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LOCAL ENERGY DECAY FOR THE NONLINEAR DISSIPATIVE
WAVE EQUATION IN AN EXTERIOR DOMAIN

MOoOEZ DAOULATLI

Recommended by E. Zuazua

Abstract: In odd dimension space, under a microlocal geometric condition, we
give the rate of decay of the local energy for solutions of the wave equation on exterior
domain, with localized nonlinear damping.

Résumé: En dimension impaire d’espace, on détermine sous une condition géomé-
trique microlocale, le taux de décroissance de ’énergie locale des solutions de I’équation

des ondes dans un domaine extérieur, en présence d’un dissipateur non linéaire localisé.

1 — Introduction and Statement of the result

Let O be a compact domain of R? (d > 3 is odd) with C* boundary I = 95
and Q = R\ O. Consider the following wave equation with a nonlinear internal
damping

O?u — Au+ a(z) f(Qu) = 0 in RyxQ,
(1.1) u=0 on RyxI',
u(0,x) = ¢1 and Owu(0,x) = ¢ .

Here A denotes the Laplace operator in the space variables and a(z) is a non-
negative function in L>°(Q) with compact support. f: R — R is a nondecreasing,
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continuous function, such that f(0) = 0 and satisfying the following polynomial
growth near the origin

1
(1.2) als|" < [f(s)] < eals],  [s| <1,
where c¢1,co > 0 and r > 1; moreover we suppose the growth condition at infinity
(1.3) colsl < If(s)] < ealsP?, s> 1,

with ¢3,c4 >0 and p > 1.

The problem with linear or nonlinear dissipation in bounded domain has been
intensively investigated in [3], [16], [17], [7], [12], [18], [11], [28], [19], [14], [24],
[29], [5], etc.. One can find results with damping terms effective everywhere, or
localized on a suitable subset of the domain or on the boundary, under more
or less strong geometrical conditions like the Lions condition, or the microlocal
Bardos—Lebeau—Rauch condition. Various rates of decay (from exponential decay
to logarithmic decay) are then obtained depending on the geometry and the
nonlinear behavior of the damping term.

When 2 is an exterior domain, we define the local energy by

E,)(t) = /Q (Ivutt. )P + (e o)) do

= || (utt). Bl |3, -

where
B, = {x € R? |z| <p}

contains the obstacle O, and our goal is to give a decay estimate for this energy.

For the linear undamped wave equation (i.e. a = 0) outside a compact ob-
stacle in odd dimension space, the study of the local energy goes up to the
pioneering works of Lax—Phillips [15], Morawetz, Strauss, Ralston. When the
obstacle is trapping Ralston [27] proved that there is no uniform decay rate, and
Morawetz—Ralston—Strauss [22], Melrose [20] obtained the exponential decay for
non-trapping obstacle. On the other hand, without any assumption on the dy-
namics Burq [6] proved the logarithmic decay of the local energy with respect to
any Sobolev norm larger than the energy norm.

When a(z) f(Opu) = a(x) Oyu, Nakao in [25] proved that the local energy
decay exponentially if d is odd and polynomially if d is even under the Lions’s
geometric condition. More recently, combining the definition of a non-trapping
obstacle and the geometric control condition of Bardos-Lebeau-Rauch [3], Aloui
and Khenissi [1] introduced the exterior geometric control condition:
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Definition 1.1. Let R > 0 such that O C Br, TR >0 and w = {z € Q;
a(x) >0}. We say that (w,Tg) verifies the exterior geometric control condition
on Br (E.G.C), if every geodesic v starting from Bp at time ¢ = 0, is such that

o 7 leaves Ry x Bp before the time T, or
e v meets R, Xw between the times 0 and Tg. o

So they prove the exponential decay with a localized linear damping term.

To our knowledge very few results seem to be known for the wave equation
with nonlinear dissipation in the whole space or in exterior domain. In the whole
space, when a =1, K. Mochizuki and T. Motai [21] prove the logarithmic decay
of the global energy, and K. Ono [26] prove the polynomial decay when the
dissipative term is equal to Oyu + |OulP~ 1, 1< p < 3. Finally, we mention
the work of M. Nakao and I. Hyo Jung [13] in exterior domain, where they
obtained the polynomial decay of the energy with dissipation which is nonlinear
in a bounded region and linear far from the obstacle.

Before stating the results of this paper, we need to precise some definitions
and notations. H = Hp(Q) x L*(Q2), is the completion of (C°(9))? with respect
to the norm

1
el = Nenealll = 5 [ 1Veal + el do

Hy is the completion of (C§°(R?))? with respect to the norm

1
Il = 5 [ (I901F + leal?) da

071

LetA:(AO

) be the unbounded operator on H, with domain

D) = {p € H; Apie L(9), ¢ € Hp(@)} .

