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Approximations of delocalized eta invariants
by their finite analogues

Jinmin WaNG, Zhizhang X1 and Guoliang Yu

Abstract. For a given self-adjoint first order elliptic differential operator on a closed smooth
manifold, we prove a list of results on when the delocalized eta invariant associated to a regular
covering space can be approximated by the delocalized eta invariants associated to finite-sheeted
covering spaces. One of our main results is the following. Suppose M is a closed smooth
spin manifold and M isa I"-regular covering space of M. Let (@) be the conjugacy class of
a non-identity element & € I'. Suppose {I'; } is a sequence of finite-index normal subgroups
of I that distinguishes («). Let nr; be the quotient map from I" to I/ I'; and (7T, (r)) the
conjugacy class of 7t (&) in I'/ I'; . If the scalar curvature on M is everywhere bounded below
by a sufficiently large positive number, then the delocalized eta invariant for the Dirac operator
of M at the conjugacy class (o) is equal to the limit of the delocalized eta invariants for the Dirac
operators of M, at the conjugacy class (rr; («)), where M, = M /T is the finite-sheeted
covering space of M determined by I';. In another main result of the paper, we prove that the
limit of the delocalized eta invariants for the Dirac operators of M, at the conjugacy class
(71, (o)) converges, under the assumption that the rational maximal Baum—Connes conjecture
holds for I'.
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1. Introduction

The delocalized eta invariant for self-adjoint elliptic operators was first introduced
by Lott [22] as a natural extension of the classical eta invariant of Atiyah—Patodi—
Singer [1-3]. It is a fundamental invariant in the studies of higher index theory on
manifolds with boundary, positive scalar curvature metrics on spin manifolds and
rigidity problems in topology. More precisely, the delocalized eta invariant can be
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used to detect different connected components of the space of positive scalar curvature
metrics on a given closed spin manifold [9,21]. Furthermore, it can be used to give an
estimate of the connected components of the moduli space of positive scalar curvature
metrics on a given closed spin manifold [34]. Here the moduli space is obtained by
taking the quotient of the space of positive scalar curvature metrics under the action of
self-diffeomorphisms of the underlying manifold. As for applications to topology, the
delocalized eta invariant can be applied to estimate the size of the structure group of a
given closed topological manifold [31]. The delocalized eta invariant is also closely
related to the Baum—Connes conjecture. The second and third authors showed that if the
Baum—Connes conjecture holds for a given group I', then! the delocalized eta invariant
associated to any regular I"-covering space is an algebraic number [36]. In particular,
if a delocalized eta invariant is transcendental, then it would lead to a counterexample
to the Baum—Connes conjecture. We refer the reader to [35] for a more detailed survey
of the delocalized eta invariant and its higher analogues.

The delocalized eta invariant, despite being defined in terms of an explicit integral
formula, is difficult to compute in general, due to its non-local nature. The main purpose
of this article is to study when the delocalized eta invariant associated to the universal
covering of a space can be approximated by the delocalized eta invariants associated
to finite-sheeted coverings, where the latter are easier to compute.

Let us first recall the definition of delocalized eta invariants. Let M be a closed
manifold and D a self-adjoint elliptic differential operator on M. Suppose I is a
discrete group and M isa I"-regular covering space of M. Denote by D the lift of D
from M to M. For any non-identity element o € T, the delocalized eta invariant
Na) (D) of D at the conjugacy class {«) is defined to be

~ 2 oo
(1.1) Ny (D) = ﬁ/o V;(Ol)/}_tr(K,(x,yx)) dxdt,

where K;(x, y) is the Schwartz kernel of the operator De"*D? and ¥ is a fundamental
domain of Mt under the action of T".

We point out that it is still open question whether the convergence of the integral
in line (1.1) holds in general. A list of cases where the convergence is known to hold is
given right after Definition 3.1. In particular, if I" is finite, then the integral in line (1.1)
always converges.

Now we consider finite-sheeted cover of M given by finite-index normal subgroups

of I'.

IThere is also an extra technical assumption that the conjugacy class (&) used in the definition of the
delocalized eta invariant is required to have polynomial growth.
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Definition 1.1. Suppose that {I'; } is a sequence of finite-index normal subgroups of I".
For any non-trivial conjugacy class (&) of I', we say that {I'; } distinguishes {«) if, for
any finite set F in I, there exists k € N such that

VBeF. B¢ la) = nr;(B) ¢ (nr; ()

foralli = k.

Let Mr, = M / T'i be the associated finite-sheeted covering space of M and Dr;
the lift of D from M to M, . The delocalized eta invariant 7. («))(Dr;) of Dr; is
defined similarly to line (1.1), where 7y, is the canonical quotient ;nap from ' to I'/ T;.
Suppose {I';} distinguishes the conjugacy class (&) of a non-identity element o € I,
which is necessary for the following discussions. We prove a list of results that answer
positively either one or both of the following questions.

(1) Does lim; _s oo Nr,; @) (Dr; ) exist?
(2) If im0 N(rp, (@) (Dr;) exists, is the limit equal to Nay(D)?

For simplicity, we assume that M is a closed spin manifold equipped with a
Riemannian metric of positive scalar curvature throughout the paper. Positive scalar
curvature implies D has a spectral gap. In fact, the majority of results? in this paper
can be proved in the same way under the assumption that D has a spectral gap or a
sufficiently large spectral gap.

Here is one of the main results of our paper.

Theorem 1.2. With the above notation, assume that D is invertible and {T;} dis-
tinguishes the conjugacy class (&) of a non-identity element o € T'. If the maximal
Baum—Connes assembly map for T is rationally an isomorphism, then the limit

Bm 7z, @) (Pr;)
1—>00
stabilizes, that is,
3k > 0 such that 1)(xy, @) (Pr;) = Nixr, @) (Dry) foralli = k.

Here we say {I'; } distinguishes the conjugacy class («) if for any finite set F in I,
there exists k € N4 such that

VBeF, B¢ (a) = nr;(B) ¢ (7r; (@)
foralli = k.
By a theorem of Higson and Kasparov [18, Theorem 1.1], the maximal Baum—

Connes assembly map is an isomorphism for all a-T-menable groups. We have the
following immediate corollary.

2Such as Theorem 1.2, Theorem 1.4, Theorem 5.8 and Proposition 6.3.
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Corollary 1.3. With the above notation, assume that D is invertible and {T;} distin-
guishes the conjugacy class () of a non-identity element « € . If T is a-T-menable,
then the limit

Jim N, @) (Pry)

stabilizes.

Note that Theorem 1.2 and its corollary above only addresses the first question, that
is, only the convergence of lim; oo 1(xp-. ()) (Pr; ). On the other hand, if in addition
there exists a smooth dense subalgebra3 "4 of the reduced group C *-algebra C¥(I")
of I" such that CI" C » and the trace map* tr(,): CI' — C extends continuously to a
trace map try): A4 — C, then we have

1M 7y (@) (Dr;) = Ne) (D).
1—>00

See the discussion at the end of Section 4 for more details.
Here is another main result of our paper.

Theorem 1.4. With the above notation, suppose {I';} distinguishes the conjugacy
class (o) of a non-identity element a € T'. If the spectral gap of D at zero is sufficiently
large, then we have

1m Ny, @) (Dr,) = Ny (D).
I—>00

Here “sufficiently larger spectral gap”” means that the spectral gap of D at zero is
greater than o, where or is the constant given in Definition 5.1. In particular, if the
group I' has subexponential growth, then it follows from Definition 5.1 that or = 0.
In this case, if D has a spectral gap, then it is automatically sufficiently large, hence
the following immediate corollary.

Corollary 1.5. With the above notation, suppose {I';} distinguishes the conjugacy
class (&) of a non-identity element o € T'. If T has subexponential growth and D has
a spectral gap at zero, then we have

1M ey (@) (Dr;) = Nie) (D).
1—>00

There are other variants of Theorem 1.4 above. We refer the reader to Theorem 5.8
and Proposition 6.3 for details.

3A smooth dense subalgebra of C,*(I") is a dense subalgebra of C,* (T") that is closed under holomorphic
functional calculus.
“The trace map tr(y) is given by the formula: " ger agB > X ge(q) @8-
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The paper is organized as follows. In Section 2, we review some basic facts about
conjugacy separable groups and certain geometric C *-algebras. In Section 3, we review
some basics of delocalized eta invariants. In Section 4, we prove one of main results,
Theorem 1.2, and discuss some of its consequences. In Section 5 and 6, we prove
Theorem 1.4 and its variants.

We would like to thank the referees for helpful and constructive comments.

2. Preliminaries

In this section, we review some basic facts about conjugacy separable groups and
certain geometric C *-algebras.

2.1. Conjugacy separable groups. We will prove our main approximation results
for a particular class of groups, called conjugacy separable groups. In this subsection,
we review some basic properties of conjugacy separable groups. In the following, all
groups are assumed to be finitely generated, unless otherwise specified.

Definition 2.1. Let I" be a finitely generated discrete group. We say that y € I is
conjugacy distinguished if for any 8 € I' that is not conjugate to y, there exists a
finite-index normal subgroup I’ of " such that the image of 8 in '/ " is not conjugate
to y.

If every element in T is conjugacy distinguished, then we say that I is conjugacy
separable. In other words, we have the following definition of conjugacy separability.

Definition 2.2. A finitely generated group I is conjugacy separable if for any y;,y, € I’
that are not conjugate, there exists a finite-index normal subgroup I'” of " such that
the image of y; and y, in I'/ T are not conjugate.

For any normal subgroup I'” of I, we denote by 71/ the quotient map from I’
toT'/T.

