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Abstract. We prove that an outer action of a locally compact group G on a full factor M is
automatically strictly outer, meaning that the relative commutant of M in the crossed product is
trivial. If moreover the image of G in the outer automorphism group Out M is closed, we prove
that the crossed product remains full. We obtain this result by proving that the inclusion of M
in the crossed product automatically has a spectral gap property. Such results had only been
proven for actions of discrete groups and for actions of compact groups, by using quite different
methods in both cases. Even for the canonical free Bogoljubov actions on free group factors or
free Araki—Woods factors, these results are new.
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1. Introduction and main results

To every strongly continuous action G ~,* M of a locally compact group G on
a von Neumann algebra M is associated the crossed product von Neumann algebra
M x G. Questions on how properties of the group action G R, M are reflected by
properties of the crossed product M x G or the inclusion M C M x G are among the
most fundamental questions in operator algebras. When G is a discrete group, several
of the basic questions are easy to answer. For instance, for discrete groups G, we have
that the relative M’ N M x G is as small as possible, i.e. equal to the center Z(M), if
and only if the action G /,* M is properly outer: if g € G \ {e} and b € M are such
that bag(a) = ab foralla € M, then b = 0. In particular, for an action G ~,* M of
a discrete group G on a factor M, we have that M’ N M x G = C1 if and only if the
action « is outer, meaning that org is an outer automorphism for every g € G \ {e}.

When the acting group G is no longer discrete, even these simple questions turn out
to be quite subtle. Following [20], a strongly continuous action G ~,* M on a factor M
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is called strictly outer if M' N M x G = C1.Itis easy to see that a strictly outer action «
must be outer. The converse is however by no means true (see e.g. Example 8 below).
The main reason why crossed products by discrete groups are easier to study is the
availability of a Fourier series decomposition for elements x € M x G: denoting by
E:M x G — M the canonical conditional expectation and denoting by (1g)g¢ec the
canonical unitary elements in M x G, we can define (x); = E(xuy) and formally
write x = ) gc ¢ (X)gug. When G is no longer discrete, there typically is no normal
conditional expectation of M x G onto M and there is no way to define a Fourier
series decomposition.

To illustrate the subtleness of strict outerness, we mention here one of the funda-
mental results in modular theory for von Neumann algebras: by [4, Theorem 5.1], a
trace scaling action R ~? N of the group R on a Il factor N is strictly outer. Because
an inner automorphism is obviously trace preserving, a trace scaling action is outer, but
its strict outerness is one of the deepest results in modular theory, established in [4].

In our first main result, we prove that outerness and strict outerness are equivalent
for actions of a locally compact second countable (Icsc) group G on a full factor with
separable predual. Recall that a factor M with separable predual is called full if the
group Inn M of inner automorphisms of M is closed in the group of all automorphisms
Aut M. When G is discrete, this result is trivial, as mentioned above. When G is
compact, this result was obtained recently in [1] using a method that is very specific
for compact groups, making use of the subalgebra M ¢ of G-invariant elements, which
could very well be trivial when G is noncompact.

Our second main result concerns the fullness of the crossed product M x G when G
is a lcsc group acting on a full factor M with separable predual. For such full factors,
one considers the Polish group Out M = Aut M/ Inn M. When G is discrete and M
is a II; factor, this question was solved by Vaughan Jones in [8, Theorem 1]. Jones
proved that if G R, M is an outer action of a discrete group G on a II; factor M and
if the image of G in Out M is closed, then M x G is full. More precisely, Jones proved
that the inclusion M C M x G has w-spectral gap (see below) if and only if the image
of G in Out M is closed. For arbitrary full factors M, not necessarily of type II;, the
same equivalence was proven when G is discrete in [6,9] (see also [11]), and when G is
compact in [1]. The methods that were used in the discrete case and in the compact case
were rather disjoint. In our second main result, we prove the equivalence in complete
generality, for arbitrary full factors and locally compact groups, concluding the line of
research that started in [8].

Let N C M be an inclusion of von Neumann algebras with separable predual.
Generalizing [15, Section 2] beyond the II; setting, we say that N C M has w-spectral
gap if for every bounded sequence a, € M satisfying a,b — ba, — 0 *-strongly for
all b € N, there exists a bounded sequence d,, € N’ N M satisfying a,, — d, — 0
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*-strongly. We say that N C M has stable w-spectral gapif 1 ® N C B({>?(N)) @ M
has w-spectral gap.

Theorem A. Let G /% M be a strongly continuous action of a lcsc group G on a
factor M with separable predual. Assume that M is full. Denote by : Aut M — Out M
the quotient homomorphism.

(1) If the action « is outer, then « is strictly outer.
(2) The following three properties are equivalent.
(a) The action o is outer and the subgroup w(a(G)) of Out M is closed.
(b) The action « is strictly outer and M C M x G has w-spectral gap.
(c) The action « is strictly outer and M C M x G has stable w-spectral gap.

In particular, if « is outer and 7 (a(G)) is a closed subgroup of Out M, then
M % G is a full factor.

Given an ultrafilter w on N, we denote by P® the Ocneanu ultrapower of a von
Neumann algebra P with separable predual. So, whenever G ~,* M is an outer action
on a full factor with 7 («(G)) being a closed subgroup of Out M, Theorem A says in
particular that M" N (M x G)® = C1. But the result of Theorem A is stronger, because
it says that all bounded sequences a, € M x G that asymptotically commute with M
must be asymptotically scalar, without requiring that (a,),en belongs to (M x G)®.

A wide class of examples to which Theorem A applies is given by the free
Bogoljubov actions on free Araki—Woods factors. To every orthogonal representation
U:R ~, Hg is associated Shlyakhtenko’s free Araki-Woods factor M = T'(Hg, U)",
see [16]. Whenever dimg Hg > 2, the von Neumann algebra M is a full factor. When U
is the trivial representation, this construction coincides with Voiculescu’s free Gaussian
functor and M = L(Fgimp Hy ). The construction is functorial: to every orthogonal
transformation v € (O (HR) that commutes with U is associated the free Bogoljubov
automorphism o, of M.

We can then use Theorem A to provide the following sufficient condition for the
fullness of a free Bogoljubov crossed product. For discrete groups, this result was
proven in [5, Theorem A] for the free Gaussian case, and in [7, Theorem B] for free
Araki—Woods factors.

Corollary B. Let U:R ~, HR be a strongly continuous action of R by orthogonal
transformations of a separable real Hilbert space Hgr with dimg Hr > 2. Denote by
M = T'(Hg,U)" the associated free Araki-Woods factor. Let G be a lcsc group. To
every strongly continuous orthogonal representation w: G — O (HR) that commutes
with U is associated the canonical action G ~,** M by free Bogoljubov automor-
phisms.
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(1) If & is faithful, then oy is strictly outer.

(2) If & is faithful and 7(G) C O(HR) is closed, then M C M %y, G has stable
w-spectral gap. In particular, M X, G is a full factor.

Note that the hypotheses of point 2 in Corollary B are automatically satisfied when
is a faithful and mixing representation, e.g. when 7 is the left regular representation
on Lﬁ (G). More generally, if there exists a unit vector £ € Hg such that (7w (g)&,£) — 0
whenever g — 0o in G, then 77(G) is a closed subgroup of O (Hg). So, when G satisfies
the Howe-Moore property, e.g. when G is a connected noncompact simple real Lie
group with finite center like SL(n, R), then for every orthogonal representation 7 of G,
the subgroup 7 (G) is closed.

It is very natural to try to generalize Theorem A to factors M that are not full,
replacing Out M in the hypotheses by the Polish group Aut M /Inn M. We discuss this
problem in Section 4 and relate this to several open questions and partial results for
outer actions of locally compact groups on factors M that are no longer full.

