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A simpli�cation problem in manifold theory

Jean-Claude Hausmann and Bjørn Jahren

Abstract. Two smooth manifolds M and N are called R -di�eomorphic if M � R is
di�eomorphic to N � R . We consider the following simpli�cation problem: does R -
di�eomorphism imply di�eomorphism or homeomorphism? For compact manifolds, analysis
of this problem relies on some of the main achievements of the theory of manifolds,
in particular the h- and s-cobordism theorems in high dimensions and the spectacular
more recent classi�cation results in dimensions 3 and 4. �is paper presents what is
currently known about the subject as well as some new results about classi�cations of
R -di�eomorphisms.
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1. Introduction

Let X and Y be smooth manifolds. We write Y �di� X when Y is
di�eomorphic to X and Y �top X when Y is homeomorphic to X . Given
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a manifold P , Y and X are called P -di�eomorphic (notation: Y �P-di� X ) if
there exists a di�eomorphism f W Y � P ! X � P , and such an f is called a
P -di�eomorphism. Consider the following simpli�cation problem.

�e P -Simpli�cation Problem. For smooth closed manifolds, does P -di�eo-
morphism imply di�eomorphism, or homeomorphism?

�e �rst part of this paper is a survey on what is currently known about
the R -simpli�cation problem (other cases are brie�y discussed in Section 8).
�is quite natural question, expressed in very elementary terms, happens to be
closely related to the theory of invertible cobordisms (see, e.g., [Sta3, JK1] and
Proposition 3.3). As advertisement, here are some samples of the main results of
the theory.

�eorem A. Let M and N be smooth closed manifolds of dimension n . Suppose
that M is simply connected. �en

(i) N �R-di� M H) N �top M ,
(ii) N �R-di� M H) N �di� M if n ¤ 4 .

�e simplicity of the statement of �eorem A, with almost no dimension
restriction, contrasts with the variety of techniques involved in the proof. Actually,
�eorem A concentrates a good deal of important developments in di�erential
topology during the 20th century (see also Section 8.2).

When M is not simply connected, part (i) of �eorem A is false in general,
�e �rst counterexample was essentially given by Milnor in a famous paper in
1961 [Mil1] (see Example 4.5.(1)). Using a recent result of Jahren–Kwasik [JK2,
�eorem 1.2], we now know that part (i) is, in general, “in�nitely false”, i.e.,
there are manifolds having countably many homeomorphism classes within their
R -di�eomorphism class (see Example 4.5.(5)).

In dimension 4, part (ii) of �eorem A is in�nitely false in general, even
when M is simply connected. Indeed, there may be a countable in�nity of
di�eomorphism classes of manifolds within the homeomorphism class of M, for
instance when M D CP 2 ] kCP 2 . the connected sum of the complex projective
space CP 2 and k copies of CP 2 with reversed orientation, k � 6 [FS]. Each
such di�eomorphism class provides a counterexample of part (ii) of �eorem A,
thanks to the following result (probably known by specialists).

�eorem B. Let M and N be smooth closed manifolds of dimension 4 which
are homeomorphic. Suppose that H1.M;Z2/ D 0 . �en N �R-di� M .

In particular, although it is not known whether all di�erentiable structures
on the 4-sphere S4 are di�eomorphic (the smooth, 4-dimensional Poincare
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conjecture), they would all be R -di�eomorphic. Incidentally, the possibility of
such exotic structures will play a role in some results in Sections 5, 6 and 7.

Note also that manifolds M and N as in �eorem B but simply-connected are
homeomorphic if and only they are homotopy equivalent [FQ, § 10.1].

�e hypothesis of simple connectivity in �eorem A is not necessary in low
dimensions. �e following result is classical for n � 2 and follows for n D 3

from a result of Turaev [Tur1] together with the geometrization theorem.

�eorem C. Let M and N be two closed manifolds of dimension n � 3 , which
are orientable if n D 3 . �en N �R-di� M if and only if N �di� M .

�eorem C is currently unknown for non-orientable 3 -manifolds (see Re-
mark 6.2).

Proofs of �eorems A, B and C are given in Sections 4–6 (with more
general hypotheses for �eorem A), after important preliminaries in Sections 2–
3. Of particular importance for the simpli�cation problem are the so-called
inertial invertible cobordisms, characterized by the property that the two ends are
di�eomorphic (homeomorphic). Section 4 also includes some new results in this
area (notably Proposition 4.7).

In the last part of this paper (Section 7), we present new results on
classi�cation of R -di�eomorphisms under several equivalence relations. For
instance, a di�eomorphism f W N � R ! M � R is called decomposable if
there exists a di�eomorphism ' W N !M such that f is isotopic to ' �˙idR .
Fix a manifold M and consider pairs .N; f / where N is a smooth closed
manifold and f W N �R! M �R is a di�eomorphism. Two such pairs .N; f /
and . ON; Of / are equivalent if f �1 ı Of is decomposable. �e set of equivalence
classes is denoted by D.M/ . We compute this set in all dimensions in terms of
invertible cobordisms. As a consequence, in high dimensions we get the following
result.

�eorem D. Let M be a closed connected smooth manifold of dimension n � 5 .
�en D.M/ is in bijection with the Whitehead group Wh.�1M/ .

Corollary E. Let M be a closed connected smooth manifold of dimension n � 5 .
�e following assertions are equivalent.

(i) Wh.�1M/ D 0 .
(ii) Any di�eomorphism f W N �R!M �R is decomposable.

�eorem D is actually a consequence of a more categorical statement
(�eorem 7.1), which is of independent interest.
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We also consider a quotient Dc.M/ of D.M/ where isotopy is replaced
by concordance. Interesting examples are produced to discuss the principle of
concordance implies isotopy for R -di�eomorphisms.

2. Cobordisms

2.1. Preliminaries. �roughout this paper, we work in the smooth category C1

of smooth manifolds, (possibly with corners: see below) and smooth maps. Our
manifolds are not necessarily orientable.

If X is a manifold and r 2 R , the formula j rX .x/ D .x; r/ de�nes a
di�eomorphism j rX W X ! X � ¹rº or an embedding j rX W X ! X �R , depending
on the context.

Let X and X 0 be manifolds with given submanifolds Y and Y 0 , resp., and
let { W Y �

�! Y 0 be an identi�cation (di�eomorphism), usually understood from
the context. A map f W X ! X 0 is called relative Y (notation: rel Y ) if the
restriction of f to Y coincides with the identi�cation { . Often, Y D @X and
Y 0 D @X 0 , in which case we say relative boundary (notation: rel @ ).

2.2. �e cobordism category. A triad is a triple .W;M;N / of compact smooth
manifolds such that @W D .MqN/[X with @X D @M[@N and X �di� @M�I .
Most often @M is empty, in which case @W DMqN . Otherwise, W is actually
a manifold with corners along @M and @N , modeled locally on the subset
¹.x1; : : : ; xn/jx1 � 0; x2 � 0º of Rn . Smooth maps are then always required to
preserve the strati�cation coming from this local structure (for a precise exposition
of the smooth category with corners, see the appendix of [BS]).

Let us �x the manifolds M and N (one or both of them could be empty).
A cobordism from M to N is a triple .W; jM ; jN / , where W is a compact
smooth manifold and jM W M ! @W , jN W N ! @W are embeddings such
that .W; jM .M/; jN .N // is a triad. If M and N have nonempty boundaries,
.W; jM ; jN / will sometimes be called a relative cobordism.

By a slight abuse of notation we will also let jM denote the embedding jM

considered as a map into W .
Two cobordisms .W; jM ; jN / and .W 0; j 0M ; j

0
N / are equivalent if there is a

di�eomorphism h W W ! W 0 such that jM ıh D j 0M and jN ıh D j 0N . �e set
of equivalence classes of cobordisms from M to N is denoted by Cob.M;N / .
�e equivalence class of .W; jM ; jN / is denoted by ŒW; jM ; jN � .

A triad .W;M;N / determines an obvious cobordism, .W; {M ; {N / , and its
equivalence class in Cob.M;N / will also be denoted by ŒW;M;N � . Note that
ŒW;M;N � D ŒW 0;M;N � if and only if W �di� W

0 .relM [N/ . We shall make
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no distinction between a triad and the cobordism it determines and often write
“a cobordism .W;M;N /” instead of “a triad .W;M;N /”. A triad of the form
.M � I;M � ¹0º;M � ¹1º/ D .M � I; j 0M ; j

1
N / (using the notations j rX from

Section 2.1) will be called a trivial cobordism.
We now de�ne a composition

Cob.M;N / � Cob.N; P / ı
�! Cob.M;P / :

Let c 2 Cob.M;N / and c0 2 Cob.N; P / , represented by cobordisms .W; jM ; jN /
and .W 0; j 0N ; j

0
P / . �e topological manifold W [j 0

N
ıj�1

N
W 0 admits a smooth

structure compatible with those on W and W 0 [Mil2, �eorem 1.4]. Such a
smooth structure is unique up to di�eomorphism relative boundary (see also
[Hir, Chapter 8, § 2]). Choosing one of these smooth structures gives rise to a
smooth manifold W ıW 0 , and .W ıW 0; jM ; j

0
P / represents a well-de�ned class

c ıc0 2 Cob.M;P / . With this composition, one gets a category Cob whose
objects are closed smooth manifolds and whose set of morphisms from M to
N is Cob.M;N / . �e identity at the object M is represented by the trivial
cobordism:

1M D
�
M � I;M � ¹0º;M � ¹1º

�
D ŒM � I; j 0M ; j

1
N � :

Note that, by construction, the composition 1M ı.W; jM ; jN /ı1N has the form of
a triad .W 0;M;N / , where we identify M and N with M �¹0º and N �¹1º . In
other words: up to equivalence, cobordisms can always be represented by triads.
�is will sometimes be exploited in proofs, in order to simplify notation. But in
general it is helpful to have the extra �exibility of the more general de�nition, as
it makes it easier to keep track of how we identify M and N with submanifolds
of @W . A trivial example is 1M , which as a cobordism goes from M to itself,
but in a triad the two ends can not be the same manifold. More examples are
the de�nition of mapping cylinders and Lemma 2.4 below.

Our de�nition of the cobordism category is a condensed reformulation of
[Mil2, § 1], with end-identi�cations going in reverse directions.

2.3. Duals and mapping cylinders. �e order of M and N in .W; jM ; jN /

re�ects the categorical intuition that W is a cobordism from M to N . Reversing
the order of M and N , we obtain the dual cobordism . NW ; jN ; jM / , where NW is
just a copy of W . If the cobordism is given by a triad .W;M;N / , its dual is given
by . NW ;N;M/ . �e correspondence ŒW �! Œ NW � de�nes a functor Cob! Cobop

which is an isomorphism of categories.
Examples of cobordisms are given by mapping cylinders of di�eomorphisms.

Let f W M ! N be a di�eomorphism between smooth closed manifolds. �e
mapping cylinder Cf of f is de�ned by
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(2.1) Cf D
®
M � Œ0; 1/

¯
[
®
N � .0; 1�

¯ı
¹.x; t/ �

�
f .x/; t

�
for all .x; t/ 2M � .0; 1/º :

Note the obvious homeomorphism

(2.2) Cf �top
®
M � I [N

¯ı
¹.x; 1/ � f .x/º :

�e latter is the usual de�nition of the mapping cylinder valid for any continuous
map f . But, when f is a di�eomorphism, De�nition (2.1) makes Cf a smooth
manifold with boundary @Cf D M � ¹0º [ N � ¹1º . We thus get a cobordism
.Cf ; j

0
M ; j

1
N / .

Lemma 2.4. For a di�eomorphism f W M ! N between smooth closed manifolds,
the equalities

(2.3) ŒCf ; j
0
M ; j

1
N � D ŒM � I; j

0
M ; j

1
M ıf

�1� D ŒN � I; j 0N ıf; j
1
N �

hold in Cob.M;N / .

