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Abstract. For certain generating sets of the subfactor pair M C M x G where G is a finite
abelian group we prove an approximate inequality between their non-microstates free entropy
dimension, resembling the Schreier formula for ranks of finite index subgroups of free groups.
As an application, we give bounds on free entropy dimension of generating sets of crossed
products of the form M x (Z /27Z)®> for a large class of algebras M.
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1. Introduction

The famous Jones index [8] is the von Neumann algebra extension of the group-
subgroup index and is defined for any inclusion My C M; of II; factors. An open
question in von Neumann algebra theory is to find an analog of the Schreier’s formula
for the number of generators of finite-index subgroups of non-abelian free groups F,,.
For example, one expects that the “number of generators” of a finite-index subfactor
My C My = L(IF,) shouldbe 1 + (n — 1)[M : N]. Indeed, specific subfactors of L (IF,)
constructed via amalgamated free products [5, 6, 14—16] have sets of generators for
which such a formula holds. However, there is little that is known in general, even for
index 2.

Returning to group theory, let H C G be a finite-index inclusion of groups. Denot-
ing by ﬂf(G) the L2-Betti numbers of G one has the following generalization of
Schreier’s formula (see e.g. [12]):

BP(G) =[G : HIT'BP (1).

(Schreier’s formula corresponds to the case j = 1 and involves the equality 8 iz) (F,) =
r — 1). A similar formula is true for finite-index inclusions of tracial algebras [21].
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Voiculescu’s free entropy dimension 8y [22, 23] takes the value r on a set of
generators of L(IF,); more generally, its value is related to L2 Betti numbers [2,13,18].
Therefore, one expects a statement of the following kind: given a finite index inclusion
My C M, for any generating set Sy for My there exists a generating set for M, (and
conversely, for any generating set S; for M there exists a generating set Sy for My)
so that

(1.1) 80(So) — 1 = [My : Mo] ™ (80(S1) — 1).

However, at present only inequalities of the form 6 (S1) < 80(So) are available [9].

In this paper we show that for very specific examples of subfactors, namely sub-
factors of the form My C M; = My x G with G a finite abelian group, we can find
generators My and M, for which the non-microstates free entropy dimension [25]
analog of (1.1) holds with an arbitrary small error. More precisely, we prove that given
& > 0 there exist generating sets Sy for My and S for M; for which

§*(So) — 1 = [M; : Mo] 1 (8*(S1) — 1) +&.

Our result is interesting in connection with the following question. Let H be a
finitely generated group, and let & be an action of some infinite group G on H. Then it
is known [4, Theorem 6.8] that ,Bgz)(H X G) =0.Incase that G = Z and H is finitely
presented sofic, this implies that the von Neumann algebra M; = L(H) x Z is strongly
one-bounded [7, 11, 18]; in particular for any generating S set of M1, §o(S) = 1. This
leads us to the following conjecture:

Conjecture 1. Let My be a finitely-generated von Neumann algebra, and let G be an
action of a infinite group on My. Then My = My x4 G is strongly 1-bounded.

If true, the conjecture has a somewhat surprising consequence: it would imply
non-isomorphism of free group factors. Indeed, let G be any infinite discrete group
so that L(G) is R®-embeddable (e.g. G = Z or G amenable), and regard F, as the
infinite free product of copies of Z indexed by G. Then G acts on this index set by
permutations and thus on [F; call this action «. One can easily see that the resulting
semi-direct product is Z * G, corresponding to the extension

exid
e—>Fg —-2Z+xG — G —e.

Thus,

My = My %q G = L(Foo g G) = L(Z % G) = L(Z) ¥ L(G).
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The latter von Neumann algebra is known to be not strongly 1-bounded; in fact it has a
generating set whose free entropy dimension is strictly above 1. On the other hand, if
we were to assume that L(IFoo) = L(IF2) (or even finitely-generated), our conjecture
(for the specific group G) would imply that M; is strongly 1-bounded and thus all of
its generating sets have free entropy dimension 1, which would be a contradiction.

While we are unable to even come close to proving the conjecture, we are able
to show that if M, is finitely-generated and in addition My = M5x2(Myp) and G =
(Z./2Z)®, then for any & > 0, M, has generating sets with free entropy dimension
bounded by 1 + ¢. The proof is reminiscent of Gaboriau’s proof [3] and it is this
connection that inspired us to study the behavior of free entropy dimension under
crossed products.