Definition 2.3. Suppose that {I'; } is a sequence of finite-index normal subgroups of T.
For any non-trivial conjugacy class {«) of I', we say that {I'; } distinguishes (), if for
any finite set F in I" there exists k € N such that

VBeF, B¢ {a) = nr;(B) ¢ (71, ()
foralli > k.

If « € T is conjugacy distinguished, then such sequence always exists. More
generally, let 9t be the net of all normal subgroups of I with finite indices. If ¢ € G is
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conjugacy distinguished in the sense of Definition 2.1, then N distinguishes («), that
is, for any finite set ' C T, there exists a finite index normal subgroup I'r of I" such
that

VBeF. B¢ (y) = nr(p) ¢ (nr(y))

forallTV e NwithTY D T'f.

Let CT be the group algebra of I' and £!(I") be the £!-completion of CT. For
any normal subgroup I'" of T, the quotient map np/: ' — T'/ T naturally induces
an algebra homomorphism zp/: CT' — C(T"/T"), which extends to a Banach algebra
homomorphism 7p: £1(T") — £1(T/T7).

For any conjugacy class (y) of I', let tr(,,y: CI" — C be the trace map defined by

Zaﬂﬂ — Z ag.
Be(y)

Bell

the formula:

The following lemma is obvious.

Lemma 2.4. If («) is a non-trivial conjugacy class of T and {T;} is a sequence of
finite-index normal subgroups that distinguishes (), then

Jim ey @) (o (/) = try(f)

forall f € £Y(T"). Moreover, if f € CT, then the limit on the left-hand side stabilizes,
that is,

3k > 0 such that tr(,.,ri (@) (7‘[{*[ (f) = tr<a)(f)f0r alli = k.

As we will mainly work with integral operators whose associated Schwartz kernels
are smooth, let us fix some notation further and restate the above lemma in the context of
integral operators. Let M be a closed manifold and M be the universal covering space
of M. Denote the fundamental group 771 (M) of M by I". Suppose T is a I"-equivariant
bounded smooth function on M x M , that is,

T(yx,yy) =T(x,y)

forall x,y € M and y € I'. We say that T has finite propagation if there exists a
constant d > 0 such that

dist(x,y) >d = T(x,y) =0,

where dist(x, y) is the distance between x and y in M . In this case, we define the
propagation of 7 to be the infimum of such 4.
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Definition 2.5. A I'-equivariant bounded function 7" on M x M is said to be £! -summ-
able if
1Tl == sup S ITCr,yy)l < oo,
x,yeF yel
where ¥ is a fundamental domain of M under the action of I". We shall call ||T|| 1
the £!-norm of T from now on.

Clearly, every T with finite propagation is £!-summable.
If a '-equivariant bounded smooth function T € C*®(M x M) is £!-summable,
then it defines a bounded operator on L2(M) by the formula

.1 = /M T(x,y)f(y)dy

forall f € L? (M ). For notational simplicity, we shall still denote this operator by 7.

Now suppose that I’ is a finite-index normal subgroup of T'. Let M = M /T’
be the quotient space of M by the action of I"". In particular, My is a finite-sheeted
covering space of M with the deck transformation group being I'/T"'. Let mp be
the quotient map from M to My, Any TI'-equivariant bounded smooth function T €
C®(M x M) that is £!-summable naturally descends to a smooth function 7r/(7)
on Mrs x Mt by the formula

wr (T (e (). 0 (1)) = Y T(x. yy)
yel”
for all (zry/(x), 7r/(y)) € Mys x M. Clearly, np/(T) is a I' /T'-equivariant smooth
function on M1’ x Mt/ and, similar to the formula in (2.1), defines a bounded operator
on L2(Mp).
For any non-trivial conjugacy class {«) of I", we define the following trace map:

ww(@) = 3 [ Ty dx,
ye

for all I'-equivariant £!-summable smooth function 7 € C (M x M ), where ¥ is a
fundamental domain of M under the action of I". More generally, for each finite-index
normal subgroup I'’ of T, a similar trace map is defined for I"/T"’-equivariant smooth
functions on Mps x M.

With the above notation, Lemma 2.4 can be restated as follows.

Lemma 2.6. Suppose (o) is a non-trivial conjugacy class of T and {T';} is a sequence
of finite-index normal subgroups that distinguishes (o). Let T be a T'-equivariant
L -summable bounded smooth function on M x M. Then we have

1

im (., (@) (71 (7)) = triy (7).
—>00
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Moreover, if T has finite propagation, the limit on the left-hand side stabilizes, that is,
Ak > 0 such that tr(ﬂri (a))(nri (1)) = tI‘(a)(T)fO}’ alli = k.

2.2. Geometric C *-algebras. In this subsection, we review the definitions of some
geometric C *-algebras, cf. [33,38] for more details.

Let X be a proper metric space, i.e. every closed ball in X is compact. An X -module
is a separable Hilbert space equipped with a x-representation of Cy(X). An X-module
is called non-degenerated if the x-representation of Cy(X) is non-degenerated. An
X -module is called standard if no non-zero function in Cy(X) acts as a compact
operator.

In addition, we assume that a discrete group I" acts on X properly and cocompactly
by isometries. Assume Hy is an X -module equipped with a covariant unitary represen-
tation of I". If we denote by ¢ and 7 the representations of Co(X) and I' respectively,
this means

() (@(Hv) = o(y* [ (y)v).
where f € Co(X),y € T,v € Hx and y* f(x) = f(y~'x). In this case, we call

(Hx, T, ¢) a covariant system.

Definition 2.7 ([39]). A covariant system (Hy, I', ) is called admissible if

(1) Hy is a non-degenerate and standard X -module;

(2) for each x € X, the stabilizer group I'y; acts regularly in the sense that the action
is isomorphic to the action of I'y on /?(I'y) ® H for some infinite-dimensional
Hilbert space H . Here Iy acts on /?(I"y) by translations and acts on H trivially.

We remark that for each locally compact metric space X with a proper, cocompact
and isometric action of I, an admissible covariant system (Hy, I', ¢) always exists. In
particular, if T" acts on X freely, then the condition (2) above holds automatically.

Definition 2.8. Let (Hy, I, ¢) be a covariant system and T a I"-equivariant bounded
linear operator acting on Hy.

e The propagation of 7' is defined to be

sup{d(x,y) : (x,y) € supp(T)},

where supp(7) is the complement (in X x X) of points (x, y) € X x X for which
there exists f, g € Co(X) such that g7f = 0and f(x) # 0,g(y) # 0;

e T issaid to be locally compact if f7 and Tf are compact for all f € Cy(X).
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Definition 2.9. Let X be a locally compact metric space with a proper and cocompact
isometric action of I". Let (Hy, I', ¢) be an admissible covariant system. We denote
by C[X]' the %-algebra of all I'-equivariant locally compact bounded operators acting
on Hy with finite propagations. We define the equivariant Roe algebra C*(X)T to be
the completion of C[X]' under the operator norm.

Indeed, C*(X)! is isomorphic to C*(T") ® X, the C *-algebraic tensor product
of the reduced group C *-algebra of I" and the algebra of compact operators.

Definition 2.10. We define the localization algebra C;" (X )T to be the C*-algebra
generated by all uniformly bounded and uniformly norm-continuous function

7110, 00) = C*(X)T

such that the propagation of f(¢) goes to zero as ¢ goes to infinity. Define C;* (X )r
to be the kernel of the evaluation map

ev:CF(X)T — C*(X), ev(f) = £(0).

Now let us also review the construction of higher rho invariants for invertible differ-
ential operators. For simplicity, let us focus on the odd-dimensional case. Suppose M
is closed manifold of odd dimension. Let Mt be the regular covering space of M
whose deck transformation group is I". Suppose D is a self-adjoint elliptic differential
operator on M and D is the lift of D to My. If D is invertible, then its higher rho
invariant is defined as follows.

Definition 2.11. With the same notation as above, the higher rho invariant p(ﬁ) of an
invertible operator D is defined to be

p(ﬁ) — [ezm(x(ﬁ/t)ﬂ)/z] € K, (CL*,O(MF)F)’
where y (called a normalizing function) is a continuous odd function such that

I -

By definition, the higher rho invariant p(ﬁ) is a uniformly norm-continuous func-
tion from [0, 00) to C*(X)T. It is a secondary invariant that serves as an obstruction for
the higher index of D to be both trivial and local (i.e. having small propagation) at the
same time, cf. [11]. More precisely, for each fixed 7, the unitary e27(x(P/0+1)/2 j5 5
representative of the higher index class of D. On one hand, since D is invertible, D has
a spectral gap near zero. It follows that 27 (X (D/D+1)/2 converges in norm to the trivial
unitary 1, as # goes to zero. On the other hand, the propagation of e27!(x(P/0+1)/2 goeg
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to zero (up to operators with small norm)?, as ¢ goes to infinity. For an invertible D,
we can choose a representative of the higher index of D to be either trivial or local
(i.e. having small propagation), but generally not both at the same time. In other words,
the higher rho invariant measures the tension between the triviality and locality of the
higher index of an invertible operator

The above discussion has an obvious maximal analogue (cf. [15, Lemma 3.4]).

Definition 2.12. For an operator T € C[X]V, its maximal norm is

T || max == sup{||<p(T)|| c0:C[X]¥ - B(H)isa *—representation}.
¢

The maximal equivariant Roe algebra C* (X)! is defined to be the completion
of C[X]' with respect to || - ||max. Similarly, we define

r
nax (X)) to be the C*-algebra generated by
all uniformly bounded and uniformly norm-continuous function f: [0, c0) —
C*. (X)) such that the propagation of f(t) goes to zero as ¢ goes to infinity;

@ ¢}

(1) the maximal localization algebra C

(X)T to be the kernel of the evaluation map

0,max

eV: Cf mn(X)T = i (X)), ev(f) = £(0).

max

Now suppose M is a closed spin manifold. Assume that M is endowed with a
Riemannian metric g of positive scalar curvature. Let M be the regular covering
space of M whose deck transformation group is I". Suppose D is the associated Dirac
operator on M and D is the lift of D to M r. In this case, we can define the maximal
higher rho invariant of D as follows.