2. Proof of Theorem A

To prove Theorem A, we can no longer use Fourier decompositions as in the
discrete case, and we can no longer use the co-amenability approach of [1] which is too
specific to the compact case. Instead, we make substantial use of Hilbert bimodules.
Fix a factor M with separable predual.

Recall that a Hilbert M -M -bimodule s #s gives rise to the unital x-represent-
ation 7wz of M ®max M on H given by

g (a ® bP)E = aéb.

Recall that ps H)y is said to be weakly contained in ps Kps if ||7ge (T)|| < |wx (T)||
forall T € M ®max M°P.

Denote by L2(M) the standard Hilbert space of M, which we view as the trivial
M -M -bimodule. View Aut M as a Polish group. Whenever (X, () is a standard o -finite
measure space and p: X — Aut M is a Borel map, we define the M - M -bimodule # (p)
by

() H(p)=L2M)® L*(X, ) with (a-§-b)(x) = p(x)"' (@) E(x) b

foralla,b € M, x € X. When X is a singleton, and p is thus determined by a single
o € Aut M, we denote by J () the corresponding M - M -bimodule. Its carrier Hilbert
space is L2(M) and the bimodule action is given by a - £ - b = a1 (a)£b.
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The following is the main technical lemma that is needed to prove Theorem A.

Lemma 1. Let M be a full factor with separable predual. Denote by w: Aut M —
Out M the quotient homomorphism. Let (X, L) be a standard o -finite measure space
and let p: X — Aut M be a Borel map.

If o € Aut M is such that w(a) does not belong to the support of (7t o p)«ji
inside Out M, meaning that there exists an open set 'V C Out M with w(«) € 'V and
w((w o p)~1(V)) = 0, then H () is not weakly contained in ¥ (p).

Proof. Since # (') ®p H(a) = L*2(M) and H (™) @p H(p) = H(p'), where
0'(x) =a~! o p(x), we may assume that o = id. We can then choose a neighborhood 'V
of the identity in Out M such that 7w (p(x)) € Out M \ 'V for u-almost every x € X.
We choose V to be symmetric, i.e. V = Pp-L,

We distinguish three cases according to the type of M.

Type 11;. By [8, Lemma 4], we can take ¢ > 0 and a finite subset ' C M such that
forall € Aut M \ 7~ }(V) and all b € M, we have

elbl3 < 3 llba — 6(@)bl3.

acF

By taking # = p(x)~!, x € X, and integrating this inequality with respect to 1, we
obtain
gl < 3 g -a—a- g2
aeF

for all £ € #(p). But, since L?(M) has an M -central vector, if L?(M) was weakly
contained in # (p), we would find a sequence of unit vectors &, € #(p) such that
|€n -a —a - &,|| — 0. This contradicts the inequality above. We conclude that L2(M)
is not weakly contained in J¢(p).

Type llo. Take p € M such that 7(p) = 1 where 7 is the semifinite trace of M.
By [6, Theorem 3.3], we can take ¢ > 0 and a finite subset F C pM p such that for
all® € Aut M \ 7= (V) and all b € §(p)Mp, we have

ellbll3 < ) llba —6(a)b]3.
aceF
By taking # = p(x)~!, x € X, and integrating this inequality with respect to 1, we
obtain

elEl> < Y lg-a—a-&l?

acF
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forall € € p- H(p)- p.If L2(M) was weakly contained in J (p), then pL?>(M)p =
L?(pMp) would also be weakly contained in p - #(p) - p as pM p-pM p-bimodules.
Thus, we would find a sequence of unit vectors &, € p - #(p) - p such that

16n-a—a-&| — 0.

This contradicts the previous inequality. We conclude that L?(M) is not weakly con-
tained in J (p).

Type 1. This case is much more delicate and we need to use the technique of [10]. For
every faithful normal state @ on M, we denote by &, € L?(M) the canonical positive
vector that implements @. Given two faithful normal states ¥ and ¢ on M, we denote
by Ay, the relative modular operator (see [18, Theorem VIIL.3.2 and Lemma IX.1.5]).
Recall that Ay, is a positive nonsingular operator and that Allp/ Z, is the closure of the

linear map b§, — &y b, b € M. Also, using Connes’ cocycle derivative,
Ay, =[DV : Dol Al = J[Dg: Dy],J A},

In particular, Al bA = o (b) and Al | TbIA! = Jof (b)J forall b € M,
t € R. Given a state ¢ on M and 6 € Aut M, we write 8(p) = ¢ o 671

By [6, Theorem 3.2], there exists a faithful normal state ¢ € M, a constant & > 0
and a finite set F C M with a§, = §,a™ for all @ € F such that for all b € M and
all @ € Aut M \ 7~1('V), we have

elbgol> < 3 llbag, — 8(@)bg, > + inf [bE, — Asabl>.
A€R+
acF
Denote Ag = Ag(gp),o- It follows that

2 * 2 inf _AAY2g2
U1 = 3 et = OG@E1® + i 15— 3857

for all & € Aut M \ 7~!(V) and all £ in the domain of Aé/z.
Let A be the decomposable operator on J (p) obtained by integrating x > A ;(,)-1.
Then, we can integrate the previous inequality to obtain

@ FlEI < 3§ -a" a4 inf e~ 2AY )

acF

for all £ € #(p) in the domain of A1/2.
Assume that L?(M) is weakly contained in J(p). We then find a state w,
on B(# (p)) such that

W (g p)(a ® bP)) = (ak,b,&y) foralla,be M.
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Since A O(b) A, = ot @ (B(b)) = 6(c? (b)), while Al JhJ A = Jof (b)J for
allbe M,t € R and 8 € Aut M, we get that

A 7 305(@ ® ) AT = 1y (0 (@) ® of (b)).

We also have that (o} (a)é,07 (b), £,) = (a&,b, &,). We can thus apply the method
of [10, Lemma 4.1] and may assume that w,, is strongly invariant under Ad AL

By [10, Theorem 3.2], this means that w, belongs to the weak™ closed convex hull
of & C B(H#(p))*, where & is defined as the set of states w on B(H (p)) for which
there exists a net of unit vectors & € J€(p) and a net of positive numbers A; > 0 such
that & belongs to the domain of A2 for every i and

3) (T&.&) — o(T) forall T € B(H(p)), and || — X A2 — 0.
Define the operator T € B(H#(p)) by
T = Z ngg(p)(a RI-1® (a*)OP)*ngg(p)(a RI-1® (a*)OP).
acF

Since a, = £ya* foralla € F, we get that w, (T") = 0. Since w,, belongs to the weak™
closed convex hull of &, we can take w € & such that w(T) < ¢/2, where & > 0 is as
in (2). Take a net of unit vectors &; € #(p) and a net of positive numbers A; > 0 such
that £; belongs to the domain of A'/2 for every i and such that (3) holds. It follows that

lim Y " ||& a* —a &> =w(T) <e/2 and & — X AV?E| — 0.
1
a€eF

But then (2) leads to the contradiction that ¢ < g/2. ]
The following lemma is an easy observation.

Lemma 2. Let M be a factor with separable predual. Let X be a locally compact
second countable Hausdorff space and let p: X — Aut M be a continuous map. Let |1
be a o -finite Borel measure on X. If x € X belongs to the support of |, meaning that
w(UW) > 0 for all open sets U with x € U, then H (p(x)) is weakly contained in F (p).

Proof. Choose a decreasing family of open sets U,, C X that form a neighborhood
basis of x € X. Since u(U,) > 0, we can choose Borel sets V,, C U, such that

0 < u(Vy) < 4o0.