Let us consider the wave equation in exterior domain

Ou— Au = 0 in RxQ,
(1.4) u=0 on Rx0Q,

u(0,-) =¢1 and Owu(0,-) = 2,
where (¢1,p2) € H. We denote Uy (t) the isometric linear wave group, defining
the solution of (1.4)
ut): H — H

(1.5) (1.02) — Un(t)(o1,0) = (ult), yu(t))
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Let R > 0 such that Br contains the obstacle and the support of the function
a(x). Following Lax—Phillips we denote by

D = {gpz((pl,gpg) €eH; Uy(t)o=0 on |z|<t+R, tZO} .

We will precise this space in Section 3.1.1.
Let GG the subspace of H, defined by

(1.6) G = D(A) + D .
Theorem 1. Forevery ¢ € D(A), the problem (1.1) admits a unique solution
(1.7) ueCRy,Hp(Q), 0w e CRy,L* Q).
The energy of u is defined by
(1.8) E(u)(t) = || (ult), du(®)|5 = ;/Q|Vu(t,$)|2 + [Opu(t, 2)|? d
and satisfies
(19)  BE)(t) — Bw)(0) = — /O t /Q a(z) f(Oyu(r,2)) dyu(r, z) du dr

for every t > 0. In addition we have

(1.10) (u(t), Byu(t)) € D(A)  for every t>0
and
(1.11) H((‘)tu(t),(‘)fu(t))HH < || (w2, A1 — af(npg))HH, ae t>0.

Theorem 2.

(1) p=1. For every ¢ in H, the problem (1.1) admits a unique solution u
verifying (1.7) and (1.9).

(2) 1<p< ﬁ. For every ¢ in G, the problem (1.1) admits a unique solu-
tion u verifying (1.7) and (1.9). In addition we have

(1.12) (u(t),du(t)) € G, forevery t>0.
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Let
H if p=1,
(1.13) X =
G if p>1.
For every t € R, we define the evolution operator U(t) by
U(t): X — X
(01,02) ¥ U(t)(p1,02) = (u(t), dru(t))

where v is the solution of (1.1). (U(t));er, forms a one parameter semi-group on X.
Moreover, for every ¢ € X, the map

R+ — H
t— Ut)p
is continuous.
Take Dy > 0 and denote by
(1.14) By (Do) = {90 € H; [lella < DO}

and

(115)  Bpay(Do) = {w € DAY llels +|(02 A — af(e2) |3 < D3} -

We come now to the main result of this paper.

Theorem 3. Let R >0 and Tr > 0, such that ({x € Q; a(x) >0}, TR)
satisfies the exterior geometric condition on Br. Then for every Dy > 0

(1) p=1. There exist ¢ > 0 and 6 > 0 such that inequality
Er(u)(t) < ce™ ol , t=0 if r=1,

2

Br)(t) < (lellf™+ct=T)) ", t>T=Ta+9R if r>1,

holds for every solution w of (1.1), if the initial data ¢ € By(Dy) and
is supported in Bp.
(2) 1<p< ﬁ. There exists ¢ > 0 such that inequality

1

Er@)(t) < (lelf' ™ +et=1)) ™", t=T=Tp+9R,

holds for every solution u of (1.1), if the initial data ¢ € Bp(ay(Do) and
is supported in Bg, with

B <T+1 (d+2)—p(d—2))
s = max| ——, 2d—pd-2) )
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Remark 1.1. This theorem is a local stabilization result. The constant ¢
depends on the ball By (Do) or Bp(a)(Do) in which we choose the initial data.
However, it is uniform on every ball. The question of the existence of a global
decay rate, is still open. o

The tools used in the proof are of microlocal nature and essentially inspired
from [1] and [4]. We first built a nonlinear Lax-Phillips semi-group Z(t) which
characterizes the local energy and operates on a smooth subspace of the energy
space. Using then microlocal defect measures we obtain an a priori estimate on
the norm of Z(t) which yields the desired decay of the local energy.

The rest of this article is organized as follows.

2. Proof of Theorems 1 and 2

3. Rate of decay of the local energy
3.1. Lax—Phillips theory

3.2. Reduction to an a priori estimate
3.3. Proof of Theorem 3

2 — Proof of Theorems 1 and 2

2.1. Proof of Theorem 1

To prove this result we use the nonlinear version of Hille-Yosida Theorem.
Let A: D(A) C H — H the operator defined by

A <u> - <UAu - a<a:>f<v>> ’
with domain

D(A) = {¢ € H; ¢z € Hp(), Ap1—a() f(p2) € L)} -
We remark that by virtue of the continuity of the embedding Hp(2) < Li (Q)
2d
<g< ——
forl_q_d_Q,Wehave )
D(A)=D(A) .

So if we set v = Oyu (u the solution of (1.1)) then formally we have

i(;‘) :A(j}‘) , (:j) e D(4).
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According to [2, Chapter 3, p.118], it is clear that in order to prove that the
system (1.1) with initial data ¢ = (¢1,p2) in D(A), admits a unique solution u
verifying (1.7), (1.10) and (1.11), it suffices to prove that A is a maximal dissipa-
tive operator in H. f is a nondecreasing function then A is dissipative. Indeed

Gi(s)=a(e) (1) (1)) = - [t (s)-sn) -myds < 0.