Definition 2.13. The maximal higher rho invariant pmax(ﬁ) of D is defined to be
pmax(ﬁ) = [eZﬂi(X(D/t)+1)/2] € Kl (CZ,O,max(MF)F)’

Here y is again a normalizing function, but the functional calculus for defining y (¢! 5)
is performed under the maximal norm instead. See, for example, [16, Section 3] for a
discussion of such a functional calculus.

To be precise, one needs to use a normalizing function ¥ whose distributional Fourier transform has
compact support, and furthermore approximate the function e27X by an appropriate polynomial.



Approximations of delocalized eta invariants 61

3. Delocalized eta invariants and their approximations

In this section, we review the definition of delocalized eta invariants and formulate
the main question of this article.

We assume that M is a closed spin manifold equipped with a Riemannian metric
of positive scalar curvature throughout the paper. Let I" be a finitely generated discrete
group and Mar- regular covering space of M. Suppose D is the associated Dirac
operator on M and D is the lift of D to M.

Positive scalar curvature implies D has a spectral gap. In fact, the majority of
results® in this paper also hold true under the assumption that D hasa spectral gap or a
sufficiently large spectral gap. For simplicity, we shall only discuss the case where M is
a closed spin manifold equipped with a Riemannian metric of positive scalar curvature.

Definition 3.1 ([22]). For any conjugacy class («) of I', Lott’s delocalized eta invariant
(@) (D) of D is defined to be

_ 2 00 ~ o5
(3.1 N (D) = ﬁfo tr()(De tzDz)d”

whenever the integral converges. Here
tr a)(ﬁe_tzﬁz) = Z / tr(k,(x, yx)) dx
ve ¥

where k; (x, y) is the corresponding Schwartz kernel of the operator De™ D2 and F
is a fundamental domain of M under the action of I".

It is known that the integral formula (3.1) for 7, (D) converges if D is invertible
and any one of the following conditions is satisfied.

(1) The scalar curvature of M is sufficiently large (see [12, Definition 3.2] for the
precise definition of “sufficiently large”).

(2) There exists a smooth dense subalgebra of C*(I") onto which the trace map tr )
extends continuously (cf. [22, Section 4]). For example, when I' is a Gromov’s
hyperbolic group, Puschnigg’s smooth dense subalgebra [25] is such an subalgebra
which admits a continuous extension of the trace map tr,) for all conjugacy
classes (h).

(3) (a) has subexponential growth (cf. [12, Corollary 3.4]).

6Such as Theorem 1.2, Theorem 1.4, Theorem 5.8 and Proposition 6.3.
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In general, it is still an open question when the integral in (3.1) converges for invertible
operators.

Now suppose that T is a finite-index normal subgroup of I'. As before, let M =
M /T be the associated finite-sheeted covering space of M. Similarly, let D+ be the
lift of D to My, and define the delocalized eta invariant 75, @)) (D) of Dy to be

2

o0 _42D2
(3.2) N (@) (Dr7) = —ﬂ/ (o (@) (Drve™" brryat,
0

where o € T and (7 («)) is conjugacy class of /(&) in T'/T. As M/ is compact,
it is not difficult to verify that the integral in (3.2) always converges absolutely.
The above discussion naturally leads to the following questions.

Question 3.2. Given a non-identity element @ € I, suppose {I;} is a sequence of
finite-index normal subgroups that distinguishes the conjugacy class {c).

() When does lim; - oo (., (@) (Dr;) exist?
an 1If 77(0,)(5) is well-defined and lim; _ o N, (@))(Dr;) exists, when do we have

(3.3) M 0z @) (Pry) = M) (D)?

4. Maximal higher rho invariants and their functoriality

In this section, we use the functoriality of higher rho invariants to give some
sufficient conditions under which the answer to part (I) of Question 3.2 is positive.

Before we get into the technical details, here is a special case which showcases the
main results of this section.

Proposition 4.1. With the same notation as in Question 3.2, if T is a-T-menable
and {T';} is a sequence of finite-index normal subgroups that distinguishes the conjugacy
class (a) for a non-identity element o € T, then the limit

lim 7., @) (Pr;)
1—>00
stabilizes, that is,
Ak > 0 such that M, (a))(DF;) = Nirry (@) (Drk)for alli = k.

In particular, lim; _, o N, (@))(Dr;) exists.

Proof. This is a consequence of Theorem 4.3 below and a theorem of Higson and
Kasparov [18, Theorem 1.1]. [
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Given a finitely presented discrete group I', let ET" be the universal I"-space for
proper I"-actions. The Baum—Connes conjecture [4] can be stated as follows.

Conjecture 4.2 (Baum—Connes conjecture). The following map
evs: Ki (CF(ED)T) — K;(C*(ET)T)

is an isomorphism. Here

Ki(CL(ET)T) = lim K; (C/()").
Y

Ki(C*(ED)") = lim K; (C*(1)"),
Y

where the limit is taken over all I' cocompact spaces Y .

Although this was not how the Baum—Connes conjecture was originally stated, the
above formulation is equivalent to the original Baum—Connes conjecture, after one
makes the following natural identifications:

Ki(CHED)T) =~ K] (ET) and K; (C*(ED)") = K; (C(T)).
Under this notation, we usually write the map
evs: Ki (CF(ED)T) — K; (C*(ET)T)
as follows:
p: K{(ET) — Ki(C}(I))
and call it the Baum—Connes assembly map. Similarly, there is a maximal version of
the Baum—Connes assembly map:
pnax: K (ET) = Ki (Cre (D).

The maximal Baum—Connes assembly map fnyax iS not an isomorphism in general. For
example, (max fails to be surjective for non-finite property (T) groups.

Before we discuss the functoriality of higher rho invariants, let us recall the functo-
riality of higher indices. More precisely, let D be a Dirac-type operator on a closed
n-dimensional manifold X . Consider the following commutative diagram

f/

X Be

T

2

BT,

BT,
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where f1, f> are continuous maps and By is a continuous map from BTy to BI';
induced by a group homomorphism ¢: I'y — I',. Let X, (resp. Xr,) be the I'y
(resp. I',) regular covering space of X induced by the map f; (resp. f>), and DXF1
(resp. Dsz) be the lift of D to X, (resp. Xr,). We have the following functoriality
of the higher indices:

Ox (IndmaX(DXl_1 ) = Indpmax (Dxr,) in Ky (Crax(T2)).

where C,r, (I';) is the maximal group C *-algebra of I';, the notation Indy,x stands for

higher index in the maximal group C *-algebra, and
Px: Kn (Cr:ax (Fl)) — K (Cr:ax(rz))

is the morphism naturally induced by ¢.

Now let us consider the functoriality of higher rho invariants. Following the same
notation from above, in addition, assume X is a closed spin manifold endowed with
a Riemannian metric of positive scalar curvature. In this case, the maximal higher
rho invariants ,omax(DXFl) of DXF2 and pmaX(DXFl) of Dsz are defined. Let ET;
(resp. ET';) be universal I'y-space (resp. I'2-space ) for free ['j-actions (resp. I'2-
actions). Denote by ® the equivariant map Xr, — Xr, induced by ¢:I'; — I'z, which
in turn induces a morphism

P.: K, (CL*,O,max(XFl)FI) — Ku (CL*,O,max(sz)Fz)‘

By [17], the maximal higher rho invariants are functorial:
D, (pmax(DXrl )) = pmax(DXr2 )

in K, (Cik,(),max (XF2)F2)~

Now suppose M is an odd-dimensional closed spin manifold endowed with a
positive scalar curvature metric and I is a finitely generated discrete group. Let M be
a ["-regular covering space of M and D be the Dirac operator lifted from M . For each
finite-index normal subgroup I'’ of T, let My = M / T be the associated finite-sheeted
covering space of M. Denote by Dy the Dirac operator on Mt lifted from M.

Theorem 4.3. With the above notation, given a non-identity element o € T', sup-
pose {I';} is a sequence of finite-index normal subgroups that distinguishes the con-
Jjugacy class (o). If the maximal Baum—Connes assembly map for T is rationally an
isomorphism, then

M N, @) (Dry)
stabilizes, that is,

3k > 0 such that 1)(xr, @) (Pr;) = Nixr, @) (Dry) forall i = k.
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Proof. We have the short exact sequence of C *-algebras:

0— C,f’o,max(EF)F — cg:max(Er)F —C* (ED)I -0,

max

which induces the following long exact sequence in K-theory:

Ko(Cf o ED)®Q — (Cf . (ED)') ®Q — 5 Ko(Crn () ® Q

max

w k

Kl (CIITJX(F)) ® Q L Kl (CZmax(EF)F) ® Q < Kl (CZ,O.max(EF)F) ® Q

Note that K;(C;
have

(ET)T) is naturally isomorphic to KZ.F (ET). Similarly, we

max

Ki(Cf pa(ED)Y) = KT (ET).