Proof. One checks that the correspondences

(2.4)
´
M � Œ0; 1/ 3 .x; t/ 7! .x; t/

N � .0; 1� 3 .y; t/ 7! .f �1.y/; t/ :

provide the �rst equality. �e second one is obtained similarly.

Example 2.5. Let f W M ! M be a self-di�eomorphism of a closed manifold
M . �en Cf is equivalent to 1M if and only if there is a di�eomorphism
F W M � I ! M � I such that F.x; 0/ D f .x/ and F.x; 1/ D x , i.e., f is
concordant to idM .

�e proof of the following lemma is left to the reader (compare [Mil2,
�eorems 1.6]).

Lemma 2.6. Let M
f
�! N

g
�! P be di�eomorphisms between smooth manifolds.

�en ŒCg ıf � D ŒCf �ı ŒCg � . �

Remark. �e reason for the contravariant form of this identity is that we write
composition of cobordisms “from left to right”. �is is the usual convention
in cobordism categories, like path categories (e.g., fundamental groupoid) and
topological �eld theories.
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3. Invertible cobordisms

3.1. �e category of invertible cobordisms. A cobordism .W; jM ; jN / is called
invertible if ŒW � is an invertible morphism in Cob, i.e., there is a cobordism
.W �1; jN ; jM / such that ŒW �ı ŒW �1� D 1M and ŒW �1�ı ŒW � D 1N .

As usual, these conditions uniquely determine ŒW �1� if it exists. Two smooth
manifolds are invertibly cobordant if there exists an invertible cobordism between
them. Let Cob�.M;N / be the subset of Cob.M;N / formed by invertible
cobordisms. �is de�nes a subcategory Cob� of Cob, with the same objects.

An example of invertible cobordism is given by the mapping cylinder Cf of
a di�eomorphism f W N ! M . Indeed, Lemma 2.6 together with Lemma 2.4
imply that ŒCf ��1 D ŒCf �1 � D ŒCf � .

3.2. Invertible cobordisms and R -di�eomorphisms. From now on until Sec-
tion 7 we will be mainly concerned with cobordisms between closed manifolds,
unless explicitly stated. �e main exceptions are the discussions of h -cobordism
and Whitehead torsion in Sections 3.10 and 3.12 and of concordance in Sec-
tion 3.17.

Here is one of the main results of this section.

Proposition 3.3. Let M and N be smooth closed manifolds. �e following
statements are equivalent.

(a) N �R-di� M .
(b) N and M are invertibly cobordant.
(c) �ere is a di�eomorphism ˇ W N � S1 ! M � S1 such that the composed

homomorphism

(3.1) �1.N � pt/ // �1.N � S1/
ˇ� // �1.M � S1/

proj // �1.S1/

is trivial.
(d) �ere is a di�eomorphism ˇ W N � S1 !M � S1 such that the diagram

(3.2)

�1.N � S
1/

ˇ� //

&&

�1.M � S
1/

xx
�1.S

1/

commutes, where the arrows to �1.S
1/ are induced by the projections

onto S1 .
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Remark 3.4. Conditions (c) or (d) are stronger than just S1 -di�eomorphism, since
there are examples of closed manifolds M and N such that M �S1-di� N but
�1.N / 6� �1.M/ (see, e.g., [Cha, p. 29], [CR, �eorem 4.1] or [KR1, �eorem 2]).
Some of these examples are in dimension 3, so crossing with spheres provides
examples in all dimensions greater than four.

We write a detailed proof of Proposition 3.3, introducing notations which will
be useful in Section 7. Also, proving .a/) .c/ is delicate: Kervaire wrote a short
argument at the end of [Ker] but, after publication, thought that his argument
was incorrect. For a proof of .b/ ) .c/ using the deep s-cobordism theorem,
when dimM � 4 , see Remark 3.16.

Proof of Proposition 3.3. (a) implies (b). Let f W N � R ! M � R be a
di�eomorphism. Write Mu D M � ¹uº , Nu D N � ¹uº and N 0u D f .Nu/ . We
use the obvious di�eomorphisms j uM W M ! Mu and j uN W N ! Nu introduced
in Section 2.1.

By compactness of N , there exists r < u < s < v such that N 0u �M � .r; s/
and Ms � f .N � .u; v// (to get this order, one might have to precompose f

by the automorphism .x; u/ 7! .x;�u/ of N � R ). �e region A between Mr

and N 0u and the region B between N 0u and Ms produce equivalence classes of
cobordisms

ŒA; j rM ; f ıj
u
N � 2 Cob.M;N / ; ŒB; f ıj uN ; j sM � 2 Cob.N;M/

obviously satisfying ŒA�ı ŒB� D 1M . One also has the class of cobordism

ŒA0; j sM ; f ıj
v
N � 2 Cob.M;N / :

Using the di�eomorphism f , one proves that ŒB�ı ŒA0� D 1N . �is implies that
ŒA0� D ŒA� and ŒB� D ŒA��1 .

(b) implies (a) and (c). We �rst prove that (b) implies (a), using an argument
of Stallings [Sta3, § 2]. Let A be an invertible cobordism from M to N , with
inverse B . Let Ai and Bi be copies of A and B indexed by i 2 Z . Consider
the manifold

W D � � � ı .Ai ıBi / ı .AiC1 ıBiC1/ ı � � �

D � � � ı .Bi ıAiC1/ ı .BiC1 ıAiC2/ı � � �
(3.3)

Let gi W M � Œi; i C 1� ! Ai ıBi be copies of some di�eomorphism relative
boundary g W M � I ! AıB . �en, gM D

S
i2Z gi is a di�eomorphism from

M �R onto W . �e same may be done with the second decomposition of W .
We thus get two di�eomorphisms gM W M � R ! W and gN W N � R ! W ,
which proves (a).
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We now prove that (b) implies (c). By conjugation by gM , the automorphism
.x; t/! .x; t C 1/ of M �R produces an automorphism T of W , generating a
free and proper Z -action on W and a di�eomorphism ˛ W W=Z

�
�!M �S1 . It is

not clear whether the corresponding automorphism obtained via gN is conjugate
to T . However, the manifold Zi D Bi ıAiC1 is a fundamental domain for the
T -action and the restriction of T to Zi sends Zi onto ZiC1 relative boundary.
�erefore, we get a di�eomorphism

ˇ W N � S1
�di�
// N � .I=@I /

�di�
// W=Z

�di�

˛ // M � S1 :

�e composed homomorphism (3.1) is trivial since the restriction of ˇ to N �pt
factors through M �R .

(c) implies (d). Using the exact sequence

1! �1.N � pt/! �1.N � S
1/
proj
�! �1.S

1/! 1

Condition (d) implies that proj ıˇ� factors through an endomorphism Ň
� of

�1.S
1/ which, being surjective, satis�es Ň�.b/ D ˙b (identifying �1.S

1/ with
Z ). �e possible negative sign may be avoided by precomposing ˇ with the
automorphism .x; z/ 7! .x; Nz/ of N � S1 .

(d) implies (a). Let ˇ W N �S1 !M �S1 as in (d). Consider the pullback diagram

P
Q̌
//

p
��

M �R

proj
��

N � S1
ˇ // M � S1 :

�e map Q̌ is a di�eomorphism, since so is ˇ . �e covering p corresponds
to the homomorphism proj ıˇ� W �1.N � S

1/ ! �1.S
1/ . �e latter is equal

to proj W �1.N � S
1/ ! �1.S

1/ by the commutativity of (3.2), implying that
P �di� N �R .

Closely related to Proposition 3.3 is the following result.

Proposition 3.5. Let .W; jM ; jN / be a cobordism between closed manifolds. �e
following �ve statements are equivalent:

(a) W is invertible.
(b) W � jN .N / �di� M � Œ0;1/. (b0) W � jM .M/ �di� N � .�1; 0�.
(c) W � @W �di� M �R. (c0) W � @W �di� N �R.
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Proof. It clearly su�ces to prove this for a triad .W;M;N / . We shall prove that
.a/ ) .b/ ) .c/ ) .a/ . �e implication chain .a/ ) .b0/ ) .c0/ ) .a/ is
obtained similarly.

Suppose that W admits an inverse W �1 . Let Wi and W �1i be copies of W
and W �1 , indexed by i 2 N . One has

W �N �di� W ıN � Œ0;1/

�di� W0 ıW
�1
0 ıW1 ıW

�1
1 ıW2 ı � � �

�di� M � Œ0; 1�ıW1 ıW
�1
1 ıW2 ı � � �

�di� M � Œ0;1/ ;

thus .a/) .b/ .
As .b/) .c/ is obvious, it remains to prove .c/) .a/ . For 1 � r 2 N , let

Wr D .M�Œ�r; 0�/ıW ı.N�Œ0; r�/ and Vr DM�Œ�r; r� . Let f W W �@W !M�R

be a di�eomorphism. As W � @W �di� limr!1Wr and M �R �di� limr!1 Vr ,
there are 1 � r < s < t in N such that

f .W0/ � Vr � f .Ws/ � Vt ;

none of these inclusions being an equality. As in the proof of Proposition 3.3,
this provides classes A;B;C;X; Y;Z in Cob.M;M/ such that ŒVr � D Aı ŒW0�ıX ,
ŒWs� D B ı ŒVr �ıY and ŒVt � D C ı ŒWs�ıZ . Moreover, B ıA D ŒM � Œ�s; 0�� D 1M
and C ıB D ŒM � Œ�t;�s�� D 1M . �erefore, B is invertible and C D A D B�1 .
In the same way, Y is invertible and X D Z D Y �1 . �erefore,

ŒW � D ŒWs� D B ı ŒVr �ıY D B ı1M ıY D B ıY

and thus W is invertible.

3.6. �e set B.M/ . In view of Proposition 3.3, the study of the simpli�cation
problem is related to the classi�cation of invertible cobordisms. We �x a smooth
closed connected manifold M and consider invertible cobordisms starting from
M . Two such cobordisms are regarded as equivalent if they are di�eomorphic
relative to M . To be precise: .W; jM ; jN / is equivalent to .W 0; j 0M ; j 0N / if there
is a di�eomorphism f W W �di� W

0 such that j 0M D fjM . �e equivalence class
of a cobordism .W; jM ; jN / does not depend on jN and is denoted by ŒW; jM Œ ,
or just ŒW Œ . Let B.M/ be the set of equivalence classes.

Example 3.7. Let .W; jM ; jN / be an invertible cobordism between closed
manifolds M and N . �en, ŒW; jM ŒD ŒM � I; j 0M Œ in B.M/ if and only if
ŒW � D ŒCf � for some di�eomorphism f W M ! N . Indeed, the if part follows
from Lemma 2.4. Conversely, let F W M�I ! W be a di�eomorphism relM�¹0º
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and let f W M ! N be the restriction of F to M�¹1º . �en F �1 ıjN D j 1M ıf �1 ,
which implies that ŒW; jM ; jN � D ŒM �I; j 0M ; j 1M ıf �1� . �e latter coincides with
ŒCf � by Lemma 2.4 again.

