which is equivalent to the isomorphism between the
two central extensions of I'. We will point out in Remark 4.5 how Condition
(vi) immediately follows from Condition (i) of Theorem 1.4 based on the proof
of Part (i) of Theorem 4.3.

Having stated a number of equivalent definitions of semi-conjugacy, let us
now point out a number of definitions we found in the literature, which are
not equivalent to the definitions above. For a more detailed discussion including
various concrete counterexamples see Remark 2.7 below. Most importantly, the
fact that p; is left-semi-conjugate to p, by itself does not imply semi-conjugacy.
In fact, left-semi-conjugacy is not even an equivalence relation, since the trivial
action is left-semi-conjugate to every circle action. This problem can also not be
remedied by replacing left-semi-conjugacy by the equivalence relation it generates,
since the latter relation is just the trivial relation in which any two circle actions
are related, nor by excluding constant semi-conjugacies, since these are necessary
for Theorem 1.2 to hold.

However, it is rather remarkable that for fixed point free circle actions all
these problems disappear completely. In fact, as an immediate consequence of
Theorem 1.4 we have the following:
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Corollary 1.6. If p1 : ' — H and p, : ' — H are fixed point free circle actions
of the same group T, then the following are equivalent:

(1) py1 is semi-conjugate to p,.
(2) p1 is left-semi-conjugate to p;.
(3) p1 is right-semi-conjugate to p;.

(4) p1 and py have the same bounded Euler class.

This corollary is the reason why the wrong definitions in the literature are
in most cases rather innocuous. Another issue concerning the definition of semi-
conjugacy concerns the regularity of the non-decreasing degree one maps involved.
As stated in Theorem 1.4, if p; and p, are semi-conjugate circle actions, then one
can find an upper semi-continuous left-semi-conjugacy from p; to p, (and vice
versa). However, one can in general not find a continuous left-semi-conjugacy
from p; to p,. Nevertheless, semi-conjugacy may be defined via the use of
continuous maps of Hopf-Brouwer degree 1 rather than (possibly non-continuous)
non-decreasing degree one map as follows:

Theorem 1.7 ([Cal]). Semi-conjugacy is the equivalence relation generated by
continuous left-semi-conjugacies of Brouwer—Hopf degree 1.

Note that what we call a “left-semi-conjugacy via a continuous map of
Brouwer—-Hopf degree 17 here, is simply called a semi-conjugacy in [Cal],
conflicting with our terminology. On the other hand, the equivalence relation
generated by continuous left-semi-conjugacies of Brouwer—Hopf degree 1 which
is equivalent to what we call “semi-conjugacy” is called monotone equivalence
in [Cal].

The rough outline of this note is as follows: In Section 2 we discuss the
symmetric definition of semi-conjugacy stated as Definition (i) in Theorem 1.4.
In particular, we discuss the geometry of non-decreasing degree one maps and
various pitfalls of the definition. Section 3 is then devoted to the discussion of
the bounded Euler class alluded to earlier. In particular, we discuss thoroughly
three well-known characterizations of the bounded Euler class on Homeo™ (S!)
and establish carefully their mutual equivalence (Definition 3.4, Proposition 3.5
and Corollary 3.10).

Section 4 is the core of this note. Here we establish Theorem 1.2 for
our symmetric definition of semi-conjugacy (i.e., the equivalence (i) < (v) in
Theorem 1.4). It turns out that the argument for fixed point free actions and for
actions with fixed points is quite different. Thus we first establish in Subsection 4.1
that a circle action has a fixed point if and only if it has vanishing bounded Euler
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class, and that this corresponds precisely to being semi-conjugate to the trivial
circle action. This reduces the proof of Theorem 1.2 to the case of fixed point
free actions. For such actions we then establish that they are left-semi-conjugate
if and only if they have the same bounded Euler class. This proves Theorem 1.2
and at the same time yields the equivalences (i) < (ii) < (v) in Theorem 1.4.

Once Theorem 1.2 is established, Theorem 1.1 follows easily. This is explained
in the final Subsection 4.5 of Section 4.

In Section 5 we collect various consequences of Ghys’ Theorem. Firstly, we
explain how Poincaré’s classification of Z -actions on the circle can be considered
as a special case of Ghys’ Theorem. Secondly, we deduce from Ghys’ Theorem
that every action of an amenable group on the circle is semi-conjugate to an
action by rotations, a result commonly attributed to Hirsch and Thurston (see [HT]
and [Cal, Theorem 2.79]). Finally, we characterize circle actions with vanishing real
bounded Euler class. The final Section 6 is devoted to the proofs of Theorem 1.4,
Corollary 1.6 and Theorem 1.7. Finally, in the appendix, we discuss the pullback
of the Euler class to the double covering group of Homeo™ (S'). We show that
this pullback can be represented by a multiple of the so-called Sullivan cocycle
which has stronger vanishing properties and also generalizes nicely to higher
dimensions.

Let us emphasize that we do not claim any originality for the proofs of
Theorem 1.1 and Theorem 1.2 (whereas we believe Theorem A.6 to be new).
We hope that our presentation will help to make Ghys’ beautiful theory of the
bounded Euler class more accessible.

2. On the definition of semi-conjugacy

2.1. Non-decreasing degree one maps. Throughout this article we consider the
circle S! = R/Z as a quotient of the real line. A pre-image X of a point x € S!
under the canonical projection R — S! will be called a lift of x and we write
[X]:=x.
Definition 2.1. For k¥ € N, an ordered k-tuple (x;,...,x) € (Sl)k is said to be
e weakly positively oriented if there exist lifts X; € R of the x;’s such that
Xi =X ==X =X+ 1
e positively oriented if furthermore
X< X3 << Xp <X+ 1.

Replacing <, < and Xy, Xx] + 1 respectively by >, > and X7 + 1, X] we
obtain the corresponding notion of (weakly) negatively oriented k -tuples.
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Note that if & < 2 then a k-tuple is both weakly positively oriented and
weakly negatively oriented. Furthermore, the property of being (weakly) positively
oriented is obviously invariant under cyclic permutations.

Definition 2.2. A (not necessarily continuous) map ¢: S! — S! is a non-
decreasing degree one map if the following condition holds for all £ € N: If
(x1.....x) € (SH% is weakly positively oriented, then (¢(x;),...,@(xg)) is
weakly positively oriented.

As we will see in Lemma 2.4 below it is actually enough to check the
condition for k = 4. Observe that non-decreasing degree one maps are closed
under composition and that every constant map is a non-decreasing degree one
map.

Definition 2.3. Let ¢: S! — S! be any map. A set-theoretical lift ¥ : R — R
of ¢ is called a good lift of ¢ if ¢(x+1)= @ (x)+1 for every x € R and
@ is non-decreasing, i.e., ¢ (x) < @ (y) whenever x < y.

By the following lemma, being a non-decreasing degree one map is equivalent
to admitting a good lift, so Definition 2.2 is equivalent to the more classical
definition which we used in the introduction. We warn the reader that a non-
decreasing degree one map may have infinitely many essentially different good
lifts, i.e., good lifts which do not just differ by composition with an integral
translation. For example, for every o € R the maps x — |x+a«] and x — [x+a]
are good lifts of the constant map ¢: S! — S' mapping every point to [0].

Lemma 2.4. Let ¢: S' — S! be any map. Then the following conditions are
equivalent:

(i) The map ¢ is a non-decreasing degree one map.

(i) If (x1.....x4) € (SHY* is weakly positively oriented, then (¢(x1),...,¢(x4))
is weakly positively oriented;

(iii) There exists a good lift of ¢.

Proof. The implication (i) = (ii) holds by definition.

(i) = (iii): If ¢ is constant, there is nothing to prove. Suppose there
exist xo # x; € S! such that yg := ¢@(x9) # ¢(x1) =: y;. Choose lifts
X0, Yo, X1, ¥1 €R of xg,yo,x1,y1 respectively such that X7 € (Xg, xo + 1)
and y1 € (39, Y0 + 1). Now define @ on [Xg,Xp + 1) as follows: for

Xo <X < X71,let ¢ (x) be the unique lift of ¢([X']) lying in [yg, yo +1); for
X1 <X < Xp +1, let ¥ (x) be the unique lift of ¢([X]) lying in (¥, Yo +1].
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Now extend ¢ to R in the unique possible way such that it commutes with
integral translations.

In order to see that @ is non-decreasing it suffices to show that it is non-
decreasing on [Xg, Xg +1). Thus let X <X < ¥ < Xg + 1.

We first prove that if @ (7) = Jg, then ¢ (X) = Y. Indeed @ (¥) can
be equal to Vo only if J < x1. Thus the quadruple (xo,[X],[7], x1) is weakly

positively oriented, and 50 is (¢(x0), 9([X]). @([V D). ¢(x1)) = (yo.[@ (X)]. y0. y1)
by (ii). By definition, this means that there exist integers nx,n,,m € Z such that

Yo <P(X)+nx<Vo +ny <y  +m<7yg +1.

Since yi € (¥o. yo +1) we have m = 0, and this implies in turn that n, = 0, so
that ¢ (X)+ny = Jo . But since X < X7 its image by ¢ liesin [yy, Yo +1),
so ¢ (X) = Yo, as desired.

A completely analogous symmetric argument also shows that if ¢ (X) =
Yo + 1, then ¢(7) = yo + 1. Thus we can now restrict to the case where
9(x).9(¥)e(yo.yo + 1.

From the assumption that Xp < X < J < Xp + 1, we obtain that the
quadruple (xo,[X].[¥ ], x0) is weakly positively oriented, and thus also the
quadruple (¢(xo). ([X]). @([¥].¢(x0)) = (yo.[@ (X)].[¢ (¥)]. yo) is weakly
positively oriented by (ii). By definition this means that there exist integers
nx,ny,m € Z such that

Yo <P (X)+ne<@(¥)+ny<yo+m=<7ys +1.

Since ¢ (X) and ¢ () now both belong to the open interval (yg, yo + 1) it
follows that ny =n, =0 (and m = 1). We thus obtain ¢ (X¥) < @ (y), which
finishes the proof of this implication.

(iii) = (): Let xp,...,x; be weakly positively oriented. By definition this
means that there exist lifts X; € R of the x;’s such that

—_—~

X1 =X = =X <X+ L
Applying the non-decreasing map ¢ to the above inequalities gives

() =9 (x2) =9 () =9(x1 + D=9 (x1)+1,

where the last equality uses the fact that @ commutes with integral translations.
Since the ¢ (x;)’s are lifts of ¢(x;), this by definition implies that the k-tuple
(p(x1),...,0(xx)) is weakly positively oriented. ]

It is clear from the proof that we cannot replace the statement in (ii) with the
corresponding statement for triples. To give an explicit counterexample, consider
the function ¢ : S — S! given by
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o re0.1/4)U1/2.3/4),
vlth = {[1/2], t€[1/4,1/2) U[3/4,1).

This function ¢ takes any triple into a weakly positively oriented one, but the
quadruple ([0],[1/4],[1/2].[3/4]) is taken by ¢ to ([0],[1/2].[0].[1/2]), which is
not weakly positively oriented.