2. Estimates on non-microstates free entropy dimension

2.1. Special generators for crossed product subfactors. Let M be a II; factor and
let  be a properly outer action of a finite abelian group G on M . Consider the inclusion
of factors

M® C M CM x,G,

where M C is the fixed point algebra for the action «. It follows from Takai—Takesaki
duality [19,20] that M xq G = M|Gx;g|(M %) , and moreover that the inclusion
MC c Mis isomorphic to an inclusion of the form M GcMmC X/ G where G is the
group dual of G and ¢’ is a certain action related to the dual action of G onM x4 G.
Assume now that M is finitely generated; thus also M x, G is finitely generated.
Smce M\G|X|G|(MG) ~ M x4 G we also know that M S is ﬁmtely generated Let
= (X1....,Xy) be aset of generators for M ¢. Denote by i Ug € MG xG, g€ G, the
unitaries implementmg o'. Using the isomorphism (M ¢ ¢ M) Cc (MS c M% xq G),
we may view these unitaries as elements of M. Then the set X U (iig) g generates M.
Furthermore, if we denote by ug € M % G, g € G, the unitaries implementing o,
then X U (ﬁg)geG
the following relations:

U (ug)gec form a generating set of M x, G. Note that we have

ngjuszj, geG, j=1,....d,
ugﬁhu;‘ = (g.hu,, geaG, hed,

where we use (-, -) to denote the pairing between the elements of G and its dual G.

2.2. Estimates on non-microstates free entropy dimension §*. In this paper it will
be convenient to work with a non-selfadjoint version of free entropy dimension. Given
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non-commutative random variables Y in a tracial von Neumann algebra M and a
sub-algebra B C M, let A = x-alg(Y, B) and let C be a circular element free from A4;
we normalize C so that t(C*C) = 2. Consider the derivation

dy: A — span{ACA + AC™* A}

determined by the Leibniz rule and by dy (Y) = C, dy (Y *) = C*, dy (b) = O for all
b € B. The vector J(Y : B) € L?(A, 1), if it exists, is called the conjugate variable
to Y and is uniquely determined by

(J(Y : B), P)L2(A) = <C*, P)LZ(A*W*(C))’ VP e A.
Given {Y; : i € I}, the free entropy dimension is then determined by

2
2°

* . _ L t. t. .
8*(¥; 1i € I) =2[I| —liminf DT (¥ ) e\ })]
iel
where Yi’ =Y; + +/tC; and {C; : i € I} are circular elements *-free form {Y; :i € I}.
It is not hard to see that our definition is equivalent to the usual definition of §* for
self-adjoint variables (implicitly introduced in [25], see also [2, Section 4]), in that

§*(Yi:iel)=46, (ReY;,ImY; :i €1).

Lemma 2. Suppose that o is an action of a finite abelian group G on a tracial von
Neumann algebra M, and suppose thatY; € M, j € I are (not necessarily self-adjoint)
generators of M. Let C j(g ), g € G be circular elements x-free from M, and extend o
to
W*Yi:ie )« W C® :iel geG)
by setting ag (Ci(g/)) = Ci(gg/). Let finally th =Y + \/ZCJ-(e), where e € G is the
neutral element. Let
£ = (v} (Y i e 1\ ()

be the free conjugate variables.
For each h € G, denote by (Ej(h))* the projection of (Cj(e))* on to the linear
subspace of

span{ag((Cj(e))*) :g€G)

consisting of vectors x satisfying ag(x) = (g. h)x.
Then

— =(h)\* ~
2.1) £ =G|t 1/2EW*(Y;:I.€,)((C].‘ "N*), Vhed,
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and also

t1/2 R
—|&l3. Vjel heG.

(e)yx
Gl =15

(h)y*
6. C" =

<t,(h)

In particular, if we denote by § the projection of & ]’ onto the subspace of

span{ag (§7) : g € G}

consisting of vectors x satisfying og (x) = (g, h)x, then

. (h 1 . ~
IEr™ 3 = ﬁns;nz, jel heb,

E® () = ||sj 13,

IQ

t,(h) .

so that all of the orthogonal components é in the decomposition S =) hed £ g

have the same length and the same inner product with (C (e))* (It is worth noting that
Et () ¢ W*(Y} :i € I) since that algebra is not invariant under the action c.)