For any closed manifold N , the correspondence ŒW � 7! ŒW Œ gives a map
Q̨M;N W Cob�.M;N / ! B.M/ that we shall now study (note that Cob�.M;N /
is empty if N is not invertibly cobordant to M ). �e group Di�.N / of self-
di�eomorphisms of N acts on the right on Cob�.M;N / by ŒW; jM ; jN � ' D

ŒW; jM ; jN ı'� . �e map Q̨M;N is invariant for this action and then descends
to a map ˛M;N W Cob�.M;N /=Di�.N / ! B.M/ . We claim that the latter is
injective. Indeed, if Q̨M;N .ŒW; jM ; jN �/ D Q̨M;N .ŒW 0; j 0M ; Oj 0N �/ , then there is a
di�eomorphism h W W ! W such that hıjM D j 0M and thus

ŒW; jM ; jN � D ŒW
0; j 0M ; hıjN � D ŒW

0; jM ; j
0
N � k ;

where k D .j 0N /�1hıjN 2 Di�.N / .
Let Mn be the set of di�eomorphism classes of closed manifolds of

dimension n . �e correspondence .W;M;N / 7! ŒN � de�nes a map

(3.4) e W B.M/!Mn :

Let M0
n be a set of representatives of Mn (one manifold for each class).

Lemma 3.8. �e map ˛ D qN2M0
n
˛M;N provides a bijection

`
N2M0

n
Cob�.M;N /

�
Di�.N / ˛

�
// B.M/ :

�e resulting partition of B.M/ is the one given by the preimages of the map e .

Proof. Let us �rst see that ˛ is injective. Let a 2 Cob�.M;N / and b 2

Cob�.M;N 0/ with N;N 0 2 M0
n . If ˛.a/ D ˛.b/ , then eı˛.a/ D eı˛.b/

and then N D N 0 , whence a D b since ˛M;N is injective. To prove the
surjectivity of ˛ , let .W; jM ; jN / be an invertible cobordism and let N0 be the
representative of e.ŒW Œ/ in M0

n . �us there exists a di�eomorphism h W N0 ! N

and ŒW ŒD ˛M;N0
.ŒW; jM ; jN ıh�/ .

Remarks 3.9. (1) Composition of cobordisms de�nes an operation

(3.5) Cob�.L;M/ � B.M/
ı
�! B.L/ ;

making B a functor on the category of closed manifolds and (equivalence
classes of) invertible cobordisms.
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(2) �ere is a version B0.M/ of B.M/ where we only use triples .W;M;N / . �e
obvious inclusion B0.M/! B.M/ is, in fact, a bijection, by the observation
at the end of 2.2. �is will often be used without further mention, to simplify
notation.

Note that, using Lemma 2.4, the map B.M/ ! B0.M/ can also be de�ned
as ŒW; jM ; jN � 7! ŒCjM ı.W; idM 0 ; jN /� , where M 0 D jM .M/ .

3.10. h -cobordisms. A cobordism .W; jM ; jN / from M to N is called an h -
cobordism if both of the maps jM W M ! W and jN W N ! W are homotopy
equivalences. �e composition of jN with a homotopy inverse of jM then
produces a homotopy equivalence h W N ! M whose homotopy class is well
de�ned. Any choice of such an h will be called a natural homotopy equivalence
associated to W . �e main relationship between h -cobordisms and invertible
cobordisms is given by the following proposition.

Proposition 3.11. An invertible cobordism is an h -cobordism. �e converse is
true when n ¤ 3 .

�e above statement is unknown for n D 3 .

Proof. It su�ces to consider the case of an invertible triad .W;M;N / . Let
.W 0; N;M/ be an inverse for W , and choose di�eomorphisms W ıW 0 �!M � I

rel M and W 0 ıW
�
! N � I rel N . �e inclusions M � W � W ıW 0 and

W � W ıW 0 � W ı.W 0 ıW / � W show that M and W are homotopy retracts
of each other. Analogously for N and W .

�at an h -cobordism is invertible when n � 5 will be proven in �eorem 3.15.
For n D 4 , this is a result of Stallings (see [Sta3, �m. 4]), and for n � 2 it
follows from (the proof of) Proposition 6.3.

3.12. Whitehead torsion. We recall here some facts about Whitehead torsion
and the s-cobordism theorem. For more details, see [Mil3, Coh].

�e Whitehead group Wh.�/ of a group � is de�ned as

(3.6) Wh.�/ D GL1.Z�/
.
E1.Z�/ [ .˙�/ ;

where E1.Z�/ is the subgroup of elementary matrices and .˙�/ denotes the
subgroup of .1 � ¹1º/ -invertible matrix .˙
/ with 
 2 � . As E1.Z�/ is the
commutator of GL1.Z�/ , the group Wh.�/ is abelian.

A pair .X; Y / of �nite connected CW-complexes is an h-pair if the inclusion
Y ,! X is a homotopy equivalence. To such a pair is associated its Whitehead
torsion �.X; Y / 2 Wh.�1Y / . �e Whitehead torsion �.f / 2 Wh.K/ of a
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homotopy equivalence f W K ! L (K , L �nite CW-complexes) is de�ned by
�.f / D �.Cf ; K/ , where Cf is the mapping cylinder of f . If �.f / D 0 , we say
that f is a simple homotopy equivalence.

If K
f
�! L

g
�!M are homotopy equivalences between �nite CW-complexes,

then

(3.7) �.gıf / D �.f /C .f�/
�1
�
�.g/

�
where f� W Wh.�1L/ ! Wh.�1K/ is the isomorphism induced by f . Also
useful is the following partial product formula. Let K , L and Z be connected
�nite CW-complexes and let f W K ! L be a homotopy equivalence. �en, in
Wh.�1.K �Z// , one has

(3.8) �.f � idZ/ D �.Z/ � �.f / ;

where �.Z/ is the Euler characteristic of Z (see [Coh, (23.2)]).

Remark 3.13. �is de�nition of the torsion of a homotopy equivalence is slightly
non-standard, as it measures the torsion in the Whitehead group of the source
of f , rather than the target, as in [Coh] and [Mil3]. �e two de�nitions are of
course equivalent, but for our purposes, the current de�nition is more convenient,
since now the torsion of a pair .X; Y / is equal to the torsion of the inclusion
map Y � X .

An easy case for computing �.X; Y / is when the h-pair .X; Y / is in simpli�ed
form, i.e.,

(3.9) X D Y [

p[
iD1

eri [
[
iD1p

erC1i .r � 2/

where e
j
i denotes a j -cell. Let . QX; QY / be the pair of universal covers. �en

the chain complex of C�. QX; QY / is a complex of free Z� -modules and the
boundary operator ı W CrC1. QX; QY / ! Cr . QX; QY / is an isomorphism. Bases may
be obtained for C�. QX; QY / by choosing orientations of eji and liftings Qeji in QX .
�en,for such bases, �.X; Y / is represented in GLp.Z�/ by the matrix of ı"
with " D .�1/.r�1/ .

Let M be a connected manifold. �e Whitehead group Wh.�1M/ is then
endowed with an involution

(3.10) � 7! N�

induced by the anti-automorphism of Z�1M satisfying Na D !.a/a�1 for
a 2 �1M , where ! W �1M ! ¹˙1º is the orientation character of M . We
denote by Wh.M/ the abelian group Wh.�1M/ equipped with this involution.
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Let W be an invertible cobordism starting from the closed connected
manifold M . �en .W;M/ admits a C1 -triangulation which is unique up to
PL-homeomorphism [Whi1, �eorems 7 and 8]. �is makes .W;M/ an h-pair
whose Whitehead torsion �.W;M/ 2 Wh.M/ is well de�ned. An invertible
cobordism with vanishing torsion is called an s-cobordism.

To compute �.W;M/ , one can use a simpli�ed form analogous to (3.9).

Lemma 3.14. Let .W;M;N / be an invertible cobordism with dimM D n � 4 .
�en, for 2 � r � n � 2 , there exists a decomposition

W D Wr ıWrC1

where .Wr ;M;Mr / has a handle decomposition starting form M with only
handles of index r and .WrC1;Mr ; N / has a handle decomposition starting form
Mr with only handles of index r C 1 .

Proof. When n � 5 , this is [Ker, Lemma 1]. We have to see that the proof works
for n D 4 . �e principle is to eliminate handles of index k by replacing them by
handles of index kC 2 . �ere is an easy argument eliminating 0 -handles, which
also works when n D 4 . �ere is also a special argument to get rid of 1 -handles,
given in [Ker, pp. 35–36]. �is argument also works when n D 4 : it su�ces to
prove that two embeddings f0; f1 of S1 into a 4-dimensional manifold P which
are related by a homotopy ft are ambient isotopic. Let f W S1 � I ! P � I

be the map f .x; t/ D .ft .x/; t// . By general position, f is homotopic relative
S1 � @I to an embedding. �erefore, f0 and f1 are concordant and, as we are
in codimension 3, they are ambient-isotopic [Hud].

�e number of handles for WrC1 and Wr is the same (say, p ) since M ,! W

is a homotopy equivalence. As a consequence (see [RS, p. 83]), .W;M/ retracts
by deformation relative M onto a CW-pair .X;M/ as in (3.9) from which we
can compute �.W;M/ D �.X;M/ .

Torsions of invertible cobordisms satisfy some speci�c formulae. First, let
.W;M;N / and .W 0; N;N 0/ be invertible cobordisms. �en, in Wh.M/ , one has

(3.11) �.W ıW 0;M/ D �.W;M/C h�
�
�.W 0; N /

�
;

where h� W N ! M is a natural homotopy equivalence associated to W . �is
follows from [Coh, (20.2) and (20.3)]. One also has the duality formula (see
[Mil3, pp. 394–398]):

(3.12) h�
�
�.W;N /

�
D .�1/n�.W;M/ :

More generally, if .W; jM / represents an element in B.M/ , we de�ne
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T .W; jM / D �.jM / D .jM �/�1�
�
W; jM .M/

�
:

�e duality formula now becomes

(3.13) .jN /
�1
� .jM /�

�
�.W; jN /

�
D .�1/n�.W; jM / :

�anks to the uniqueness of C1 -triangulations, this gives a well de�ned map

T W B.M/!Wh.M/:

�eorem 3.15. Let M be a smooth closed connected manifold of dimension � 5 .
�en,

(i) the map T W B.M/!Wh.M/ is a bijection;
(ii) any h -cobordism .W;M;N / is invertible;
(iii) T .W; jM / D 0 if and only if .W; jM .M// �di� .M � I;M � ¹0º/ .relM/ .

For the situation when n D 3; 4 , see Lemma 5.8, the end of Section 5 and
Section 6.

Proof. �e proof involves four steps.

(1) Part (iii). �is is the content of the s-cobordism theorem, which is valid for
n � 5 . �is theorem was �rst independently proved by Barden, Mazur and
Stallings in the early 60’s. For a proof and references, see [Ker].

(2) For any � 2 Wh.M/ , there exists an h -cobordism .V;M;M 0// with
�.V;M/ D � . �is was proven in [Mil3, �eorem 11.1]).