2.2. Semi-conjugacy. Let us recall the key definition of this note from the
introduction.

Definition 2.5. Let p;: T' — Homeo™ (S!) be circle actions, j = 1,2. We say
that p; is left-semi-conjugate to p, (and p, is right-semi-conjugate to p;) if
there exists a non-decreasing degree one map ¢ such that

p1(Y)e = @p2(y)

for every y € I'. In this case, ¢ is called a left-semi-conjugacy from p; to p,
and we say that p; is left-semi-conjugate to p, via ¢.

The circle action p; is called semi-conjugate to p, if it is both left- and
right-semi-conjugate to p.

We recall some standard terminology for group actions: A circle action
p: T — Homeo™ (S') is said to have a global fixed point if there exists x € S'
such that p(y)(x) = x for every y € I'. An action is fixed point free if it does
not admit a global fixed point.

Proposition 2.6. (i) Semi-conjugacy is an equivalence relation.

(ii) Every circle action is right-semi-conjugate to the trivial action.

(iii) A circle action is left-semi-conjugate to the trivial action if and only if it
has a global fixed point.

Proof. (i) Reflexivity and symmetry are obvious, while transitivity readily
follows from the fact that non-decreasing degree one maps are closed under
composition.

(ii) Choose ¢ to be an arbitrary constant map.

(iii) If p is left-semi-conjugate to the trivial action, then there exists ¢ such that
forall yeT and x € S!

p(¥)(@(x)) = @(x)

whence the image of ¢ consists of fixed points of p(I"). On the other hand,
if x¢ is fixed by p(I"), then p is left-semi-conjugate to the trivial action by
the constant map ¢(x) = xo. O
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Remark 2.7. The definition of semi-conjugacy given in [Ghyl] coincides with our
definition of left-semi-conjugacy. As it obviously follows from Proposition 2.6
(ii)—(iii) that left-semi-conjugacy is not even an equivalence relation, it cannot
be the correct notion. However, for fixed point free circle actions it does indeed
coincide with our notion of semi-conjugacy, see Corollary 4.4.

Elsewhere in the literature semi-conjugacy is defined as the existence of a
continuous left semi-conjugacy ¢ : S! — S!. This is still not symmetric: as we
saw in the proof of Proposition 2.6 (ii), every circle action is right semi-conjugate
to the trivial action via a continuous map ¢, while by point (iii) of the same
proposition fixed point free actions cannot be left-semi-conjugate to the trivial
action.

Since constant left-semi-conjugacies are responsible for both problems, one
may be tempted to exclude them from the game. Such a more restrictive definition
does indeed appear in the literature, but Theorem 1.2 can never hold for such a
definition. Namely, it is easy to check that if p; admits a unique global fixed
point x¢ and p; is the trivial representation, then the constant map with image
{xo} is the unique left-semi-conjugacy from p; to p,. On the other hand p; and
p2 have the same bounded Euler class (see Corollary 4.2 below), so they need
to be semi-conjugate in order for Theorem 1.2 to hold.

In some sense, semi-conjugacy in the sense of Definition 2.5 is the most
obvious way to turn left-semi-conjugacy into an equivalence relation. However,
contrary to what is sometimes claimed, it is not the equivalence relation generated
by left-semi-conjugacy. Namely, by Proposition 2.6 the equivalence relation
generated by left-semi-conjugacy is the trivial relation in which any two circle
actions are related.

By definition, conjugate circle actions are semi-conjugate. We will see in
Proposition 4.8 below that for minimal circle actions the converse holds. However,
in general the notion of semi-conjugacy is much weaker than the notion of
conjugacy. For example Proposition 2.6 shows that every circle action admitting
a fixed point is semi-conjugate to the trivial circle action (but of course not
conjugate to the trivial circle action unless it is trivial itself).

3. Three characterizations of the bounded Euler class

The goal of this section is to introduce the bounded Euler class and provide
three different characterizations: as a bounded obstruction class (Subsection 3.2),
via the translation number (Subsection 3.3) and as a bounded geometric class on
the circle (Subsection 3.4). Yet another description of the bounded Euler class,
which generalizes readily to higher dimensions, will be discussed in the appendix.
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In order to keep this note self-contained we collect in the next subsection various
basic facts concerning (bounded) group cohomology. The expert can skip that
subsection without loss of continuity.

3.1. Preliminaries on (bounded) group cohomology. Given a group H acting
on a space X we set C"(H ~ X:Z) := Map(X"*1;Z)H , where the superscript
H denotes H -invariants under the diagonal H -action, and refer to elements
of C"(H ~ X;Z) as homogeneous H -cochains of degree n (or simply a
homogeneous cochain if H is clear from the context). We then obtain a cocomplex
(C"(H ~ X;Z),8) by defining the homogeneous differential § as

n
8f(x0... .. Xn) = Y (=1 f(Xo..... Xi ...t Xn),

i=0
whose cohomology we denote by H*(H ~ X;Z). Elements in the kernel, re-
spectively image of § are called homogeneous H -cocycles, respectively homoge-
neous H -coboundaries. If X = H with the left- H -action, then the cohomology
H*(H ~ X;Z) is precisely the classical group cohomology H*®*(H;Z) with Z-
coefficients. Given a homogeneous cocycle ¢ € C"(H ~ X;Z) and a basepoint
Xo € X we obtain a homogeneous cocycle ¢y, € C"(H ~ H;Z) by

C‘xO(h(), . ,/’ln) = C‘(/’l() * X0y ,]’ln . )C()).

The class of ¢y, is independent of the choice of basepoint xo. We thus obtain
amap ty : H*(H ~ X;Z) - H®*(H;Z) and we say that a class « € H*(H;Z)
is represented over X if it is in the image of this map.

There is a more efficient representation for classes in H*(H;Z) based on the
fact that we can identify C*(H ~ H;Z) with C"(H;Z) := Map(H";Z) via the
isomorphism

t:C"(H;Z) - C"(H ~ H;Z)

given by

W(f)(ho, .. hn) i= f(hg hy hT o byt hy)
t_l(g)(hl,...,hn) = g(e,hl,hlhz,...,hlhz'...-hn).

Thus H*(H:;Z) = H*(C*(H:Z),d), where the differential d = (! 0§ o is
given by

n
df(hi.... .hng1) = fh2o. .. hngr) + Z(_l)if(hlv-~-,hihi+1»-~-’hn+1)

i=1

+ (=) f(hy, ... k).
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Cochains in this model are called inhomogeneous cochains, and are particularly
useful to compute low degree cohomologies. We will be specifically interested in
cohomology of degree 2; we thus recall briefly the relation between H?(H;Z)
and central extensions. Given a central extension of groups of the form

p

£=(0 z—>H H {e})
and a set theoretic section o : H — H of p we define a function ¢, : H? — H
by

¢o(h1,h2) = o(ha)o(hiha) " o (hy).

Since p(cq(h1,hs)) = e we can consider ¢, as a function into i(Z). We will
often tacitly identify Z with its image in H and thus consider ¢, as a function
¢o : H? — Z. It is straightforward to check that ¢, satisfies the cocycle identity

deg(hy ha, h3) = cg(ha, h3) — co(hih2, h3) + co(h1, hah3) — co(h1, ha) = 0,

whence we refer to it as the obstruction cocycle associated with the extension
£ and the section o. It turns out that the class e(£) := [c,] € H?>(H;Z) is
independent of the choice of section. This independence can easily be proved
directly, but it is also a consequence of the following universal property of the
class [co]:

Lemma 3.1 (Lifting obstruction). If p: " — H is a homomorphism, then there
exists a lift

H le}

if and only if p*[cs] =0¢€ H*(T;Z).

Conversely, a class e € H?(I';Z) determines a central extension, which is
unique up to a suitable notion of isomorphism between extensions. We refer the
reader to [Bro, Chapter IV] for the details.

In the sequel we will need the following explicit version of (one direction of)
the lemma:

Proposition 3.2 (Lifting formula). Let p: I' — H be a homomorphism. Assume
that p*cy = du for some u : T — Z. Then a homomorphic lift o :T — H is
given by the formula

D) =0(p(»)-i(—u)).
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Proof. Since this formula is at the heart of our argument we carry out the
straightforward computation. By definition of ¢,, we have

G o(p(ny2) = o (p(r)e(r2)) = a(p(rn))eo (p(r1), p(12)) " o (p(12)).

Since by assumption p*cs; = du, we have

co(0(r1). p(72)) = p*(co)(y1.72) = du(yr,y2) = u(y2) —u(y1y2) + u(y1).

Since i(Z) is central in H we can rewrite Equation (3.1) as

o(p(r172)) = o (p(r1)i(—uly1))o(p(r2) (i (— u(r2))i (u(yiy2)).

Multiplying both sides by i(—u(y1y2)) now yields 7 (y1y2) = P (y1) P (y2) and
finishes the proof. [

The subcomplex Cp(H ~ X;Z) C C"(H ~ X;Z) of bounded functions
is invariant under &, and its cohomology is called the (integral) bounded
cohomology of the H -action on X and denoted Hy(H ~ X;Z). In particular,
Hp(H;Z) := Hy(H ~ H;Z) is the bounded group cohomology of H in the
sense of [Gro]. Note that the isomorphism ¢ : C*(H;Z) — C"(H ~ H;Z)
identifies Cy'(H ~ H;Z) with the subspace C;'(H;Z) < C"(H;Z) of bounded
functions, hence Hp(H;Z) can also be computed from bounded inhomogeneous
cochains.

The inclusion of complexes (C;(H;Z),8) < (C"(H;Z),8) induces on the
level of cohomology a comparison map Hp(H;Z) — H*(H;Z), whose kernel is
classically denoted by EH, (H;Z). Note that an inhomogeneous bounded cocycle
representing a class in EHbZ(H;Z) is of the form dT for some T : H — Z
with the property that |T(hihy) — T (hy) — T'(hy)| = |dT(h1,h2)| is uniformly
bounded. Such a function T is called an integral quasimorphism and the number
D(T) := ||dT || is called its defect. Given two quasimorphisms 77,7, we have
[dT1] =[dT,] EHlf(H;Z) if and only if 71 — 7T, € Hom(H;Z) ®Map,(H;Z).
In particular, changing 7 by a bounded amount does not change the bounded
cohomology class of [dT].

Bounded group cohomology can also be defined with real coefficients. In
this case, bounded inhomogeneous cocycles in EHZ(H:;R) are of the form dT
where T is a real-valued quasimorphism. Every real-valued quasimorphism (and
in particular every integral one) is at bounded distance from a unique homogeneous
real-valued quasimorphism called its homogeneization. Here a real-valued function
f is called homogeneous provided f(h") = n- f(h) for all n € N. Homogeneous
quasimorphisms have the additional properties of being conjugacy-invariant and
linear on abelian subgroups. They also satisfy f(h") =n- f(h) for all n € Z,
positive or not. Note that two quasimorphisms are at bounded distance if and only
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if their homogeneizations coincide. The following lemma illustrates how bounded
cohomology with real coefficients can be used to obtain results concerning integral
bounded cohomology; we will apply this in our second characterization of the
bounded Euler class below.

Lemma 3.3. If p: H —>Hisa surjective homomorphism with amenable (e.g.
abelian) kernel, then p*: H2(H:Z) — HZ(H ;Z) is injective.