To prove that A is maximal, we need to show that, for every h € H the equation
~(u u\ _ [(h1) _
a()-0) - G) -

admits a solution (5) in D(A). Equivalently, for every h; € Hp(f2) and

he € L?(Q) there exists u and v in Hp(f) such that Au € L?(Q) and v € L?(9)
verifying the system

u=v—h in D'(Q),
Av—v—a(z)f(v) = Ahy + he, in D'(Q).

In other words, it is sufficient to show that, there exist v in H}(Q) = Hp(2)N
L?(€2) such that

(2.1) /VUVX+UX dx —l—/a(x)f(v)x do = /Vh1VX—h2X dx .
Q Q Q

for every x in H} (). Now we prove (2.1). Let

Ar: HYQ) — HY(Q)

v — Aqv

defined by

Vo e HNQ), <Alv’90>H*1(Q),H§(§2) :/QV’U Vo dz .

and
B: H&(Q) — Hil(Q)

v — Bv

defined by

Ve e HY) . (B e = [La@) )¢ do
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Thus (2.1) is equivalent to I + A; + B is onto. We have

e {((I+A1+4B)v, U>H—1(Q),H§(Q) = Hv]]%é(m—i-/ﬂa(a:)f(v)v dx > 0.

((I+A;+ B)v, v>H,1(Q)7H%(Q)
. + 00.
1ol 2 () ol 3 oy =00

These properties means that the operator I+ A;+ B is monotone and coercive,
in addition it is clear that I+ Ay + B: H} () — H~(Q) is hemicontinuous (1).
Using then [2, Chapter 2, Theorem 1.3, p.40] we deduce that I+ A; + B is onto.

Finally, multiplying the equation by 0;u and integrating by part we obtain
(1.9). u

2.2. Proof of Theorem 2

(1) We remind that p =1. Let ¢ € H, then there exists a sequence (¢,) in
D(A) such that ¢, converges strongly to ¢ in H. Let (U(t) prn) = (un(t), Opun(t)).
Using the fact that f is a nondecreasing function and the classical energy estimate,
we deduce that (un, dyuy) is a Cauchy sequence in C(Ry; Hp(Q)x L*(R2)). Then
there exists

(u,v) € C(Ry; Hp(Q)xL*(Q))
such that

(U, Oun) — (u,v) in C(Ry; Hp(Q)xL*(Q)) .

n—-+00

Then, for every x € Cg°(2) and t > 0

t
<u(t),x>L2(Q) = <<P17X>L2(Q)+/O <U(5)7X>L2(Q) ds
SO
<atu(t)7X>L2(Q)’L2(Q) = <U(t)aX>L2(Q)7L2(Q) )
which yields

(2.2) (Un, Opup,) N (u,0m) in C(Ry; Hp(Q)xL*(Q)) .
(1.9) gives
(2.3) || @) r@uuatta)) o t.) de it < Yol

(*) We say that C is hemicontinuous on Hg(Q) if D(C) = H§(Q) and C(z +ty) = C(x)
weakly in Hg(Q).
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for every T' > 0. Using (1.2), (1.3) and (2.3), we deduce that af(9yuy,) is bounded
in L2([0, T]x Q), for every T > 0. Then there exists ¢ in L([0,T]x Q) such that

a f(Orun) = ¢ weakly in L*([0,T]x ) .
On the other hand, using (2.2), (1.3) and (1.2) we obtain
(2.4) af(Om) € L*([0,T)x9) .

In order to finish the proof of the existence, it remains to show that ¢ = a f(9u)
a.e. on [0, T]x €.
The classical energy estimates gives

lirf // f(Opup) Opuy, dx ds _//watu dxds ,

which yields
@) [ / F(@rtn) ~ 1(0)) (Orin — 6) dds =
= [ [ (v~ @) 1(®) @ ) azas
0JQ

for every t € [0,T] and ¢ € L%([0,7]x2). Using the fact that f is monotone,
we obtain:

T
(2.6) /0 /Q(w - a(x)f(gb)) Bu—¢) dzds > 0, Ve L2(0,T]xQ) .
Taking ¢ = Gyu — AE, A>0, € € L2([0,T]x Q) in (2.6) we obtain

A// —a(z 8tu—>\£))§dxd320,

for every ¢ € L([0,T]x Q) and A >0. So

// — o) [~ ) ) € duds > 0

then letting A — 0

// —a atu))fd$ds >0, V{GLZ([O,T]XQ),

and the result follows.
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Uniqueness of the solution.

Let uy and ug two solutions of the problem (1.1), with the same initial data
@ in H. For w = u; — u2, we can write

Pw — Aw = —a(x) [f(@tul) — f(@tug)] in RyxQ,
w=20 on Ry xT',

w(0,z) =0 and Ow(0,z)=0.