(3) Part (ii). Let .W;M;N / be an h -cobordism and let � D �.W;M/ . Let
f W N ! M be the composition of the inclusion N ,! W with a
retraction from W to M . Let .WR; N;MR/ be an h -cobordism such that
f�.�.WR; N // D �� . By (3.11), one has

�.W ıWR;M/ D �.W;M/C f�
�
�.WR; N /

�
D 0 :

By part (iii) already established, there exists a di�eomorphism (relative M )
H W W ıWR ! M � I . Let h W MR ! M � ¹1º be the restriction of H to
MR . Using the di�eomorphism H and Lemma 2.4, one gets

ŒW ıWR; jM q jMR
� D ŒM � I; j 0M q h� D ŒCh� :

�erefore, ŒW �ı Œ OWR� D 1M , where Œ OWR� D ŒWR�ı ŒCh�1 � .

Similarly, let .WL;ML;M/ be an h -cobordism with �.WL;M/ D .�1/nC1 N� .
By (3.12) and (3.11), one has
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f�
�
�.WL ıW;N/

�
D f�

�
�.W;N /C f �1�

�
�.WL;M/

��
(3.14)

D .�1/n N� C .�1/nC1 N� D 0 :

As above, this permits us to construct a cobordism OWL from N to M , such
that OWL is a left inverse for W : Œ OWL�ı ŒW � D 1N . Having a left and right
inverse, ŒW � is invertible and ŒWL� D ŒWR� .

(4) Part (i). �e surjectivity of T follows from (2) and part (ii) already
proven. For the injectivity, let .W;M;N / and .W 0;M;N 0/ be two invertible
cobordisms starting from M , with �.W;M/ D �.W 0;M/ D ˛ . As T is
surjective, there is an invertible cobordism .V; P;M/ such that �.V;M/ D

.�1/nC1 N̨ . As in (3.14), we check that �.V ıW;P / D �.V ıW 0; P / D 0 .
By (1) above, there are di�eomorphisms (relative P ) H W V ıW ! P � I

and H 0 W V ıW 0 ! P � I , with restrictions h W N ! P � ¹1º � P and
h0 W N 0 ! P � ¹1º � P . �en

ŒV �ı ŒW ŒD ŒP � I ŒD ŒV �ı ŒW 0Œ :

As ŒV � is invertible, one gets the equality ŒW ŒD ŒW 0Œ in B.M/ .

Remark 3.16. �e results of this section may be used to give an alternative proof
that two closed manifolds M and N of dimension � 4 which are h -cobordant
are R -di�eomorphic (Proposition 3.3). Indeed, let .W;N;M/ be an h -cobordism.
�en, W � S1 is an s-cobordism by (3.8) and thus, using �eorem 3.15, there
exists a di�eomorphism F W N � S1 � I ! W � S1 inducing a di�eomorphism
F 1 W N �S1�¹1º !M �S1 . By Proposition 3.3, one deduces that M �R-di� N .
Indeed, Condition (c) of Proposition 3.3 may be checked for ˇ D F1 , using that
F may be chosen relative N � S1 � ¹0º .

3.17. Remarks on the relative case. Concordance. With minor modi�cations
most of the results in this section go through also in the relative case, i.e., when
M and N have nonempty boundaries. In particular, we can de�ne invertible
cobordisms and relative invertible cobordisms the same way in this generality.
Moreover, the crucial results used in this section, the s-cobordism theorem and
classi�cation of h -cobordisms by Whitehead torsion still hold. Although they are
usually only formulated in the closed case, the proofs don’t really use this, but
work exactly the same way in general, since all the constructions can be done
‘away from the boundary’. �is means that �eorem 3.15 could just as well have
been formulated for manifolds with boundary, to the expense of a little more
notation.

Here we will not need a full discussion of this, but in Section 7 we come
back to a special case, when we wish to compare invertible cobordisms between
the same manifold, using the relation of concordance.
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Fix two invertibly cobordant closed manifolds M and N , and let .W; jM ; jN /
and .W 0; j 0M ; j

0
N / be two invertible cobordisms between them. We say that

these cobordisms are concordant if there is an invertible cobordism .X; JW ; JW 0/

between them, with the following extra compatibility condition between J� ’s and
j� ’s: �ere are embeddings HM W M � I ! @X and HN W N � I ! @X �lling
in @X � .JWW [ JW 0W

0/ and such that JW jM D HM j
0
M , JW 0j 0M D HM j

1
M ,

JW jN D HM j
0
N and JW 0j

0
N D HN j

1
N .

Observe that concordance de�nes an equivalence relation on Cob�.M;N / .
We denote the set of equivalence classes by Cob�.M;N / . Via the composed
map Cob�.M;N /! B.M/!Wh.M/ this relation corresponds to a relation on
Wh.M/ , which will be important in Section 7.

Lemma 3.18. Let M and N be a compact closed manifolds of dimension n ,
let .W; jM ; jN / and .W 0; j 0M ; j

0
N / be two invertible cobordisms, and assume

.X; JW ; JW 0/ is a concordance between them. �e Whitehead torsions are then
related by the formula

�.W 0; j 0M / � �.W; jM / D jM
�1
�

�
�.X; JW /C .�1/

n�.X; JW /
�
:

Proof. �e two maps jW jM and jW 0j
0
M are homotopic homotopy equivalences.

Hence they have the same torsion, and we get the identity

�.jM /C jM
�1
�

�
�.jW /

�
D �.j 0M /C j

0
M
�1
�

�
�.jW 0/

�
:

�e result now follows from the duality formula ((3.13)).

4. �e case n � 5

�e following theorem is a direct consequence of Proposition 3.3 and
�eorem 3.15.

�eorem 4.1. Let M and N be smooth closed connected manifolds of dimension
n � 5 such that N �R-di� M . Suppose that Wh.M/ D 0 . �en N �di� M .

As Wh.¹1º/ D 0 , �eorem 4.1 implies �eorem A in the case n � 5 . As a
�rst generalization, let us consider the following conjecture.

Conjecture 4.2. Let M and N be smooth connected closed manifolds of
dimension � 5 such that N �R-di� M . Suppose that �1M is torsion-free.
�en N �di� M .
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Using �eorem 4.1, Conjecture 4.2 would follow from the well known
conjecture that Wh.�/ D 0 if � is a torsion-free �nitely presented group. �is
is part of the Farrell-Jones conjecture in K-theory and it has been proven by
several authors for various classes of �nitely presented torsion-free groups, such
as free abelian groups, free groups, virtually solvable groups, word-hyperbolic
groups, CAT(0)-groups, etc. For references, see [LR, BLR] (see also the proof of
�eorem 5.1).

To generalize �eorem 4.1 we need to introduce the concept of inertial
invertible cobordisms: a cobordism .W; jM ; jN / is inertial if N �di� M .

Let IB.M/ be the subset of elements in B.M/ represented by inertial
cobordisms and let I.M/ D T .IB.M// � Wh.M/ . Note that I.M/ is not a
subgroup of Wh.M/ in general [Hau2, Remark 6.2].

�eorem 3.15 together with Proposition 3.3 implies the following result, which
is the strongest possible generalization of �eorem 4.1:

�eorem 4.3. For M a smooth connected closed manifold of dimension � 5 ,
the following assertions are equivalent.

(i) Any manifold R -di�eomorphic to M is di�eomorphic to M .
(ii) I.M/ DWh.M/ . �

�e set I.M/ is contained in the set ITOP.M/ of those � 2 Wh.M/ such
that if .W;M;N / is an invertible cobordism with �.W;M/ D � , then N �top M .
In all cases where these sets are computed, they are equal, but it is not known
whether I.M/ D ITOP.M/ in general for a smooth manifold M of dimension
� 5 , contrary to the claim in [JK2]. However, there is a smaller set, SI.M/ ,
of strongly inertial invertible cobordisms, which indeed is the same in the two
categories. �is is the set of invertible cobordisms .W; jM ; jN / such that j�1M ıjN

is homotopic to a di�eomorphism (homeomorphism). See [JK3].
�e general question is intriguing, not the least because of the following

reformulation:

Question 4.4. Given two smooth manifolds M and N of dimension ¤ 4 such
that M �R-di� N and M �top N . Is M �di� N ?

�e answer of the above question is “in�nitely no” in dimension 4, even if
M and N are simply connected (see Section 5). It is “yes” in dimension 3 for
orientable manifolds (see �eorem C).
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Examples 4.5. We start with examples where I.M/ ¤Wh.M/ .

(1) ITOP.M/ ¤ Wh.M/ for M D L.7; 1/ � S4 or M D L.7; 2/ � S4 . Indeed,
in 1961, J. Milnor [Mil1] showed that these two manifolds are invertibly
cobordant but have not the same simple homotopy type (they are then not
homeomorphic by Chapman’s theorem [Coh, Appendix]). Historically, this
was the �rst example of this kind and Milnor used it to produce the �rst
counterexample to the Hauptvermutung for �nite simplicial complexes [Mil1].

(2) ITOP.M/ D 0 if M is a lens space of dimension � 5 [Mil3, Corollary 12.13].
�is result was extended in [KS2] to generalized spherical spaceforms
(see 8.6).

(3) For k � 3 , one has ITOP.L.p; q/ � S
2k/ D 0 if p � 3 .mod 4/ . Also,

I.L.5; 1/ � S2k/ D 0 but there exists a manifold N h-cobordant to
L.5; 1/ � S2k such that I.N / ¤ 0 (see [Hau2, § 6]).

(4) Let W be an invertible cobordism and consider its dual NW (see 2.2). �en,
W ı NW is an inertial invertible cobordism. By (3.11) and (3.12), one has
�.W [ NW ;M/ D �.W;M/C.�1/n�.W;M/ . �erefore N .M/ D ¹�C.�1/n N� j

� 2 Wh.M/º � I.M/ . �e subgroup N .M/ plays an important role in
Section 7.

(5) Let � be a �nite group such that Wh.�/ is in�nite. (For � abelian, this
is the case unless � has exponent 2; 3; 4 or 6 : see [Bas]). �en, in every
odd dimension � 5 , there are manifolds M with fundamental group � such
that ITOP.N / is �nite for any manifold N invertibly cobordant to M (see
[JK2, �eorem 1.2 and its proof]). �en there are in�nitely many distinct
homeomorphism classes of manifolds R -di�eomorphic to M .

In view of �eorem 4.3, the case I.M/ DWh.M/ is particularly interesting.
�e proof of the following proposition uses a standard technique to produce h -
cobordisms, going back to [Mil1, § 2] and generalized independently in [Law1]
and [Hau1].

Proposition 4.6. Let K be a �nite 2 -dimensional polyhedron with �1K �nite
abelian and let n � 5 . Let E be a regular neighborhood of an embedding of K
in RnC1 and let M D @E . �en I.M/ DWh.M/ .

Proof. Let i W K ! E be the natural inclusion and let f W K ! K be a
homotopy equivalence with homotopy inverse ' . �en, i ıf is homotopic to
an embedding jf W K ! E . Let Vf be a regular neighborhood of jf .K/ in E

and let Wf D E � intVf . Doing the same construction in Vf with jf ı' , and
another time using again f , shows that .Wf ; @Vf ;M/ is an invertible cobordism.
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�e torsion of Wf is related to �.f / , via natural identi�cations of fundamental
groups (see [Hau1, proof of Proposition 1.1] or [Law1, Proposition 3]). As jf is
isotopic to i in RnC1 , one has E �di� Vf , thus Wf is inertial. By [Lat, �eorem
1], every element of Wh.�1K/ is realizable as the torsion of a self homotopy
equivalence of K . �is proves that I.M/ DWh.M/ .