For every n, consider the unit vector n, € L?(X, i) given by 1, = p,("Vn)_l/zlvn.
Whenever £ € L2(M) and a, b € M, it follows from the continuity of p that

lim(7 e o) (@ ® b*)(E ® M), & ® M) = (T (oxy) (@ ® DP)E, §).
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Therefore,
73¢ (o)) (TEN < N30 o) (T I

forevery T € M ®uax M and § € L2(M), so that #(p(x)) is weakly contained
in #(p). u

Also the following lemma is straightforward.

Lemma 3. Let M be a von Neumann algebra, H a Hilbert space and a,, € M @ B(H)
a bounded sequence satisfying a,(1 @ T) — (1 ® T)a, — 0 x-strongly for every
compact operator T € K (H).

Then for any unit vector § € H with associated vector state wg on B(H), the
bounded sequence d, = (id Qwg)(an) in M satisfies a, — d, @ 1 — 0 x-strongly.

Proof. Fix a unit vector £ € H. Assume that M C B(K). Take p € K andn € H
arbitrary. Define the rank one operator T € K (H) by T(¢) = (¢, €) n. Then,

an(p®n) =ap,(1@T)(n®§) and (dp @ D ®n) = (1 & Tan(n  §).

It follows that ||[(an — dn ® 1)( ® n)|| = 0. So, a, — d, ® 1 — 0 strongly. By
symmetry, also a; — d,; ® 1 — 0 strongly and the lemma is proven. =

We are then ready to prove Theorem A.

Proof of Theorem A. We define a: M — M ® L*™(G):a(a)(g) = agz—1(a), so that
M x G is realized as the von Neumann subalgebra of M ® B(L?*(G)) generated
by (M) and the unitary operators 1 ® Ag, g € G, where Ag is the left translation
by g. We thus denote by «(M ) the canonical copy of M inside M x G. We also denote
by A the left Haar measure on G.

For every nonnegligible Borel set A C G, we denote by # (A) the M -M -bimodule
associated with the map A — Aut M: g — o, and the Haar measure A on 4, as in (1).
We denote by m4: M Quax M — B(H (A)) the corresponding x-homomorphism.

(1) Write N = a(M) N M ® B(L?*(G)). We claim that N = 1 ® L%°(G). Note
that 1 ® L°°(G) C N and

4) (IR L®G) NN =a(M) NM Q& L®G) =1 L™(G),

because M is a factor. In particular, Z(N) C 1 ® L*°(G). To prove the claim, it thus
suffices to show that 1 ® L*°(G) C Z(N), because it then follows from (4) that

N CZNY NN C(1®LPG) NN C1®LXG).

Fix a compact subset K C G. It thus suffices to prove that 1 ® 1x € Z(N).
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Since Z(N) C 1 ® L°°(G), we can take a Borel set A C G such that K C A
and such that 1 ® 14 is the central support of 1 ® 1x in N . We have to prove that
A(A\ K) = 0. Define the closed set L C G as the support of the measure A|4 on
the locally compact second countable space G, meaning that L is the smallest closed
subset of G with the property that A(A \ L) = A|4(G \ L) = 0. Choose g € L. By
Lemma 2, the M-M -bimodule F(g) is weakly contained in #(A) = H (G, A|4).
Viewing N as the algebra of bounded M - M -bimodular maps on # (G), it follows that
the M -M -bimodules #(K) and # (A) are quasi-equivalent. Thus, # (g) is weakly
contained in #(K). Since K C G is compact, (77 o &)(K) C Out M is compact, and
thus closed. By Lemma 1, we must have that 7 («g) € (e (K)). Since 7 o « is injective,
it follows that g € K. Since g € L was arbitrary, we have proven that L C K. Since
A(A\ L) =0, also (A \ K) = 0 and the claim is proven.

To prove the first part of the theorem, take T € « (M)’ N M x G. By the claim
above, T = 1 ® F for some F € L*®(G). Denote by Uy € U(L?(M)) the canonical
unitary implementation of the automorphism « . By definition, the elements of M x G
commute with the unitary operators Uy, &® py,, where py, denotes the right regular repre-
sentation on L2(G). It follows that F € L°(G) commutes with all right translations,
sothat F € Cl1.

(2) The implication (c¢) = (b) is trivial. To prove that (b) = (a), assume that (a)
does not hold. If « is not outer, we find a unitary a € U(M) and an element g € G \ {e}
such thatd = a(a)(l ® Ag) commutes with or(M ). Then the constant sequence d says
that (b) does not hold. If « is outer, but 7 («(G)) is not closed in Out M, we can choose
a sequence g, — oo in G such that w(a,,) — id in Out M. So we find a sequence
an € U(M) such that B, = Ada, o ag, — id in Aut M. Write d,, = a(a,)(1 ® Ag,,).
Let b € M be arbitrary. Since B, — id in Aut M, we have that 8,1 (b) —b — 0
strongly. Then also

a(b)d, — dya(b) = dy (B, (b) — b) — 0 strongly.
Also, B,(b*) — b* strongly, so that
((b)dn — dpoe(b))* = d,; a(b* — Bn(b™)) — 0 strongly.

We have thus proven that d,a(b) — a(b)d, — 0 x-strongly for all b € M. Assume that
t, € C such that d, — t,1 — 0 x-strongly. Choose an arbitrary unit vector £ € LZ(M)
and an arbitrary compact neighborhood K of e in G. Since g, — oo, we get that
gn K N K = @ for all n large enough. So, for large enough n, we get that

(dn(6 ® 1k).§ ® 1k) = 0.

We conclude that #,, — 0. So, d,, — 0 *-strongly. This is impossible because d,, is a
sequence of unitary operators. So, (b) does not hold.
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We now prove the difficult implication (a) = (c). So, assume that « is outer
and that 7 («(G)) is closed in Out M. Let H be a separable Hilbert space and a, €
B(H) ® (M x G) a sequence such that ||a,|| < 1 for all n and

an(1 @ a(b)) — (1 ® a(b))a, — 0 x-strongly

for all b € M. We have to prove the existence of a bounded sequence f, € B(H)
such that a, — f, ® 1 — 0 *-strongly. We again make use of the bimodules # (A) as
introduced in the beginning of the proof, together with the corresponding *-represent-
ations 74 of M ®uax M on L2(M) ® L?(A).

Since G and Out M are Polish groups and 7 o «: G — Out M is a continuous
homomorphism with closed range, the map 7 o « is closed.

Step A. We prove that for every open subset U C G with complement L = G \ U,
the sequence X,, € B(H) ® M ® B(L?*(G)) defined by

X, =(1®1®11)a,(1®1® 1y)

converges to 0 strongly.

Fix a unit vector n € H and write ¥,, = X,,(n ® 1 ® 1). Note that || Y,| <1
for all n. We have to prove that Y,*Y, converges to 0 weakly. Assume that this is
not the case. After passage to a subsequence, we may assume that Y,Y,, converges
weakly to anonzero S € M ® B(L?(U)).Because a, (1 ® a(a)) — (1 ® a(a))a, — 0
x-strongly for all a € M, we have that (1 ® 7 (T))Y, — Yywu(T) — 0 x-strongly
forall T € M ®max M°P.