Hence

t
B(w)(t) = — / / a(e) [£(@nr) — F(Dyu2)] (s — ) deds < 0
0JQ
since f is monotone; then w = 0.

(2) We remind that 1< p < 2%, Let ¢ in G, then there exist ¢ in D(A)
and x in Df, such that ¢ =¥ + x.
Let v and w verifying

O2v — Av +a(z) f(Ow) = 0 in RyxQ,
v=20 on Ry xT',
v(0,2) =11 and Ow(0,z) =19 ,

OPw — Aw = 0 in RyxQ,
w=0 on RyxTI',

w(0,2) =x1 and Jw(0,x) = x2 .

Since x € D, Supp a(z)f C Bg and using the fact that Uy (t) operates on D
(see [15]), we obtain

(2.7) a(z) f(O) = a(z) f(O(v+w)) .

So u =v+w is a solution of (1.1). It is then clear that u satisfies (1.7) and
(u(t), dpu(t)) € G for every ¢ > 0.
Finally, for the uniqueness we argue as in the case p=1.n

2.3. Some properties of the solutions of the system (1.1)

In this section we give several properties of the solutions of (1.1), usefull in
the sequel.
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Corollary 2.1. Let ¢ € G and (¢,x) € D(A)fo, such that ¢ =¥ + x.
We have

(2.8) Uty =U)Y+UL(t)x, forall t>0.
and
d 2 2
(2.9) HEU(”‘PHMBM) < (2, AL — af(w))|3  ae t>0.

Proof: Let ¢ € G then there exists (¢, x) € D(A)fo, such that ¢ = ¥ +y.
From the proof of the existence of the solutions of (1.1), we have

Ut)p =U{)y+Ur(t)x, foral t>0.
On the other hand, Uy (t)x € DE, for all ¢ > 0 then
Ult)p =U(t)y in BryyNQ.
Using then (1.11), we obtain (2.9). =

In the sequel we denote U (t) ¢ = (u(t), yu(t)) the solution of the system (1.1)
with initial data ¢.

Proposition 2.1.
(1) For every ¢ € X, we have

(2.10) H“atuHLZ([o,T]xQ) <
1
< C(llafz~,T) [Haf (Oru) at“HLl (0,110 T |a.f(Opu) 8tuH£T(1[O,T]><Q)}
for every T > 0.

(2) For every ¢ € G, we have

211)  [laf @) 20110y <

< C(llallp=T. R) [Haf (0) B[ 1T

Adopdoa) dp—1)
a0 | e esssno [¥owte, )| F, 7

[0’

for every T > 0.
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(3) p=1. For every ¢ € H, we have

(2.12) Haf (Opu) HL?([OT]xQ) <
1
< C(lla]p=,T) [H“f dyu) atuHLl (or)xe T+ [af (@) 875””21([0,T]><Q)}

for every T > 0.

Proof: Throughout this proof we use the following notations

Qi = {(t:2) € [0.T)x % |dult,a) <1}, Q2= ([0, T]x2)\Q1 -

(1) (1.2) gives
5] < C) (F(s)5)™7, pour |s|<1,
1

which yields

la(z) Opu|? dzdt < <1>T+1/ a?(x) (f(Bpu) atu)ﬁzl dxdt .

Q1 €1

Then using Hoélder inequality we obtain

_2

la(z) ul* dedt < C(||a|r~,T,R) </ a(x) f(Owu) Oy dx dt>r+1
[

Q1 0,T]xQ

On the other hand, (1.3) gives

la(z) dyul? dedt < C’(HaHLoo)/ a() f (D) Oyu da dt

Q2 [0,T]x$

and the result follows.
(2) (1.2) gives

F(8)] < 7 (f(s)8)7,  for |s|<1,

SO

/ la(x) (O)|* dadt < €7 / (a(2))? (£(Ow) ) 7T davd .
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Then using Hélder inequality we obtain
(213)  [[af(Shu) HL2 (0.T1xQ1) = C(llallze, T, R) [|a.f (Oru) at“HLl ([0,T]xQ) *

Let 0 <6 <1, such that 1: O p(d—2)(1-9)
2 p+1 2d

o 502 gy < Clall) a7 700 s 1500

. We have

Ty ((0.71% Br)NQ2)
On the other hand (1.3), gives

2d _2d_ 2d

T < 7 sz, for |s|>1.

and .
LH =

If(s)] » < cj:(f(s)s), for |s|>1.