Proof. The short exact sequence 0 - Z — R — R/Z — 0 of coeflicients
induces a natural long exact sequence in bounded cohomology, called the Gersten
sequence (see [Mon, Prop. 8.2.12]), and the corresponding ladder associated with
the homomorphism p starts from

0 —— Hom(H:R/Z) — H}(H;Z) — H}(H:R)

‘ p*t p*l p*l
0 —— Hom(H;R/Z) — H2(H;Z) — H2(H;R)
Now surjectivity of p implies that the pullback map p* : Hom(H;R/Z) —

Hom(H ;R/Z) is injective, and the map p* : HZ(H;R) — H,f(ﬁ;]R) is an
isomorphism by [Gro, Iva], whence the lemma follows from the 4-lemma. [J

3.2. The bounded Euler class as a bounded lifting obstruction. From now on
we reserve the letter H to denote the group H := Homeo™ (S!) of orientation-
preserving homeomorphisms of the circle S' = R/Z and abbreviate by

H = {7[ € Homeot(R) |[Vx eR: 7 (x+1)= h(x)+ 1}

its universal covering group (with respect to the compact-open topology). We
then have a central extension

£=(0 y/Ey g

H {e}).

where i(n)(x) :=x +n and p(h)(x]) = [% (x)].

A section 0 : H — H is provided by specifying o(h)(0) for each h € H;
the section is called bounded provided E, := {o(h)(0) | h € H} is bounded. In
this case the obstruction cocycle ¢, : H?> — Z is bounded and thus defines also
a class in the bounded second cohomology HZ(H:Z). Again it is easy to see
that this class is independent of the choice of bounded section. We then obtain
two classes eu := [co] € H*(H;Z) and euy := [cs] € HF(H:Z).

Definition 3.4. The classes eu and eu, are called the Euler class, respectively
bounded Euler class.
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One special section o is obtained by taking E, C [0,1). Let us give an
explicit formula for the cocycle ¢, in this case. For all h;,h, € H we have
o(hy)o(hihy) Yo (hy) = i(cs(h1,h2)). Since i(Z) < ‘H is central this can be
written as o(hy)o(hy) = o(h1hy)i(co(h1,hy)). Evaluating at 0 we obtain

0 (h1)o(h2)(0) = o (h1h2)(0) + co(h1, h2).

Observe that o(h15h3)(0) and o(h,)(0) are contained in [0, 1). The latter implies
that o (k7)o (h2)(0) € [0,2). Thus

1 if a(h1)o(hy)(0) €[1,2),

(32) Ca-(hl,hZ) = { 0 lf o-(hl)o'(hz)(o) € [07 1)

Another equivalent description can be given as follows: Observe that o(h)(1) =
o(h1)(0) +1 € [1,2) and that o(h2)(0) < 1 implies o(h1)o(h2)(0) < a(h1)(1),
and similarly 0 < o(h,)(0) implies o(h1)(0) < o(hy)o(h)(0). We may thus
rewrite (3.2) as

1 if 1 <o (h1)o(h2)(0) <o(h1)(1) <2,

(3.3) co(hy,ha) = { 0 if 0<0(h1)(0) <o(h1)o(h2)(0) < 1.

Both formulas will be used below.

3.3. The bounded Euler class and the translation number. The Poincaré
translation number T : H — R is the homogeneous quasimorphism on H
given by _
T(7) = tim 2275 (v em),
n—o00 n

which by a classical theorem of Poincaré is independent of the choice of basepoint
x € R (see [Poil, Poi2]). Let Tz : H — 7 be any function at bounded
distance from 7. Then the cocyle dTz is bounded and thus defines a class
[dTz] € H g(ﬁ;Z), which is independent of the concrete choice of function 77 .
We can now state the second characterization of the bounded Euler class. We

recall that p: H — H denotes the canonical projection.

Proposition 3.5. The bounded Euler class euy, is the unique class in HbZ(H 7))
such that p*euy = —[dTz] € HZ(H ;7).

Proof. Let ;z\; E € H . We abbreviate h; := p(iz\;), hy = p(E). Given a
real number r € R we denote by r = |r] + {r} the unique decomposition of r
with |r] € Z and {r} € [0,1). Since ;1\1/ and o(h;) have the same projection
they differ by an integral translation which we obtain by evaluating the difference
on 0. We thus compute
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i (0) =0 (h)(©) = L 71 (0)] + {71 (0)} =0 (h1)(©0) = |1 (0)],
where the last equality follows from the fact that both {h1 (O)} and a(hl)(O)
belong to [0, 1). Thus, for every x € R, we have o(h;)(x) = h1 (x)— th 0)]
and similarly o(h;)(x) = hz (x) — |_h2 (0)]. We deduce that

o (h1)o(h2)(0) = o (h1)(h2(0) — [h2(0)]) = 0'(h1)(h2(0)) — [12(0)
= h2(0) = [ (0)] = 2(0)]
= [hh2(0)] = [ ()] = [h2(0)] + {h1h2(0)}.
Since the last term is contained in [0, 1), this expression is in [1,2) respectively

[0, 1) if the sum of the first three terms is equal to 1 respectively 0. Representing
eu, by the cocycle ¢, given in (3.2), we thus obtain

preo(hy s hy) = co(hi ha) = | by ha (0)] — |7y (0)] — | 12 (0)].

Now the function Tz : H — Z given by h Lﬁ;(O)J is at bounded
distance from the translation number 7 and the last identity can be written as
p*ce = —dTz. We thus deduce that p*eu, = —[dTz] and uniqueness follows
from Lemma 3.3. O

3.4. The bounded Euler class realized over the circle. In this subsection
we are going to show that the Euler class and the bounded Euler class are
representable over the circle, i.e., that they are in the respective images of the
maps H*(H ~, S':Z) — H*(H;Z) and HZ(H ~, S':Z) — H}(H;Z). Recall
that throughout we think of S! as the quotient space R/Z. In order to describe
cocycles in C*(H ~, S';Z) we need to understand H -orbits in (S!)**!. For
n < 2 the classification of orbits is as follows:

Orbits of H acting on (S!)"+1,
(n =0) The action of H on S' has exactly one orbit.

(n =1) The action of H on (S')?> has two orbits:
one degenerate orbit Oze, := {(x,x) | x € S} and one non-degenerate orbit
Ondeg ={(x.y)x#ye Sl}-

(n =2) The action of H on three factors (S')> has six orbits. Choose distinct
points x,y,z € S! and suppose that (x,y,z) is a positively oriented triple.
Then there are 4 degenerate orbits

Op:=H - (x,x,x), Op:=H-(y,x,x),
O, =H-(x,y,x), O3:=H-(x,x,y),
and 2 non-degenerate orbits

O+ I:H‘(X,Y»Z)7 O— ::H'(y’x’z)'
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For general n there are still only finitely many H -orbits in (S!)”. This
implies Cy(H S1:7Z) = C"(H ~ S';Z) and thus the comparison map
H!(H ~ S Z) = H"(H ~ S';Z) is an isomorphism. In particular, if an
element of H"(H;Z) is representable over S', then it is bounded.

In degree 2 we can actually parametrize all possible homogeneous H -
cocycles and homogeneous H -coboundaries using the above enumeration of
orbits. Note that every homogeneous 2-cochain f is determined by the 6
integers {fo. f1. f2. f3. f+. f—}, where f; is the value of f on the orbit
O; for j €{0,1,2,3,4,—}. For homogeneous coboundaries a straightforward
computations shows that these numbers are given as follows.

Lemma 3.6. Let b : (S')?2 — R be an arbitrary homogeneous 1-cochain taking
the values o and B on the orbits Ogpq and Opq., respectively and let f = 8b
be the associated homogeneous 2-coboundary. Then

fo=fi=fa=a, for=2-0a, [fi=[f =8

One very familiar homogeneous H -cocycle on S! of degree 2 is the
orientation cocycle Or, which assigns the value +1, respectively —1, to positively
oriented, resp. negatively oriented non-degenerate triples, and 0 to all degenerate
triples. By the previous lemma, none of its multiples is a coboundary, since the
value on positively and negatively oriented triples is not the same. It thus defines
a class [Or] of infinite order in H(zb)(H ~ S':Z). We now describe general
homogeneous 2-cocycles:

Lemma 3.7. Let f :(S')?> — R be an invariant homogeneous H -cochain. Then
f is a cocycle if and only if

fo=hfi=fz, [+ /o= Lt [

Moreover, Hj (H ~ S':Z) = Z via the map [f]+ fr— f-.

Proof. Let (x, y,z) be a positively oriented triple. Writing out the cocycle relations
8f(y.x,x,x) =8f(x,x,x,y) =6f(x,y,x,z) =0 yields

flx.x.x) = f(y.x.x) = f(x.x,y),
f(y,x,z)—f(x,y,x) = f(x’x’z)_f(x’yvz)’

which implies that every 2-cocycle satisfies the 3 identities of the lemma.
The space C? of all cochains satisfying these 3 identities can be identified
with Z3 via the map f +— (fo. f+. ). Under this identification the space of
coboundaries corresponds to {(m,n,n) | m,n € Z}, hence the quotient of C?
modulo coboundaries is isomorphic to Z via the map [f]+— f+ — f_. If there
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were any other identities satisfied by all 2-cocycles than those following from
the 3 identities above, then H(Zb)(H ~ S1;7Z) would be a proper subgroup of Z,
hence there would be no cocycle f satisfying fy — f= = 1. However, such a
cocycle does exist (namely the Euler cocycle given in Definition 3.8 below). [

It follows from the lemma that the class of the orientation cocycle generates
a subgroup of index 2 in H3 (H ~ S';Z) and that the generator —2[Or] s
represented by the cocycle ¢ satisfying

(3.4 co=c1=c3=cy+ =0, cp=c_=1.

Definition 3.8. The homogeneous 2-cocycle ¢ € CZ(H ~ S';Z) given by (3.4)
is called the Euler cocycle.

In order to relate the Euler cocycle to the bounded Euler class we need the
following computation (see [loz, Lemma 2.1]):

Lemma 3.9. If ¢ € C;(H ~ S';Z) is the Euler cocycle from Definition 3.8
and c4 € Cbz(H ;7)) denotes the obstruction cocycle associated with the special
section 0 : H - H with E; =[0,1), then

co(hy,h2) = C([O]’hl -[0], 1 ha - [O])~

Moreover,
Or = —2¢ + 6b,

where b is the H -invariant 1-cochain which takes values 0 and 1 on Ogeg
and Opgee respectively.

Proof. 1t follows from the explicit definition of ¢ that

1 if 1 <o(h)o(h2)(0) <o(hi)(1) <2,

0 if 0 <0 (h1)(0) <o(h1)o(h2)(0) < 1.

In view of (3.3) this implies cs(h1,h2) = ¢([0], 1 - [0], h1hs - [0]). The relation
Or = —2¢ + 8b is straightforward. O

(0] - 0] s - [O)) = {

From this computation we draw the following conclusion.

Corollary 3.10. The bounded Euler class euy is representable over the circle.
In fact it is represented by the Euler cocycle c : (S')? — Z. Similarly, the class
—2-euy is represented over the circle by the orientation cocycle. O

Note that, in particular, for every x € S! the homogeneous 2-cocycle
cx : H®> — Z given by
(ho, hl, /’lz) = Cx(/’lo, /’ll, hz) = C(h()x, hlx, hzx)

represents the bounded Euler class.
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4. Ghys’ Theorem

4.1. Circle actions with vanishing bounded Euler class. Before we turn to the
proof of Ghys’ Theorem in the general case we provide a characterization of
circle actions with vanishing bounded Euler class. This characterization can be
seen as a special case of Ghys’ Theorem, but it is also of independent interest
and has a particularly simple proof. Parts of this special case will also be used
in the proof of the general theorem.