Forall £, u € L2(M) ® L?*(U), we have that

(Y, Yuru(T) — nu(T)Y, Y€, ) = ((YVarru(T) — (1 @ mr(T)Yn)§, Yup)
+ (Yné, (1® nL(T*))Yn - Ynn‘ll(T*))/Ov

so that Y, Y, mu(T) — ny(T)Y, Y, — O weakly forall T € M ®max M P. It follows
that S commutes with 779;(T'), sothat S € M ® B(L*(G)) Na(M)'. By 1, we get that
S =1Q F,where F € L°(U) is not essentially zero. We can then choose a compact
subset K C U and a C > 0 such that A(K) > 0 and F(x) > C~! forall x € K.
Define Z, = Y,(1 ® 1x F~1/2). Note that || Z,| < C'/2 for all n. We still have
that
M (T)Zy — Zyng(T) — 0 %x-strongly

forall T € M Qmax M°P. By construction, Z;Z, — 1 ® 1x weakly. For any T €
M ®@max M and every £ € L2(M) ® L?(K, 1), we have

[(mx (T)§,§) = (1 ® 1x)7x (T, )| = lim [(Z, Z 7 (T)E, €)
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< limsup CV2 || Z,ng (T)E|| ||£]|
n

= limsup C'/2 | (1 ® 7. (T)) Zu&| ||£]]
n

< C |lm(D)| IE1I>.

So, the homomorphism 7 (T) + g (T) is well defined and continuous. We thus
conclude that J¢ (K) is weakly contained #¢ (L). Choose k € K in the support of A|g,
meaning that A(K N ‘W) > 0 for every open subset W C G with k € ‘W. By Lemma 2,
H (o) is weakly contained in J¢ (K) and is thus weakly contained in # (L).

Since L C G is a closed subset and 7 o « is a closed map, 7 («(L)) is a closed
subset of Out M and m (o) & m((L)). The weak containment of J () in H (L)
thus contradicts Lemma 1. This concludes the proof that X, converges to 0 strongly.

Step B. If U C G is open and A(U \ U) = 0, then
a,(1®1Q01y) —(1®1Q 1y)a, — 0 *x-strongly.

Write V = G \ U. Applying Step A to the open sets U and 'V, we get that the
sequences (1® 1 ® 1y)a,(1®1®@Iy)and (1 ® 1 ® 1y)a,(1 ® 1 ® 1y) converge
to 0 strongly. Since 1y = 1 — 1q; in L°°(G), it follows that

an(1®@1Q®1y) —(1Q1® ly)an

=(181®1y)a,(1®1R1y) —(11® ly)a,(1®1® 1y) >0

strongly. The same holds for the sequence a;, so that step B is proven.
Step C. For every bounded continuous function F: G — C, we have that
a,(1®1Q F)—(1®1® F)a, — 0 x-strongly.

Fix a continuous function F: G — (0, 1). It suffices to prove thata, (1 ® 1 ® F) —
(1®1® F)a, — 0 *-strongly. Choose a probability measure A; on G such that
A1 ~ A. Define the probability measure @ on R by &t = Fy(A1). Fix an arbitrary & > 0.
Since p has at most countably many atoms, which all belong to (0, 1), we can choose
0=ty<t; <---<ty =1suchthat u({t;}) =0forall0 <i <kandt; —ti_1 <€
forall 1 <i < k. Define, for 1 <i < k, the open subsets

Ui ={ge€G|ti-1 <F(g) <ti}.

Since u({t;}) = 0 for all i and since A; ~ A, we get that A(U; \ U;) = 0 for all
1 <i < k. Also, defining

k
Fo=) tily,,
i=1
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we get that | FF — Fy| < &. By Step B,
an(1®1Q Fy) — (1 ®1Q® Fy)a, — 0 *x-strongly.
So, for every € > 0, the sequence a, (1 ® 1 ® F) — (1 ® 1 ® F)a, — 0 lies at operator

norm distance less than 2¢ of a sequence that converges to 0 *-strongly. So, step C is
proven.

Step D. Define the unitary U € B(L?>(M)) ® L>(G) by U(h) = Uy forall h € G.
Then, there exists a sequence d, € B(H ® L?(M)) such that ||d, || < 1 for all n and
1 U)a,(1®U*)—d, ® 1 — 0 x-strongly.

Write b, = (1 ® U)a, (1 @ U*).Let F € Co(G). Since U commutes with 1 ® F,
it follows from step C that

hy(1®1® F)—(1®1Q F)b, — 0 *-strongly.
Since a, € B(H) ® (M % G), we have that a, commutes with 1 ® Uy ® p, for every
g € G and n € N. Thus, b, commutes with 1 ® 1 ® p, foralln € N and g € G.
Denoting by C ; (G) the reduced C*-algebra given by the right regular representation
of G, we find that
bh(l1®1T)=(11QT)b,

for all T € C;(G). Since the operator norm closed linear span of Co(G) C;(G)
equals K (L2(G)), it follows that b, (1 ® 1 ® T) — (1 ® 1 ® T)b,, — 0 *-strongly
forall T € K (L?(G)). Step D then follows from Lemma 3.

Step E. With U and d,, as in step D, the sequence ¢, € B(H ® L?>(M)) ® L*®(G),
givenby ¢, = (1 @ U*)(d, ® 1)(1 ® U), satisfies
(1®b®1)—(1®b & 1)c, — 0 x-strongly

forallb e M.

Since a, (1 ® a(b)) — (1 ® a(b))a, — 0 x-strongly and a(b) = U*(b ® 1)U,
the sequence d,, satisfies d,, (1 ® b) — (1 ® b)d,, — 0 *x-strongly for all b € M. Take
w € H® L*(M) and n € L?(G) arbitrary. Then,

) Hen1®@b®1)—(1 QbR ey @ n)?

= /G (@ 1((1 ® Up)dn(1 ® Ug b) — (1 @ b U;)dn(1 ® Ug))ul|* dg.

For every fixed g € G and b € M, we have that d, (1 ® ag (b)) — (1 @ ag (b))d, — 0
strongly. Conjugating with U, also

(1®U)dn(1® Ugb) — (1 ®bUg)dn(1 ® Ug) — 0 strongly.
It then follows from the dominated convergence theorem that the sequence in (5) tends

to 0. We have proven that ¢, (1 ® b ® 1) — (1 ® b ® 1)c, — O strongly forallb € M.
By symmetry, also ¢, (1 ® b ® 1) — (1 ® b ® 1)c,; — 0 strongly and Step E follows.
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End of the proof. By Step D, the sequence ¢, in Step E satisfies a, —c, — 0 *-strongly.
Sincea, € B(H)® (M xG) C B(H) ® M ® B(L?*(G)), we have that a,, commutes
with 1 ® JbJ ® 1 forall b € M. Therefore,

cn(1®JbJ®1)—(1® JbJ ® 1)c,, — 0 *-strongly

for every b € M. Since M is a full factor, [10, Theorem A] says that the operator norm
closed linear span of M JMJ contains K (L?(M)). The previous observation and
Step E then imply that

n(1®T®1)—(1QT Q 1)c, — 0 *-strongly

forevery T € K (L?(M)). Since ¢, € B(H ® L*>(M)) ® L*°(G), Lemma 3 provides
asequence F, € B(H) ® 1 ® L*®°(G) such that | F,|| < 1 foralln and ¢, — F;, — 0
*-strongly.

Then also a, — F,, — 0 *-strongly. Conjugating with 1 ® U, which commutes
with F},, and using step D, we find that d,, ® 1 — F;, — 0 *-strongly. Fix a unit vector
£ € L?(G) and denote by w the corresponding vector state on B(L?(G)). Define the
sequence f, € B(H) such that

fr ® 1= (id ® id @z ) (Fp).

Then, || /|| < 1foralln € N. Since d, ® 1 — F,, — 0 *-strongly, alsod, — f, ® 1 =0
x-strongly. Conjugating with 1 ® U*, it follows from Step D thata,, — f, ® L ® 1l -0
*-strongly. So (c) holds. ]

3. Free Bogoljubov actions and proof of Corollary B

Corollary B is an immediate consequence of Theorem A and the following result
on free Araki—Woods factors. We expected that Proposition 4 would be well known
and available in the literature, but this does not seem to be the case, not even in the case
of the free Gaussian functor (i.e. Bogoljubov transformations of free group factors).