Proof. By [17], we may assume that there exists a family of free creation operators Ej(-g),

Zj(g) satisfying, forall g, g’ € G, j,j' eI,y € M,

)yt = (@) 15 = §gmgrbj=jrr(y),
(E(g)) yﬁ(g) (g(g)) yg(g) 0,

and so that C j(g ) = ﬁ;g ) 4+ (Zj(g ))*. The action & can be extended by putting

ag(e(g))_g(gg) and ozg(ﬁ(g)) (g g)

Denote by

sy _ 1 () a1 >(e)
I _@Z@,h)ag(zj N _@Z(g,hwg(@j )

geG geG

the projections of E( °) (respectively, £ (e)) onto the linear subspace of span{ﬁ(g ). :g€G)
(resp., span{{; 7@ . : g € G}) consisting of vectors x satisfying aq (x) = (g h)x in this
way we get that

=(h 7(h >(h
CP=t" 4+ M.



D. SHLYAKHTENKO 386

We can now verify the following equations:

(N)) ye“’) (N)) yﬂ(’” =0.

From this it follows that (C; ch . jelhe G) is a family of free circular operators (of

variance |G|~1) which are free from M. Since foreach j € I,

C(e) Z C(h)

heG

it follows from [25] and the equalities J(C;) = Cj*, J(Cj(h)) = |G|(5j(h))* that
= (Y +VIC (Y] i e T\ {}}))
((y Y c<h>) VI (v 61\{1}))

W £h

= EW*(Y_]-’:jeI)J(\/—C(h) (Y + \/_ Z C(h)) riel\{j }))

h+#h
_ ~(h
= G172 Eypayrjen (1)),

the last equality by freeness. This gives (2.1). On the other hand,

—-1/2 (e)
E]t =1 / EW*(Y‘;:jGI)(Cje )

It follows that

(. (C/N)") = (€} Eweyr:7en (CS))
= 112l g
= GI7HE. Ewyrzzen(CF))
= |GI71 (&L (™)),
which readily implies the remaining statements of the lemma. u

Theorem 3. Let X be an arbitrary generating set for M ©, and let X U (i g) g bethe

generating set for M and X U (ﬁg)geG U (ug)gec be the generating setfor M Xg G

as constructed in Section 2.1. Then for any € > 0, there exists a A > 0, so that

(2.2) §*((AX;:i e DUy :heG)U (ug : g € G)) —
<IGIT'*Yi:iel)—1)+e
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Proof. LetI ={1,...,dYUuG;fori € I,setY; = X;ifi € {1,....d}and ¥; = i,
ifi =heG. Letalso wj: G — C be given by w;(g) = 1if i € {1,...,d} and
wi(g) = (g, h)ifi =he G. We then have the following relations:

ugYiuy = w;(g)Y;, iel, geG.

Fori € I, let C; be a circular system, free from W*(Y; :i € I,ug : g € G), and for
g €G,let Cg’, be another circular system free from W*(Y;,C; :i € I,ug : g € G).
We then have

5*(X U (i‘\h)he@ ) (ug)geG) = 2(d + |G| + |G|)

—liItll)i(I)lft[ZHJ(Yj +VICi (Yiii € IN{j}) U (ug + V1€ :geG}))H;
jel
+ Z||J(ug+\/;C; (Y i€ I)U(ug/—i-«/?Cé,:g/e G\{g}))”§:|.

geG

Denote by M, the von Neumann algebra W*(Y; + +/tC; : j € I) and by M, the
von Neumann algebra W*(M;,ug + \/?C;,/ 1 g €G).
Using [25], we note that
. . 2
| (ug +~1CL = (Vi :i € IN{j}) U (ugr + V1Cp 1 g € G\ {g}))|;
> || (ug + VIC, 2 (i), +VICL g € G\ {g)))]|>

and by [13], we get that

2/G| —liminf ¢ 2;}||J(ug +VICL (Ul + VICL 1 g € G\ g5
ge

=8y :g€G)=p2G) - PG +1=1-1G]"".

Let{} =JY; + ViCj : (Y; 1 i eI\{j})U(ug—l—\/ZCé/, : g € G)) and set
SJ’ =J(Y; +Vi1C; : (Yi:i € I\{j})).Forh e G, denote by (_7]-(h) the projection
of C; onto the subspace of span{ugC; u; : g € G} consisting of vectors x, so that
{ug(x)uy = (g, h)x}. Letalso

<(h — ~(h
oW =172 EL ().
Then by applying Lemma 2 with C j(e) =C;,C j(g ) =y ¢Cjuy, we have

g’

£ =G|tV Ep, (CP)").
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It follows that
(ll/zé']t-,((_j.(e))*) ( (C ) (C(E)) ) < M (C(e)) )
(C*m|123E (e (CL)"u »

geG

= (€7 1617 Y g, (4 +1"2C)(CO) (g +112C)")) + 012
geG

=(cr.1617 1ZugEM (Cyuz) + 0GM?)
= (161" 1Zu Jitg. B, (C)) + 04'?)