Recall that the Euler class eu was defined as an obstruction class. It thus
follows from Lemma 3.1 that if p: " — H is a circle action, then

p*eu =0 & the action lifts to an action on the real line.

The following result shows that the vanishing of the bounded Euler class has
much more drastic consequences:

Proposition 4.1. Let p: T' — H be a circle action with p*eu, = 0. Then the
action lifts to an action on the real line which moreover has a fixed point.

Proof. By assumption there exists a bounded function u : ' — Z with
p*ce = du, where ¢, is the cocycle representing eu, explicitly given in Equations
(3.2) and (3.3). By Proposition 3.2 we have a homomorphism

7:T—>H, 7y =0(p®) i(—u®).

In particular,

P (1)(0) = o (p(»))(0) —u(y).
Now, since o is a bounded section and u is bounded, % (y)(0) is also bounded.
It follows that

F¥(P) := sup 7 (y)(0)
yel

is well defined, and it is clearly a fixed point for 5 (T). ]
Using the second characterization of the bounded Euler class via the translation

number we obtain a converse to this result, leading to the following characteri-
zation:

Corollary 4.2 (Circle actions with vanishing bounded Euler class). Let p: [ —
Homeo™ (S') be a circle action. Then the following are equivalent:

(i) p*eup =0.
(ii) The circle action p lifts to an action on the real line which moreover has
a fixed point.
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(iii) p(") fixes a point in S!.

@iv) p is semi-conjugate to the trivial circle action.

Proof. We have already seen that (i)= (ii) in Proposition 4.1. Conversely, if (ii)
holds for a lift o : T — H with fixed point xo, then by Proposition 3.5

preu, = —p*[dTz] = —[d 0 *Tz].
However we have for every y € I,

F*T(y) = lim P ()" (x0) = X0 _ 0.
n—o0 n
whence 0 *Tyz is bounded and thus (i) holds. The implication (ii) = (iii) is obvious,
since the projection of a fixed point of a lift is a fixed point for the original
action. Conversely, if p(I') fixes [xo] € S!, then it acts on S!\ {[xo]} and this
action can be lifted to an action on (xp,xo + 1) and periodically to an action on
R fixing all points in x¢ + Z. This shows (ii) < (iii) and the equivalence (iii) <
(iv) follows from Proposition 2.6. ]

Although Corollary 4.2 is only a very simple special case of Ghys’ Theorem,
it is sufficient for many applications. E.g., most of the applications of Ghys’
Theorem in higher Teichmiiller theory depend only on Corollary 4.2 (see, e.g.,
[BIW1, BSBH]). We therefore find it important to point out the above simple
proof. Note that a slightly stronger version of Corollary 4.2 is established in the
appendix.

4.2. A refined statement of Ghys’ Theorem. We will now prove Ghys’
Theorem 1.2 (with our Definition 2.5 of semi-conjugacy), thus establishing that the
bounded Euler class is a complete invariant of semi-conjugacy. We will actually
prove the following more precise version:

Theorem 4.3. Let p1, p2 be circle actions of T.
(i) If pieup = pseuyp, then p1 and p, are semi-conjugate.

(i) If p1 and py are semi-conjugate and either of them has a fixed point, then
both have a fixed point and pieu, = pjeu, = 0.

(iii) If p1 is fixed point free and left-semi-conjugate to p,, then pieu, = pieup #
0.

Note that in the situation of (iii), p; and p, are actually semi-conjugate
by (i). This proves the following result alluded to in the introduction, also proven
in [Mat, Proposition 1.4].
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Corollary 4.4. If a fixed point free circle action p; is left-semi-conjugate to a
circle action p,, then they are semi-conjugate. In particular, left-semi-conjugacy
defines an equivalence relation on the set of all fixed point free circle actions.

Part (ii) of Theorem 4.3 follows directly from Corollary 4.2: If, say, p;
has a fixed point, then it is semi-conjugate to the trivial circle action by the
implication (iii) = (iv), whence also p, is semi-conjugate to the trivial circle
action and thus has a fixed point by the implication (iv) = (iii). Then, by the
implication (iii) = (i) we have pjeup = pjeu, = 0. Thus it remains to show
only (i) and (iii), which we will do in the next two subsections.

4.3. Same bounded Euler class implies semi-conjugacy. In this subsection
we are going to establish Part (i) of Theorem 4.3. Our proof is a slight
variation of Ghys’ original proof, which emphasizes the similarity to the proof
of Proposition 4.1.

To fix notation, let p;, po be circle actions with the same bounded Euler class
pieup = pieup. We claim that p; and p, are semi-conjugate. By symmetry it
suffices to show that p; is left-semi-conjugate to p,.

Let T be the central extension of I' which corresponds to pieu = pieu.
Then we can choose lifts py, p; making the diagram

0 7 —>H H 1
5 s |
0 71T r 1

commute. Since pjeu, = pseu, and the diagrams commute we have
[dp1"Tz] = p17ldTz] = —p1"(p*eup) = —p2" (p*eup) = p2*[d Ty]
= [dp2"Tz].

This implies that there exist a homomorphism u : T — Z and a bounded function
b: T — Z such that py *Tz— pz *Tz = u+b. It follows that p; *T — p3 *T —u
is a bounded homogeneous function, hence 0. Thus,

BT — 55 *T = u.

Replacing the lift p; by pz +iou we can ensure that ¥ = 0. Assume that

—_—~

02 is chosen in that way. Then for every g € H ,

IT(P1(9) ' 729)| < |-T(P1(2) + T(P2(2)| + D(T) = D(T),

where D(T) is the defect of the quasimorphism 7 . In particular, 7 1(g)~! 7 2(g)
has uniformly bounded translation number and thus
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7 = sup (F1(0) ' Fa(e) ()
geTl

~

is well defined. By definition we have for every go € I',

7(72(20) (%) = sup 71 ()™ (P2(8) (P2 (20) ()
gerl

suB'ﬁl (gggH™! (P2(2)(x))

gel
=51(20) (sup71(8) ™! (P2() ()
gerl
=71 (go)(?ﬁ(x))-

Moreover, being the supremum of increasing maps which commute with integral
translations, the map @ : R — R is non-decreasing and commutes with integral
translations, so it is a good lift of a non-decreasing degree one map ¢: S! — S!.
It follows that ¢ realizes the desired left-semi-conjugacy from p; to p,. This
finishes the proof of Part (i) of Theorem 4.3.

Remark 4.5. Note that it now immediately follows that Condition (i) of
Theorem 1.4 implies Ghys’ condition stated as Condition (vi) in Remark 1.5.
Indeed, if the bounded Euler classes are equal, then so are the (unbounded) Euler
classes and the map @ in the above proof gives the map required in Condition

(vi).

4.4. Semi-conjugacy implies same bounded Euler class. In this subsection we
establish the remaining Part (iii) of Theorem 4.3 thereby finishing the proof of the
theorem. Here we will finally make use of the third (geometric) characterization
of the bounded Euler class.

Instead of Theorem 4.3.(iii) we will actually prove a slightly stronger statement.
To state this result we introduce the following notation. Throughout this section
we will fix two circle actions p;,p, of I' and a semi-conjugacy ¢ from p; to
p2. We will not assume a priori that p; is fixed point free. For each y € T’
we fix lifts p7 (y) and D3 (y) of pi(y) respectively p2(y). Suppose now that
¢ is some good lift of ¢. Since p; (y)¢ and @ p; (y) are lifts of the same
map and are invariant under integral translations, there exists a map n, : R — Z
(dependent on ¢ ), invariant under integral translations, such that for all x € R,

(4.1) LT (x) =9 (P2 (1)) + ny(x).
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Proposition 4.6. Let p;, p» be circle-actions of T and let ¢ be a semi-conjugacy
from py to pa. Let a good lift ¢ of ¢ be fixed and let n, : R — Z be defined
by (4.1). Consider the following statements:

(1) p1(T) does not have a global fixed point in S'.

(2) ¢ is not the constant map.

(3) There exists a good lift ‘¢ of ¢ such that for each y € T the map n, given
by (4.1) is constant.

(4) There exists a good lift ¢ of ¢ such that p1 ()@ (x) = @ (pz (y)(x)) for
all yeT and x € R.

(5) There exists a non-empty p>(I')-invariant subset K C S' such that ¢|g is
injective.

(6) pleup = preup.

Then the implications (I)= (2)= (3) = (9= (5= (6) hold.

Note that the implication (1)=(6) gives Part (iii) of Theorem 4.3.

Proof of Proposition 4.6. The implication (1) = (2) is obvious, so we turn directly
to the proofs of the implications (2) = (3)= (4)=(5)= (6).

Assume that (2) holds and fix y € I'. Let @ be a good lift of ¢. Since ¢
is non-constant we find distinct elements ag,bg € R with by —ag € (0,1) and
@ (bo) — @ (ap) € (0,1). Since p7 (y) is strictly increasing and commutes with
integral translations, this implies at once that

4.2) 0 < 1 (M@ (bo)) — B1 (¥)(F (a0)) < 1.

On the other hand, since @ o p; (v) is non-decreasing and commutes with integral
translations, we also have 0 < @ (2 (y)(bo))— @ (02 (y)(ap)) < 1. However, these
inequalities must both be strict, because otherwise we would have

p1(¥) (b)) = ¢ (p2(¥)([ba])) = ¢ (p2(y)([a0])) = p1(¥)(¢(la0])).

which contradicts (4.2). We have thus shown that

0 < p1(¥)(@(bo)) — p1(¥)(@(ao)) < 1,
0 < @(p2(y)(bo)) — @(p2(y)(ao)) < 1.

Subtracting the second inequality from the first we deduce that n, (bg) —n,(ao) €
[0,1)—[0,1) = (—1,1). Since both are integers we deduce that n, (bo) = ny(ao),
which implies that n, is constant on E := (ao + Z) U (bo + Z).

Now let x € R\ E. Then the interval (x,x+1) contains one translate of ao¢ and
one translate of by, and these take different values under @ . We thus find e € E
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with x <e <x+1 and ¢ (x) # ¢ (e), whence {x —e, ¢ (x) — @ (e)} C[0,1)
and n,(x) —n,(e) € (—1,1), so that n,(x) = ny,(e). This finishes the proof of
the implication (2) = (3).

Now assume that (3) holds, i.e. for every y € I' we have n,(x) = n, for
some constant n,. We can then replace the lift oy (y) by the lift oy (y) —n,,
and thereby achieve that for all x € R,

(4.3) TP (x) =79 (p ¥)(x).

which is (4).
We now deduce (5) from (4). Given xo € R we define

Sxo={x €R|FT(x) =T (x0)} = T (T (x0)).

Since ¢ is increasing, the sets Sx, are connected, and since @ commutes with
integral translations we have Sy, C (xo — 1,x9 + 1). In particular, each Sy, is
bounded and if we define a(xp) :=inf Sy, and B(x¢) := sup Sy,, then

Sy € { (@(x0). Bx0). (@(0). Bxo) . [ar(x0). B(x0)). [(xo). Bxo)]},

is an open, half-closed or closed interval. Since R is connected, not all of these
intervals can be open. Thus the sets

K_:={xeR|x=infS;} and K,:={xeR|x=supSy}
cannot both be empty (though it is easy to construct examples where one of them
is empty).