The morphism KiF (ET) —> KiF (ET) induced by the inclusion from ET to ET is
rationally injective (cf. [5, Section 7]). It follows that if the rational maximal Baum-—
Connes conjecture holds for I, that is, the maximal Baum—Connes assembly map

fmax: Ki (C i (ED)T) ® Q — K; (Ci (D) ® Q

is an isomorphism, then the maps p; in the above commutative diagram are injective
and the map 9 is surjective. In particular, for the higher rho invariant p(D) of D, there
exists

(] € Ko(Corax (ET)T) = Ko(Cpro (1))

max max

such that 3[p] = p(D) rationally, that is, d[p] = A - p(D) for some A € Q.
By the surjectivity of the Baum—Connes assembly map

Hmax: Ki (Cf i (ED)T) ® Q > K; (Cr (1) ® Q.

we can assume p is an idempotent with finite propagation in X ® CT. Indeed, let [¢]
be an element in

Ko(Cl i EDT) ® Q = K§(ET) ® Q

such that umax ([¢]) = [p]. It follows from the Baum—Douglas model of K-homology [6]
that [¢] is the K-homology class of a twisted spin® Dirac operator and [p] is its higher
index. More precisely, there is an even-dimensional spin® I'-manifold X together with
a ['-equivariant vector bundle E such that rationally [p] equals the I"-index of the
twisted Dirac operator Ip g on X . For the convenience of the reader, we shall review the
construction of this index. Recall that a function y on R is called a normalizing func-
tion if y: R — [—1, 1] is an odd continuous function such that y(x) > 0 when x > 0,
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and y(x) — £l as x — *+o0. Let f be a smooth normalizing function whose distri-
0 Fi

butional Fourier transform has compact support. Let us denote f(Pg) = Fo o

Using the formula

1) =5 [ Fe? as

and the fact that e’*? has propagation less than or equal to |s|, it follows that f(/3) has
finite propagation, since the Fourier transform f has compact support. Now we define

D6 )
(561 )

The higher index of ) is given as the following formal difference of idempotents:

6916 9)

By construction, we have

10\ , (1o
— I
w(o O)w (0 0)€S®(C,

where § is the algebra of trace class operators on a Hilbert space. In particular, we see

Note that

that the element [p] € Ko(C*, (T")) from above can be (rationally) represented by a

max
formal difference of idempotents with finite propagation.

Let \V; be the canonical quotient map from M to Mr, = M /T and
(W)t K1 (CL o, (M)7) = K1 (CL g (M) T/ TY)
the corresponding morphism induced by W;. By [17, Theorem 1.1], we have

(\Iji)*(pmm‘(ﬁ)) = p(DFi) in Kl (CI:k,O,max(MFi)r/Fi)'

By passing to the universal spaces, we have

()« (pmax(D)) = p(Dr,)  in K1 (Cf g max (E(T/Ti))T/T).



Approximations of delocalized eta invariants 67

Consider the following commutative diagram of long exact sequences’:
4.2)
Ko(Cf i ED)T) ® Q@ —— Ko(Cpi (1) ® @ — K1 (€7 (ED)T) © Q

max

l l(nr,. ) l(qm*

Ko(CHET@/TNHT) @ Q - Ko(CH(T'/T1)) @ Q 3 Ki(Cf ((ET/THY 1) @ Q,
where
(7T1“,-)*3 KO(C[:ax(F)) - KO(C:(F/ Fl))

is the natural morphism induced by the canonical quotient map 7r,: I" — I'/T;. Let
us denote (7T, )«(p) by p;. It follows from the commutative diagram above that

4.3) d(pi) = p(Dr,).
By [36, Lemma 3.9 and Theorem 4.3], for each I, there exists a determinant map
i K1(Cf o(E(T/Ti)/T) — €

such that

3 Mo, @) (Pry) = =i (p(Dry)) = e, @) (Pi)-

Since the idempotent p has finite propagation, it follows from Lemma 2.4 that
Lm 1z (@) (Pr;) = 2 im0z @) (i) = 2tr(0) (p),
1—>00 1—>00
and the limit stabilizes. |

Remark 4.4. (1) In Theorem 4.3 above, instead of the assumption that {I';} is a
sequence of finite-index normal subgroups that distinguishes the conjugacy class (o),
we assume that {I'; } is a decreasing sequence?® of finite-index normal subgroups of I".
The same proof shows that if the maximal Baum—Connes assembly map for I" is
rationally an isomorphism, then

M N, @) (Dry)

stabilizes. On the other hand, to eventually relate the limit lim; o Ny, @) (Dr;)

t0 1(q) (D), if the latter exists, one will likely have to assume the condition that {I;}
distinguishes (o).

7Since I'/ T is finite, we have C , . (E(T/ r)/Ti =~ C/ o (E(T/ r)T/ri,
8We say {I'; } is a decreasing sequence of finite-index normal subgroups of I' if I'; D TI'; 41 for all i.
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(2) Note that Theorem 4.3 only answers part (I) of Question 3.2. Part (II) of Ques-
tion 3.2 is still open, even under the assumption that the maximal Baum—Connes
conjecture holds for I'.

(3) Although Theorem 4.3 assumes that the maximal Baum—Connes conjecture holds
for T, it is clear from the proof that it suffices to assume pm,« (D) is rationally in the
image of the composition of the following maps:

Ky (ET) — Ko(Cl () KN K1 (Cf g (ED)T).

By a theorem of Higson and Kasparov [18, Theorem 1.1], the maximal Baum—
Connes conjecture holds for all a-T-menable groups. Together with Theorem 4.3 above,
this proves Proposition 4.1 at the beginning of the section.

As mentioned above, the maximal Baum—Connes assembly map .y fails to be
an isomorphism in general. For example, unax fails to be surjective for non-finite
property (T) groups. On the contrary, there is no counterexample to the Baum—Connes
conjecture, at the time of writing. In particular, the Baum—Connes conjecture is known
to hold for all hyperbolic groups [20, 23], many of which have property (T). For this
reason, we shall now investigate Question 3.2, in particular, the convergence of

lm 7, @) (Dr;)
1—>00

when the group I" satisfies the Baum—Connes conjecture.

One of the first difficulties we face is that reduced group C *-algebras are not
functorial with respect to group homomorphisms in general. As a result, the functoriality
of higher rho invariants is, a priori, lost in the reduced C *-algebra setting. Note that a
key step (cf. equation (4.3)) in the proof of Theorem 4.3 is the existence of a “universal”
idempotent p € § ® CI" such that

d(pi) = p(Dr;),

where p; = (nrr;)«(p). In the maximal setting, the existence of such a universal
idempotent follows if the rational maximal Baum—Connes conjecture holds for I'.
In the following, we shall discuss some geometric conditions that are sufficient for
deriving an analogue of Theorem 4.3 in the reduced setting. How these geometric
conditions are related to the (reduced) Baum—Connes conjecture will be explained in
Appendix Appendix A.

Recall that M is a closed spin manifold equipped with a Riemannian metric / of
posmve scalar curvature. Let ¢: M — BT be the classifying map for the covering
M — M, that is, the pullback of ET by ¢ is M . In the following, we denote by B the
Bott manifold, a simply connected spin manifold of dimension 8 with A(%) = 1. This
manifold is not unique, but any choice will work for the following discussion.
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Definition 4.5. We say a multiple of (M, ¢, /) stably bounds with respect to BT if there
exists a compact spin manifold W and a map ®: W — BT such that 0W = |_|f=1 M’
and Oy = |_|f=1 @', where (M, ¢, ") is the direct product of (M, ¢, h) with finitely
many copies of B and |_|f=1 M’ is the disjoint union of £ copies of M’.

Definition 4.6. Let /1 be the metric on M lifted from h. We say a multiple of (M , 1;)
positively stably bounds with respect to ET if there exists a spin cocompact I'-
manifold® V equipped with a ["-equivariant positive scalar curvature metric 87 such
that 9V = |_|l M’ (asT mamfolds) and g has product structure near dV, where
(M, " h') is the dlrect product of (M, h) with finitely many copies of B.

The following proposition is an analogue of Theorem 4.3 in the reduced setting,
under the assumptions that a multiple of (M, ¢, h) stably bounds with respect to BI"
and a multiple of (M h) positively stably bounds with respect to ET". For example,
if M is a lens space equipped with the metric inherited from the standard round metric
on $" and I' = w1 (M), then both of these assumptions are satisfied. In general, the
validity of these two assumptions is closely related to the reduced Baum—Connes
conjecture and the Stolz conjecture on positive scalar curvature metrics. We refer the
reader to Appendix Appendix A for more details.

Proposition 4.7. Let M be a closed spin manifold equipped with a Riemannian metric h
of positive scalar curvature. Given a non-identity element a € T', suppose {I';} is
a sequence of finite-index normal subgroups of I that distinguishes the conjugacy
class {o ) If a multiple of (M, @, h) stably bounds with respect to BT" and a multiple
of (M h) positively stably bounds with respect to ET', then

M Nz, @) (Dry)
stabilizes, that is,
3k > 0 such that 1(xr, @) (Pr;) = Nz, @) (D1 ) forall i = k.

Proof. For notational simplicity, let us assume (M, ¢, h) itself bounds with respect
to BT, that is, there exists a compact spin manifold W and a map ®: W — BT such
that 9W = M and ®|s = ¢. Similarly, let us assume (M, h) itself positively stably
bounds with respect to ET', that is, there exists a cocompact I"-spin manifold V with
WV = |_|f=1 M’ (as T'-manifolds) and V is equipped with a I"-equivariant positive
scalar curvature metric that has product structure near dV. The general case can be
proved in exactly the same way.

9Here a I"-manifold is a Riemannian manifold equipped with a proper isometric action of I".
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Endow W with a Riemannian metric g which has product structure near 0W = M
and whose restriction on dW is the positive scalar curvature metric /. Let W be
the covering space of W induced by the map ®: W — BT and g be the lift of g
from W to W. Due to the positive scalar curvature of g near the boundary of W, the
corresponding Dirac operator Dy on W with respect to the metric g has a well-defined
higher index Ind(Dy;, g) in KOy+1(C(I'; R)).