In the even case, this result has a vast generalization, as a consequence of the
following proposition.

Proposition 4.7. Let M be a smooth connected closed manifold of dimension
n � 5 . Let � 2Wh.M/ such that � D .�1/n N� . �en � 2 I.M/ .

Proof. Let i W K ! M be an embedding of a �nite connected 2-dimensional
complex K into M such that �1i W �1.K/! �1.M/ is an isomorphism, which
we use to measure Whitehead torsions in �1.K/ . Let A be a regular neighborhood
of i.K/ and let B DM � intA .

Let .V; A;A0/ be an invertible cobordism relative boundary with �.V; A/ D � .
�en, W D V [.B�I / is an invertible cobordism from M to M 0 D A0[.B�¹1º/
with �.W;M/ D � .

Since dimM � 5 and codim K � 3 , we have dim @A � 4 and �1@A D �1A .
�en, by �eorem 3.11 and Lemma 5.6, there also exists an invertible cobordism
T 2 B.@A/ with Whitehead torsion � . �e condition � D .�1/n N� now means
that T �1 D NT , and AıT ı NT �di� A , rel @ .

Let C D AıT . �en we may also consider V as an h -cobordism from C to
A0 ıT , and computing the torsion of the inclusion K � V two ways, we see that
�.V; C / D 0 . By the s-cobordism theorem we conclude that C �di� A

0
ıT rel @ ,

and hence A0 �di� A rel @ , since T is invertible. Extending this di�eomorphism
by the identity on B , we see that M 0 �di� M .

Remark 4.8. When � ¤ .�1/n N� , it is still possible that M 0 �di� M , as seen
above; simply, the di�eomorphism from M 0 to M is not relative B .

When M is orientable with �1M �nite abelian, then N� D � for all
� 2Wh.M/ [Bak], hence we have the following corollary of Proposition 4.7.

Corollary 4.9. Let M be a connected orientable closed manifold of even
dimension � 6 such that �1M �nite abelian. �en I.M/ DWh.M/ . �

In the case when �1.M/ is �nite cyclic, this was �rst proved in [Law1, Cor. 1].
We also mention another corollary of Proposition 4.7, which essentially

amounts to a curious reformulation. Let .W;M;N / be an invertible cobordism
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with Whitehead torsion � D �.W;M/ , and let h W N !M be a natural homotopy
equivalence associated to W . It follows easily from the composition and duality
formulae (3.7) and (3.12) that �.h/ D �� C .�1/n N� . Hence we see that h is a
simple homotopy equivalence if and only if � D .�1/n N� .

Corollary 4.10. If the natural homotopy equivalence de�ned by the invertible
cobordism .W;M;N / is simple, then .W;M;N / is inertial.

But note that h may not itself be homotopic to a homeomorphism! A
counterexample is given in [JK2, Example 6.4].

Finally, we describe how to get inertial invertible cobordisms by “stabilization”
(up to connected sums with S r �Sn�r ). First, a few words about connected sums.
Since we do not worry about orientations, the di�eomorphism type M1 ]M2 may
depend on the choice of embeddings ˇi W Dn ! Mi (see, e.g., [Hau3, § 4.2.3]).
�is will not bother us because our manifold M2 (like S r � Sn�r ) admits
an orientation reversing di�eomorphism. �e same holds true for cobordism
connected sum W1 ]W2 , obtained using embeddings ˇi W .Dn � I;Dn � ¹0º;Dn �

¹1º/! .Wi ;Mi ; Ni / .

Proposition 4.11 ([HaLa], compare 8.5). Let M be a smooth connected closed
manifold of dimension n � 5 . Let .W;M;N // be an invertible cobordism such
that �.W;M/ is represented by a matrix in GLp.Z�1M/ . �en, for 2 � r � nC2 ,

M ]p.S r � Sn�r / �di� N ]p.S r � Sn�r / :

Consequently, the cobordism W ]p.S r � Sn�r � I / is an inertial invertible
cobordism.

Proof. One uses a simpli�ed handle decomposition W D Wr ıWrC1 like in
Lemma 3.14, together with the remark of [HaLa] that the r -handles of .Wr ;M;Mr /

are attached trivially, meaning that the attaching embedding factors through the
standard embedding of S r�1 � DnC1�r into Rn . �is implies that Mr �di�
M ]p.S r �Sn�r / . �e same holds true for the .n�r/ -handles of . NWrC1; N;Mr / ,
thus M ]p.S r � Sn�r / . For details, see [HaLa].

Combined with Proposition 3.3, this gives an interesting relation between two
kinds of stabilization:

Corollary 4.12. Let M and N be closed smooth manifolds of dimensions
� 5 which are R -di�eomorphic. �en there exists an integer p such that
M ]p.S r � Sn�r / �di� N ]p.S r � Sn�r / for any r such that 2 � r � n � 2 . If
�1.M/ is �nite, p may be chosen to be less than or equal to 2.
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Proof. �e last statement follows since GL2.Z�/!Wh.�/ is surjective if � is
a �nite group [Vas]. Note that p can not always be chosen to be 1 (see [JK2,
�eorem 1.1]).

An intriguing question is if there is some kind of converse to this result. A
very special case is given by Lemma 4.1 in [JK2].

By �eorem 3.15, an invertible cobordism X starting from Y D M ]p.S r �

Sn�r / is of the form W ]p.S r �Sn�r � I / where W is an invertible cobordism
starting from M with �.X; Y / D �.W;M/ . Using Proposition 4.11, this proves
the following

Corollary 4.13. Let M be a smooth connected closed manifold of dimension
n � 5 . Suppose that GLp.Z�1M/ ! Wh.�1M/ is surjective. �en, for any
2 � r � nC 2 , one has I.M ]p.S r � Sn�r // DWh.M/ . �

5. �e case n D 4

A group � is called poly-(�nite or cyclic) if it admits an ascending sequence
of subgroups, each normal in the next, with successive quotients either �nite or
cyclic (this is equivalent to � being virtually polycyclic: see [Weh, �eorem 2.6]).
We �rst prove the following theorem which implies part (ii) of �eorem A.

�eorem 5.1. Let M and N be smooth connected closed manifolds of dimension
4 such that N �R-di� M . Suppose that �1M is poly-(�nite or cyclic) and that
Wh.M/ D 0 . �en N �top M .

Proof. By Proposition 3.3, there is an invertible cobordism W from M to N .
�en W is an h -cobordism by Proposition 3.11 and, as Wh.M/ D 0 , it is
an s-cobordism. �e topological s-cobordism theorem in dimension 4 holds for
closed manifold with poly-(�nite or cyclic) fundamental group [FQ, �eorem 7.1A
and the Embedding theorem p. 5]. �erefore, W �top M � I .relM/ and then
N �top M .

Example 5.2. By [FH], Wh.M/ D 0 when �1M is poly-(�nite or cyclic) and
torsion-free. By �eorem 5.1, N �R-di� M implies N �top M in this case.

Remark 5.3. Poly-(�nite or cyclic) groups are the only known examples of
�nitely presented groups which are called “good” by Freedman and Quinn, i.e.,
for which their techniques work [FQ, p. 99]. Freedman and Teichner [FT] showed
that groups of subexponential growth are good, but the only known such groups
which are �nitely presented are poly-(�nite or cyclic). Note that �eorem 5.1 may
be true even if �1.M/ is not good in the above sense.
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We now prepare the proof of �eorem B of the introduction. Recall that,
to a homeomorphism f W M ! N between smooth manifolds is associated its
Casson–Sullivan invariant cs.f / 2 H 3.M IZ2/ [Rud, De�nition 3.4.5]).

Proposition 5.4. Let M , N be two closed smooth connected 4 -manifolds. Suppose
that there exists a homeomorphism f W M ! N with vanishing Casson–Sullivan
invariant. �en, M and N are smoothly s-cobordant. �e converse is true when
�1.M/ is poly-(�nite or cyclic).

Proof. �e mapping cylinder Cf produces a topological s-cobordism W between
M and N . As dimW D 5 , the only obstruction to extend the smooth
structure on @W to a smooth structure on W is the Kirby–Siebenmann class
ks.W; @W / 2 H 4.W; @W IZ2/ (see [FQ, �eorem 8.3.B]). �e image of ks.W; @W /
under the isomorphism

(5.1) H 4.W; @W IZ2/ � H1.W;Z2/ � H1.M IZ2/ � H
3.M IZ2/

coincides with cs.f / [Rud, Remark 3.4.6].
Conversely, let .W;M;N / be a smooth s-cobordism. If �1.M/ is poly-(�nite

or cyclic), the topological s-cobordism holds true (see the proof of �eorem 5.1).
�erefore, W �top M � I .relM/ and the topological version of Example 3.7
makes W homeomorphic relM to the mapping cylinder Cf of a homeomorphism
f W M ! N . Using (5.1), one has cs.f / D ks.W; @W / D 0 .

As H 3.M IZ2/ � H1.M IZ2/ , one has the following corollary of Proposi-
tion 5.4; it was proven by C.T.C. Wall [Wal2] when M is simply connected, by
a di�erent method.

Corollary 5.5. Let M and N be smooth closed manifolds of dimension 4 which
are homeomorphic. Suppose that H1.M;Z2/ D 0 . �en, M and N are smoothly
s-cobordant.

We are ready to prove �eorem B of the introduction.

Proof of �eorem B. Let M and N be smooth closed manifolds of dimension 4
which are homeomorphic. By Corollary 5.5, there is a smooth h -cobordism W

between M and N . Such a cobordism is invertible (see [Sta3, �m. 4]; if M
is simply connected, then W �1 D NW [RS, Lemma 7.8]). �us N �R-di� M by
Proposition 3.3.

We now discuss a partial analogue to Proposition 4.11, which was �rst proven by
C.T.C Wall in the simply connected case [Wal2, �eorem 3]. (See also Section 8.5.)



230 J.-C. Hausmann and B. Jahren

Proposition 5.6. Let M and N be smooth closed connected manifolds of
dimension 4 which are R -di�eomorphic. �en, there exists p 2 N such that

M ]p.S2 � S2/ �di� N ]p.S2 � S2/ :

Proof. A simpli�ed handle decomposition W D .M � I /ıW2 ıW3 as in
Lemma 3.14 is available, but we do not know that the 2 -handles of .W2;M �
¹1º;M2/ are attached trivially (see [Wal3, �eorem 3 and its proof]). However,
since �1.M/ � �1.W / , the attaching map ˛ W S1 �D3 !M �¹1º of a 2 -handle
of W2 is homotopically trivial. As in the proof of Lemma 3.14, this implies,
using an ambient isotopy of M � ¹1º , that one may assume that ˛.S1 � D3/

is contained in a disk. Also, ˛ W S1 D S1 � ¹0º ! M � ¹1º extends to an
embedding ˛� W D

2 ! M � I and thus to an embedding N̨ W S2 ! W . Since
�2.M � I / ! �2.W / is an isomorphism, one can choose ˛� so that N̨ is
homotopically trivial.