We observe that the restrictions ¢ | X, are both injective. Assume first that
x1,x2 € K_ and @ (x1) = @ (x2). Then Sx, = Sy, and thus
X1 = iIlfo1 = il’lfo2 = X2,
showing that ¢ |% is injective. Replacing inf by sup, we deduce similarly that
?p’|§+ is injective.
Now we claim that K 4 are invariant under 02 (y) for every y € I'. For

this it suffices to check that o7 (¥)(Sx) = S for every x e R, y e I'. This
follows from the chain of equivalences

P2 (N)x

Yy em)Sx) &= N €Sy = F(mr)y) =0(x)
= p(y () =9(x) <= () =p(Px) =(p2(y)(x))

— ) € S;z'(y)x'

Now let Ky be the projections of K+ on S'. Then Ky are p,(T)-invariant
and ¢ is injective on both Ky and K_. Since at least one of these two sets is
non-empty, this finishes the proof of the implication (4)=(5).
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Finally, we establish the implication (5)=(6): Let K be as in (4) and let
x € K. By Lemma 3.7 the cohomology class p3eu, is represented by the cocycle

P3cx(g0. 81, 82) = c(p2(g0)x. p2(g1)x. p2(g2)x).

Note that for j = 0,1,2 the points p>(g;)x are all contained in K, since K
is py(I')-invariant. It thus follows from injectivity of ¢ on K that they are
pairwise distinct if and only if their images under ¢ are pairwise distinct.
Since ¢ also preserves their weak orientation, we deduce that the triples
(02(g0)x, p2(g1)x, p3(g2)x) and (¢ (p2(g0)x), ¢ (p2(g1)x), ¥ (p2(g2)x)) are in
the same H -orbit. Indeed, this follows from the classification of H -orbits on
(S1)? in Subsection 3.4. Since c¢ is H -invariant we obtain

P;Cx(go, g1.82) = C(Q"(Pz(go)x), <P(Pz(g1)x)’€0(02(gz)x))
c(p1(g0)9(x), p1(g1)@(x). p1(g2)9(x))
= PlCox)(g0.81. 82).

Since the cocycle pjcy(x) represents pieup, we deduce that pieu, = peu,. This
finishes the proof. [

At this point we have finished the proof of Theorem 4.3 and thereby of
Theorem 1.2.

Remark 4.7. In [Ghyl, Equation (1), Proof of Proposition 5.2]) our map n, is
denoted by u(y). It is assumed to be constant independently of whether ¢ is
constant or not. The following example shows that this is not true in general.
Let p; be the trivial circle action of Z and p, be the circle action sending 1
to the rotation by 1/2. Then p; is left semi-conjugate to p, by Proposition 2.6
(ii). The left semi-conjugacy can be given by the constant map ¢(x) = [0] which
lifts to ¢ : x — |x]|. A lift of py(1) is the identity and a lift of p(1) is the
translation 7j,, by 1/2. Then p;(1)¢ = ¢p2(1) on the circle but the translation
X = ¢(x)— ¢ (Ty2(x)) = |x] — [x+1/2] depends on x since it is 0 for
x €[0,1/2) + Z and —1 for x € [1/2,1) + Z. More generally, neither of the
statements (2)—(5) is correct without the assumption that p; is fixed point free.
For example, if p; has a fixed point then we can alway choose ¢ to be constant.
In that case, every set K C S! on which ¢ is injective is a singleton. If p,(T")
is fixed point free, then such a set cannot be invariant. The reader may check that
in this case our set K, constructed in the proof is indeed a singleton, and that
the proof of invariance breaks down in the absence of (3), e.g., in the situation
of the example above.
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4.5. The minimal case: Semi-conjugacy equals conjugacy. Recall that a circle
action p : I' — Homeo™'(S!) is minimal if every p(I')-orbit is dense in S!.
The following proposition shows that for minimal circle actions, the notions of
conjugacy and semi-conjugacy coincide. This implies in particular that Theorem 1.1
follows from Theorem 1.2.

Proposition 4.8 (Ghys). Let p1,p2: I' = Homeo' (S1) be minimal circle actions.
Then the following are equivalent:

(i) p1 is left-semi-conjugate to p,.
(i) py and py are semi-conjugate.

(iii) p1 and py are conjugate.

Proof. Since minimal actions are fixed point free, the equivalence (i) < (ii) follows
from Corollary 4.4. Moreover, the implication (iii) = (i) holds trivially. Concerning
the implication (i) = (iii) assume that p; is left-semi-conjugate to p, via ¢. Then
the image of ¢ is p;(I")-invariant, whence dense in S! by minimality. This in
turn implies that the image of ¢ is dense in R. So the map @, being non-
decreasing and commuting with integral translations, is continuous and surjective.
Therefore, the same is true for ¢, and we are left to show that ¢ is also injective.

Suppose by contradiction that there exist distinct points x,y € S' such that
¢(x) = ¢(y), and choose lifts X, of x,y in R such that ¥ <3 <X +1.
Since @ is non-decreasing and commutes with integral translations, we have
either 9(¥)=9(X) or 9(¥)= @ (X +1). In any case, ¢ is constant on
a non-trivial interval, so there exists an open subset U C S! such that ¢|y is
constant. Let now x be an arbitrary point of S'. By minimality of p, there
exists y € I' such that p,(y)~!(x) € U, and consequently V := po(y)(U) is an
open neighborhood of x. Now

oly = (@o2(¥)lv ° 21y = (k1 ()@)|u © p2(¥) v,

whence ¢ is locally constant. It follows that ¢ is constant, and this contradicts
the fact that ¢ is surjective. O

We have now established Theorems 1.1 and 1.2 mentioned in the introduction.

5. Variations and examples

5.1. Circle actions of Z and the rotation number. Let us spell out a few
special immediate consequences of Ghys’ Theorem. We start with the case where
[ = Z. In this case a circle action p : I' — Homeo™ (S!) is given by a single
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—_—

invertible transformation p(1) € Homeo™ (S'). The action lifts to % : Z — H
and following Poincaré we define its rotation number as

R(p) :=T(p (1)) mod Z,

where T is the real valued translation number defined in Section 3.3.

Example 5.1. Given « € R/Z we denote by R, € Homeo"(S!) the rotation by
«. Then the Z-action p with p(1) = R, has rotation number «. In particular,
every rotation number can be realized by a rotation.

The fact that any Z-action lifts is illustrated by p*(eu) = 0 € H?*(Z;Z) = {0}.
Thus, the unbounded Euler class cannot give any information for Z-actions. The
case of the bounded Euler class is much more interesting:

Corollary 5.2 (Poincaré). For circle actions pi,p> : Z — Homeo™ (S!) the
Jollowing are equivalent:

(i) p1 and py are semi-conjugate.
(ii) pfeup = pieup.
(iii) R(p1) = R(p2).
In particular, Poincaré’s rotation number is a complete semi-conjugacy invariant

for circle actions of 7 (and a complete conjugacy invariant for minimal 7 -
actions).

Proof. The equivalence (i) <> (ii) is a special case of Theorem 1.2. For j = 1,2
we have

pyeu, = p; “preu, = —p; *[dTz] = —[d oj *Tz),

whence (i) is equivalent to [d(jo1 *Tz — 02 *Tz)] = 0. This in turn means
that there exists a homomorphism f € Hom(Z,Z) such that the quasimorphism
01*Tz — 02 *Tz — f is bounded. Now using the fact that a quasimorphism
is bounded if and only if its homogeneization is trivial we see that the latter
condition is equivalent to

01 T — 02T = f € Hom(Z, 7).

Since two homogeneous functions on Z agree iff they agree on 1 we see that
this condition is equivalent to

BT~ 7 *T() = T(77 (D) — T(7 (1) € Z.

ie, R(p1) = R(p2). O
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5.2. The Hirsch-Thurston theorem. Let us denote by Rot(S!) =~ R/Z the
subgroup of Homeo™ (S!) given by rotations. A circle action which factors
through Rot(S!) will be called a rotation action. It follows from Example 5.1
and Corollary 5.2 that every Z-action is semi-conjugate to a rotation action. This
is more generally true for actions of amenable groups; the corresponding result is
usually attributed to Hirsch and Thurston (see e.g. [Cal]), since it can be derived
easily from results in [HT].

Corollary 5.3 (Hirsch-Thurston). Every circle action p : T — Homeo™ (S') of
an amenable group is semi-conjugate to a rotation action.

Proof. By a classical result of Trauber (see, e.g., [Gro, Iva]) the bounded coho-
mology of I" with real coefficient vanishes. Thus the connecting homomorphism

§: HY(T;R/Z) — HZ(T;Z)

of the Gersten exact sequence (see [Mon, Prop. 8.2.12]) is an isomorphism.
Let « := p*eup € HX(I':Z) and B := § '(x). Then under the isomorphism
HY(I';R/Z) =~ Hom(I',R/Z) = Hom(T',Rot(S')) the class B corresponds to a
homomorphism p’ : I' — Rot(S'). Now a standard diagram chase shows that
(p")*eup = 8(8) = p*euy, whence p and p’ are semi-conjugate. O

5.3. Real bounded Euler class. In many applications, computations in integral
bounded cohomology are difficult, and thus one relies on real bounded coho-
mology. The image of eu, in HZ(H;R) under the change of coefficients map
Hbz(H; 7)) — H;(H; R) is called the real bounded Euler class and denoted euf.
Corollary 4.1 has the following real counterpart:

Corollary 5.4. Let p : T — Homeot (S') be a circle action with ,o"‘euiR = 0.
Then p([T',T]) fixes a point on S'.

Proof. Since p*eu]}f = 0 we can argue as in the proof of Corollary 5.3 and
prove that p is semi-conjugate to an action p’ : I' — Rot(S!) < Homeo™ (S1).
In particular, p|ir,r is semi-conjugate to p'|r.rj. Now since Rot(S?!) is abelian,
p" vanishes on [I',T]. It follows that (p|r,rj)*eus = (0'[[r,r))*eup = 0, whence
o([l',T]) fixes a point on S! by Corollary 4.1. O

6. Alternative characterizations of semi-conjugacy

6.1. Regularity of semi-conjugacies. Having established Theorems 1.1 and 1.2
and some of their consequences, we now return to the characterizations of semi-
conjugacy given in Theorem 1.4 of the introduction. We start by discussing the
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issue of regularity of semi-conjugacies. In general, if two circle actions p; and p,
are semi-conjugate it does not follow that they are semi-conjugate via continuous
left-semi-conjugacies. A concrete counterexample is given as follows.

Example 6.1. Let p; be the action of Z given by sending the generator 1 to
1

the rotation by 7. Let p, be an action of Z with rotation number 5 for which
02(2) has precisely two fixed points. For example, the generator could be sent to
the fixed point free lift of a parabolic isometry to the double cover of S' = 9H?.
Both actions have rotation number 1/2, so that they are semi-conjugate, say, p;
is right-semi-conjugate to p, via ¢ : S! — S!. By definition, ¢ sends orbits
for the p;-action to orbits for the p,-action. Now all p; orbits have precisely
two points, while only one p, orbit has two points (and the other orbits have
infinite order). It follows that the image of ¢ is equal to the unique p, orbit
consisting of two points, hence the map ¢ cannot be continuous. Even worse,
the semi-conjugacy ¢’ : S — S! in the opposite direction, i.e. from p; to p,
cannot be chosen continuous either. Indeed, let {x1,x,} be the unique p,-orbit
containing two points. Then ¢’ has to send x; and x, to a pair of antipodal
points y,y. Now restrict to the index two subgroup 27Z < Z and look at the
restricted orbits: The restricted pj-action is trivial, so orbits for the restricted
p2-action have to be sent to points. But x; and x, are accumulation points of
the same restricted p,-orbit, which is all mapped to a point z. Then z cannot
be equal both to y and ¥, so that ¢’ is not continuous.