= ((C)* Eg (C1)*) = (Eg, (C* Eg (C)*) + 0(t'/?)
= Eg, (CNI3 + 0¢'?).

Similarly, letting £ be as in Lemma 2, we have that
y g5

(C(e)) 11/2%-1 »(e) E (C(e)) t1/2|G| 1 Mg
M
geG
= (16" Y uz g, (Ej(e))ug,zl/zgj.>
geG
= (Eg, (C). 1'%l + 0(t'1?).

Using this and E 5 (E ) = &%, and Lemma 2, we obtain the inequality

w@@PMW%@><E(d%ﬂ“m

1012875 1017281
(@g)+00% 121G €113
REGE G122
(12

e

1, ()2 = + 03"

+ 0@t'?)

€2 + 0@'/?),
so that
((128,(CO)) = 1 Eg, (€3 + 062) = |G ENS + 012,

We now claim that for all but one /1 € G, (¢ 1/2;: (C(h)) ) is almost 2|G|~!.

Let us use the notation x (t) € M, + o(t?) to s1gn1fy that there exists an element
y(t) € Mt, so that

lx(@) = y@)ll2 = O@”).
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Since (ug + /1C})(Y; + V1Cj)(ug + /1C))* € M; and Y; + 1Cj € M,, we
have that

(ug + VIC)(Y; + VIC)(ug + VICY)* — wi(g)(Y; + Vi1C)) € M.
Thus, also
VI(CLYug +ugY(Cp)* — w;(2)C) +ug Ciut) € My + O(1).
Hence,
CLYul +ugY;(C))* — 0;(8)Cr + ugCiul € My + O(t'/?).

Since ugug = 1, we similarly deduce

Clul +ug(CL)* € M, + O(t'?),
so that, noting that u, € M, + O(t'/?)
(CH* +ulClug € M, + O(t'/?).
This gives
CoYjuy —ugYiuyCoug — w;(8)C; + ugCjuy e M, + 0(t'/?).

Projecting onto eigenspaces for the G action glven by conjugation by u, (noting
again that ug € M; 4+ O(t/?)) gives us for all € G,

(hroj! ) (h-w

(C)g ugYuC ’)

Ug — W) (g)éj(h) + ”géj(h)“; e M, +0@"?).
‘We note also that
_ =1 _ _
(€)D" Dug = (h.g™"w;(g) - ug (CHP
and
~(h ~(h
ugC"uy = (h.g)C",
whence

(hw;) ~/(hwj)

Yjug — (h,g_l)a)j(g)ugY}u;ugCg
+ ((h.g) — 0 ()T € M, + 011

(Cg
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It follows that
~(h ~(h
(1120 (C)*) = (Eg, (C)).C?)
= (C), Egg, (C™))
= 3™, Eg (€M)
neG
= (G, E, (C™) + 0('?)
= |Eg, (C)I3 + 0('/?)
~ (h)
e

=, (hw; " _ —hws —
(g Yiug = thog @V, G + (hg) = w; ()T >

> max
g

2

A (o) =/(h-w; —
1€E " Yjug = (h g~ o (g Y;C™ + (. €) — ()T

+ 0@t'?)

. —{(h, 2
AP 111 R L1
g |wj(g) — (h,g)|*> + 4lY;|
Thus, if & # w;, we have

+ 0@t"?).

= 216!
11/2¢t CMy*y >
(1265, () = o

+0(1%).
where

K = sup min 4”Yj”%
ih & lwj(g) —(h.g)
where C is some constant that only depends on G.
We can now compute, using that th = t_l/zEMt (Cj*),

nggfzi;nf(yj +VIC (Y i € IN{Y) U (ug +VICL:g €G]
je

= Cswp Y3,
J

= liminf Y "(¢'/2¢4,11/2¢0) = lim inf >t e
—>00

t—>00
jel jel

RTINS 1/25t (7 (B)y* 1/2
=liminf } 3 (125 (C;")") + 0('/?)
heGJel
-1 -1 P -1 2 1/2
= 211(1G] = 1)IGI™" (1 + )7 +liminf Y |G|~ e]|€] 5 + 0G*/?)
jel
> 2I|(IG] = DIGI ' (L + )+ 2/I||G| ' = |G| 18" (Y; :i e 1)
=2/I|(1 4+ 1)~ ' =21||G|7 A + 1) +2/1||G|7 = |G|716*(Y; :i € 1)
=21 +&)"' = [GI718*(Yi i e I) + 2G| (1= (1 +K)7).
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Putting all this together gives us
§*((Yi:i e)U(ug : g € G)) =2|I|+2|G|