Now for each normal subgroup I'; of I', let My, = M /T';, Wr, = W/T; and g;
be the lift of g to Wr,. Similarly, the corresponding Dirac operator DWr,- on Wr, with
respect to the metric g; has a well-defined higher index

Ind(Dwy,, &) in KOpi1 (C(T/TisR)).
Moreover, we have
d(Ind(Dwy., . gi)) = p(Dmy,)  in KOu(Cf o(E(T/Ti); R)™T),

cf. [24, Theorem 1.14] and [33, Theorem A].
By [36, Lemma 3.9 and Theorem 4.3], for each I, there exists a determinant map

01 K1 (CF g max (E(T/Ti))T/TH) — €

such that

1
3 Mrr; @) (Pur,) = =7 (p(Diar,)) = Wy, @) (INd (D, 1))

Therefore, to prove the proposition, it suffices to show that there exists

[p] € K0n+1( de(F R))
such that [p] is represented by a formal difference of idempotents in § ® CI" and
(771“,-)* ([P]) = Ind(DWr‘i ’ gl)

* < (DiR) — CX(I'/ T R) is the morphism induced by the
quotient homomorphism nrr;: I' — I'/ I';. The existence of such a “universal” K-theory

for all k, where (71, )«: Cph s
element with finite propagation can be seen as follows.

Let Y be the spin I"-manifold obtained by gluing V and W along their common
boundary M . Since the scalar curvature on V is uniformly bounded below by a positive
number, it follows from the relative index theorem [10, 32] that

Indmax(DY) = Indrnax(D[;f/’ g) in K0n+l( (F R))

max
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Let p = Indp.(Dy). By the discussion in the proof of Theorem 4.3, the index class
Indax (Dy) can be represented by a formal difference of idempotents in § ® CI". On
the other hand, we have

(]Tr‘i)*(lndmax (D §)) = Ind(DWFi , &i)

for all i. To summarize, we have

(JTFi)* ([p]) = (T[F,')* (Indmax(DWa g)) = Ind(DWri ’ gl)
This finishes the proof. |

In Theorem 4.3 and Proposition 4.7, we have mainly focused on the part (I) of
Question 3.2. In the following, we shall try to answer part (I) of Question 3.2 in
some special cases. Note that, a key ingredient of the proofs for Theorem 4.3 and
Proposition 4.7 is the existence of a K -theory element’® [prax] € Kp41(Cpr (T') ® K)

that is represented by a formal difference of idempotents in § ® CTI' such that

a(pmax) = ,Omax(ﬁ)»

where
0: Kny1(Cop (D)) = KOu(Cf g max (ED)T)

is the usual boundary map in the corresponding K-theory long exact sequence. We
shall assume the existence of such a K-theory element pp,x throughout the rest of the
section.

In addition, suppose there exists a smooth dense subalgebra 4 of C,*(I") such that
s D CTI' and the trace map tryy: CI' — C extends to a trace map 4 — C. In this
case, tr(g): 4 — C induces a trace map

tr(q): KO(C,*(F)) ~ Ko(A) —> C
and a determinant map (cf. [36])
ta: K1(Cfo(ED)F) > C

such that the following diagram commutes:

Ko(C(I) —" K1 (Cf 4 (ED)T)

—tr(a)l lta

C — C.

10Tn the case of Proposition 4.7, we map K O-theory to K-theory.
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Such a smooth dense subalgebra indeed exists if () has polynomial growth (cf. [13,36])
or I' is word hyperbolic (cf. [12,25]).
Note that the canonical morphism

Kl (CZ,O,max(EF)F) — Kl (CZ,O(EF)F)
maps pmﬂ(ﬁ ) to ,0(5 ). Let p, be the image of pnax under the canonical morphism
Ko(Cprpn(T) = Ko(C(T)).

The same argument from the proof of Theorem 4.3 shows that d(p,) = p(D) and

1

> Me) (D) = —14(p(D)) = trg)(pr).

Similarly, for each finite-index normal subgroup I'; C T, let
(77r,)%: Ko(Cax (1)) — Ko (C(T/T1))

be the natural morphism induced by the quotient map nrr,: I' — I'/T';. Let us denote
pi = (r,)«(p). We have d(p;) = p(Dr;) and

1
3 Mo, @) (D7) = =7 (p(Dr;)) = iy, @) (Pi):

where
i K1(Cf o (E(T/ i)Y — €

is a determinant map induced by the trace map U (rr, (@) cf. [36, Lemma 3.9 and
Theorem 4.3]. Since pmay is a formal difference of idempotents in § ® CT, it follows
that the limit lim; _, o -, (a)) (pi) stabilizes and is equal to tr(q)(p,). Thus, the limit

Bim 7y, @) (Dr;)
1—>00
stabilizes and is equal to 7(y) (D).

In particular, as a consequence of the above discussion and Theorem 4.3, we have
the following theorem

Theorem 4.8. If T is both a-T-menable and word hyperbolic", then

M N, @) (Dry) = N (D).

UFor example, if I" is a virtually free group, then it is both a-T-menable and word hyperbolic.
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5. Scalar curvature and £ !-summability

In this section, we show that the answers to both part (I) and part (II) of Question 3.2
are positive when the scalar curvature of the given spin manifold M is bounded below
by a sufficiently large positive number.

Throughout this section, assume M is an odd-dimensional closed spin manifold
endowed with a positive scalar curvature metric and I is a finitely generated discrete
group. Let M be a regular I'-covering space of M and D be the Dirac operator lifted
from M. For each finite-index normal subgroup I'/ of T', let M/ = M /T’ be the
associated finite-sheeted covering space of M. Denote by Dr/ the Dirac operator
on My lifted from M.

Let S be a symmetric finite generating set of I" and £ be the associated word length
function on I'. There exist C > 0 and B > 0 such that

(5.1) #{y e T :L(g) <n) < Cel™

for all n > 0. Let K1 be the infimum of all such numbers B.
Furthermore, there exist 6y, 01, co, ¢c1 > 0 such that

(5.2) B0 - £(B) — co < dist(x, Bx) < 01 -L(B) + 1

forall x € ¥ and 8 € I, where ¥ is a fundamental domain of M under the action
of I''. In particular, we may define 8y as follows:

dist(x,
(5.3) 6o = liminf [ inf SSEPY)
L(B)—>oco \x€F £(B)
Definition 5.1. With the above notation, let us define

2Kr

or = —.

r %

The following theorem answers both part (I) and part (IT) of Question 3.2 positively,
under the condition that the spectral gap of D at zero is sufficiently large.

Theorem 5.2. With the same notation as above, suppose {I';} is a sequence of finite-
index normal subgroups that distinguishes the conjugacy class (&) of a non-identity
element o € T'. If the spectral gap of D at zero is greater than or, then

ll_l)ngo Nr, @) (Dr;) = N (D).
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Proof. Itsuffices to find a function of 7 that is a dominating function for all the following

functions:
42 2
trigy(De™"P Z / tr(K¢(x,yx))d
_ 2D2
e, @) (Drye )= ) / tr((Ki)e (x. wx)) dx

we(rr; (@)

2
and show that LIE @) (Dr;e - t) converges to try (De 1>D? ) as i — oo, for
each ¢. Indeed, the theorem then follows by the dominated convergence theorem.
Recall that K, (x, y) (resp. (K;j)¢(x, y)) is the Schwartz kernel of De1*D?

2
(resp. Dr; e - z) We have the following estimates (cf. [12, Section 3]).

(1) By [12, Lemma 3.8], for any ¢ > 1 and r > 0, there exists a constant ¢;,, > 0
such that

di ,
(5.4) 1K, )| < cpr - Fo (M)

I

for Vx, y € M with dist(x, y) > r. Here || K, (x, y)|| is the operator norm of the matrix
K;(x, y), and the function F; is defined by

Fi(s) = sup /
n<3 dim M +3 7 El>s

where ﬁ is the Fourier transform of f;(x) = xe

dsnfz(f)‘dg

—1%x? Tt follows that for & > 1 and
r > 0, there exist ¢, > 0,171 > 0 and m; > 0 such that

(1 + dist(x, y))™ —dist(x, y)?
65 K < e e = ).

forall £ > 0 and for all x, y € M with dist(x, y) > r.
(2) By [12, Lemma 3.5], there exists ¢, > 0 such that

~ ~ _2DP2.  ~;
(5.6) sup [ K:(x, p)[ < ez sup ID*¥(De ™" P7) D7 |lop,
x,yeM k+j<3dimM+3
forall x, y € M, where || - llop stands for the operator norm. It follows that there exist

positive numbers c,, m, and § such that
1
5.7 |K:(x, y)|| < cth2 eXp(—(o'F + 8)2 .[2)’

forallz > Oandallx,y € M.



Approximations of delocalized eta invariants 75

In fact, since the manifolds M and Mr; have uniformly bounded geometry, the
constants ¢y, H1, M1, c2, My and § from above can be chosen so that for all i > 1,
we have

(5.8) KD e Y < cpar

(1 + dist(x, y))™ —dist(x, y)?
— exp > ,
tm 4ut

for all # > 0 and for all x, y € Mr,; with dist(x, y) > r; and

1
(5.9) 1K) (e ) < o exp(—(or + 8)* - 1?)

forallf > Oandall x, y € Mr,.
For the rest of the proof, let us fix r > 0. Note that we have

dist(x, yy) < dist(x, yx) + dist(yx, yy)
= dist(x, yx) + dist(x, y)

forall x,y € M and y € I'. Similarly, we have
dist(x, yx) — dist(x, y) < dist(x, yy).
By line (5.2), we have

Bo - £(y) — co — dist(x, y) < dist(x, yy)
< 01+ L(y) + 1 + dist(x, )

forall x,y € M and y € I'. In particular, there exist ¢, > 0 and ¢] > 0 such that
(5.10) o - £(y) — ¢y < dist(x, yy) < 61 -L(y) + ¢}

forall x,y € ¥ and y € I', where ¥ is a precompact fundamental domain of M under
the action of I'. Let us define

F={p el |dist(x,By) <rforsomex,y e F}.