�at ˛ is attached trivially is thus equivalent to the triviality of the normal
bundle � to N̨ . As a vector bundle over S2 , the Whitney sum TS2 ˚ � is
isomorphic to N̨�T W . �e latter is trivial since N̨ homotopically trivial. As TS2
is stably trivial, so is � , which implies that � is trivial since rank � > dimS2 .

Unlike in Proposition 4.11, the torsion of an invertible cobordism between M

and N only furnishes a lower bound for the integer p of Proposition 5.6, as
seen by the case where M and N are simply connected. An interesting question
would be to �nd the minimal integer p necessary to construct a given invertible
cobordism. Some results in the simply connected case may be found in [Law2].

We �nish this section by considering the following problem which is important
in view of Section 7.

Problem 5.7. Describe the set B.M/ for M a smooth closed connected manifold
of dimension 4 .

Only partial information is currently known about this problem. For instance,
the map T W B.M/ ! Wh.M/ of �eorem 3.15, associating to an invertible
cobordism .W;M;N / its Whitehead torsion �.W;M/ is de�ned, and one has the
following

Lemma 5.8. Let M be a smooth closed connected manifolds of dimension 4 .
�en, the map T W B.M/!Wh.M/ is surjective.

Proof. It is said in [FQ, p. 102] that T is surjective, based on “the standard
construction of h -cobordisms” with reference to [RS, p. 90]. But, when n D 4 ,
this standard construction for � 2Wh.M/ only provides a cobordism .W;M;N /
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such that the inclusion M ,! W is a homotopy equivalence with torsion
� . By Poincaré duality, one has 0 D H�.W;M IZ�/ � H�W;N IZ�/ , where
� D �1.W / � �1.M/ . �is proves that W is a semi-h -cobordism from N ,
that is to say that the inclusion N ,! W is homotopy equivalent to a Quillen
plus-construction (see [HV]); thus i� W �1.N /! � is onto with perfect kernel K .

By [FQ, �eorem 11.1A], there exists a semi-s-cobordism .W 0; N;N 0/ with
�1.M/ ! �1.W

0/ onto with kernel K . Formula (3.12) may be used here, and
thus X D W ıW 0 is an h -cobordism with �.X;M/ D � . As an h -cobordism
between closed 4 -manifolds, X is invertible [Sta3, �m. 4].

Some information is available on B.M/ when M is simply connected.
By Corollary 5.5, the map e of (3.4) may be replaced by a surjective map
e W B.M/ ! M.M/ , where M.M/ is the set of di�eomorphism classes of
manifolds homeomorphic to M . �is set may be in�nite [FS], and so does
B.M/ . Let M0.M/ be a set of representatives of M.M/ . For M oriented, one
can precompose the bijection of Lemma 3.8 by the surjective map

`
N2M0or.M/ Cob

�;or.M;N /
.
Di�or.N / // // `

N2M0.M/ Cob
�.M;N /

.
Di�.N /

where “or” stands for “oriented”. Now, by [Law2, Kre1], Cob�;or.M;N / is in
bijection with the set of isometries between the intersection forms of M and N .

Examples 5.9. �e above discussion implies the following facts.

(1) �e case M D S4 . �e intersection form is trivial, so Cob�;or.M;N / has one
element for each oriented homotopy sphere N . Note that Cob�;or.M;�M/

and Cob�;or.M;M/ are represented by the mapping cylinders of the identity
or a re�ection. By Lemma 2.4, these cobordisms both represent ŒS4 � I Œ in
B.S4/ .

(2) �e case M D CP 2 . �e set Cob�;or.M;�M/ has one element and
Cob�;or.M;M/ is empty.

(3) Results given in [Law2, Proposition 8 and its proof] imply, for instance, that
Cob�;or.M;M/

ı
Di�or.M/ is in�nite for M D CP 2 ] kCP 2 (k � 9 ).

�e following result is a direct consequence of Example (1) above.

Proposition 5.10. �e set B.S4/ consists of one element if and only if the smooth
Poincaré conjecture is true in dimension 4 . �
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6. �e case n � 3

We start with the proof of �eorem C of the introduction (and then �eorem A
in low dimensions).

Proof of �eorem C. �ere is only one closed manifold in dimension 1 , namely
the circle. Closed surfaces are classi�ed up to di�eomorphism by their fundamental
group. �is proves �eorem C when n � 2 .

In dimension 3, let M and N be closed smooth orientable manifolds. �anks
to the proof of the geometrization conjecture [MT2], we know that M and N

are geometric in the sense of �urston. �erefore, if M and N are h -cobordant,
a theorem of Turaev [Tur1, �eorem 1.4] implies that they are homeomorphic,
and hence also di�eomorphic by smoothing theory [Mun, �eorem 6.4].

Remark 6.1. �eorem C also follows from a theorem of Kwasik–Schultz which
is interesting in itself: an h -cobordism between geometric closed 3-dimensional
manifolds M and N is an s-cobordism [KS1, �eorem p. 736]. One thus get a
simple homotopy equivalence from N to M , and such a map is homotopic to
a di�eomorphism by [Tur2, �eorem 1] or [KS1, �eorem 1.1].

Remark 6.2. We do not know if �eorem C is true for closed non-orientable
manifolds in dimension 3. �e proof of [KS1, �eorem 1.1] uses the splitting
theorem for homotopy equivalences of [HeLa], which is wrong in general for non-
orientable manifolds (see [Hen]). Currently, a positive answer for the simpli�cation
problem for closed non-orientable 3 -manifolds is only known for P 2 -irreducible
ones, i.e. irreducible (every embedded 2-sphere bounds a 3-ball) and not containing
any 2-sided RP 2 . Such manifolds are indeed determined up to di�eomorphism
by their fundamental group [Hei].

We now turn our attention to the set B.M/ .

Proposition 6.3. Let M be a smooth closed manifold of dimension n � 2 . �en
B.M/ contains one element.

Proof. Let .W;M;N / be an h -cobordism with n � 2 . We claim that W �di�
M � I if n � 2 (this implies that W �di� M � I .relM/ ). As an invertible
cobordism is an h -cobordism by Proposition 3.11, this will prove the proposition.
�e claim is obvious for n D 0 and, for n D 1 , it follows from the classi�cation
of surfaces with boundary. �e case n D 2 splits into three cases. We shall use
the cobordisms R� D .D3;¿; S2/ and RC D .D

3; S2;¿/ .
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(1) M D S2 . Let .W; S2; N / be an h -cobordism. By the classi�cation of
surfaces, there is a di�eomorphism h W S2 ! N and OW D W ıCh is
an h -cobordism from S2 to itself, with W �di� OW .relS2/ . �en,
†3 D R�ı OW ıRC is a homotopy sphere, which is di�eomorphic to S3 by
Perelman’s theorem ([Per, MT1]). �erefore, OW is di�eomorphic to S3 minus
the interior of two smoothly embedded 3 -disks, implying that OW �di� S

2�I .
(2) M D RP 2 . Suppose that M D RP 2 . By composing W with a mapping

cylinder, we may assume that N D RP 2 . Let . QW ; QM; QN/ be the universal
covering of W , equipped with its involution � (the deck transformation).
One has QM D QN D S2 , on which � is the antipodal involution. As in
(1), form the closed 3 -manifold †3 D R3�ı

OW ıR3C , di�eomorphic to S3 by
Perelman’s theorem. �e involution � extends to an involution N� on † with
two �xed points p˙ . By part (c) of Proposition 3.5, W � @W �di� M �R .
�erefore, †�¹p˙º is equivariantly di�eomorphic to S2�R equipped with
the involution O�.x; t/ D .�x; t/ .
Hence, .†; N�/ is equivariantly homeomorphic to the suspension of .S2; �/ .
It follows that QW is equivariantly homeomorphic to .S2 � I; O�/ . Hence,
W �top RP 2 � I , implying that W �di� RP 2 � I .

(3) �.M/ � 0 . �e discussion in [Sta1, pp. 97–99] implies that W �di�
M � I .

Much less is known about B.M/ when M is a closed 3-manifold. When M

is orientable, we already used (in the proof of �eorem C) the Kwasik–Schultz
result that the Whitehead torsion map T W B.M/ ! Wh.M/ is identically zero.
However, there are non-trivial s-cobordisms (see, e.g., [CS, Kwa] for results and
references). �e following question seems to be open.

Question 6.4. Is a smooth h -cobordism between closed 3-dimensional manifolds
invertible?

Here is a partial answer.

Proposition 6.5. Let .W;M;N / be an s-cobordism between closed manifolds of
dimension 3 . Suppose that �1M is poly-(�nite or cyclic). �en, W is topologically
invertible with W �1 D NW .

Proof (following [RS, Lemma 7.8]). Consider K D W �I as a cobordism relative
boundary from M � I to .W � ¹0º/ı.N � I /ı. NW � ¹1º/ �di� W ı NW .rel @/ . �en
K is an s-cobordism. As dim.W �I / D 4 and �1M is poly-(�nite or cyclic), the
topological s-cobordism theorem implies that W �di� .M�I /�I .relM�I�¹0º/ .
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�erefore, W ı NW �top M � I .relM/ . �e same argument using the end N � I

of K gives that NW ıW �top N � I .relM/ .

Here are two partial results when M D S3 .

Proposition 6.6. Let .W; S3; N / be a smooth h -cobordism. �en W �top
S3 � I .relS3/ .

Proof. It is enough to prove the statement for W a topological h -cobordism. By
Perelman’s theorem, there is a homeomorphism h W S3 ! N and OW D W ıCh
is an h -cobordism from S3 to itself, with W �top OW .relS3/ . As in the
proof of Proposition 6.3 (case of M D S2 ), this implies that W is the
complement of two disjoint tame 4 -disks in a homotopy sphere †4 . By
Freedman’s solution of the Poincaré conjecture [Fre], † �top S4 , which implies
that W �top S3 � I .relS3/ .

Corollary 6.7. �e following assertions are equivalent.

(a) Any smooth h -cobordism .W; S3; N / is di�eomorphic to S3�I relative S3 .
(b) �e smooth Poincaré conjecture is true in dimension 4 .

Proof. �e proof of Proposition 6.6 shows that (b) implies (a). Conversely, let
† be a smooth homotopy 4 -sphere and let K be a smooth submanifold of †
with K �di� D

4qD4 . �en W D †� intK is a smooth h -cobordism from S3

to S3 . If (a) is true, then † �di� D
4 [hD

4 for some self-di�eomorphism h of
S3 . �erefore, † �di� S

4 [Cer].

We �nish this section with the following open question.

Question 6.8. If .W;M;N / is an h -cobordism with dimM D 3 , do we have
S1 �W �di� .S

1 �M/ � I .relS1 �M/? Note that the Whitehead torsion will
vanish, by the product formula (3.8). Hence this is true if dimM � 4 .

7. Classi�cations of R -di�eomorphisms

In this section we examine the construction in Proposition 3.3 further, aiming
for a full classi�cation of R -di�eomorphisms. �e di�eomorphisms are classi�ed
under three levels of relations: isotopy, decomposability and concordance.

Let M and N be closed manifolds. Let Di�R.N;M/ be the set of
R -di�eomorphisms from N to M , endowed with the C1 -topology. �us,
�0.Di�R.N;M// is the set of isotopy classes of such R -di�eomorphisms. For
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simplicity’s sake, we restrict our attention to the subspace Di�CR.N;M/ of
those R -di�eomorphisms f preserving ends, in the sense that f .N � Œ0;1// �
M � .r;1/; for some r 2 R (see also Remark 7.3). As in Section 3, Di�.N /
denotes the topological group of self di�eomorphims of N .