Things improve if we replace continuity with the less demanding notion of
semicontinuity. Recall that a non-decreasing degree one map ¢: S! — S is called
upper semicontinuous if it admits an upper semicontinuous good lift ¥ : R — R.
Indeed we can show:

Lemma 6.2. If a circle action p : I' — H is left-semi-conjugate to a circle action
p2 : I — H, then it is left-semi-conjugate to p, via an upper semicontinuous
map ¢': S' — S,

Proof. Let ¢ be an arbitrary left-semi-conjugacy from p; to p,. If ¢ is constant
then there is nothing to show, hence we may assume that ¢ is non-constant. We
then define 9, pi, p2 and n, as in the beginning of Subsection 4.4 and also
define a new function ¢’ : R — R by

@'(x) = sup{P(») |y <x}.

Since @’ is non-decreasing and commutes with integral translations, it is the
good lift of a non-decreasing degree one map ¢’: S! — S'. We claim that ¢’
is a left-semi-conjugacy from p; to p;.
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In order to prove our claim we fix y € I' and abbreviate iz\]/ = pj(y) € H
for j =1,2. By (4.1) we have for every y € R,

(6.1) T =T (ha () +ny ().

By the implication (2)=(3) in Proposition 4.6, there exists an integer m € N
such that n, = m. Now for every x € R we have

ng'(x) = };(SUP@(Y) |y <x}) =sup {@(y) | y <x) N
= Sup~{'<5(hz(y)) +m|y<x}=sup{@(y)|y<h(x)}+m
= a/(hz(x)) +m,

which implies that p;(y)¢’ = ¢’p2(y), and concludes the proof. O

6.2. Proof of Theorem 1.4. The equivalences (i) < (ii) < (v) of Theorem 1.4 are
immediate from Theorem 4.3. The equivalence (i) < (iii) < (iv) of Theorem 1.4
follows from the following corollary of Proposition 4.6.

Corollary 6.3. For circle actions py and p, the following are equivalent:

(i) There exists a left-semi-conjugacy from py to py which satisfies Property (4)
of Proposition 4.6.

(ii) There exists a left-semi-conjugacy from py to py which satisfies Property (5)
of Proposition 4.6.

(ili) p1 and p, are semi-conjugate.

Proof. The implications (i) = (ii) = (iii) of the corollary follow from the implica-
tions (4)= (5)=(6) in Proposition 4.6 and Part (i) of Theorem 4.3. Conversely
assume that (iii) holds and that p; is left-semi-conjugate to p, via ¢. If ¢ is
non-constant then (i) and (ii) hold by the implications (2) = (4) = (5) of Proposi-
tion 4.6. Now assume, on the other hand, that ¢ is constant. Then the image of
¢ is a fixed point [x;] for p;. According to Part (ii) of Theorem 4.3 there is also
a fixed point [x] of po. Let X7, x> € R be lifts of x; and x, respectively.
Then there exists a unique good lift ¢ of ¢ such that ¥ ([X3, X3 +1)) = {*7 },
and this lift clearly satisfies Property (4) of Proposition 4.6. This shows that (iii)
implies (i) and finishes the proof. O

We have thus established the equivalence of the conditions (i)—(v) in Theo-
rem 1.4. Together with Lemma 6.2 this finishes the proof of Theorem 1.4.
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6.3. Semi-conjugacy and monotone equivalence. Let us say that a circle action
p1: ' — H 1is left-equivalent to another circle action p: I' — H if p;
is left-semi-conjugate to p, via a continuous non-decreasing degree one map
¢: ' - H of Hopf-Brouwer degree 1, and recall from the introduction that
monotone equivalence is defined as the equivalence relation generated by left-
equivalence. This subsection is devoted to the proof of Theorem 1.7, which states
that monotone equivalence is equivalent to semi-conjugacy in the sense of the
present note. One direction is immediate from what we have proved so far:

Proposition 6.4. Suppose that py,p2: ' — H are monotone equivalent circle
actions. Then p; and p, are semi-conjugate.

Proof. We may reduce to the case when p; is left-equivalent to p,. In this
case, p; is left-semi-conjugate to p, via a non-constant map, so the implication
(2)= (6) of Proposition 4.6 and Theorem 1.4 imply that p; is semi-conjugate to
p2. O

Concerning the converse implication we recall the following classical tri-
chotomy for circle actions (see, e.g., [Ghy2] for a detailed discussion and proof).

Lemma 6.5. Let p: T' — H be a circle action. Then exactly one of the following
three possibilities occurs:

(1) p(T') has a finite orbit.
(2) p is minimal, i.e., every p(I')-orbit is dense.

(3) there exists a unique p(T')-invariant infinite compact proper subset K < S1
(called the exceptional minimal set of p(I')) such that K is contained in
the closure of any orbit of p(T).

In case (3), K is homeomorphic to a Cantor set. ]
From this we deduce:

Proposition 6.6. Let p: ' — H be a circle action without finite orbits. Then p
is monotone equivalent to a minimal action.

Proof. Since (1) is excluded by the assumption and the conclusion holds trivially
in case (2), we may assume that p satisfies (3) of the above trichotomy. Thus let
K < S! be the minimal exceptional set of p(I'). We have S'\ K = ;cy Uis
where the U;’s are pairwise disjoint non-empty open subsets of S! homeomorphic
to open intervals. Define an equivalence relation ~ on S! by declaring x ~ y if
and only if there exists i € N such that {x,y} C U;, andlet ¢ : S! - X :=S!/ ~
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denote the quotient map. Since X is obtained from S! by collapsing intervals,
it is homeomorphic to S!. Moreover, the map ¢ is a continuous, non-decreasing
degree one map of Hopf-Brouwer degree 1 (any of its lifts to R is just a devil’s
staircase).

Now let y € I'. Since K is p(y)-invariant, the element p(y) permutes the
intervals U; and thus descends to an orientation-preserving homeomorphism of
X. We thus obtain a homomorphism p': I' — Homeo™ (X) such that for all
yel,

P'()e = ¢p(y).

and it remains to show only that X is minimal under p'(I"). However, this follows
from the observation that since K is contained in the closure of any p(I")-orbit,
the set S! = ¢(K) is contained in the closure of any p’(I")-orbit. ]

The proof of Theorem 1.7 in the case where every orbit of p;(I") and p,(I)
is infinite is now immediate.

Proof of Theorem 1.7 if every orbit of p1(I') and py(T") is infinite.  Let us as-
sume that p; and p, are semi-conjugate and that every orbit of p;(I") and po(I")
is infinite. By Proposition 6.6, the actions p; are monotone equivalent to min-
imal actions p; for i = 1,2. We have already proved in Proposition 6.4 that
monotone equivalence implies semi-conjugacy, so pj is semi-conjugate to p5.
On the other hand, we know from Proposition 4.8 that semi-conjugate minimal
actions are conjugate, whence in particular monotone equivalent. Since monotone
equivalence is an equivalence relation, this implies that p; and p, are monotone
equivalent. O

It remains to deal with the case where p; or p, has a finite orbit. This is
slightly more technical.

Proof of Theorem 1.7 in the presence of a finite orbit. Here we assume that p;
and p, are semi-conjugate via a pair of non-decreasing degree one maps
.9 ST — S satisfying

p1(Y)¢ = @pa(y) and  pa(y)@’ = ¢'p1(y)

for every y € I', and that one of them, say p;, has a finite orbit {x;,...,xg}.
We may assume that (xi,...,x%) is positively oriented. Note that, since p;(I")
acts transitively on the Xx;’s, it also acts transitively on the connected components
of ST\ {x1....,x¢}. As a consequence, every orbit of p;(I') must contain at
least k points. In particular, if we set y; = ¢(x;) for every i = 1,...,k, then
{¥1,...,yx} is a finite p,(T")-orbit, and ¢'({y1,...,yx}) is a finite p;(T")-orbit,
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hence has to have at least k£ points. This implies that the y;’s are pairwise distinct
and that (y1,...,yx) is a positively-oriented p,(I")-invariant k -tuple.

For every y € I' the homeomorphism p;(y) induces a cyclic permutation of
(x1,...,xx), hence there exists j(y) € Z/kZ such that

P1(Y)Xi = Xigj(y)

where addition of indices is always understood in Z/kZ. We can now compute
the rotation number of p;(y) using the orbit {xi,...,xx}; we then obtain

R(p1(y)) = [j(¥)/k] e R/Z.

Note that the cyclic permutation induced by p;(y) on (xi,...,xg) is completely
determined by R(p;(y)). However, since the restrictions of p; and p, to the
cyclic subgroup generated by y are semi-conjugate, it follows from Corollary 5.2
that the rotation numbers of p;(y) and p,(y) coincide. We deduce that p;(y)
induces the same cyclic permutation on (xq,...,xx) as pa(y) on (¥1,...,Vk)-
This information is enough to construct a circle action p3 ‘“containing” both p;
and p, as follows.

Let us first assume that k > 2. Given two distinct points a,b € S' we define
the open interval (a,b) as

(a,b) :={z € §' | (a,z,b) positively oriented}.

For every i = 1,...,k we define U; := (xj,x;+1) and V; := (y;,yi+1) and
denote by U; and V; the closures of U; and V; in S! respectively. By the
assumption k > 2 these are homeomorphic to closed intervals. We then define
X as the quotient space obtained from the disjoint union of the U; and the
V; obtained by identifying the right endpoint xz4; € Ur with the left endpoint
y& € Vi and the right endpoint yx,; € Vi with the left endpoint xx,; € Ugyq.
In the case k = 1 we instead define X by cutting S' at the respective fixed
points x; and y; and glueing the resulting two open intervals U; and V; along
a 0-sphere. Either way we obtain a circle X which contains Uy, V1,..., U, Vi
in this exact cyclic order, and such that the complement of these open sets is
a finite set of points. We now define p; : I' — Homeo™ (X) as follows: Given
y € ' we define

k k
p3(y) : U Ui UV, — U Ui UV, p3(y)(x) =

i=1 i=1

p1(Y)(x), xeJU,
p2(¥)(x), xeUWV.

Since p;(y) induces the same permutation on the x; as p.(y) on the y;, it
follows that p3(y) extends uniquely to an orientation-preserving homeomorphism
of X = S!.
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It remains to show only that p; and p, are left-equivalent to ps, but this is
obvious: Concerning p; we define a continuous non-decreasing map ¢ : X — S'!
by contracting each of the intervals V; to a point. Then ¢ has Hopf-Brouwer
degree 1 and, by construction, p;(y)¢ = ¢p3(y) holds for all y € I". Similarly,
the left-equivalence from p, to p3 is obtained by collapsing the U, . L

A. The action of the double cover of H on the circle

Consider the circle S! and its double cover X which, somewhat confusingly,
is again homeomorphic to a circle. We denote by H the group of those
homeomorphisms of X which map antipodal points to antipodal points. The
action of H on X then factors through an action of S! and thus gives rise to
a surjective homomorphism

p:H — H :=Homeo™(S!),

which exhibits H as the unique double cover of H. Since X =~ S', the group
H can also be seen as a subgroup of Homeo(X) = H, but this is not the point
of view we are going to take.