Clearly, F is a finite subset of T".

For any given ¢ > 0, it follows from line (5.1), (5.5) and (5.10) that the Schwartz
kernel K; is £!-summable (cf. Definition 2.5).

Now approximate f;(x) = xe 2% by smooth functions {¢; } whose Fourier trans-
forms are compactly supported. By applying the estimates in line (5.4) and (5.6) to
the Schwartz kernel ij () (resp. Ky, (o)) of the operator ¢; (D) (resp. @i (Dr;)),
it is not difficult to see that K(p_,(ﬁ) (resp. Ky, (Dl"i)) converges to K; (resp. (K;);) in



J. WaNG, Z. X1 and G. Yu 76

£'-norm (defined in Definition 2.5). Note that ¢, (D) has finite propagation. Since D
locally coincides with Dr;, it follows from finite propagation estimates of wave opera-
tors that (cf. [17]):

K(pj(DFl.)(T[I‘,; (x), 7, (y)) = Z K, (5)(x:BY)
Bel;

for all x, y € M. As a consequence of the above discussion, we have

(5.11) (Ki)i (rr; (x). 7r, () = Y Ko (x. By).

Ber;

forall x,y € M and for all 7 > 0. Furthermore, by Lemma 2.6, we have the following
convergence:

(i, (a))(Dpl.e_t2D12“i) — (I (g) (5e"252) as j — oo,

for each ¢ > 0, since {I'; } distinguishes the conjugacy class (o).
By line (5.5) and (5.7), there exists a positive number c3 such that

(L dist(e. y)™ (— dist(x, y)z)e_wm)z.tze_sztz

||Kz(X,Y)||2 =c3

tmi+ma 4pt?
(1 + dist(x, y))"! (— dist(x, y) - (or + e)) _e22
<3 exp e )
tmit+my o

for all x, y € M with dist(x, y) > r, where ¢ = §/2. By choosing x> 1 sufficiently
close to 1, we see that there exist ¢4 > 0 and A > 1 such that

—£2¢2

e A ]
|Ke(e. ) < oz exp(= -or - dist(x. )

forall x,y € M with dist(x, y) > r. It follows that there exist cs > 0 and m > 0 such
that

e—(ar +8)212 —&2¢2

e —A-Kp-(t()—chry
YKy € Y e a3 e R

yel’ yeF y¢F
242 e_eztz 0o < K1)
<ch-|F|- c E e BT e~ ART(N—C( T
Sz |F tm2 T 4 mi+my)/2
n=0

C5 _.2.2
< DBt

tm

for all # > 0. In particular, we have

c
> lwKiGeyy)l < e
y€{a)

242
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forall x,y € M and all ¢ > 0. By the same argument, we also have

5 _
Y oK oy < e

w&(nr; ()

242

for all x’, ' € Mr, and all ¢ > 0. Therefore, the functions
~ _2Dn2 _ 2D2
|ty (De™ P7)| and [t iy, @ (Drye” "))
are all bounded by the function

_ _ o242
c5-t MeT T,

The latter is clearly absolutely integrable on [1, c0).

We have found above an appropriate dominating function on the interval [1, 00).
Now let us find the dominating function on (0, 1]. Since I' acts on M freely and
cocompactly, it follows that there exists €9 > 0 such that

dist(x, yx) > &g

forall x € M and all y # e € T'. By applying line (5.5), a similar calculation as above
shows that there exist £; > 0 and ¢ > 0 such that

C _
Do IKer ol < Zremer
yel

for all x € ¥ and all t < 1. The same estimate also holds for (K;);. Therefore, on the
interval (0, 1], the functions
2n2

[t (De™ )| and  |tr(ay, @y (Drye” )|

are all bounded by the function
Cé - (TMeEt T2
The latter is absolutely integrable on (0, 1]. This finishes the proof. |

If the group I' has subexponential growth, then it follows from Definition 5.1 that
or = 0. In this case, if D has a spectral gap, then it is automatically sufficiently large,
hence the following immediate corollary.

Corollary 5.3. With the above notation, suppose {I';} distinguishes the conjugacy
class (o) of a non-identity element o € . If I' has subexponential growth and D has
a spectral gap at zero , then we have

1M 7y (@) (Dr;) = Ne) (D).
1—>00
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Remark 5.4. Recall that if I has subexponential growth, then I" is amenable and thus
a-T-menable [8]. So the convergence of the limit

M N, @) (Dry)

also follows from Proposition 4.1. In fact, Proposition 4.1 implies that the above limit
stabilizes. On the other hand, Corollary 5.3 above answers positively both part (I) and
part (II) of Question 3.2.

Remark 5.5. In this remark, we shall briefly comment on the condition that the
spectral gap of D at zero is greater than or in Theorem 5.2. Here is a class of natural
examples such that the spectral gap of D at zero is greater than or and the higher rho
invariant!? p(5) is non-zero.

Suppose that N is a closed spin manifold equipped with a positive scalar curvature
metric &N, whose fundamental group F = 71(N) is finite and its higher rho invari-
ant p(D ) is non-trivial. Here Dy is the Dirac operator on the universal covering N
of N. For instance, let N to be a lens space, that is, the quotient of the 3-dimensional
sphere by a free action of a finite cyclic group. In this case, the classical equivariant
Atiyah—Patodi—Singer index theorem implies that the delocalized higher rho invariant
of N is non-trivial, cf. [14].

Now let X be an even-dimensional closed spin manifold, whose Dirac operator Dy
has non-trivial higher index in Ko (C*(I")), where I' = 71 (X). In particular, it follows
that Dy defines a non-zero element in the equivariant K-homology Ko(C; (E N
of the universal space ET for free I" actions. Consider the product space M =V x N
equipped with a metric gy = gx + €+ gn, where gy is an arbitrary Riemannian metric
on X and the metric g on N is scaled by a pos1t1ve number . Denote the Dirac
operator on the universal covering M of M by Dys. The spectral gap of Dy at zero can
always be made sufficiently large, as long as we choose ¢ to be sufficiently small. To see
that p(ﬁM) is non-zero in K (CL*,O(E(F x F))T>F) we apply the product formula
for secondary invariants (cf. [33, Claim 2.19] and [40, Corollary 4.15]), which states
that the higher rho invariant p(ﬁ ) is the product of the K-homology class of Dy and
the higher rho invariant p(5 ~ ). It follows from the above construction that the higher
rho invariant p(Dy) is non-zero in K; (CLo(E( x F))T>F) 1In fact, if the Baum—
Connes conjecture holds for I', then the K-theory group K;(C L*’O(E (T x F))I>xF)
is (at least rationally) generated by the higher rho invariants of the above examples,
cf. [37, Theorem 3.7 and Corollary 3.16].

2As we have seen in the proofs of Theorem 4.1 and Theorem 4.8, the delocalized eta invariant 7(q) (5)

is essentially the pairing between the higher rho invariant p(l3) and the delocalized trace tr(q), cf. [36,
Theorem 4.3].
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On the other hand, we also would like to point out that for the operator Dy
from the above examples a straightforward calculation shows the delocalized eta
invariant 7, (DM) could be non-zero only in the case when ¢ = (1,a) e ' x F
with a being a non- 1dent1ty element of F' = m{(N). This essentially reduces the

computation of 7y (D M) to the case of finite fundamental groups. Consequently,
Question 3.2 has a positive answer for the above examples but for trivial reasons.

By the proof of Theorem 5.2 above, in order to bound the function

’

!tr De_t Dz)

it suffices to assume the spectral gap of D at zero to be greater than
2 . K(C()
O

where 0 is the constant from line (5.3) and K) is non-negative constant such that

Ofa) =

there exists some constant C > 0 satisfying
(5.12) #{y € (a) : £(y) < n} < CeKirn

for all n. In fact, if we have a uniform control of the spectral gap of Dr; at zero and
the growth rate of the conjugacy class {(nr, (o))} for all i > 1, a notion to be made
precise in the following, then the same proof above also implies that

M Nz @) (Pr;) = e y(D)

in this case.

Recall that § a symmetric finite generating set of I'. For each normal subgroup I’
of I', the map nr;: I' — I'/ T is the canonical quotient map. The set 1, (S) is a
symmetric generating set for I'/ I';, hence induces a word length function £, on I'/T;.
More explicitly, we have

(5.13) lr; (@) := inf{(B) : B € np}! (@)}
forall w € '/ T}.

Definition 5.6. For a given conjugacy class (o) of I', we say that () has uniform
exponential growth with respect to a family of normal subgroups {I;}, if there exist
C > 0and 4 > 0 such that

(5.14) #{w € (rr; (@) : br, () < n} < Ce™,

foralli > 1 and all n > 0. In this case, we define K, to be the infimum of all such
numbers A.
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Definition 5.7. With the above notation, we define
_2-Ky
=%

oy -
where 6y is the constant from line (5.3).

The same argument from the proof of Theorem 5.2 can be used to prove the
following.