In the proof of Proposition 3.3, an invertible cobordism .Af ; j
r
M ; f ıj

s
N /

(for suitable r and s ) was associated to f 2 Di�R.N;M/ . Consider its class
Af in Cob�.M;N / . Here is the fundamental observation leading to the other
classi�cation results. It is valid in all dimensions.

�eorem 7.1. �e correspondence f 7! .Af ; j
r
M ; f ıj

s
N / induces a bijection

A W �0.Di�CR.N;M//
�
�! Cob�.M;N / :

Moreover, A.idM�R/ D 1M , and if f 2 Di�CR.N;M/ and g 2 Di�CR.P;N / , then
A.f ıg/ D A.g/ıA.f / .

Before we proceed, we remark that this gives a new interpretation of the
category of invertible cobordisms.

Corollary 7.2. �e category Cob� is isomorphic to the opposite of the category
where the objects are smooth manifolds and the set of morphisms from N to M
is �0.Di�CR.N;M// .

Proof of �eorem 7.1. �e proof involves several steps.

(1) A is well de�ned. Let f W N �R!M �R be an element of Di�CR.N;M/ .
We use the notations of the proof of Proposition 3.3: Mr D M � ¹rº ,
Nu D N � ¹uº , N 0u D f .Nu/ , etc. Recall that, to de�ne Af , we choose u

and r < s in R such that N 0u � M � .r; s/ . �e region from Mr to N 0u
constitutes Af and that between N 0u and Ms constitutes the inverse Bf of
Af . It is easy to check that ŒAf � D ŒAf ; j

r
M ; f ıj

u
N � 2 Cob�.M;N / does

not depend on the choices of r and u . Consequently, we may assume that
u D 0 .
Let ft W N � R ! M � R ( t 2 I ) be an isotopy between f0 D f and
f1 D Of . Let gt be the restriction of ft to N0 . Since N is compact, there
exist r < r1 < s1 < s in R such that gt .N0/ �M � .r1; s1/ for all t . By the
isotopy extension theorem on M �Œr; s� [Hir, �eorem 1.3 in Chapter 8], there
exists an ambient isotopy Ft W M �R!M �R , which is the identity outside
M � Œr1; s1� and such that gt D Ft ıg0 . Using r to de�ne both Af0

and
Af1

, we see that F1 provides a di�eomorphism from Af to A Of (relative
Mr ) such that F1 ıf ıj 0N D Of ıj 0N . �erefore, ŒAf � D ŒA Of � in Cob�.M;N / .
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(2) A is surjective. Let A D .A; jM ; jN / represent a class ˛ 2 Cob�.M;N / and
let B D A�1 . Composing in�nitely many copies of AıB as in (3.3), we
obtain a manifold W together with two di�eomorphisms

(7.1) M �R
gM

�
// W oo gN

�
N �R ;

�en h D g�1
M
ıgN W N � R ! M � R is an element of Di�CR.N;M/ such

that ŒAh� D ŒA� . Hence, A.h/ D ˛ .
(3) A is injective. Let f and Of in Di�CR.N;M/ such that A.f / D A. Of / .

Using observations in (1), we can represent A.f / by .Af ; j
0
M ; f ıj

u
N / and

A. Of / by .A Of ; j
0
M ;
Of ıj OuN / , where we may assume that N 0u � intA Of . In

fact, after suitable isotopies of f and Of (by translations in the R -direction)
we may even assume that u D Ou D 0 . �is means that we can write
ŒA Of � D ŒAf �ı ŒK� , where ŒK� D ŒK; f ıj 0N ;

Of ıj 0N � . But if A.f / D A. Of / ,
the invertible cobordism K must be equivalent to 1N , i.e., there exists
a di�eomorphsim F W N � I ! K such that F.x; 0/ D f .x; 0/ and
F.x; 1/ D Of .x; 0/ for all x 2 N .
Now think of F as an isotopy of embeddings from f ıj 0N to Of ıj 0N . By
the isotopy extension theorem there exists an ambient isotopy Ht of M �R

such that H0 D idM�R and H1 ıf .x; 0// D Of .x; 0/ for all x 2 N .
De�ne G W N�R! N�R by G D Of �1 ıH1 ıf . �en G is a di�eomorphism
such that G.x; 0/ D .x; 0/ for all x 2 N . Considering G and idN�R as
tubular neighborhoods of N � ¹0º in N � R , we see that G is isotopic to
the identity, by uniqueness [Hir, �eorem 5.3 in Chapter 4]. It follows that
Of is isotopic to Of ıG D H1 ıf , hence also to H0 ıf D f .

(4) It is obvious that A.idM�R/ D 1M , and it remains to prove the composition
formula. Let f 2 Di�CR.N;M/ and g 2 Di�CR.P;N / . Start by choosing
u 2 R such that f .Nu/ � M � .0;1/ , and then v 2 R such that
g.Pv/ � N � .u;1/ . �en the regions Ag between Nu and g.Pv/ , Af
between M0 and f .Nu/ , and Af ıg between M0 and f ıg.Pv/ can be used
to de�ne A.g/ , A.f / and A.f ıg/ , respectively. In other words,

A.g/ D ŒAg ; j uN ; gıj
v
P �

A.f / D ŒAf ; j 0M ; f ıj
u
N �

A.f ıg/ D ŒAf ıg ; j 0M ; f ıgıjP �

Now observe that we can write Af ıg as Af [ f .Ag/ , and consequently

ŒAf ıg ; j
0
M ; f ıgıjP � D Œf .Ag/; f ıj

u
N ; f ıgıjP �ı ŒAf ; j

0
M ; f ıj

u
N �

D ŒAg ; j
u
N ; gıjP �ı ŒAf ; j

0
M ; f ıj

u
N �

D Ag ıAf
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We are now interested in another equivalence relation amongst R -di�eo-
morphism, using decomposability. A R -di�eomorphism f 2 Di�CR.Q;Q0/ is
called decomposable if there exists a di�eomorphism ' W Q0 ! Q such that f is
isotopic to ' � idR . Fix a manifold M and consider pairs .N; f / where N is a
smooth closed manifold and f W N �R!M �R is a di�eomorphism. Two such
pairs .N; f / and . ON; Of / are equivalent (notation: .N; f / � . ON; Of / ) if f �1 ı Of
is decomposable. �e set of equivalences classes is denoted by D.M/ . Note that
.N; f / is decomposable if and only if .N; f / � .M; id/ .

Remark 7.3. �e above de�nition of D.M/ is equivalent to the one presented
in the introduction, where R -di�eomorphisms were not supposed to preserve
ends. Indeed, Di�CR.N;M/ is a fundamental domain for the action of ¹˙1º �
¹idN �˙idRº by precomposition.

�eorem 7.4. Let M be a smooth closed manifold. �e correspondence .N; f / 7!
ŒAf Œ induces a bijection

B W D.M/
�
�! B.M/:

Moreover, B.N; f / D ŒM � I Œ if and only if f is decomposable.

Proof. Actually, the map B is induced from the bijection A of �eorem 7.1. As
in Lemma 3.8, let M0

n be a set of representatives of the di�eomorphism classes
of closed manifolds of dimension n . Consider the commutative diagram
(7.2) `

N2M0
n
�0.Di�CR.N;M//

qA
�

//

����

`
N2M0

n
Cob�.M;N /

����`
N2M0

n
�0.Di�CR.N;M//

.
Di�.N / q NA

�
//

�

��

`
N2M0

n
Cob�.M;N /

.
Di�.N /

�˛

��
D.M/

B // B.M/

�e map qA is a bijection by �eorem 7.1. It intertwines the right-actions of
Di�.N / on Cob�.M;N / of Lemma 3.8 with the ones de�ned on �0.Di�CR.N;M//

by pre-composition using the inclusion Di�.N / ! Di�CR.N;N / given by
' 7! ' � idR . �e latter corresponds to the equivalence relation � (note that
N �di� ON if .N; f / � . ON; Of / ). �at the map ˛ is a bijection is the statement
of Lemma 3.8. �us, the map B is bijective.
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Remark 7.5. From part (2) of the proof of �eorem 7.1, it follows that
.N; f / � .N; g�1

M
ıgN / , where gM and gN are the di�eomorphisms constructed

in (7.1).

�anks to Proposition 6.3, Proposition 5.10 and Corollary 6.7, �eorem 7.4
admits the following corollary.

Corollary 7.6. Any di�eomorphism f W N � R ! M � R is decomposable if
dimM � 2 . When N D M D Sn with n D 3; 4 , this is true if and only if the
smooth Poincaré conjecture is true in dimension 4 . �

�e bijection B W D.M/! B.M/ of �eorem 7.4 may be composed with the
map T W B.M/ ! Wh.M/ , associating to W its Whitehead torsion �.W;M/ .
�is gives a map T W D.M/!Wh.M/ . By �eorem 3.15, T is a bijection when
n � 5 . �us, �eorem 7.4 has the following corollary.

Corollary 7.7. Let M be a smooth closed manifold of dimension � 5 . �en, the
map T W D.M/! Wh.M/ is a bijection. Moreover, T .N; f / D 0 if and only if
f is decomposable.

Corollary 7.7 implies �eorem D and Corollary E of the introduction. Another
immediate consequence is the following:

Corollary 7.8. Let M be a closed manifold and let K be a closed manifold
with Euler characteristic 0. �e map D.M/! D.M �K/ given by product with
the identity map on K is trivial.

In other words: if f W N �R
�
!M �R is a di�eomorphism, then f � idK is

isotopic to a di�eomorphism of the form h� idR , where h is a di�eomorphism
N �K !M �K .

Proof. �e bijections D.M/ � B.M/ �Wh.M/ commute with product with K .
�e result then follows by the product formula for Whitehead torsion (3.8).

Diagram (7.2) gives a partition of D.M/ indexed by di�eomorphism classes
of manifolds. Particularly interesting is the class corresponding to M itself, which
via the bijection B corresponds to the inertial cobordisms:

(7.3) IB.M/ D Cob�.M;M/=Di�.M/ � �0
�
Di�C.M �R/

�
=Di�.M/:
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Corollary 7.9. Let M be a smooth closed manifold. �e following assertions are
equivalent.

(a) Any automorphism g W M �R!M �R is decomposable.
(b) IB.M/ has one element.

Moreover, if dimM � 5 , Assertion (b) may be replaced by

(b 0 ) I.M/ D ¹0º .

Manifolds M such that I.M/ D ¹0º may be found in Example 4.5.

Example 7.10. Given two di�eomorphisms f; g W N �R!M �R , it is possible
that f �1 ıg is decomposable but not gıf �1 . An example of this sort may be
obtained using Corollary 7.9 and part (3) of Example 4.5.

In formula (7.3) the second action is right multiplication by the image of
the group homomorphism �0.Di�.M// ! �0.Di�CR.M// induced by ' 7!

' � idR , and this corresponds to the map (also homomorphism!) �0.Di�.M//!

Cob�.M;M/ given by f 7! Cf �1 (mapping cylinder). As seen in Example 2.5,
this map is not injective, but has as kernel the isotopy classes of di�eomorphisms
concordant to the identity. �is leads to the following result, �rst proved by W. Ling
in the topological category [Lin]. Let C.M/ D ¹f 2 Di�.M�I / jf jM�¹0º D idº
be the space of concordances of M . �en evaluation on M � ¹1º gives rise
to a �bration (over a union of components) C.M/ ! Di�.M/ , with �ber
Di�.M � I; relM � @I / .