So
_(d=—p(d—2))

o 0)| 2, < C(lalli) [|af(Bru) O (550 Fey) 10050

L<d 2)([o T)x(BgrN)) '
2
The continuity of the embedding Hg () < L, .(Q) for 2 < r < y d2, gives

(d—p(d—2)) d—dp
< C(llafl =, TR) la f(Dew) B[ 5 (o Fecr) eSSSHPHV@tu Mz B

Combining then (2.13) and (2.14) we obtain (2.11).
(3) Taking p =1 in (2.14), we obtain

1
Haf(atu)HL2(Q2) < C(”aHLmﬂT) Haf(atu) atqul([O,T]xQ) :
The result then follows from (2.13). m

3 — Rate of decay of the local energy

3.1. Lax—Phillips theory

3.1.1. Definitions and preliminary results

Let us consider the free wave equation
#u—Au =0 in RxR?,
(3.1)
’LL(O, ) =®1, 8tu(07 ) = @2 .
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We recall that the solution of (3.1) is given by the propagator
(3.2) Uo(t): Hop> ¢ = (p1,92) — Up(t)p = (u,0u) € Hy .
Following Lax and Phillips, we denote:

DY = {p=(p1.¢2) € Hy; Up(t)p =0 on fa|<t, t>0}
the space of outgoing data, and

D’ = {<p=(<m7902) € Ho; Up(t)p =0 on |z|<—t, tSO} ,

the space of incoming data associated to the solutions of (3.1).

We choose R >0 such that Br contains the obstacle and the support of
the function a(x).

According to the Lax—Phillips theory, we define spaces of outgoing and
incoming data associated to solutions of problem (1.4) by

(33)  DE={p=(prp2) € H; Un(t)p=0 on|e|<t+R, 1>0},
(34) DF= {¢=<¢1,¢2)6H; UL(t)p =0 on|z|<—t+R, tgo}.

We identify H to a subspace of Hy with the help of the following extension
operator

@ on €,
E:H—Hy: Ep= 0 on RNQ

Then we remark that the subspaces of outgoing and incoming data associated
to (1.4) coincide respectively with Up(R)DS and Up(—R)D°. Moreover, they
satisfy the following properties:

(1) DI and DT are closed in H.
2) D% and D are orthogonal and
+

(3.5) DR g DR (DB n(DFYY) = H .

Remark 3.1.

(1) Solutions of (3.1), (1.4) and (1.1) verify the finite speed propagation
property.
(2) The nonlinearity being localized in a ball Bp, it’s easy to see that

3.6 Ut) =Ur(t on DI for every ¢t >0 .
( + Yy
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(3) Following [15] we denote Py [resp. P_] the orthogonal projection of H
onto the orthogonal complement of D [resp. DE]. Thanks to (3.5),
it’s clear that

(3.7) Pip € (DY n (DB if p e (DF)F .

(4) If p € G then Py € G.

(5) U(t) operates on D% for t >0, so (Supp U(t) ) NSupp a(z) = & for every
t>0and pe Df. Using then the fact that the Cauchy problem admits
a unique solution, we obtain: for every ¢ in X and for every t € R,

(3.8) Ult)p = U(t)Pro+U[l)(I—Py)p
=U@)Prp+UL(t)(I-Py)e .0

3.1.2. Lax—Phillips semi-group

Notation 3.1. We remind that
H if p=1,
X = P
G if p>1.

Nx(#) = llolla -

If p=1, we denote

If p>1, we denote

(Nx(p))” = inf {llellf+1 w2 av'=a @)} -0

{v=(@'¥?) eD(A); IxeDE, p=v+x}

We remind that K = (D¥)-N (D)L, and we define the nonlinear Lax—Phillips
operator on K N X by

(3.9) Z({t)=PLU({t)P- for t>0.
In order to prove that Z(¢) is a semi-group operating on K N X, we need the
following lemma.

Lemma 3.1. Let (p,1) € Xx H, then for every t > 0,

t
(31()) <U(t)(pa’¢>H - <§0a UL(it)w>H = /0 <af(atu(5))v 8tv(8*t)> ds

L2
where we denoted U(t)¢ = (u(t), dyu(t)) and UL(t)y = (v(t),d(t)).
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Proof: Since Uy (t) is a group, it’s clear that (3.10) is equivalent to

(U6 U0, ~ ey = = [ (@), dwis)), s

By density argument, it suffices to prove the result for (¢, %) in D(A)x (C§°())2.
Thanks to Green formula

Ve U = L (V) .+ (B o))

= (0fu, 0v) 5 + (Oru, 07 v), » — (Opu, Av),, — (Au, Opv),, -

Since u and v verify respectively the system (1.1) and (1.4), with initial data ¢,
respectively ¢, we obtain

%<U(t)¢, UL(t)w>H = —<af(8tu(t)),6tv(t)>L2 ;

and the result follows. =
Proposition 3.1. (Z(t))t>0 is a semi-group on KN X. Moreover, for every
p e KNX, the map B

R+—>H

(3.11) t o Z()e

is continuous.

Proof: Let p € KNX, and ¢t > 0. We begin by proving that Z(t)¢ € K.
Indeed according to (3.7), it suffices to verify that U(t)p € (DF)L. Let o € DE,
by Lemma 3.1, we have

(vie.s), (e vi-0w), = - [ (o f(Os)). amis—1) ds.

L2

where Uy (t)¢ = (v(t), dv(t)). Since Ur(s—t)1p € DE for s <t and the support
of a(x) is contained in Bg, we obtain

(Vo) = (p.Uu(-)v) =0.