Theorem 5.8. With the same notation as in Theorem 5.2, suppose {1'; } is a sequence
of finite-index normal subgroups that distinguishes the conjugacy class (o) of a non-
identity element o € I'. Assume (&) has uniform exponential growth with respect
to {I';}. If there exists € > 0 such that the spectral gap of Dr; at zero is greater than
oy + ¢ for sufficiently large i > 1, then

Hm 7y @) (Dr;) = Nie) (D).
1—>00

Remark 5.9. Here is a geometric condition on M that guarantees the spectral gap
of Dr; at zero to be greater than ¢;, + ¢ for all i > 1. If the scalar curvature of M is
strictly bounded below!® by 4 - o,f, then it follows from the Lichnerowicz formula that
there exists ¢ > 0 such that the spectral gap of Dr, at zero is greater than o, + & for
alli > 1.

6. Separation rates of conjugacy classes

In this section, we introduce a notion of separation rate for how fast a sequence
of normal subgroups {I';} of I" distinguishes a conjugacy class (&) of I" and use it to
answer Question 3.2 in some cases.

Definition 6.1. For each normal subgroup I'” of ', let 7p/: ' — T'/ T be the quotient
map from I" to I'/ T'’. Given a conjugacy class (&) of I', we define the injective radius
of 7rr with respect to (o) to be

(6.1) r(I'") .= max{n | if y ¢ (a) and £(y) < n, then r/(y) ¢ (nr())}.

Definition 6.2. Suppose that {I'; } is a sequence of finite-index normal subgroups of I"
that distinguishes {«). We say that {I"; } distinguishes {«) sufficiently fast if there exist
C > 0 and R > 0 such that

(6.2) [(7r, ()] < CeRr@),
In this case, we define the separation rate R q) (r;} of (o) with respect to {I'; } to be

the infimum of all such numbers R.

1BThe scalar curvature function k(x) of M satisfies that k (x) > 4 - o2 forall x € M.
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We have the following proposition.

Proposition 6.3. Let («) be the conjugacy class of a non-identity element o € T.
Suppose {I';} is a sequence of finite-index normal subgroups that distinguishes (o)
sufficiently fast with separation rate R = Ry (r;}- Ifma)(ﬁ) is finite** and there
exists € > 0 such that the spectral gap of Dr; at zero is greater than'> og + ¢ for all
sufficiently large i > 1, where

_ 2(Kp-R)'/?
= i ,

OR

then we have
lim 7z, @) (Pr;) = 1) (D).
1—>00

Proof. By assumption, the integral

~ 2 *° _2p2
n(a)(D) = ﬁ/; tr(a)(De D )dt

converges. To prove the proposition, it suffices to show that there exists a sequence of
positive real numbers {s; } such thats; — oo as i — o0, and

Si _.2n2 . ~
63)  lim [ (e @) (Drie" PTi) —try (De™P%)) di = 0,
i—o0 Jo 4
o0 _2p2
6.4) lim tr (. (a))(DI‘,-e Ty ) dt =0.
1—00 4

Si

Let K;(x, y) (resp. (K;):(x, y)) be the Schwartz kernel of Det*D? (resp.
_+2p2
Dr,e”" PTi). Recall that we have (cf. line (5.11))

1

(Ki)t(ﬂ'r‘i(x)yﬂl“,-(J’)) = Z Kt(x’ﬂy)

Bel;

forall x,y € M . Tt follows that

_ 2D2 ~ _2Pn2
e, @) (Drye 1) —trgy (De™ P < Y / 1K (e, yx)ll dx.
yent! (mr, @) <7
but y ¢ (er)

4To be precise, 1(q) (D) is finite if the integral in line (3.1) converges. In particular, the integral in
line (3.1) does not necessarily absolutely converge.

I5For example, if the spectral gap of D at zero is greater than o g + & for some positive number &, then
the spectral gap of Dr; at zero to be greater than g + € for all i > 1, cf. Remark 5.9.
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By the definition of r(I';) in line (6.1), we see that

{y €T |y € np, (mr; (@) but y & (@)} S{y € T | L(y) = r(I0)}.

From line (5.5), we have

o0
> [ IKinldy e, 3 et Kon,
()=r(ry) T *EF m=r(T})

Note that
Si 0 oo
/ Z e—(O()-m—c())2/4utzeKr'm dt <s; Z e—((9(>'m—C0)2/4MSl~2)+KF'm_
0 m=r(T;) m=r([;)
The right-hand side goes to zero as s; — 00, as long as there exists A; > 1 such that

(6o - r(I'y) — co)?
4us;

4

(6.5)

> A1+ Kr-r(Iy)

for all sufficiently large i >> 1. Since {I';} distinguishes (&), we have that r (I';) — oo,
as i — oo. So the condition in line (6.5) is equivalent to

S'2 < 93 . r(l"i)
" 4u-A-Kr
for sufficiently large i > 1.

On the other hand, by the inequality from line (5.9), there exist c > O and & > 0
such that

o0 _2n2
/ . @) (Drye ' Dri)dl <o ORVO>ST |(rr, ()]
Si

for all sufficiently large i >> 1. Note that the right-hand side goes to zero as s; — oo,
as long as there exists A, > 1 such that

(6.6) (or +8)% -5} > Ay - R-r(T}).

for all sufficiently large j > 1. Combining the two inequalities in line (6.5) and (6.6)
together, we can choose a sequence of real numbers {s; } that satisfies the limits in both
line (6.3) and (6.4), as long as there exists A3 > 1 such that

63 - r(Iy) o) R-r(Iy)

6.7
©7) 4p- Ay - Kr *(or + )2

for all sufficiently large i >> 1. By choosing u sufficiently close to 1, the inequality in
line (6.7) follows from the definition of og. This finishes the proof. ]
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We finish this section with the following calculation of the separation rates of
conjugacy classes of SL,(Z). The group SL,(Z) is a conjugacy separable group [28].
It has a presentation:

(oo lxt =122 =3,

where x = ( 3!) and y = (9 7). In particular, it follows that SL»(Z) is an amal-

gamated free product of a cyclic group of order 4 and a cyclic group of order 6. We
now show that for any finite order element o € SL,(Z), there exists a sequence of
finite-index normal subgroups {I';} of SL,(Z) that distinguishes () such that the
corresponding separation rate Rq) (r;} = 0.

Since SL,(Z) is an amalgamated free product of a cyclic group of order 4 and a
cyclic group of order 6, every finite order element in SL,(Z) is conjugate to an element
in one of the factors. It follows that every finite order element of SL,(Z) is conjugate
to a power of x and y. Let ¢: SL,(Z) — Z/12Z be the group homomorphism defined
by ¥ (x) = 3 and ¥ (y) = 2. In particular, we have

Y(e) =0, y(x)=3 vyx)=vy(’)=6 Y’ =9
v =2, v =4 v =8 v’ =10

It follows that any finite order elements y; and y, of SL,(Z) are conjugate in SL,(Z)

if and only if ¥ (y1) = ¥ (y2).
Now given any finite-index normal subgroup N of SL,(Z), the group

Ny = N Nker(y)

is a finite-index normal subgroup of SL,(Z). By the discussion above, we see that any
finite order elements y; and y, of SL,(Z) are conjugate in SL,(Z) if and only if they
are conjugate in SL,(Z)/N1. In other words, the set { N1} consisting of a single finite-
index normal subgroup distinguishes the conjugacy class () of any finite order element
o € SL»(Z). Moreover, the injective radius 7 (N1) of y, : SL2(Z) — SL»(Z)/ Ny with
respect to («) is infinity. It follows that the separation rate R(q) ¢n,} = 0 in this case.

Remark 6.4. Since SL;(Z) is hyperbolic, Puschnigg’s smooth dense subalgebra 4
of C¥(SL2(Z)) admits a continuous extension of the trace map tr ) for any conjugacy
class (&) of SL»(Z) (cf. [25]). In this case, for any element & # e € T, the delocalized
eta invariant n(a)(ﬁ) is finite'® (cf. [22, Section 4] and [12, Section 6]). Hence, we can
apply Proposition 6.3 to answer positively both part (I) and (II) of Question 3.2 for the
group SL,(Z), when « is a finite order element.

6For any hyperbolic group and the conjugacy class of any non-identity element, the integral in line (3.1)
absolutely converges.
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On other hand, since SL,(Z) is also a-T-menable, we can equally apply Proposi-
tion 4.1 to answer positively both part (I) and (IT) of Question 3.2 for the group SL,(Z)
(cf. the discussion at the end of Section 4).

Appendix A. Positive scalar curvature and the Stolz conjecture

In this appendix, we shall explain how the geometric conditions given in Defini-
tions 4.5 and 4.6 are related to the reduced Baum—Connes conjecture and the Stolz
conjecture on positive scalar curvature metrics.

Definition A.1. Given a topological space Y, let R} " (Y) be the following bordism
group of triples (L, f, h), where L is an n-dimensional compact spin manifold (possibly
with boundary), f: L — Y is a continuous map, and / is a positive scalar curvature
metric on the boundary dM . Two triples (L1, f1, /1) and (L2, f>, hy) are bordant if

(a) thereisabordism (V, F, H) between (0L, f1,h1) and (dL,, f2,h3) such that H
is a positive scalar curvature metric on V' with product structure near dL; and
H |3z, = h;, and the restriction of the map F:V — Y on dL; is f;;

(b) and the closed spin manifold Ly Uyr, V Uy, L, (obtained by gluing L, V,
and L, along their common boundaries) is the boundary of a spin manifold W
withamap E: W — Y suchthat E|;;, = f; and E|y = F.

The above definition has the following obvious analogue for the case of proper
actions.