From now on we will denote the double covering of the circle simply by
S1, with the understanding that the action of H on S! is the one described
above. This action is actually important in many applications, since it contains
the action of SL,(R) on the circle obtained by letting SL,(R) act on R? \ {0}
via the standard action and identifying S! with (R?\ {0})/R~¢. This action in
turn is a particular instance of the action of SL,(R) on S"~! = (R"\ {0})/Rx¢
for n > 2, and these generalizations play an important role concerning higher
Euler classes.

The aim of this appendix is twofold: On the one hand, we describe all
homogeneous cocycles obtained as H -invariant functions (S!)3 — Z and relate
them to the cohomology class p*(eup) € Hbz(ﬁ, Z). On the other hand, we
establish a fixed point theorem (Theorem A.6) which is stronger than its analogue
for H (Corollary 4.2) since in this case a fixed point is not only equivalent to the
vanishing of the pullback of the bounded Euler class, but further to the vanishing
of the pullback of a particular cocycle.

Non-degenerate homogeneous cochains. For every point x € S!, we denote by
X its antipodal point. We say that an H -orbit in (S)* is degenerate if it contains
a point of the form (...,x,...,x,...) or of the form (...,x,...,Xx,...). Given
n € N let us denote by (S")" < (S')" the union of all non-degenerate H -orbits
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in (S')". We refer to an H -invariant function f : (SH**1 — 7 as a non-
degenerate homogeneous n-cochain. Note that if (xg,...,x,) € (SH*+1 ] then
(X0s.+os XiyonuyXp) € (Sl)[”] for all i =0,...,n, and hence the homogeneous
differential defines a map
8 : Map((SH™, )" — Map((s")"+1, z)"

for every n. We refer to elements in the kernel respectively image of this map as
non-degenerate homogeneous cocycles, respectively non-degenerate homogeneous
coboundaries.

Every cochain f € Map((S‘)"“,Z)ﬁ restricts to a non-degenerate homoge-
neous cochain on (S')"*1 and this restriction defines a chain map

res : (Map((51)y™+1,2)",8) — (Map((sH"+1.2)" 8), £ > flgurn.

Lemma A.l. The map res induces an isomorphism on the level of cohomology.
In particular,

(A.1) HY(H ~ S = HH A, S1) = H'(Map((Sl)["H],Z)ﬁ, ).

Proof. Since for every n there will always be finitely many (non-degenerate)
H -orbits, it is immediate that H}(H ~ S') = H*(H ~, S1).
Following [BM] we construct an extension map

ext : (Map((Sl)[”“],Z)ﬁ,S) N (Map((Sl)"H,Z)ﬁ, §), 17

which on the level of cohomology is an inverse to res. Intuitively, in order to
define 7(x0,...,xn) for a degenerate (n + 1)-tuple (xo,...,Xx,) we want to
move Xj,...,Xo (in this order) a very small amount in the positive direction to
make the (n + 1)-tuple non-degenerate, and then evaluate f on the perturbed
tuple. More precisely, if x, is equal to x; or X; for i # n, replace x, by a point
x;F such that (x,,x;,%;) is positively oriented and no x; or X;, for i # n, lies
in the positive direction between x, and x;l|r . Continue inductively for all x;’s
and set 7(x0,...,xn) = f(x(f,...,x,‘f). As in [BM] one then shows that ext
is a chain map which is inverse to res in cohomology. O

In view of the lemma we can represent every class in H*(H ~ S') by a
non-degenerate homogeneous cocycle, and thus we will focus on non-degenerate
homogeneous cocycles from now on.

Non-degenerate orbits of H acting on (S1)"+1. The classification of non-
degenerate H -orbits on (S')"*! for n <2 is as follows.
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(n = 1) The action of H on S! has exactly one non-degenerate orbit.

(n =1) The action of H on two factors (S')? has two non-degenerate orbits:
If x,y € S! are chosen so that (x,y,X) is a positively oriented triple, then
we denote them by

0P :=H-(x,y) and 0P :=H-(y,x).

(n =2) The action of H on three factors (S')? has eight non-degenerate orbits.
Choose distinct points xg, x1,x, € S' and suppose that (xg, X, X2,Xg) is a
strictly positively oriented quadruple. Then the orbits are given as follows.
There are six non-degenerate orbits parametrized by the symmetric group
Sym(3) over {0,1,2} and given by

OC(;’) =H - (xg(o), Xo(1)» xa(z)), (O’ [S Sym(3)),
and there are two additional non-degenerate orbits given by

O :=H-(xo,x2,%1) and 0P :=H - (x0, 71, x2).

Non-degenerate homogeneous 2-cocycles and non-degenerate homogeneous
2-coboundaries. Denote by p, : S! — S! the double cover given by identifying
antipodal points. Then p, induces a map commuting with the map induced by
p:H—>H

H*(H ~ $47) -2~ H*(H ~ S\ Z)

]

H*(H;Z) —2—~ H*(H:Z).
Specialising to degree 2, we know that the left-hand side H?(H ~ S';7Z) is
an infinite cyclic group generated by the class of the Euler cocycle c¢. Our goal
now is to prove that the right-hand side H2(H ~, S';Z) is also infinite cyclic
and to construct an explicit homogeneous cocycle representing its generator.
To this end we first observe that a non-degenerate homogeneous 2-cochain f
is given by the 8 numbers

Jo = flog)v S = f|o$)’ f-= f|0(—3)’
where o € Sym(3).

Lemma A.2. A nondegenerate homogeneous 2-cochain f is a cocycle if and
only if
fId=f(012)=f(02 1)=1f+,
Jon=Jfon=Fay=1",
Y+ =+
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and f is a coboundary if and only if there exists wi € R such that

fu=wy, fonp=w-, fr=2wy-w_, [fo=2w_—wq.

Furthermore there is an isomorphism H?*(H ~ S';Z) =~ Z given by sending
[fle H*(H ~, SY:Z) to fr —2ft + f~ € Z.

Proof. 1t it is a matter of elementary case by case consideration of configurations
of four points on the circle to show that the cocycle equation implies the
5 identities above. For example, let xg,x1,x2,x3,X7 be positively oriented
points on S!. Applying the cocycle relation §f = 0 to (x,x2,x3,X9) and
(x3, X0, X1, x2) leads to the first two equalities defining . Applying the relation
to (xz,x1,X0,x3) and (xo, x3, X2, x1) gives the two next equalities defining f~.
Finally, 8f(x3,x0,%2,X1) = f4+ — f~ + f-— f* =0.

Moreover, if b is a 1-cochain with b| 0;:2) = w4, then a routine computation

yields
(b =wy. 6b)o 1y =w-. b)s =2wi—w_, (6b)- =2w_—w,.

It remains to show that there are no other relations satisfied by an arbitrary
non-degenerate homogeneous 2-cocycle. For this we observe that the quotient of
the space of non-degenerate homogeneous 2-cochains satisfying the 5 identities
above by the space of coboundaries is isomorphic to Z via the map f +—
f+ —2f% + f~. If there were any other relations, then there was no cocycle
with fy —2f% + f~ = 1. However, it is easy to check that the Sullivan cocycle
given in Definition A.3 below is such a cocycle. O

In particular, a non-degenerate 2-cocycle f is given by 4 integers f*, f—,
f+, Jf— subject to the single relation f+ + f~ = f4 + f_ (or equivalently by
the 3 integers f*, f~ and f_).

Definition A.3. The Sullivan cocycle Esy is the non-degenerate 2-cocycle f
given by ft=f"=0, fr =1, fo=-1.

This cocycle was found by Sullivan as an explicit representative for the Euler
class of flat oriented R2-vector bundles. Table 1 below compares the Sullivan
cocycle with the pullback of the Euler cocycle via p, and also with the orientation
cocycle on S! and the pullback of the orientation cocycle under p,, and expresses
all of these cocycles in terms of the 4 integers f*, f~, fi, f-.

In particular we see from Table 1 and the isomorphism described in Lemma A.2
that the Sullivan class [Esu] is a generator for H*(H ~ S';Z) = H?(H ~
NEVAR
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TaBLE 1
St - J+ /- H?(H ~ S;2)
Esun 0 0 1 -1 [Esunl
p5(c) 1 0 0 1 —2[Esunl
Or 1 -1 1 -1 —2[Esun]
p5(Or) 1 -1 -1 1 —4[Esunl
8b wy w_ 2wy —w— 2w_ —wy 0

The geometric interpretation of the Sullivan cocycle. Unravelling the definition
and considering configurations of 3 points on the circle case by case, we see that
the Sullivan cocycle can be described geometrically as follows: it is nonzero on a
non-degenerate triple (x,y,z) if and only if the triple contains 0 in the interior
of its convex hull and in that case it is +1 or —1 depending on the orientation
of the triple. This geometric definition generalizes to higher dimensions and leads
to an SL,(R)-invariant cocycle on the (n — 1)-sphere for each n > 2.

One consequence of this description is that the Sullivan cocycle is not invariant
under the full homeomorphism group of the circle, but only under its subgroup
H.

Another useful consequence is that the Sullivan cocycle and its higher-
dimensional analoga detect small subsets of spheres. Here a subset of a sphere is
called small if its spherical convex hull is not the whole sphere. In the case of
S! aset X C S! is small if and only if it is contained in a half-open half-circle.

Proposition A.4. Let X C S' be any subset. Then Eg, vanishes on X3 if and
only if X is small.

Proof. If X C S' is a small subset then no three points in X ever contain 0 in
their convex hull, so that Eg,; vanishes on X3.

Conversely, suppose that Es,; vanishes on X3. View X as a subset of R?
and consider its convex hull in R?. By Caratheodory’s Theorem, if 0 is contained
in the convex hull of X, then there exist xg, x1,x2 € X such that O belongs to the
convex hull of xg,x;,x, and hence Egyy(xo,x1,x2) # 0, which is impossible.
If 0 is not on the boundary of the convex hull, then by Hahn-Banach there
exists a hyperplane separating 0 and the convex hull of X, so X is in particular
contained in the intersection of S! with the (appropriate) half plane delimited by
the hyperplane. If 0 is in the boundary of the convex hull, then by the supporting
hyperplane theorem, there exists a hyperplane through O so that the convex hull
of X is contained in one closed half space delimited by that hyperplane. We are
almost done, except that we need to exclude the case that X is contained in one
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closed half-circle, but is not contained in a half-open half-circle. Suppose that x
and X belong to X. Then Egy(x,x,x) = Esun(x, X", x%) = 1, where the points
xt,xt € S! are very small perturbations of X, x in the positive direction. [

Note that the same proof holds also for the higher dimensional generalization
of the Sullivan cocycle.

The cohomology class [Egyy]. Given a basepoint x € S! we obtain a cocycle
E3u H > 1Z by pullback along the corresponding orbit map, i.e.,

Egu(go.81.82) := Esun(gox. g1x. g2Xx).