When X = G, we need also to prove that Z(t)¢ € G. According to Corollary 2.1
we have

3¢ € D(A) and x € DIy UMW) =UB)y +Ur(t)x .
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Since P, is the orthogonal projection of H onto the orthogonal complement of
DR
_l’_

Z(t)p = PLU(t) Y
= U@y +P—DUDY,

and the result follows.
Finally, it is clear that for every ¢ in X

Z(ti+1t2) o = Z(t1) Z(t2) p,  for every ti,t2>0.

The continuity of Z(t) is a consequence of (1.7). u

3.2. Reduction to an a priori estimate

In this section, we prove that the rate of decay of the local energy is equivalent
to an a priori estimate for ||Z(¢)|| ;. First we give the following lemma.

Lemma 3.2. Let s >1 and x a nonincreasing positive function of C(R,R).
We suppose that there exist T'>0 and ¢ >1, such that

(3.12) X(t)° < c(X(t) - X(t—i—T)) . >0,
Then
X(t) < Ll e (T8 (0) >0 if s=1,
-
1 D
x(t) < (X(O)(1_5)+Z(t—T)) ,  t>T ifs>1.u

For the proof of this lemma we refer the interested reader to Nakao [23].

Lemma 3.3. Let ¢ € H (resp. D(A)) with support in B NS, then ¢ € K
(resp. ¢ € KNG) and

Er(uw)(t) < IZW) el . t20,

with U(t)¢ = (u(t), du(t)).
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Proof: Let ¢ € H (resp. D(A)); Suppy C BN Q. By (3.3) and (3.4),

we have,
if Ye Df [resp. x € D] then Supp® [resp. Supp ]| is contained in R\ Bg,
which yields immediately, ¢ € K = (D¥)+ N (D). On the other hand
Vi>0 Ut)p = Z(t)p+ T =P )U(t)p.
Since the Support of (I — P ) U(t)¢ is contained in R?\ Bg, we obtain
Ult)p=2Z(t)p on BrNQ,

and
Er(u)(t) < [|1Z(T)¢ll7 - »

Take Dy > 0 and denote by

BY(Do) = {p € XNK; Nx(¢)<Do} .

Remark 3.2.
(1) If ¢ € Bpay(Do), such that Supp ¢ C Bg, then ¢ € BE(Dy).
(2) (a) It is clear that Z(t)p € BE(Dy) for all ¢ € BE(Dy) and t > 0.
(b) If ¢ € BE(Dy) then Z(t)p € B5E(Dy), a.e. t>0.
Indeed, let ¢ € BE(Dy) then there exists ¢ € D(A) such that
2
el + [ (02 A’ —af@)[[y < D§

and
Z(t)p = Uty + (P —D) U ()1 .
Then using (1.11), we obtain
1Z(t) e l3; + || (ev(t), Av(t)— af@(®)) |7 =
d 2
= 1z ¢lE + |5 U®9|
< loll3 + || (w2 At — af@?)|5 < D3, ae t>0,

where we denoted U(t)y) = (v(t), dv(t)).
Finally, (Nx(Z(t)¢)) < Do. o
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We remind that, we want to find the rate of decay of the local energy for every
solution u of (1.1), if the initial data ¢ € By (Do) (resp. ¢ € Bp(a)(Do)) and is
supported in Bg. Thus Lemma 3.3, combined with the first part of Remark 3.2
and Lemma 3.2, shows that it suffices to prove

(3.13) 120 ¢lE < e(I1ZOelk - 120+ T)el%)

for some ¢ > 0, some T > 0, for every ¢ > 0 and for every ¢ in BE(Dp). On the
other hand, the second part of the Remark 3.1 allows one to apply the semi-group
property for every ¢ in BE(Dy). Hence it suffices to prove the estimate

(3.14) leliE < e(lelE - 12(Mel) |

for some ¢ > 0, some T > 0 and for every ¢ in BE(Dy). And this is the a priori
estimate for ||Z(t)|| mentioned in the beginning of this section.

3.3. Proof of Theorem 3

In the sequel, we suppose that (w ={ze€; a(x) >0}, TR) verifies the exte-
rior geometric condition on Bg.

Le
' - (r—!—l (d—|—2)—p(d—2)>
T T2 2(d—p(d—2)

and take T'=Tgr + 9R.
To prove (3.14), we argue by contradiction: We suppose the existence of
a sequence (pn), in BE(Dy), such that

(3.15) lenll3 > n(lonlld = 120 nll}) . for every t<T.