_nggf[ZHJ(Y,- +ViC) (Y i € IN{j}) U (ug + Vi€, :geG)||§

jeI

+Z||J(ug+\/;Cé:(Y,- i e]\{j})U(ug/+\/;Cg/:g/eG\{g}))HZ:|

geG
<2I|+2[G| = 2|1+ )+ |[G|7'8* (Vi :i e I) = 2I|G| ' (1= (1 +x)7")
—2|G|+1—|G|™!
=[G Yi:ie D+ 1—|GIT +21|(1—- |G| ) (1= (1 +x)7").
Thus,
*((Yi:ieU(ug:g€G))—1
<|GIT'* Yi:ie)— |G +2|(1 -G (1 -1 +K)7")
=[GV :ie D +2[(1—-|G)(1—1+x)7").
Suppose now we rescale Y; by replacing Y; with AY;. Then
S*Yi:iel)=80WY;:iel),
so that we get
§*(AYi:iel)U(ug:g€G))—1
<|GITY(* Wi ie )= 1) +2[[(1 =[G (1= +2A%)7Y).
Thus, choosing A small enough, we can ensure that
§(AY;:ie)U(ug :g€G))—1<|GI7H(8*(Y;:iel)—1) +e,
as claimed. ]

Let Z4,..., Z, be generators of a tracial von Neumann algebra, it would be natural
to expect that §*(Zy, ..., Z,) is an algebraic invariant: if Z{, ..., Z;l, is another set
of generators for the (non-closed) algebra x-alg(Z1, ..., Zy,), then§*(Z1,...,Z,) =
8*(Z{....,Z,,). In particular, one expects that for any non-zero numbers A1, ..., A,,

(2.3) 8 (Zy,....Zp) =8 (MZy, ..., AnZy).
If this were true, then we could combine the inequality in Theorem 3 with the equality

§* (MY i €U (ug:8€G))=8(Yi:i €I)U(ug: g €G))
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to deduce that
*((Yi:ielU(ug:g€G)—1<|GI7(*i:iel)—1)+e
for all € > 0, and conclude that
§((Yi:ieDU(ug:g€G))—1=<|G|71(8*(Yi:iel)—1).

However, to our embarrassment, we could not find a proof of (2.3). Note, however, that
when *x-alg(Z1, ..., Z,) is isomorphic to a group algebra, then algebraic invariance
holds [13].

The difficulty in the proof of Theorem 3 arises from the complicated form that the
relation uz Yiug =w;(g)Y,; takes when we substitute u z + «/?Cé’, forug andY; + J1C;
for Y;. If we instead redefine M, as W*(M;,ug : g € G) and set &= t‘l/zEﬁt (C)),
then it is easy to show that

—.(h L
18713 = 207161
if h # wj. Indeed, since now u, € M, we see that
Mt Sug(Yi + \/;Cg)u; —wi(g)Yi + \/;Cg) = \/;(ugcgu; — i (g)Ce),

so that ug Couy — wi(g)Cq € M, . Decomposing into orthogonal components accord-
ing to h € G then gives that ((h, g) — w; (g))éj(h) € My, so that Ej(h) € M, whenever
h # wj; thus

<t,(h — ~(h — ~(h

;M = 2E G (CM)) =AMy
and the claimed equality on the norm follows from ||C j(h) |3 = 2|G|~L. Note also that,
using Lemma 2,

J(Y; + VG {Y; + ViCi i e T\ {j}})

_ =(h
= |G|t I/ZEW*(Yi’:iGI)((CJ'( %)

—1/2 ~t,(w))
= |G|t~V Ewey,+vic;ien€™ ")
so that as in the proof of the theorem

1Z7 B = 1GIT | (Y + VIC  4Ys + ViCi i e T\ 1)
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Using this, we get the following inequality:
2011 =1 Y I (Yi + VICi 2 (Y; 1 j € IN{T}Y) U (ug : g € G))5

iel
~t,(h
=211 -1 S P
JE€l heG
— — _t:( )
=21|-t) > 227G =Y 1GN3
jel heé\{wj} Jjel