This cocycle determines a class in the group cohomology H?2(H;Z); since Eg,y is
bounded, it also determines a class in the bounded group cohomology H lf (H:7).
Recall from the table above that —2 - [Esui] = pjc, where ¢ denotes the Euler
cocycle on S! and p,: S! — S! is the double covering.

Now the Euler class eu = [cx] € H?(H, Z) corresponds to the central extension
of H given by the common universal covering group H of H and H, and
thus it follows from the commuting diagram of central extensions

i p

0 Z H H {e}
L
0 7—~H-L2-H {e}

that [-E3 |1 € H 2(H;Z) corresponds to the central extension in the top row
of the above diagram. By Lemma 3.1 this yields the following interpretation of
[Esun] as an obstruction class: Given a group I', the S!-action associated with
a homomorphism p: ' — H lifts to an action of T on the real line if and only
if p*[E5,; 1 =0c¢ H?*(T',7Z) for some (hence any) x € S!.

The bounded cohomology class [Egyy]. We now turn to an interpretation of the
bounded class defined by FEgyy. It turns out that the case of the bounded Sullivan
cocycle in degree 2 is very particular since the vanishing of the cohomology
class is equivalent to the vanishing of the cocycle:

Proposition A.5. Let T be a group and p : T — H be any homomorphism.
Then p*[Eg, ;b =0 € Hbz(F, Z) if and only if p*(E5,,;;) = 0 for any base point
xe St
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Proof. The if-direction is trivial. For the only-if-direction, suppose that p*Eg, =
§b for some x € S! and a T -invariant bounded cochain b : I'?2 — Z. We will
show that b = 0. Writing out the cocycle equation in a special case yields for
all yeTl,

p*Egu(e.v.v?) = 2b(e,y) — b(e.y?).
This implies in particular |2b(e, y) — b(e,y?)| < 1, hence inductively

(A.2) 12%b(e, y) = ble, y*)| < 2F — 1.

Since b is bounded, we can choose k sufficiently big so that |b(e, y2")| < 2¢~1.
Dividing (A.2) by 2X we obtain

1 ok 1 11
[be. )| = Splble. ) [ +1 = <1+ 5 - <2.
Since b takes integral values, it follows that it takes values in {—1,0,1}. Assume
that b(e,y) = 1. Then (A.2) yields
2 —ble.y?) = 2F -1,

hence b(e,yzk) = 1. A similar argument in the negative case shows that for
every y € I, either b(e,y) =0 or 0 # b(e,y) = b(e,yzk) for every k > 0.
Thus if b(e,y) # 0 for some y, then
Esui(x, p(y)x, p(y)’x) = 2b(e, y) — b(e,y?) = b(e,y) = b(e,y?)
= Esui(x, p(r)*x, p(y)*x).

This means that there exist w,x,y,z € S such that

Esui(x,y,z) = Esun(x,z, w) # 0.

By our extension of the Sullivan cocycle to degenerate orbits, we can without loss
of generality suppose that both triples (x, y,z) and (x,z,w) are non-degenerate.
Since their evaluations on the Sullivan cocycle agree both triples contain 0 in the
interior of their convex hull and have the same orientation. This is impossible. [

For the Sullivan cocycle we now obtain the following stronger version of
Corollary 4.2:

Theorem A.6. Let T be a group, p : T — H a homomorphism. Then the
following are equivalent:

(1) P*[Egull]b =0¢€ Hf(F:Z);
(2) p lifts to a homomorphism 7 : T — H and 0 (') has a fixed point in R.
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(3) p(T) fixes a point in S'.

(4) Every p(')-orbit on S' is small.

(5) There exists a small p(T)-orbit in S!.
(6) p*EE, =0 for every x € S'.

(7) There exists x € S' such that p*Eg,; = 0.

Proof. We summarize the shown implications in the following diagram:

Prop A4 _ Prop A5

(4) <— (6) <= (1)

trivial trivial -
trivial

(S)Prop A.4(7) trivial 3).
The remaining equivalences between (1), (2) and (3) admit the same proof as the
equivalences between (i), (ii) and (iii) in Corollary 4.2. ]

Acknowledgements. The authors are indebted to Pierre de la Harpe for a careful
reading of a preliminary version of this note. They also thank Danny Calegari,
Etienne Ghys, Kathryn Mann, Daniel Monclair and Maxime Wolff for useful
comments. The first author was supported by Swiss National Science Foundation
project PPOOP2-128309/1. The first and second authors are grateful to the American
Institute of Mathematics for their support during the preparation of this work. The
third author acknowledges support from the Taub Foundation within the Leaders
in Science and Technology program.

References

[BIW1] M. BURGER, A. lozzi and A. WiENHARD, Surface group representations with
maximal Toledo invariant. Ann. of Math. (2) 172 (2010), 517-566.
7Zbl11208.32014 MR 2680425

[BIW2]  —, Higher Teichmiiller spaces: From s/(2,R) to other Lie groups (2011).
Handbook of Teichmiiller Theory, Vol. IV, 539-618, IRMA Lect. Math.
Theor. Phys., 19, Eur. Math. Soc., Ziirich, 2014. Zbl11312.30053 MR 3289711

[BM] M. Bucuer and N. Monop, The norm of the Euler class. Math. Ann. 353
(2012), 523-544. Zb11252.57010 MR 2915547

[Bro] K. S. Brown, Cohomology of groups, vol. 87 of Graduate Texts in Mathematics.
Springer-Verlag, New York-Berlin (1982). Zb10584.20036 MR 1324339


http://zbmath.org/?q=an:1208.32014
http://www.ams.org/mathscinet-getitem?mr=2680425
http://zbmath.org/?q=an:1312.30053
http://www.ams.org/mathscinet-getitem?mr=3289711
http://zbmath.org/?q=an:1252.57010
http://www.ams.org/mathscinet-getitem?mr=2915547
http://zbmath.org/?q=an:0584.20036
http://www.ams.org/mathscinet-getitem?mr=1324339

[BSBH]

[Buc]

[Cal]

[Ghy]

[Ghy2]

[Gro]

[HT]

[Toz]

[Iva]

[Mat]

[Mon]

[Poil]
[Poi2]
[Tak]

[Wol]

A note on semi-conjugacy for circle actions 359

G. Ben Simon, M. BurcGer, T. HArTNICK, A. lozzi and A. WIENHARD, On
weakly maximal representations of surface groups. J. Differential Geom.
105 (2017), 375-404. MR 3619307

M. BucHER, An introduction to bounded cohomology (2008). http://www.
unige.ch/math/folks/bucher/pdf/KTHnotesIV.pdf.

D. CaLEeGaRrtl, Foliations and the geometry of 3-manifolds. Oxford Mathematical
Monographs. Oxford University Press, Oxford (2007). Zbl1118.57002
MR 2327361

E. Gays, Groupes d’homéomorphismes du cercle et cohomologie bornée. In
The Lefschetz centennial conference, Part 11l (Mexico City, 1984), vol. 58
of Contemp. Math. Amer. Math. Soc., Providence, RI (1987). pp. 81-106.
7Zbl 0617.58009 MR 0893858

—, Groups acting on the circle. Enseign. Math. (2) 47 (2001), 329-407.
7Zb11044.37033 MR 1876932

M. Gromov, Volume and bounded cohomology. Inst. Hautes Etudes Sci. Publ.
Math. 56 (1982), 5-99. Zbl0516.53046 MR 0686042

M. W. Hirscu and W. P. THurstOoN, Foliated bundles, invariant measures
and flat manifolds. Ann. Math. (2) 101 (1975), 369-390. Zbl 0321.57015
MR 0370615

A. lozzi, Bounded cohomology, boundary maps, and representations into
Homeo4 (S') and SU(n,1). In Rigidity in Dynamics and Geometry
(Cambridge, 2000). Springer, Berlin (2002). Zb11012.22023 MR 1919404

N. V. Ivanov, Foundation of the theory of bounded cohomology. J. Soviet. Math.
37 (1987), 1090-1114. Zbl 0612.55006 MR 0806562

S. Matsumoro, Basic partitions and combination of group actions on the circle:
A new approach to a theorem of Kathryn Mann. Enseign. Math. (2) 62
(2016), 15-47. Zbl 06694049 MR 3605808

N. Monob, Continuous bounded cohomology of locally compact groups. No.
1758 in Lecture notes in Mathematics. Springer-Verlag, Berlin (2001).
7Zb10967.22006 MR 1840942

H. Poincarg, Mémoire sur les courbes définies par une équation différentielle
(D). Journal de Mathématiques 7 (1881), 375-422. JFM 13.0591.01

—, Mémoire sur les courbes définies par une équation différentielle (II). Journal
de Mathématiques 8 (1882), 251-296. JFM 14.0666.01

M. Takamura, Semi-conjugacy and a theorem of Ghys. Unpublished manu-
script.

M. WoLFF, Private communication. October 2014.

(Regu le 13 novembre 2014)

Michelle BucHEer, Université de Geneve, Section de mathématiques, 2-4 rue du
Lievre, Case postale 64, 1211 Geneve 4, Suisse

e-mail: michelle.bucher-karlsson@unige.ch


http://www.ams.org/mathscinet-getitem?mr=3619307
http://www.unige.ch/math/folks/bucher/pdf/KTHnotesIV.pdf
http://www.unige.ch/math/folks/bucher/pdf/KTHnotesIV.pdf
http://zbmath.org/?q=an:1118.57002
http://www.ams.org/mathscinet-getitem?mr=2327361
http://zbmath.org/?q=an:0617.58009
http://www.ams.org/mathscinet-getitem?mr=0893858
http://zbmath.org/?q=an:1044.37033
http://www.ams.org/mathscinet-getitem?mr=1876932
http://zbmath.org/?q=an:0516.53046
http://www.ams.org/mathscinet-getitem?mr=0686042
http://zbmath.org/?q=an:0321.57015
http://www.ams.org/mathscinet-getitem?mr=0370615
http://zbmath.org/?q=an:1012.22023
http://www.ams.org/mathscinet-getitem?mr=1919404
http://zbmath.org/?q=an:0612.55006
http://www.ams.org/mathscinet-getitem?mr=0806562
http://zbmath.org/?q=an:06694049
http://www.ams.org/mathscinet-getitem?mr=3605808
http://zbmath.org/?q=an:0967.22006
http://www.ams.org/mathscinet-getitem?mr=1840942
http://zbmath.org/?q=an:13.0591.01
http://zbmath.org/?q=an:14.0666.01
mailto:michelle.bucher-karlsson@unige.ch

360 M. BucHER, R. Frigerio and T. HARTNICK

Roberto Frigerio, Dipartimento di Matematica, Universita di Pisa, Largo Bruno
Pontecorvo, 5, 56127 Pisa, Italy

e-mail: roberto.frigerio@unipi.it

Tobias HarTNICK, Mathematics Department, Technion — Israel Institute of Technology,
Haifa 32000, Israel

e-mail: hartnick @tx.technion.ac.il

© Fondation L”ENSEIGNEMENT MATHEMATIQUE


mailto:roberto.frigerio@unipi.it
mailto:hartnick@tx.technion.ac.il

	Introduction
	On the definition of semi-conjugacy
	Three characterizations of the bounded Euler class
	Ghys' Theorem
	Variations and examples
	Alternative characterizations of semi-conjugacy
	The action of the double cover of H on the circle
	References