Let u,, to be the solution of the system (1.1) with initial data ¢, and set

u'fb
an = llonllm, va=—.
Qp
vy, verifies the system
O?v, — Avy, + i a(x) f(Oruy) = 0 in RyxQ,
(3.16) vp(t,z) =0 on R, x00Q,

(00(0.2), Brva(0,2)) = 7% =, [ubull =1

n
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On the other hand, due to (3.15) and (1.9) the sequence (p,,) satisfies

T
leul = 0 [ [ ale) FOuen(r,2)) duua(r,2) dadr
0JQ
In order to obtain a contradiction we need the following results

Proposition 3.2. Let (¢,), € BE(Dy) satisfying

T
2s
(3.17) lonllZs > n/o/Qa(x)f(atun(ﬂx))8tun(7,m) du dr

where u,, denotes the solution of the system (1.1) with initial data ¢,. Set

Un,
Qn = H‘PnHH ) Up = — .
On
Then
1
1 — n
(3 8) ‘ (7% a(x)f(atu )‘ L2([0,7]xQ) n—>—+)oo

and there exists a subsequence of (V,,) = ((vn, O¢vy)), still denoted (V,,), that
converges weakly-* to V = (v, 8yv) in L ([0, T], (DE)*). Moreover

(3.19) P, Vo(Tr +9R) — P, V(Tr+9R) in H.

First we finish the proof of Theorem 3, then we give the proof of the Propo-
sition 3.2.

By Proposition 3.2 there exists a subsequence of (V) = ((vn, 0vy)) still
denoted (V;,), that converges weakly-* to V = (v, dv) in L*°([0,T], (DF)*) and
verifies (3.18). Passing then to the limit in the system satisfied by vy, we infer
that v the weak limit of (vy,), verifies

O2v— Av =0 in ]0,T[xQ,
v(t,x) =0 on |0,T[x09Q,
8t1):0 on ]O,T[Xu},

(’U(O,IE), 8,50(0,:5)) =y € K,

where 1 denotes the weak limit of (1), in H. Moreover, V= (v, yv) € C([0,T],H)
and
IVt)|lg <1  forevery te[0,7].
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On the other hand, it is clear that (3.15) gives

D2(571)

(3.20) 0<1—||PV(t)|F < =2 for t <T .
n

Now using (3.19) and then passing to the limit in (3.20), we conclude by the
classical energy estimate that there exists ¢ in K such that

(3.21) 1PL V() = 1P U0 6l = Il =1, for t<T,
| Ow =0, on J0,T[xw

and this is in contradiction with the following lemma [1, Lemma 5.1].
Lemma 3.4. The space
{w € K; |PrUL(t)Y|lg = |[¥]lg VE<T, 0w =0, on ]O,T[Xw}
is reduced to the null vector. m
This finishes the proof of Theorem 3. m

Proof of Proposition 3.2: v, verifies the system

O2vy, — Avy, + ai" a(x) f(Opuyn) = 0 in RyxQ,
vn(t,x) =0 on R, x00Q,
(0n(0,2), Doa(0,2) = 2 =, il =1,

and satisfies the energy identity:

Ewn)(t) — B(u,)(0) = —a;2 /0 /Q o) F(Orun) Dy dwdr £ 0.

This estimate allows one to show that the sequence (Vn = (vp, 8t’l)n))n is bounded
in C([0,T], (D®)1); then it admits a subsequence, (V},),, that converges weakly-*
to V = (v,0) in L*=([0,T], (DE)+). In this way,

Vo(t) = V(t) in H ae. t€[0,7], and esssup|V(t)|g <1,
0,71

which yields

(3.22) v, —v in HL([0,T]xQ) .
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First, we prove (eventually after extracting a subsequence) that
(3.23) v, — v in HE (K(Tp)) ,

where Ty = Tr + 3R and

(3.24) K(Ty) = {(t,z) ERyxQ; |z|<t—Tp+R, Togth} .

For that, we use the notion of microlocal defect measures. These measures were
introduced by P. Gérard in [9], [10]. They propagate along generalized bichar-
acteristics of the wave operator under Dirichlet condition on the boundary (G.
Lebeau [16]).

(3.22) allows one to associate to the sequence (v, — v), a microlocal defect
measure £ in HL ([0,7]x ). So in order to obtain (3.23), we have to show that
1 =0 on K(Tp).

Let w,, be the solution of the system

Ofwn = Awn = 0 in RyxQ,
(3.25) wy(t,z) =0 on RyxQ,
(wn(O,x), 8twn(0,$)) S Un -
Qp

Then the sequence (v, — w,,) verifies

(3.26) sup EY2 (v, —wy,)(t) < C(T)

‘ 1
0<t<T

— a(z) f(Orun)

Qp

L2([0,T]x9Q)

Now using (3.17) and (2.12) (resp. (2.11) and (2.9)) when X = H (resp. X = G),
we get

1\ 3
< C(DOaT) () — 0 )

n

(3.27) | L @) Fou)

L2([0,T]x€2)

which yields

sup E(vy,—wy)(t) — 0,
0<t<T n—+00

([0, T)x Q). (vn)n is

then a “linearizable” sequence according to the terminology of P. Gérard [10].

and this means in particular that (v, — wy,) — 0in H},
n—-00
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From this we deduce these two properties of the microlocal defect measure u:

o The support of p is contained in the characteristic set of the wave operator
{(tz,m,8); T2 =€} ().
e 1 propagates along the bicharacteristic flow of the d’Alembertian on
[0, T]xQ (3).
Let g € T*(K(Tp)), and ~ a generalized bicharacteristic issued from g.
To prove that p = 0 near g, we argue as Aloui—Khenissi [1]. We are in one of
the following situations:

1%t case: v traced backwards in time, does not meet 9 or meets 9Q at ty > 2R.