Proposition 4. Let U: R ~, HR be a strongly continuous action by orthogonal trans-
formations of a separable real Hilbert space Hr with dimgr Hr > 2. Denote by
M =T (Hg,U)" the associated free Araki-Woods factor, which is a full factor. Denote
by w: Aut M — Out M the canonical quotient homomorphism.

Define the closed subgroup § = {v € O(HR) | vU; = Usv forallt e R} of
O(HR). For every v € §, denote by o, the associated Bogoljubov automorphism
of M. Then, the homomorphism § — Out M : v +— 7 (oy) is injective, has closed range
and is a homeomorphism onto this range.
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Note that Proposition 4 covers in particular the case where U; = 1 for all 7 € R.
Then,
M =T (Hr,U)" = L(Faimg Hg)

and every v € O (Hp) defines the free Bogoljubov automorphisms o, of M. Propo-
sition 4 then says that @ (HRr) — Out M is injective, with closed range and is a
homeomorphism onto this range.

Also note that, with the notation of Proposition 4, the transformations U; belong
to §. Therefore, Proposition 4 also reproves the result that Connes’ t-invariant of a
free Araki-Woods factor I'(Hg, U)"” equals the weakest topology on R that makes the
map ¢ — U; continuous. This was proven in [17, Corollary 8.6] when U is not weakly
mixing and in [19, Théoreme 2.7] in general.

Before proving Proposition 4, we need a few elementary lemmas.

The first lemma is proven by Popa’s spectral gap method. The proof is very similar
to the proof of [14, Lemma 2.2]. For completeness, we provide the details adapting the
proof to a type III setting.

Lemma 5. Fori € {1,2}, let (M;, ¢;) be von Neumann algebras with a faithful normal
state, and with a separable predual. Define (M, @) = (M1, ¢1) * (M3, ¢2) and let
E1: M — M, be the canonical ¢-preserving conditional expectation. Let P C M1 be a
von Neumann subalgebra that is the range of a faithful normal conditional expectation.
Assume that P has no amenable direct summand.

If x, € M is a bounded sequence and o, P — M is a sequence of faithful, unital,
normal x-homomorphisms such that xn,a — o, (a)x, — 0 strongly for all a € P, then
Xn — E1(xy) — 0 strongly.

Proof. For every von Neumann algebra (Q, @) with a faithful normal state, we denote
by L2(Q, w) the standard Hilbert space for Q realized by completing Q with respect
to the scalar product (x, y) = w(y*x). As a Q-bimodule, we have

a-b-c=abo? ,(c)

for all a, b, c € M with ¢ being sufficiently analytic.

Fix a faithful normal conditional expectation &: M; — P and choose a faithful
normal state ¥; on M; satisfying ¥r; o & = ;. Define the faithful normal state
on M by ¥ = y; o E;. Denote

M@M]Z{XEM|E1(X)=O}

We also write
M7 ={a € M; | ¢i(a) = 0}.
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Whenever w € M is defined as an alternating product of elements in M and M7,
starting and ending with a ‘letter’ from My, for alla,b € M,, we have

Er(w*awb) = ¢1(a)p(w*w)b

so that
{awb, w)y = Y (w*awb) = p1(a)Y1(b)p(w*w).

It follows that there exists an M;-bimodular isometry
U:L>(M © My.y) - K = (L>(My,¢1) ® L*(M;. Wl))®w,

where the M-bimodule structure on K is given by the left action in the first tensor
factor L2(M, ¢1) and the right action in the second tensor factor L(My, ¥1).
Write y, = x, — E1(x,) € M & M;. Note that y, is still a bounded sequence
in M satisfying y,a — o, (a)y, — 0 strongly for all a € P. Define the bounded linear
maps
Yn: Lz(Pa V1) = K:Yp(a) = U(yna).

Note that sup,, || Yx || < sup,, ||yn|l < +o0. Take ¥ > O such that | Y, || <« foralln € N.
By construction, Y, (£ -a) = Y,(£) -a for all £ € L?>(P,v) and a € P. Also by
construction,

lan(a) - Yn(b) — Yu(a -b)|| — 0

forall a,b € P.Givena € P, the sequences ||, (a)|| and || Yy || are bounded, so that
”an(a) : Yn(‘i:) - Yn(a : g‘_)” -0

foralla € P and § € L?(P, ).
Define the *-representations m,: P ®q, P°® — B(K) by

(@ @ bP)g = anla)-§-b.

Note that ||, (T)| = ||A(T)|| for every T € P ®q, PP, where A is given by the
coarse P-bimodule. Also define

e P ®qy PP — B(L*(P, V1)) :e(a ® bP)e =a -£-b.
We have proven that

6) wn(T)Y, — Y,e(T) — O strongly forevery T € P @y PP.
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We claim that Y, — 0 strongly. Let S € B(L?(P,¥))" be any weak limit point of
the bounded sequence Y,*Y,,. Since
(Y, Yae(T) — e(T)Y, Yn)§, n) = ((Yne(T) — wn(T)Yn)E, Yo pt)
+ (Y, (mn(T*) Yy — Yne(T*) ),
it follows from (6) that S commutes with &(T") forall T € P ®,, PP. Thus, S € Z(P).
Forall§,n € L2(P,y) and T € P @y, PP, we get that
[(Se(T)§., n)| < limsup (Y, Yne(T)E. n)| = lim sup [{Yne(T)E. Yan)|
n n
< « [|n|| lim sup [|Y,e(T)&[| = « [In]| lim sup ||z, (T) Y|
n n

< < EN Il IAT)]-

We conclude that [|Se(T)|| < k2 |AM(T)| forall T € P ®, P°.If S is nonzero, it
follows that P has an amenable direct summand. So, § = 0 and the claim that Y,, — 0
strongly is proven.

Since y, = Y, (1), we have proven that ||y, |2, — 0. Thus, y, — O strongly. m

Proposition 6. Fori € {1,2}, let (M;, ¢;) be a von Neumann algebra with a faithful
normal state and separable predual. Assume that (M1, 1) has no amenable direct sum-
mand and that M, # C1. Denote by Aut(M;, ¢;) the Polish group of state preserving
automorphisms.

Define (M, p) = (M1, 1) * (M2, ¢2). Then M is a full factor. Denote by

m:Aut M — Out M
the natural quotient homomorphism. Then, the homomorphism
0: Aut(My, p1) X Aut(M>, ¢p2) — Out M : 6(w, B) = (o * B)
is faithful, has closed range and is a homeomorphism onto this range.

Proof. 1t suffices to prove the following statement: if «, € Aut(My, ¢1) and B, €
Aut(Ms;, @) are sequences of state preserving automorphisms such that

Adu) o (ay * ) — id

for some sequence of unitaries u,, € M, then o, — id, 8, — id and u,, — @(u,)1 — 0
x-strongly. By taking «,, = B, = id, this then says in particular that M is full.

Denote by E;: M — M; the canonical ¢-preserving conditional expectation. For
every a € My, we have that u,a — oy, (a)u,, — 0 strongly. It follows from Lemma 5
that u, — E1(u,) — O strongly.
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Write v, = (an * )~ ' (u}). Then also Ad v} o (e, ! * B, 1) — id. Applying the
previous paragraph, it follows that

lve — E1(vn)

Since a, * 8, is state preserving and commutes with £, we conclude that

|2,¢7 —> O

ez = Ex(up)ll2.o — 0,

so that uy — E(u;) — 0 strongly. In combination with the previous paragraph, we
have proven that u, — E(u,) — 0 *-strongly.