Proposition 7.11. �e long, exact sequence of homotopy groups of this �bration
ends as follows:

� � � // �0
�
C.M/

�
// �0

�
Di�.M/

�
// �0

�
Di�CR.M/

�
// // IB.M/

Proof. �e last map in the ordinary long exact sequence is the homomorphism
�0.C.M// ! �0.Di�.M// with image the set of isotopy classes of di�eomor-
phisms concordant to the identity, which we just saw is also the kernel of the
homomorphism �0.Di�.M//! �0.Di�CR.M// . �e last map is just the quotient
map onto the set of left cosets.

Remark 7.12. It is known that Di�.M � R/ is a non-connected delooping of
Di�.M�I; relM�@I / . (See, e.g., [WW].) Proposition 7.11 gives more information
on components.

We now use the relation of concordance to give a classi�cation of R -di�eo-
morphisms which is coarser than isotopy. Following the pattern above, we �rst say
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that a R -di�eomorphism f 2 Di�CR.Q0;Q/ is c-decomposable if there exists a
di�eomorphism ' W Q0 ! Q such that f is concordant to ' � idR . �en . ON; Of /
and .N; f / are called c-equivalent (notation: . ON; Of / �c .N; f /) if f �1 ı Of is c-
decomposable. Of course, . ON; Of / � .N; f / implies . ON; Of / �c .N; f / ; therefore,
the set Dc.M/ of these c-equivalences classes is a quotient of D.M/ .

Using the the bijection B of �eorem 7.4, the equivalence relation �c on
D.M/ may be transported to B.M/ , giving rise to an equivalence relation on
B.M/ , also denoted �c . We want to prove that �c can be described in terms
of the relation of concordance of invertible cobordisms, de�ned in Remark 3.17.

Recall again the partition

`
N2M0

n
Cob�.M;N /

.
Di�.N / ˛

�
// B.M/:

of Lemma 3.8. In Remark 3.17 the relation of (invertible) concordance is de�ned
on each set Cob�.M;N / , and the action of Di�.N / descends to the set of
concordance classes Cob�.M;N / . Set

(7.4) Bc.M/ D
a

N2M0
n

Cob�.M;N /
.
Di�.N /:

Like �eorem 7.4, the following result is valid in all dimensions.

�eorem 7.13. Let M be a smooth closed manifold. �en, the bijection
B W D.M/! B.M/ of �eorem 7.4 descends to a bijection

Bc W Dc.M/
�
�! Bc.M/ :

Proof. Given part (i) of the proof of �eorem 7.4, in order to de�ne Bc , we
just need to prove that when f; Of W N � R ! M � R are concordant, then
ŒAf � D ŒAf ; j

r
M q f ıj

0
N � and ŒA Of � D ŒA Of ; j

r
M q

Of ıj 0N � represent the same class
in Cob�.M;N / . Let F W I � N � R ! I �M � R be a concordance between
f and Of . �e construction of Af , Bf , A Of and B Of may be done globally in
I � N and I �M . �is would provide cobordisms AF between Af , A Of , and
BF between Bf , B Of which are inverses of one another, which is what we need.

�e map Bc is thus well de�ned. It is surjective, since B is. To prove that Bc
is injective, we use a relative version of the proof of surjectivity in �eorem 7.1. Let
.N; f / and . ON; Of / represent classes in D.M/ such that B.N; f / �c B. ON; Of / .
Since the relation �c preserves Cob�.M;N / , this means that there is a
di�eomorphism 
 W N ! ON such that B. ON; Of / D B.N; Of ı.
�idR// . �is permits
us to assume that ON D N . In this case, B.N; f / and B.N; Of / are represented
by ŒAf � and ŒA Of � in Cob�.M;N / such that ŒAf � is invertibly concordant to
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[A Of � ˇ for some ˇ 2 Di�.N / . Using again that .N; Of / � .N; Of ı.ˇ � idR// , we
may assume that ŒA Of � D ŒAf � in Cob�.M;N / .

Let ŒK� be a concordance between Af and A Of , with inverse ŒL� from ŒBf �

and ŒB Of � . Let Ki and Li ( i 2 Z ) be copies of K and L . As in (3.3), we form
the manifold

X D � � � ı .Ki ıLi / ı .KiC1 ıLiC1/ ı � � �

D � � � ı .Li ıKiC1/ ı .LiC1 ıKiC2/ı � � �
(7.5)

Using convenient di�eomorphisms Ki ıLi �di� I �M � I and Li ıKiC1 �di�
I �N � I , one gets, as in (7.1), two di�eomorphisms

(7.6) I �M �R
GM

�
// X oo

GN

�
I �N �R

�e di�eomorphism F D G�1M ıGN W I � N � R ! I � M � R restricts
to di�eomorphisms Fi W ¹iº � N � R ! ¹iº � M � R ( i D 0; 1) and F

constitutes a concordance between F0 and F1 . �erefore, .N; F0/ �c .N; F1/ .
By Remark 7.5, one has .¹0º � N;F0/ � .N; f / and .¹1º � N;F1/ � .N; Of / .
�erefore, .N; f / �c .N; Of / , which proves the injectivity of Bc .

We now compute Bc.M/ when dimM � 5 , using the bijection T W B.M/!

Wh.M/ of �eorem 3.15. As in Example 4.5, we consider the subgroup N .M/

of Wh.M/ de�ned by

N .M/ D
®
� C .�1/n N� j � 2Wh.M/

¯
;

using the involution � 7! N� of (3.10).
�e following result now follows easily from the discussion at the end of

Section 3:

Proposition 7.14. Let M be a smooth closed manifold of dimension n � 5 . �en,
the bijection T W B.M/!Wh.M/ of �eorem 3.15 descends to a bijection

Tc W Bc.M/
�
�!Wh.M/=N .M/ :

Proof. �at Tc is well-de�ned follows from Lemma 3.18, and surjectivity is
trivial. Assume now that the torsions of two invertible cobordisms .W; jM ; jN /
and .W 0; j 0M ; j

0
N / satisfy the equation �.W 0; j 0M / � �.W; jM / D � C .�1/n N� for

some � 2Wh.M/ , where n D dimM .
�ere is a relative h -cobordism .X;W; V / with �.X;W / D jM �.�/ , where

V is another h -cobordism from jM .M/ to jN .N / . By Proposition 3.11 X and
V are both invertible, and by Lemma 3.18 we have �.V; jM / D �.W 0; jM / . By
uniqueness of Whitehead torsion, ŒW; jM ŒD ŒV; jM Œ2 B.M/ .
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�eorem 7.13 together with Proposition 7.14 implies the following corollary.

Corollary 7.15. Let M be a smooth closed manifold of dimension � 5 . �en,
the bijection T W D.M/!Wh.M/ of Corollary 7.7 descends to a bijection

Tc W Dc.M/!Wh.M/=N .M/ :

Moreover, Tc.N; f / D 0 if and only if f is c-decomposable. �

Recall the inclusion N .M/ � I.M/ , which is not an equality in general.
Corollary 7.15 implies the following result.

Corollary 7.16. Let M be a smooth closed connected manifold of dimension
� 5 . �e following assertions are equivalent.

(a) Any automorphism g W M �R!M �R is c-decomposable.
(b) N .M/ D I.M/ . �

Example 7.17. Let M be a smooth closed connected manifold of dimension
n � 5 such that � D �1.M/ is cyclic of order 5 with generator t . �en,
Wh.M/ � Z generated by � D .1� t � t4/ 2 GL1.Z�/ [Mil3, Example 6.6]. We
see that � D N� , so the involution on Wh.M/ is trivial. �erefore,

� if n is odd, N .M/ D 0 and then D.M/ D Dc.M/ � Z ; thus concordance
implies isotopy for R -di�eomorphisms with range M �R ;

� if n is even, then D.M/ � Z and Dc.M/ � Z2 . �us, for di�eomorphisms
with range M �R , there are in�nitely many isotopy classes within the same
concordance class.

8. Miscellaneous

8.1. �is paper deals with R -di�eomorphisms between closed manifolds. For
open manifolds, there is a long story of negative answers to the R -simpli�cation
problem, starting with the earlier example of J. H. C. Whitehead [Whi2, p. 827].
�ere is also the famous Whitehead manifold which is R -di�eomorphic but not
homeomorphic to R3 (see, e.g., [dRha, pp. 61–67]). �e most striking example
is given by the uncountable family of fake R4 ’s (see, e.g., [Gom]), which are
all R -di�eomorphic, since there is only one smooth structure on R5 [Sta2,
Corollary 2].
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8.2. Historical note As seen in Sections 3–6, �eorem A of the introduction is
equivalent to the smooth h -cobordism theorem of Smale [Sma] for n � 5 , and
to the topological h -cobordism theorem of Freedman for n D 4 [FQ]. For n D 3
it is a consequence of Perelman’s proof of the Poincaré conjecture (see [MT1]).
�ere is no known proof not using these formidable results for which three Field
medals were awarded. Finally, for n D 2 , �eorem A requires the classi�cation
of surfaces, a classical but not trivial result. Note that the simpli�cation problem
is a geometric form of the problem of recognizing the di�eomorphism type of a
smooth closed manifold by its homotopy type, one of the most important problems
of algebraic topology, going back to the birth of the subject (see, e.g., [Hau3,
§ 5.1]).

8.3. Rk -di�eomorphisms were introduced by B. Mazur [Maz] under the name
of k -equivalences. Note that a di�eomorphism f W M � Rk ! N � Rk induces
a stable tangential homotopy equivalence (still called f ) from M to N . �e
thickness of such a stable tangential homotopy equivalence f is the minimal
k for which f is induced by an Rk -di�eomorphism [KS4]. �is thickness is
� dimM C 2 [Maz, �eorem 1]. For more results, see, e.g., [KS4, JK1, KR1].

8.4. �e P -simpli�cation problem has been studied for P a sphere, a torus or a
surface. See, e.g., [HMR] for results and several references, and also Remark 3.4.
For more recent results, see, e.g., [KR1, JK1, KS3, KR2].

8.5. Stable di�eomorphisms Two closed manifolds M;N of dimension 2n are
called stably di�eomorphic in the literature if M ]p.Sn�Sn/ �di� N ]p.Sn�Sn/

for some integer p . �us Corollary 4.3 and Proposition 5.6 say that R -
di�eomorphism implies stable di�eomorphism. �e stable di�eomorphism class
of a manifold may be detected by cobordisms invariants, as initiated by
M. Kreck [Kre2]. For recent results and many references, see [PKLT].

8.6. Generalized spherical spaceforms A manifold is a generalized spherical
spaceform if its universal covering is a homotopy sphere. Let M and N be
di�eomorphic generalized spherical spaceforms of dimension � 5 . �en Kwasik
and Schultz have proved that any h -cobordism between M and N is trivial [KS2].
�is implies that I.M/ D 0 and, thus, R -di�eomorphism implies di�eomorphism.

8.7. In general relativity, the R -simpli�cation problem has natural applications
to the classi�cation of Cauchy surfaces in globally hyperbolic spacetimes. (See
[Tor] for results and references). �e R -simpli�cation problem was also recently
studied in the framework of contact-symplectic geometry [Cou].
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