=27 -2/1|(IG] - 1)IG[™!
— 3 NGI T (Y + VG Yy + ViCii e TN {3
jel
- |G|—1(2|1| — 1) I (Y + VIC Y + ViCi i e 1\ {j}})Hi).
jel
Taking lim inf of both sides gives us
(2.4) §((Yi:iel)|(ug:g€G)) <|G|7'8*(Y; :i € 1),
where we define a kind of “relative non-microstates free entropy dimension”
§*((Yi:iel)|(ug: g €G))
=2l7| ~tliminfr ) [ J(Yi +ViCi: (Y; 1) € IN{i}) U(ug 1 g € )|
i

Based on the analogy with the behavior of the microstates free entropy dimension [10],
and since §*(ug, : g € G) = 1 — |G|~! (see [13]), one would expect that

*((Yi:iel)|(ug:8€G)+(1—|G|™")=68"((Y;:i e ) U (ug : g € G)),

but this equality is not known at present.
Subtracting |G|~! from both sides of (2.4) we arrive at the following:

Remark 4. Let X be an arbitrary generating set for M S, and let X U (i g) e be the
generating set for M and X U (ﬁg)geé U (ug)gec be the generating set for M xq G
as constructed in Section 2.1. Then, with Y; as above, we have

*(Yiziel)|(ug:g€G)+(1—|GI™)—1=<|G|7'(8*(Y; =i e I)—1).

3. Some applications

Corollary 5. Suppose that G is a finite abelian group acting properly outer on a
factor M. Suppose that M is generated by d elements. Then M x4 G has a generating
set S satisfying 8o(S) < (2d + 2)|G|7! + 1.
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Proof. If |G| = 1, there is nothing to prove, so let us assume that |G | > 2. By Theorem 3
we have, for every ¢ > 0, the existence of A > 0 so that

8*()‘)( U (Aﬁg)ge@ U (”g)gEG) —1= |G|_1 ) [S*QX U (ﬁh)heé) - 1] +e
where X is any generating set for M ¢. We can thus assume that | X | < d. Moreover,

§*(AX U (@in)eq) < 8" (AX) + 8™ ((0h) )
<2d +1-|G|™,

since G is abelian [13].

Let e = |@|_1. Then by Theorem 3, there exists some A > 0 so that, if we set
S=XU (iig)gea U (ug)geG. then (2.2) holds. Combining this with the remarkable
inequality between microstates and non-microstates free entropy [1] and invariance
of §¢ under algebraic changes of variables [24], we obtain

80(S) = 8o(AX U (Ailg) e U (Ug)gec)
<8 (Ax U (Alig)geq U (ug)geG)
<IG'2d +1—-|G[™) +1+e
=2d|G|7'+ |G| =G| 2+ 1+ |G|}
<Q2d+2)|G ' +1=02d +2)|G|™" + 1.
as claimed. u

Theorem 6. Let M be a finitely generated factor, and assume that M = My, (M)
and that a is a properly outer action of G = (Z/27)®> on M. Then for every & > 0
there exists a finite generating set S for M X G so that §o(S) <1+ ¢.

Proof. Suppose that M is generated by d elements. Choose m so that
27"2d +2m +2) <e.

Denote by G,, the subgroup of G generated by first m copies of Z/2Z. Then
MCm =~ N x G,,, where N is a Il factor, so that Mom xom (N) = M. Thus, by assump-
tion, N 2 M, so N can be generated by d elements. Thus, M % is generated a set S’
of at most d + m elements. Applying now Corollary 5, we deduce that there exists a
generating set S for M x G, so that

50(S1) <27"Q2d +2m +2) + 1;

moreover, S; includes the set Sy consisting of generators of G,.
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The group G is an infinite abelian group whose topological dual is isomorphic to
the Cantor set. Thus the von Neumann algebra of G is generated by a single unitary w.
Let S5 be that unitary. Then S = Sp U S7 U S, is a generating set for M x4 G.

By the hyperfinite inequality for §¢ [10], we have

80(S) = 80(S1 U S2 U Sp) < 80(S1 U So) + 80(S2 U Sp) — 80(So)
<27Q2d +2m+2) + 1+ 1 - 8(So).

Since Sy generates G,,, which is a finite abelian group, §o(Sp) = 1 — |G|~ =
1 —27™ (see [10,23]). Substituting this into the inequality above gives

So(S)<2"Q2d +2m+2)+1—-(1-2"")
=2"Q2d +2m+2)+1<1+e¢,

as claimed. [
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