Write x, = E1(up,). Note that ||x, || <1 for all n. Since M, #C1, we can fix b € M,
with ¢2(b) = 0 and ¢, (b*b) = 1. Since u}; B,(b)u, — b weakly and u, — x, — 0
strongly, we get that x} B, (b)x, — b weakly, and thus E>(x} B, (b)x,) — b weakly.
The left hand side equals |¢; (x,)|? Bn(b). Therefore,

(@1 (xn)[? Bu (D), b) = (E2(xy Bu(b)xn), b) — (b, b) = 1.

Since |@1(x,)| < 1 and |{B,(b),b)| < 1 because B, is state preserving, we conclude
that |¢q(x,)| — 1. Since ||x,| < 1 for all n, this implies that x, — ¢ (x,)l — 0
x-strongly. It thus follows that u, — ¢(u,)1 — 0 *x-strongly.

Then also Ad u, — id, so that «, * 8,, — id. By restricting to M;, it follows that
on — id and B, — id. [ ]

Lemma 7. Let HR be a separable infinite dimensional real Hilbert space. Let V,, €
O (HR) such that (V;))neN is weakly convergent. Let N € N. There exist orthonormal
vectors {e1, ..., enN}, orthonormal vectors { f1, ..., fn} and W,, € O(HR) such that
Wyeei = e; and W, Vy,e; — fi innorm for everyi € {1,...,N}, and
(Re; + R f;) L (Re; +Rf;) foralli,j e{l,..., N} withi # j.

An analogous result holds for a weakly convergent sequence of unitaries on a separable

N

infinite dimensional Hilbert space.

Proof. Let V,, — T weakly. Note that | T'|| < 1. Inductively choose unit vectors
{e1,...,en} such that whenever i < j, we have that e; L {e;, Te;, T*e;, T*Te;}.
Define jix , = Vnex — Tey and define o > 0 such that a,% =1 —||Tex||*. By con-
struction,

Viex = Tex + pipn, fk,n —> O weakly, and [|pug |l — ak.

When i # j, we have that V,e; L Vye;. Also, Te; L Te; by construction. Therefore,
fori # j, we have

0= (Vaei, Vaej) = (Tei. ptjn) + (in. Tej) + (Win: jn).-

Since pk,, — 0 weakly, it follows that (; », (tj.) — 0.
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Define K as the linear span of all the vectors e; and Te; withi € {1,..., N}.

Let L = K. Since Mi,n — 0 weakly, || Pk pik,n|| — 0. Put ng , = Pr ik n, so that

| ttke,n — Nk, || — 0. It follows in particular that || » || — ok and that (1; ., n;,) — 0
wheni # j.
Choose orthonormal vectors {g1, ..., gy} in L. By the Gram—Schmidt procedure,

we can choose W,, € O(HR) such that W,§ =& forall § € K and Wng , — ar gk
in norm. By construction,

W, Vyex — Ter + aj gy in norm.
Define fi = Ter + axgr. By construction, the conclusion of the lemma holds. =

Proof of Proposition 4. When Hp is finite dimensional, the group § is compact. By [7,
Lemma 3.2], every o, with v € O(HR) \ {1} is an outer automorphism of M and the
proposition follows. We thus assume that Hr is infinite dimensional.

The spectral measure class of the orthogonal representation (U;);er is a symmetric
measure class on R that we denote by .

Case 1. There is no a > 0 such that the measure class u is concentrated on {—a, a}. We
can then choose a Borel set U; C R such that U; = —U; and such that both U and its
complement U, = R \ U; have positive measure. Make this choice such that 0 € U.,.
Denote by HH"{ C HR the spectral subspace corresponding to U;. We have Hr =
Hp @ HZ and § =6, x §,. Then the free Araki-Woods factor (M, ¢) = I'(Hg,U)"
is the free product of the free Araki—-Woods factors (M;, ¢;) = I'(H%, U)”. Since
0 & U1, we have that dimg H]fR > 2, so that M has no amenable direct summand. Since
9 = 9, x G,, we identify ¢ with a closed subgroup of Aut(My, ¢1) X Aut(M>, ¢2).
Proposition 4 then follows from Proposition 6.

Case 2. The measure class u is concentrated on {—a, a} for somea > 0. Let V,, € §
be a sequence such that 7 (cty;,, ) — id. We have to prove that V,, — 1 weakly. Passing to
a subsequence, we may assume that V,, — T weakly and we have to prove that 7 = 1.
Take unitaries u, € U(M) such that Adu}; o ay, — id.

We claim that there exist 2-dimensional real subspaces K, Kﬂi C Hgr and a
sequence W, € § with the following properties: the subspaces K]Jé are globally invariant
under (U;)ser, we have Ky L Kg, writing Krp = K + Kg, we have that W,€ = &
forall £ € Kgr andn € N, and

W, Vué — F§& innorm for all £ € Kg,
where F: Kr — HR is an isometry that commutes with (U;)ser and satisfies

(Kg + F(Kp)) L (K& + F(K})).
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When a = 0, we have that U; = 1 for all ¢ € R. In that case, the claim follows
from Lemma 7, by taking K} = Re; + Re, and K2 = Res + Rey.

When a >0, write A =exp(a). We can then identify the complexification Hgr +i Hr
with a Hilbert space of the form # & H, where # is a (complex) Hilbert space,

Ui(§,7) = W6 A7) and Hg ={(§.8) | £ € H).

Then, § is identified with U(J), with every unitary V € U(H) giving rise to the
orthogonal transformation of Hg defined by restricting V @ V to Hg. So, we view
Vu € § as the sequence V, & V.

By the complex version of Lemma 7, we can choose orthonormal vectors {e1, >}
and { f1, f>} in J¢, and unitaries W, € U(H) such that Wy,e; = ¢; forall n € N and
i €{1,2}, while W,,V,e; — f; innorm. Also, (Ce; + C f1) L (Cey + C f3). We can
now define K]iR C Hpr by

Kh ={(ze;.77) | z € C)

and use the orthogonal transformations W, @ W,,. Again, the claim is proven.
Write L]"R = K]lé + F(K]’I'{). Define LY = (Lg + L]%{)J-. We find the free product
decomposition
(M, p) = (Mo, o) * (M1, ¢1) * (M2, ¢2),

where M; = I'(LL,, U)”. Denote by E;: M — M; the canonical ¢-preserving con-
ditional expectation. For i € {1, 2}, we also have the subalgebras P; C M; given by
P; = T'(K%,U)". Note that there exists a faithful normal conditional expectation of M;
onto P;. Since Kﬁg is 2-dimensional, the von Neumann algebra P; is a nonamenable
factor.

The restriction of F to K]’k gives rise to the state preserving embedding §8;: P; — M;.
Write v, = aw, (u,). Since Adu;; o ay,, — id, we get that

oy, (@)up, —unall2,py — 0 foralla e M.
Since ayy,, is state preserving and Wy, & = £ for all £ € K%, it follows that
llew, v, (@)vy —vpalz,e — 0 foralla € P;.
Since W, V,,€¢ — F£ forall £ € Kk, we get that
®) law, v, (@) — Bi(a)||2, — 0 foralla € P;.

Since ||¢ o Adu;, o ay,, — ¢|| — 0 and since ¢ is invariant under o, and aw,v,, we
get that ||¢ o Ad v — ¢||2,, — 0. It then follows from (8) that

loew, v, (@)vn — Bi(a)vnl|l2,p — 0 foralla € P;.
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We thus conclude that
|Bi (@)vy — vnalzy — 0 foralla € P;.

By Lemma 5, we get that ||v, — E;(vs)]l2,0 — 0. Since Ej(E2(x)) = ¢(x)1 for
all x € M, we conclude that

lve — @ (vn)l 2,0 = 0.