Definition A.2. Let X be a proper metric space equipped with a proper and cocompact
isometric action of a discrete group I'. We denote by R,’ i (X)) the set of bordism
classes of pairs (L, f,h), where L is an n-dimensional complete spin manifold equipped
with a proper and cocompact isometric action of I', the map f: L — X is a I'-
equivariant continuous map and % is a ['-invariant positive scalar curvature metric
on dL. Here the bordism equivalence relation is defined similarly to the non-equivariant
case above.

If the action of I on X is free and proper, then it follows by definition that
RPN(X)T =~ RPIN(X/T).

Suppose (L, £, h) is an element in Rf,pm(El")F ~ Rzpm(B I'), where B = ET'/T
is the classifying space for free I"-actions. Let Lt be the I'-covering space of M induced
by the map f: L — BT and Dy . be the associated Dirac operator. Due to the positive
scalar curvature metric 4 on dL, the I'-equivariant operator Dy . has a well-defined
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higher index class Ind(Dy.) in K, (C;*(I")), cf. [26, Proposition 3.11] and [27]. By
the relative higher index theorem [10, 32], we have the following well-defined index
map

Ind: RP™(BT) — KO, (C}(I':R)), (L, f.h) +~ Ind(Dpr,).

where C¥(I'"; R) is the reduced group C *-algebra of I' with real coefficients. Now let 5
be the Bott manifold, a simply connected spin manifold of dimension 8 with Al (B)=1.
This manifold is not unique, but any choice will work for the following discussion. To
make the discussion below more transparent, let us choose a ‘5 that is equipped with a
scalar flat curvature metric. The fact that such a choice exists follows for example from
the work of Joyce [19, Section 6].

Let (L, f,h) be an element R;’ in(B I'), that is, L is an n-dimensional spin manifold
whose boundary dL carries a positive scalar curvature metric /, together with a map
f:L — BT. Taking direct product with k copies of B produces an element (L', 1/, h’)
in R;pfsk(BF), where L' = L x B x-+--x B, f = f o p with the map p being the
projection from L’ to L, and /’ is the product metric of 4 with the Riemannian metric
on B. By our choice of B above, the Riemannian metric 4’ also has positive scalar
curvature since & does. Define Rf,pin(B I')[B~!] to be the direct limit of the following
directed system:

ey B spin B spin
RP™(BT) == RPI(BT) == RP" (BT) — --- .

Since the higher index class Ind(Dy,,.) associated to (L, f, h) is invariant under taking
direct product with B, it follows that the above index map induces the following
well-defined index map:

0: RPN(BT)[B7'] - KO, (CX(;R)), (L, f.h)+ Ind(DL;.).
Conjecture A.3 (Stolz conjecture [29,30]). The index map
: RP"(BT)[B7'] - KO, (C(I';R))
is an isomorphism.

Similarly, if one works with the universal space ET" for proper I"-actions instead,
then the same argument from above also produces a similar index map

O: RPNET)'[B™!] — KO, (C(I;R)),
where R)Y i"@ [)T[B~1] is the direct limit of the following directed system:

i xB spin xB spin
RPNET) — RIG(ED)T — RPN (ED)T — -

One has the following analogue of the Stolz conjecture above, which will be called the
generalized Stolz conjecture from now on.
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Conjecture A.4 (Generalized Stolz conjecture). The index map
@: RPNET)'[B™!] — KO, (C(T';R))
is an isomorphism.

If T is torsion-free, then clearly the generalized Stolz conjecture coincides with
the original Stolz conjecture. By definition, the surjectivity of the Stolz map 6 in
Conjecture A.3 implies the surjectivity the generalized Stolz map ® in Conjecture A.4.
On the other hand, the surjectivity of the Stolz map 6 follows from the surjectivity of
the Baum—Connes assembly map

pr: KO (ET) — KO.(C}(T';R))

cf. [37, Corollary 3.15]. At the time of writing of this paper, the injectivity of the Stolz
map 6 or generalized Stolz map ® is wild open, and it is not even known in the case
where I is the trivial group.

Similarly, one could also formulate the maximal version of the (generalized) Stolz
conjecture by considering the index maps

Omax: RPN (BT)[B7'] = KOn(Crin (T3 R)),

max

Omax: RPM(ET)[B7'] > KOn(Crpy (T R)),

respectively. Again, the surjectivity of 6y,.x, hence that of ® ., follows from the
surjectivity of the maximal Baum—Connes assembly map

pr: KOL (ET) — KO.(Cyk, (T;R)).

A.l. Stable bounding with respect to BI'. In this subsection, we shall discuss
how the assumption that a multiple of (M, ¢, h) stably bounds with respect to BT’
(cf. Definition 4.5) is related to the Baum—Connes conjecture and the Stolz conjecture.
Here again M is a closed spin manifold equipped with a Riemannian metric A of
positive scalar curvature. Let ¢: M — BT be the classifying map for the covering
M — M, that is, the pullback of ET by ¢ is M.

To be more precise, in this subsection, let us assume the Baum—Connes assembly
map

1r: KO (ET) — KOJ(C}(T;R))

is rationally isomorphic!. There is a long exact sequence for K O-theory of reduced
C *-algebras analogous to commutative diagram (4.1). Now a similar argument as in

UThe rational bijectivity of ur follows from the rational bijectivity of the complex version

w: KT (ET) = Ko(C (D)), cf. [7].
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the proof of Theorem 4.3 shows the higher rho invariant p(D) = 3[p] (up to rational
multiples) for some element [p] € KO,41(C}(I';R)), where n = dim M. Now the
rational surjectivity of the Baum—Connes assembly map

pr: KOL(ET) — KOJ(C}(T;R))
implies the rational surjectivity of the Stolz map
0: RM™(BT)[B7'] — KO.(C}(T;R)),

cf. [37, Corollary 3.15]. And the rational surjectivity of 0 implies that there exists
an element (L, f,h) € R, (BT')[B~!] such that 6(L, f,h) = [p] (up to a rational
multiple). Recall that (cf. [24, Theorem 1.14] and [33, Theorem A])

IO(L, f.8)) = p(Dgp) in KOu(Cf o(ET;R)Y),

where p(Dy; ) is the higher rho invariant of Dj; with respect to the positive scalar
curvature metric /. In particular, this implies that

p(D) = p(D ).

Hence, as far as p(D) is concerned, we could work with (3L, f, g), which clearly
bounds, instead of (M, ¢, h). On the other hand, it is an open question whether the
higher rho invariants for M and dL remain equal to each other, for corresponding
finite-sheeted covering spaces of M and dL.

A.2. Positively stable bounding with respect to ET'. In this subsection, we shall
discuss how the assumption that a multiple of (1\71 , }7) positively stably bounds with
respect to ET (cf. Definition 4.6) is related to the Baum—Connes conjecture and the
generalized Stolz conjecture.

Observe that the injectivity of the generalized Stolz map

O: RPN ED)'[B™'] — K0,(C(T"; R))

has the following immediate geometric consequence. Let (L, f, h) be an element
in R (ET)T, that is, L is a n-dimensional spin I'-manifold whose boundary 9L
carries a ['-invariant positive scalar curvature metric /, together with a I"-equivariant
map f:L — ET. Suppose the higher index Ind(Dy ) associated to (L, f, h) van-
ishes, then the injectivity of the generalized Stolz map implies that (L, f, ) is stably
I'-equivariantly cobordant to the empty set. More precisely, if (L', f’, k') is the
direct product of (L, f, h) with sufficiently many copies of B, then (L', f’, h’) is
I"-equivariantly cobordant to the empty set. In particular, this implies that, if the higher
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index of (L, f, h) vanishes, then dL positively stably bounds with respect to ET,
cf. Definition 4.6. More precisely, dL’ bounds a spin I'-manifold V' such that V' admits
a I'-invariant positive scalar curvature metric g¢, which has product structure near the
boundary 0V = dL’, and the restriction of g¢ to the boundary is equal to /4’.

Now let M be a closed spin manifold equipped with a Riemannian metric & of
positive scalar curvature. Let ¢: M — BT be the classifying map for the covering
M — M and h the metric on M lifted from 4. The above discussion has the following
consequence.

Lemma A.5. With the above notation, suppose a multiple of (M, ¢, h) stably bounds
with respect to BT. If the Baum—Connes assembly map

pr: KOy (ET) — KO.(C}(T:R))
is rationally surjective and the generalized Stolz map
@: RPNET)'[B™!] — KO, (C}(T;R))
is rationally injective, then (M , E) positively stably bounds with respect to ET.

Proof. For notational simplicity, let us assume (M, @, h) itself bounds with respect
to BT, that is, there exists a compact spin manifold W and a map ®: W — BT such
that )W = M and ®|yw = ¢.

Endow W with a Riemannian metric g which has product structure near oW = M
and whose restriction on dW is the positive scalar curvature metric /. Let W be
the covering space of W induced by the map ®: W — BT and g be the lift of g
from W to W. Due to the positive scalar curvature of g near the boundary of W, the
corresponding Dirac operator D, on W with respect to the metric g has a well-defined
higher index Ind(Dy;, g) in KOy, 41 (CF(I';R)).

By the (rational) surjectivity of the Baum—Connes assembly map

pr: KOJ (ET) — KO.(C}(T'; R)),

there exists a spin I"-manifold Z (without boundary) such that the higher index Ind(D z)
of its Dirac operator Dz is equal to —Ind(D 5, &) (up to a rational multiple). Let Z;
be the I'-equivariant connected sum’® of W with Z. Then Z, is a spin I'-manifold
whose boundary is equal to W = M. Moreover, the higher index Ind(Dz,) of the
Dirac operator Dz, is zero. Now it follows from the discussion in this subsection that

(M, h) = (3Z1,h)

positively stably bounds with respect to ET". u

8The connected sum is performed away from the boundary of w.
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