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NOTES ON PERIODIC SOLUTIONS OF
DISCRETE STEADY STATE SYSTEMS

GEN-QIANG WANG and Sul SUN CHENG

Abstract: A three term discrete system is considered and periodic solutions are
found by means of a mountian pass theorem in the critical point theory.

1 — Introduction

In [5], discrete systems of the form
(1) NXp 1 +g(n,X,) =0, neZ={0,£1+2..},

where g € C(ZxR* R¥) and there is a positive integer w such that g(t+w, X) =
g(t, X) for any (t,X) € ZxRF, is considered and w-periodic solutions are found
by means of critical point theory. Since the difference operator A is defined
by AX,, = X,+1— X,, the above system reminds us of a second order differen-
tial system. Therefore, the above system emphasizes the importance of relative
changes of the state variables with respect to spatio or temporal changes. Such an
emphasis may, however, not be necessary in general. Consider for example w ar-
tificial neuron units placed on the vertices of a regular w polygon. Let :ng ) denote
the state value of the n-th neuron unit during the time period ¢ € {0,1,2,...}.
Assume that each neuron unit is activated by its two neighbors so that the change
of state values between two consecutive time period is given by

2+ ng) = 2® 4 0 h(n x(t)) ,

n n—1 n+l" s b
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where f stands for the bias mechanism inherent in the n-th neuron unit, then
we have an evolutionary system of the form

xﬁﬁ” — :cgf) = xﬁf),l + xf(ltil — h(n,xg)) , nedl,2,..,w},
=,
5U§t) = xc(jzrl ;
for t =0,1,2,.... If we try to seek a ‘steady state’ solution {(acgt), ...,xﬁf))};’io

such that :m(f ) = xy for all t, then we need to find a solution of the steady state
System

0 =zp-1+zpt1 —h(n,z,), ne{l,2, ., w},
Lo = Tw
1 = Tw+1,
or equivalently, to find an w-periodic solution {x,,}necz of
Tn-1+ Tpy1 —h(n,z,) =0, nez.
For this reason, we need to consider three-term discrete systems of the form
(2) Xpt1+Xn1—f(n, X)) =0, nez,

where f = (f1, f2, ..., fx)T € C(ZxR* R¥) and there is a fixed positive integer w
such that f(n+w,U) = f(n,U) for all (n,U) € ZxR*. We will assume through-
out that there exists a continuously differentiable function F' € C!(RxR¥, R) such
that VyF(n,U) = f(n,U) and F(n+w,U) = F(n,U) for all (n,U) € RxRF,
where Vpy denotes the gradient operator in U. As usual, a solution {X,},ez
of (2) is a real vector sequence that renders (2) into an identity after substitu-
tion. It is said to be w-periodic if X, 1, = X, for all n € Z.

As in [5], we will employ some of the well known results in the critical point
theory to find w-periodic solutions of (2). For general information on critical
point theory, we refer to [13, 14]. For additional information on discrete systems,
we refer to [1-12].

Note that if we let I: R¥ — R* be the identity map and let f(n,X,)=
g(n, X,,) — 2I(X,,), then (2) is reduced to (1). However, as will be seen in
Example 2, our results cannot be deduced from that in [5]. This is not surprising
since emphasis is shifted to interactions between state variables.
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2 — Existence criteria
The main result of this paper is the following.

Theorem 1. Suppose F(n,U) > 0 for n € Z and U € R*. Suppose further
that
(G1) there are constants 6 > 0 and « € (0,1) such that for any n € Z and
U € R¥ satisfying |U| < 8, we have F(n,U) < a|U|* and
(G2) there are constants p >0, v >0 and 3 € (1,00) such that for any n € Z
and U € R¥ satisfying |U| > p, we have F(n,U) > B|U|*> — .

Then (2) has at least one nontrivial w-periodic solution.