Since ayy, is state preserving, it follows that |u, — ¢(u,)1]2,, — 0. In particular,

lp(un)| — 1.

This means that u,, — ¢(u,)1 — 0 x-strongly. Thus, Adu, — id. Then also ay, — id,
from which it follows that V;, — 1 strongly, so that 7 = 1. ]

4. Questions, comments and counterexamples

We start by providing the following easy examples of outer actions that are not
strictly outer.

Example 8. First, if M is a factor of type Il whose T -invariant is trivial and if ¢
is a faithful normal state on M, the action R ~,°° M by modular automorphisms is
outer, but the crossed product M Xq« R is not even a factor. In particular, 0% is not
strictly outer.

Second, if T" is a countable abelian group and I’ ~P (X, W) is an essentially free,
probability measure preserving, weakly mixing action, then the dual action « of K = r
on the crossed product II; factor M = L°°(X) xg I is outer, but again, the crossed
product M x, K =~ L% (X) ® B({*(I")) is not even a factor.

Note that in Example 8, the actions on M are by approximately inner automor-
phisms: in [2, Proposition 3.9] (see also [12, Corollary 6.24]), it was proven that every
modular automorphism of a type IIl, factor is approximately inner, while in the second
example, it follows from the Rohlin lemma (see [13]) that for every w € K, there
exists a sequence of unitaries u, € U(L*°(X, n)) such that B¢ (u,) — w(g)u, — 0
*-strongly for every g € I'. Then, Adu,, — o, in Aut M.

In combination with Theorem A, this thus leads naturally to the following question,
asking whether actions by not approximately inner automorphisms are automatically
strictly outer.

Question 9. Let G ~/,* M be a strongly continuous action of a lcsc group G on a
factor M with separable predual. Denote by 7: Aut M — Aut M/Inn M the natural
quotient homomorphism.

Does the faithfulness of = o @ imply that « is strictly outer?
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One should not expect to give an easy proof for a positive answer to Question 9.
Indeed, when M is a Il factor, G = R and R ~/,* M is a trace scaling action, the
relative commutant theorem [4, Theorem 5.1] says that the action « is strictly outer.
Since « is trace scaling, it is trivial that the homomorphism from R to Aut M/Inn M
is faithful. Therefore, a positive answer to Question 9 also has to cover the notoriously
difficult relative commutant theorem in modular theory.

In the very specific case of a tensor product action with one of the tensor factors
being full, the following result provides a positive answer to Question 9.

Proposition 10. Let G A% N and G ~® M be strongly continuous actions of a locally
compact group G on factors N and M. Consider the diagonal action y, = og ® Bg
of Gon N @ M.

If B is strictly outer, then y is strictly outer.

Proof. Define
VNOM — N@M ®L®(G) : y(d)(g) = yg-1(d).

so that (N ® M) x, G is the von Neumann subalgebra of N ® M ® B(L?(G))
generated by y(N ® M) and 1 ® 1 ® L(G). We similarly define

B:M — M & L®(G),

so that M xg G is the von Neumann subalgebra of M ® B(L?(G)) generated by (M)
and 1 ® L(G).

Denote by N C B(H) the standard representation of N and let (Ug)geg be the
canonical implementation of the action «. Define the unitary U € B(H) ® 1 ® L*°(G)
by U(g) = Ug ® 1. Then,

©)] 6:(N®M)x,G—> B(H)Q(MxgG):0(T)=UTU"
is a well-defined *-homomorphism satisfying
O(y(a®b) =a®pP(b) and (1QR1QAs) =U, @1 ® A,

foralla e N,be M, g€ G.Leta € y(N @ M) N(N ® M) x, G. Then, 6(a) is
an element of B(H) ® (M xg G) that commutes with 1 ® S(M). Since B is strictly
outer, we conclude that f(a) = b ® 1 ® 1 for some b € B(H).

Since 6(a) commutes with N ® 1 ® 1, we get that b = JcJ with c € N. Since a
belongsto N @ M ® B(L?*(G)), we get that a commutes with JdJ ® 1 ® 1 for every
d € N.Note that U(JdJ ® 1 ® 1)U* belongs to B(H) ® 1 ® L*°(G) and is given
by the function g — Ja,(d)J ® 1. Since O(a) = JcJ ® 1 ® 1 commutes with all
these operators, we conclude that ¢ € Z(N) = C1. Thus,a € C1. n
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In Theorem A, we have proven that crossed products M x, G are full whenever M
is full and the homomorphism G — Out M is faithful and has closed range. In light
of Question 9, it is natural to try to prove a similar result without assuming that M is
full, under the hypothesis that the homomorphism G — Aut M/Inn M is faithful and
has closed range. One may expect that this condition should be sufficient to prove that
centralizing sequences of M Xy G (see below for terminology) are equivalent with
asymptotically G-invariant centralizing sequences in M . This leads to the following
question, for which we again provide positive evidence in the case of a product action
(see Proposition 12).

Recall that a centralizing sequence in a von Neumann algebra N with separable
predual is a sequence a, € N satisfying sup,, ||a,| < +ooand |w - ap —ap - @] — 0
for every w € Ni. A centralizing sequence (an)neN is said to be trivial if there exists
a bounded sequence t,, € C such that a,, — 1,1 — 0 *-strongly. Note that a factor N
with separable predual is full if and only if all centralizing sequences in N are trivial.

Question 11. Let G /,“ M be a strongly continuous action of a Icsc group G on a
factor M with separable predual. Denote by 7: Aut M — Aut M/Inn M the natural
quotient homomorphism. Make the following assumptions.

e The homomorphism 7 o « is faithful and has closed image.

e Every centralizing sequence a, € M satisfying og (a,) — a, — 0 *-strongly for
every g € G, is trivial.

Does it follow that M x G is a full factor?

Question 11 is much more challenging than Question 9. While Question 9 is trivial
for discrete groups G (because then every outer action is strictly outer), Question 11
is even open when G is a discrete group and M is a II; factor. The problem is that
we have no analogue of Lemma | when M is no longer full. The only positive result
in this direction is provided by [3, Theorem 3.1] saying that for a II; factor M and a
single automorphism « € Aut M, we have that the trivial bimodule L?(M) is weakly
contained in J(«) if and only if « is approximately inner. Even for a countable
family of automorphisms, this is not clear: assume that o, € Aut M, n € N, is a
sequence of automorphisms of a II; factor M. Assume that the identity id does not
belong to the closure of {7 (ay,) | n € N}, where 7: Aut M — Aut M/Inn M is the
quotient homomorphism. Can we conclude that the trivial bimodule L?(M) is not
weakly contained in @@,y H (otn)? When M is of type Il or type III, the situation
is even more delicate, since then Lemma 1 is no longer true. For instance, when « is a
trace scaling automorphism of the hyperfinite Il factor M, the bimodules L%(M)
and J¢ (o) are weakly equivalent, but « is not approximately inner.
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As in Proposition 10, we give a positive answer to Question 11 in the case of
product actions.

Proposition 12. Let G /% N and G ~P M be strongly continuous actions of a lesc
group G on factors N and M with separable predual. Denote by y, = ag ® Bg the
diagonal action of G on N ® M. Consider the following two statements.

(1) (N ® M) %, G is afull factor.

(2) Every centralizing sequence a, € N satisfying og(a,) — a, — 0 *-strongly for
every g € G, is trivial.

Then, (1) = (2). If B is strictly outer and that M C M xg G has stable w-spectral

gap, then also (2) = (1).

From Theorem A, it thus follows that the two statements in Proposition 12 are
equivalent when G A% N is an arbitrary action and G ~# M is an action on a full
factor for which the resulting homomorphism G — Out M is faithful and has closed
image.

Proof. We use the same notation as in the beginning of the proof of Proposition 12.