Consequently, 70 = 7/,—o ¢ Br. The support of a(z) is contained in Bp, then
vp = 2p near 7o, which gives y = uy near 7o, where (zn(t), 8tzn(t)) = Up(t) ¢n
and p is the microlocal defect measures associated to the sequence (z, — 2)
in H! ([0,T]x Q) where (2(t),8:2(t)) = Uo(t)®, ¥ the weak limit of ¥, (*).
On the other hand (¢,—1) € (D)L, then using the translation representation
of the free wave equation (see [15, Chapter 3]), we obtain Uy(t)(¢n— 1) =0

in {(t,z) € Ry xR% |z| <t—R, 2R<t}, so po = 0 near
. q 15 subcase ,
= y(t1) 2" subcase,

with ¢; <tp and v(¢;) € T* ({(t, r) € Ry xR |z| <t—R, 2R < t}) Therefore
by propagation of the support of pg, we deduce that pg = 0 near 7y, which
gives g = 1 = 0 near v9. Then pu = 0 near ¢, by propagation of the support
of p.

2" case: v meets 0N at ty < 2R and there exists ¢; such that v(t1) € Br
and t1 —tg > Tg.

Using (2.10) and (3.17), it is clear that

1
1\ 71
(3.28) HaatUn(ta x)HLQ([O,T]XQ) < C(Do) <> — 0,

n n—-4oo

(?) This is known as elliptic regularity theorem of the microlocal defect measure and is a
direct consequence of the fact that d7v, — Av, - 0 in L*([0, T]x Q).

(3) If some point wo of a generalized bicharacterestic v is not in supp(), then yNsupp(u) = @.
(*) ||tn |l zr <1 then due to the classical energy estimate the sequence (2, — z) is bounded in
C([0,T], Ho), which allows us to attach to the sequence (z, — z) a microlocal defect measure.
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we remind that w = {z € Q; a(z) >0}, then

Oh(vp—v) — 0 in L*([0,T]xw) ,

n—oo

and since the Support of i is contained in {(t, x,7,8); T2 = |§\2}, then =0
on [0, 7T]Xw. Finally, the condition (C.G.E.) implies that v meets the region
[0,7p] X w. By the propagation of the support of p, we infer that y =0 near q.

Then after extracting a subsequence and using (3.27) and the hyperbolic
energy inequality, we obtain

(3.29) VaTr+7R) — V(Tr+T7R) in H(BspN®Q).
To finish the proof, we need the following lemma
Lemma 3.5. Let M =U(2R) — Uy(2R), M =UL(2R) — Up(2R).
(1) Y feH, we have
SuppMpf C Bsr  and | Mpfllu, < 2[|fllm(Bsrna) -
(2) V(f,9) e XxH, YA#0

1
(3.30) HXMf—MLg‘

1 1
<3 2 YR
Hy — H)\af(atu)‘ Ll((0,2R),L2(Q))+ )\f 9 H(BsgrNQ)

where (u(t),dpu(t)) =U(t) f.

First we finish the proof of the proposition, then we give the proof of the
lemma.

Taking f=U(Tr+7R)¢n, g=V(ITr+T7R), A=, in (3.30), and using
(3.29) and (3.27), we get

(3.31)

1
MU(TR+7R)<PTL—MLV(TR+7R)H — 0.
H

(679 ,
On the other hand

1 1

Va(T) = — MU(Tr+7R) pn + — Uo2R)U(Tr +TR) ¢ ,
n n

then, by using the translation representation of the free wave equation (see [15]),

we obtain

1
— Uo(2R) U(Tr+7R) ¢, € DY .
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So we deduce that

1

Qp

and by (3.31)
1
Py (MU(TR+7R) gon> — P M V(Tr+T7R) in Hy
(a77% n—oo
and the result follows. n

Proof of Lemma 3.5:

(1) Let f in H. By the finite speed propagation property
Un(t)f =Uo(t)f o |a|>t+R, t>0,

then for t = 2R, Ur(2R) f = Up(2R) f on |z|>3R. Using the same property,
it is clear that

1ML fllm, = [|(UL(2R) = Uo(2R)) f|| gy,
< 2 fllz(Bsg) -

(2) Let fin X and g in H. We have

M= Mg = SUCR S - LR + (11— o)

then due to the hyperbolic inequality

HIU(2R)f - iUL@R)fH < Hiaﬂatu)
H

9

A L((0,2R),L2(2))

and we conclude using the first part of the lemma. n
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