Example 1. Let k=1and w = 2. Set f(x) = 2a(2+sinnt) (z—sinx) where
a> 1, and set F(t,z) = 2a(2+sin7rt)(§ +cosz —1). Then f, F € C(R,R) and
Vo F(t,z) = f(t,z). It is easy to see from lir%max|F(t, r)/x?| =0 that (Gy) is sat-
isfied. Since F(t,x) = 2a(2 + sinnt) (%2 m+_)c0tsE§ —1) > az? — 4a for (t,z) € R?,
if we take p >0, § =a and v = 4a, then (Gy) is satisfied. Thus by Theorem 1,
(2) has at least one nontrivial 2-periodic solution. o

Corollary 1. Suppose F(n,U) >0 for any n € Z and U € R¥. Suppose
further that
(G3) F(n,U)=o(|U|?) as U— 0 and
(Ga4) there are constants Ry >0 and oy > 2 such that for any n € Z and
U € R* satisfying |U| > Ry,

<U, Vi F(n, U)> > a1 F(n,U) > 0.

Then (2) has at least one nontrivial w-periodic solution.

Corollary 2. Suppose k = 1. Suppose further that
xX
(Gs) /f(n,t) dt >0 for any n € Z and z € R,
0

(Gg) f(n,z) =o0(x) as © — 0 and
(Gy) there are constants R; > 0 and a3 > 2 such that for any n € Z and
x € R satisfying |x| > Ry,

x f(n,z) > al/xf(n,u)du > 0.
0

Then (2) has at least one nontrivial w-periodic solution.
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Before turning to the proof of our results, let us first show that our results
are different from those in [5].

Example 2. Consider a scalar equation of the form
(3) Tpt1 + Tno1 — 3(a:n)3/2 =0, nez.

We assert that (3) has at least one nontrivial 4-periodic solution. Indeed, here
f(n,z)=32%? and F(n,z) = s 2%/2. Tt is easy to see that limmax|F(n,z)/x?|=0
and that (Gi) is satisfied. If we take p>0, 5=6/5 and '?€> 0, then (Ga) is
satisfied. Thus by Theorem 1, (3) has at least one nontrivial 4-periodic solution.
However, if we rewrite (3) in the form (1), then g(n,z)=32%%2—2z. In this
case, the conditions of the main Theorem in [5] are not satisfied, for otherwise
there is G, such that ViyG(n,U) = g(n,U), G(n,z) >0 for n € Z and = € R and
G(n,0) =0 for n € Z. Thus G(n,z) = ¢ x5 — 22, which is contrary to the fact

5
that G(n,z) >0forne€ Z and z € R. o

The spirit of the proof of Theorem 1 is similar to that of the main theorem
in [5] but we use a mountain pass theorem instead of a linking theorem. For
the sake of completeness, we give a complete proof as follows. First, for any
U= (Uy,....Up), V=(V1,..., Vi) € R¥, their inner product is (U, V) = S*  U;V;
and the norm of V is [V| = (V, V)1/2. Let S be the set of all real vector sequences
X = {X,}nez where X, = (X1, Xp2, ..., Xpx)' € R¥. For any X,Y€ Sand a,b€R,
aX + bY is defined by aX +bY = {aX,,+ bY, }nez. Then S is a linear space.
Let E, be the set of all w-periodic vector sequences in S. When endowed with

the norm || - || g, and inner product (-,-)g, defined by
w 1/2
(4) 1X1e., = (Zanl2> :
n=1
and

w

<X7 Y)Ew = Z(Xm Yn>

n=1
for any X={X,}nez, Y={Y,}nez in E,, the pair (Ew, (-, >Ew) is a Hilbert space.
We now formulate our problem as a critical point problem. Consider the
functional I defined on E,, by

(5) I(X) = Z{(Xn+1,Xn> ~ F(n,Xn)} ., XecE,.
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Since E,, is linearly homeomorphic to R“* I can be viewed as a continuously
differentiable functional defined on the finite dimensional Hilbert space R<¥
by taking Xo = X, and X, 1 = X;. In particular, the Frechet derivative I'(X)
is zero if, and only if, g{)gfl) =0forallne{l,..,w}and ! €{l,...,k}. Since

oI(X

() ( ) :{an+Xn—ll_fl(naXn>}7 1§7’L§w, 1§lSk7
8Xn,l ’ ’

we see that I'(X) =0 if, and only if,

(7) Xpt1+ X1 —f(n, X)) =0, nef{l,.,w}.