We first prove that (1) = (2). Take a centralizing sequence a, € N satisfying
ag(an) —a, — 0 x-strongly for every g € G. It follows from the dominated con-
vergence theorem that y(a, ® 1) —a, ® 1 ® 1 — 0 x-strongly. We get for every
w € (N ®M ® B(L*(G)))« with respect to the norm of (N ® M ® B(L*(G)))«
that

lo-y(an®1)—w-(a, ®1®1)|| -0,
ly(an®1) -0 —(a, ®1®1) 0| -0,
lw-(a, ®1Q®1)—(a, ®1Q1)-w| — 0.

It follows that || - y(a, ® 1) — y(an ® 1) -w||—0forallwe (N @ M @ B(L?*(G)))«.
A fortiori, (y(an ® 1))sen is a centralizing sequence in (N @ M) x, G. By (1), the
sequence (Y (an ® 1))xeN is trivial, so that also the centralizing sequence a,, € N must
be trivial.

We then prove the more subtle converse implication (2) = (1), assuming that 8 is
strictly outer and that (M) C M xg G has stable w-spectral gap. Fix a centralizing
sequence a, € (N ® M) x,, G. We may assume that ||a, || < 1 for all n. We use the
homomorphism 6 defined in (9). Since (a,),eN is centralizing, we get that

0(an)(1 ® B(b)) — (1 ® B(b))6(an) — O x-strongly

for every b € M. Since B(M) C M xg G has stable w-spectral gap and trivial
relative commutant, we find a sequence b, € B(H) such that ||b,| < 1 for all n
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and 6(a,) — b, ® 1 ® 1 — 0 *x-strongly. It follows that
an—U*(by, ® 1 ® 1)U — 0 *-strongly.

Denote by A a left Haar measure on G. Fix a Borel set V C G with 0 < A(V) < +o0.
Denote by wy the vector state on B(L2(G)) given by the unit vector A(V)~/21y. Fix
anormal state w € My. Since a, € N ® M ® B(L?(G)), define the sequence ¢, € N
by ¢, = (id ®w ® wy)(ay). Since ay, — U* (b, ® 1 ® 1)U — 0 *-strongly, we define

dy = A(V)7! /v Uy bnUy dg

and conclude that ¢;, — d,, — 0 *-strongly. Note that ||d,|| < 1 foralln € N.
We claim that b,, — d,, — 0 *-strongly. For every g € G, we have that

(1®1®Ay)a,(1®1®Ag) —a, — 0 *-strongly.
Applying 6, it follows that
Uy @ 1®A3)0(an)(Ug ® 1 ® Ag) — O(an) — 0 *-strongly.

Since 6(ay) — by ® 1 ® 1 — 0 *-strongly, we conclude that Ugb, Uy, — by — 0
*-strongly for every g € G. The claim then follows from the dominated convergence
theorem.

Since ¢, — d,, — 0 *-strongly, it follows from the claim above that ¢, — b, — 0
x-strongly. Then also a, — U*(c, ® 1 ® 1)U — 0 *-strongly. Note that

U, ®1 Q@ DU = y(c, @ 1).

Since (an)nen is a centralizing sequence in (N ® M) %, G and since y(N ® 1) is
a von Neumann subalgebra, it follows that (c,),eN is a centralizing sequence in N.
Since a, asymptotically commutes with 1 ® 1 ® A, we also get that otg (¢p) —cp — 0
x-strongly for every g € G. By the assumption of (2), we find a bounded sequence
t, € C such that ¢, — 1,1 — 0 %-strongly. Then also a,, — t,1 — 0 *-strongly and
statement (1) is proven. [ ]

Remark 13. Consider the setting of Proposition 12. We have actually proven the
following two statements.

(1) Whenever (a,)reN is a centralizing sequence in N satisfying ag(a,) —a, — 0
x-strongly for every g € G, the sequence a, ® 1 is centralizing in (N ® M) %, G.

(2) Assume that f is strictly outer and that M C M xg G has stable w-spectral gap.
Then, for every centralizing sequence (b )neN in (N ® M) x,, G, there exists a
sequence (a,)neN as in 1 such that b, —a, ® 1 — 0 *x-strongly.
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In [8, Theorem 6], Jones proved that if Z ~,* M is an outer action on a full 1I;
factor then the crossed product M x, Z is full if and only if the image of Z in Out M
is closed. In general, assume that G is a countable group and G ~/,* M is an outer
action on a factor M with separable predual. In [11, Theorem A], the following two
implications are proven.

(1) If M is full and the image of G in Out M is closed, then M %y G is full.

(2) If G is amenable and M X, G is full, then M is full and the image of G in Out M
is closed.

In Theorem A, we have proven that statement (1) still holds for Icsc groups G. As
the following example shows, statement (2) is wrong for locally compact G. But a
weaker variant of statement (2) might still be true for Icsc groups, see Question 15.

Example 14. Let K be an infinite compact abelian group and let I' C K be any
countable dense subgroup. Choose a strongly continuous outer action K ~P N of K
on a full factor N, e.g. the Bogoljubov action of K on L(IFy,) associated with the left
regular representation of K as we recalled in Section 3. We restrict 8 to an action
of I'on N and define M = N xg I'. Denote G = [ and define & = B as the dual
action of G on M. Since N C M“, we get that (M*)' N M = C1 and it follows
that « is strictly outer. Note that G is a second countable compact abelian group. The
crossed product M x4 G 2= N ® B(£*(I")) is a full factor. Nevertheless, M is not a full
factor. This follows by taking a sequence g, € I suchthat g, - ocoinT"and g, — e
in K, so that ag, — id in Aut N. We claim that the associated unitaries u,, € M
form a nontrivial centralizing sequence in M. Denote by N C B(H) the standard
representation of N and let (Ug)ger be the canonical implementation of the action S.
Then, M = N xg I can be viewed as the von Neumann subalgebra of B(H) ® L(I")
generated by N ® 1 and the unitary operators Ug ® Ag, g € I'. Since ag, — id, we
have Ug,, — 1 *-strongly. Since the unitaries 1 ® A, commute with B(H) ® L(T), it
follows that the sequence Uy, ® Ag, is centralizing for N xg T'.

Question 15. Let G be an amenable Icsc group and let G /,¥ M be an outer action
on a full factor M with separable predual. Assume that M x, G is full. Does it follow
that the image of G in Out M is closed?

Remark 16. Finally observe that Example 14 and Question 15 are quite subtle. In
Example 14, the factor M x4 G is full and thus, there is no nontrivial centraliz-
ing sequence (an)nen in M satisfying ag(an) — an — 0 *-strongly for all g € G.
On the other hand, whenever A C G is a countable subgroup, it follows from [11,
Theorem 3.3] that there exists a nontrivial centralizing sequence (a,)neNn in M
satisfying og(an) — a, — 0 *-strongly for all g € A. This can be seen as follows.
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Choose an ultrafilter ® on N and denote by M the Ocneanu ultrapower. Then,
M’ N M*? is a diffuse von Neumann algebra with a faithful normal state ¢ given by
lim, . an = @(a)1 weakly for every elementa € M’ N M® represented by a central-
izing sequence (d,)nen. The canonical action A /R,% M’ N M® is thus @-preserving.
Since A is an abelian group, it follows from [11, Theorem 3.3] that this action is not
strongly ergodic. Using a diagonal argument, we then find the required centralizing
sequence.

It then also follows that there exists a nontrivial centralizing net (a;);e; in M
satisfying o, (a;) — a; — 0 *-strongly for all g € G. Since the dominated convergence
theorem fails for nets, we cannot deduce that (a;);e; defines a nontrivial centralizing
net in M X, G, which would have been absurd.
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