That is, X € E,, is a critical point of I (i.e. I'(X) = 0) if, and only if, X is an
w-periodic solution of (2).

Let H be a real Banach space. A continuously differentiable functional J €
C1(H,R) is said to satisfy the Palais-Smale condition (P-S condition) if any
sequence {u,} C H for which {J(uy)} is bounded and J'(u,) — 0 as n — oo
possesses a convergent subsequence in H.

Lemma 1 (14, Mountain Pass Theorem 2.7). Let H be a real Banach space
and I a real continuously differentiable functional that satisfies the P-S condition.

If I is bounded from above in E, then I possesses a critical value ¢ = sup I(z). n
zel

Lemma 2. If (G2) holds, then the functional I defined by (5) is bounded
from above in E,,.

Proof: According to (Ge), if we let
m = max{|F(n,U) —BIUP ++|: nez, |U| Sp}
and 7' = v+7;. Then for any n € Z and U € R*, we have
(8) F(n,U) = BIU>—+.
By (5) and Cauchy’s inequality we see that for any X € E,,

n=1

1) = Y {{Xa1. Xa) = F0. Xa) } < 7 (X, Xa) | = D Fln, Xa)
n=1 n=1

< XN = D (BIXal> =) = I1X1%5, - Y _(81Xal*~7)

n=1 n=1

= (1= IX|E, + 7w

Since 8 >1 by (Gs), for any X € E,,, we have I(X) <+'w. The proof is complete.n
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Lemma 3. If (Gy) holds, then the functional I defined by (5) satisfies the
P-S condition.

Proof: Let {I (X (i))}zl be a sequence bounded from below, that is, there
exists a positive constant M such that

M <I(X9D)y, i=1,2,...
In view of the proof Lemma 2, it is easy to see that
—M < I(X9) < (1-8) | XD|F, +vw,

which implies that
IXONE, < (5-1)7" (M++/w)

That is, { X} is a bounded sequence in the finite dimensional space E,,. Hence
{X@} has a convergent subsequence. The proof is complete.

We now turn to the proof of Theorem 1. First of all, we can easy to see that
I(0) = 0. Tt suffices to find a nontrivial critical point of the functional I defined
by (5). By Lemma 2 and Lemma 3, we see that the conditions of Lemma 1 hold.
Thus I possesses a critical value co = sup,cp_I(x). Let X Y be a critical point of I
in E,, such that I(X% = ¢y. We claim that co> 0. Indeed, by the assumption (Gp)
and Lemma 2, for any constant vector sequence X ={V} _, satisfying || X ||z, =9,

ne”Z

1(X) = Y { X1 Xo = Fou. X0} > IX[E,— D F(n, X))
n=1

n=1

w

> | X[IE, - ad Xl = (1—a) || X]F,
n=1

=0>0,

where o = (1 —a)é? > 0. Thus ¢y = supyxep, I(X) =0 > 0. Since I(0) =0,
X0-£0. Thus X is a nontrivial w-periodic solution of (2). The proof is complete. n

We now turn to the proof of Corollary 1. It is easy to see that if (Gs) holds,
then the condition (Gj) of Theorem 1 is true. From (Gy), we have

< U VUF(n,U)> L@

9 T e ) 2 Z and |U|=Ry .
(9) U] F(n,U) i or n€Z and |U] 1
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Thus
dInF(n,U) e
aiu|  ~ ol
which implies
(10) L(lnF(n U)—alln\U|> >0 for neZ and |U/ZR;.
d|U] ’
Let
¢ = min{lnF(n,U)—a11n|U|: n €Z and \U|:R1} .
By (9),
ImnF(n,U)—ailn|U| > ¢ for ne€Z and |U|=R; .
That is

F(n,U) = p1|U|**  for n€Z and |U|=R;,

where (1 = exp(¢). Let p1 > Ry satisfying (31 p?172 > 1. Then for n € Z and
|U’ = P1,
F(n,U) = plUIM 2 [UP = BIUP,

where 8 = 1 p{*~? > 1. Thus the condition (Gz) of Theorem 1 holds. The proof
is complete. n

Finally, the proof of Corollary 2 follows from Corollary 1 by taking
F(t,x) :/ flt,x)dx. n
0
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