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Abstract: In this paper, we first prove the regularity and continuous dependence on
initial data for H®-solutions (i=1,2,4) for large initial data and then show the large-time
behavior of H® (i=2,4)-global solutions for small initial data to the Cauchy problem for
the compressible Navier—Stokes equations of a one-dimensional viscous polytropic ideal
gas. Moreover, we also obtain the large-time behavior of “small” classical solutions in
the norm of classical solutions for this model.

1 — Introduction

In this paper we study the regularity, continuous dependence on initial data
and large-time behavior of H* (i=1,2,4) solutions to the Cauchy problem for the
compressible Navier—Stokes equations of a one-dimensional viscous polytropic
ideal gas in Lagrangian coordinates (see [21-27, 32-35, 39, 41-42, 49-50]):

(1.1) up = vz,

(1.2) v = oy, (O’ ::uvm—R9>
u u

(1.3) Cyb = [}\9;] + ovg
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subject to the following initial conditions

(1.4) (u(m, 0), v(z,0), 9(x,0)> = <u0(x), vo(x), Hg(x)> , VreR.

The equations (1.1)—(1.3) describe the motion of a one-dimensional viscous poly-

tropic ideal gas, where u, v, # are the specific volume, velocity, and absolute

temperature, respectively; o is the stress, u, Cyy and A\ are positive constants.
We introduce the following definition of H'-solutions (i=2,4).

Definition. For a fixed constant 7'>0 and some positive constants % and 6,
we call (u(t),v(t),0(t)) to be an H?-generalized solution to the Cauchy problem
(1.1)—(1.4) if it satisfies the following conditions

(1.5) u—u,v,0—0 € L*([0,T), H*[R)) ,

(1.6) w € L*((0,T), H'(R)) N L*((0,T), H*(R)) ,

(1.7) v, 6 € L™((0,T),L*(R)) N L*((0,T), H'(R)) ,

(1.8) u; € L*((0,T), H(R)), v, 0, € L*((0,T), H*(R)) .
Furthermore, in addition to (1.5)—(1.8), if the following conditions hold,
(1.9) u—a,v,0—-0 € L*([0,7), H*(R)) ,

(1.10) u € L*((0,T), H*(R)) N L*((0,T), H*(R)) ,

(1.11) v, 0 € L((0,T), H*(R)) N L*((0,T), H*(R)) ,

(1.12) uy € L®((0,T), H'(R)) N L*((0,T), H*(R)) ,

(1.13) vy, O € L®((0,7),L*(R)) N L*((0,T), H'(R)) ,

(1.14) u, € L*((0,T), H*(R)) ,

(1.15) vz, 0, € L*((0,7),HY(R)), ww € L*((0,T),L*[R)) ,

then we call (u(f),v(t),0(t)) to be an H*-solution to the Cauchy problem (1.1)~(1.4).o

Now let us recall some related results for the equations (1.1)—(1.3) in the
literature. For the one-dimensional Cauchy problem (1.1)-(1.4), Kanel [23] ob-
tained the global existence and large-time behavior (only for v, ) of H!-solutions
(see the definition below) with small initial data; Kazhikhov and Shelukhin [26,
27] proved that if ug — @, v, 00 — 0 € H'(R) with some positive constants , 6
and ug(x), Op(z) > 0 on R, then there exists a unique global (large) solution
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(u(t),v(t),0(t)) with positive u(z,t) and 6(z,t) to the Cauchy problem (1.1)—(1.4)
on Rx[0,+00) such that for any 7" > 0,

(1.16)  u—u,v,0—0 € L>([0,T], H'(R)) , wu, € L>((0,T),L*R)) ,
(1.17) Vt, Ug,y Oty Ugt, Vpgy Ope € L2((0,T), LQ(R)) .

Now we call (u(t),v(t),0(t)) verifying (1.9)—(1.10) to be an H'-generalized
solution to the Cauchy problem (1.1)—(1.4). It is noteworthy that there is no
any result on asymptotic behavior given in [26, 27]. In this case, Okada and
Kawashima [39] established the global existence and large-time behavior of clas-
sical (or H!-) solution with small initial data and Jiang [21] proved the large-time
behavior of H'-solution with weighted small initial data. For one-dimensional ini-
tial boundary value problems, we refer to the works [1-3, 11, 13, 22, 24-25, 2728,
33-36, 39, 41-42, 47, 50]. For two or three dimensional Cauchy problems or initial
boundary value problems, the global existence and large-time behavior of smooth
solutions have been investigated for general domains only in case of “small initial
data” (see [1, 4, 12, 14, 18-21, 29-32, 40, 46-47, 49, 51]). We also note the recent
works of Feireisl, Petzeltova, Novotny and Straskraba ([5-10, 37-38, 48]) on the
large-time behavior of weak solutions to multi-dimensional compressible fluids.
For related general real gases, we refer to [41-45].

It is well-known that continuous dependence of solutions on initial data is
very important (especially when we study infinite-dimensional dynamics, which
is equivalent to that the associated semigroup is continuous with respect to initial
data or this semigroup, as an operator, is continuous for any but fixed time t).
For example, we refer to [15-17]. In [15], Hoff established the continuous depen-
dence on initial data in L?(R) for the Cauchy problem of the Navier-Stokes equa-
tions of one-dimensional compressible flow with discontinuous initial data. In this
paper, we prove both continuous dependence on initial data in H'(R) (i=1,2,4)
and global existence and large-time behavior in H*(R) (i=2,4). Note that the
large-time behavior of global solutions in H*(R) implies that of solutions in
C3+t1/2(R) in which the classical solution exists globally. This is a new ingre-
dient of this paper.

It is worthy to point out here that since the domain is unbounded, the
Poincaré inequality can not be applied to this domain, and further the large-
time behavior of large initial data and the decay rate can not be anticipated.
This is why we only establish the large-time behavior of solutions with “small
initial data” and no decay rate is given in our results.

The aim of this paper is to prove the global existence and continuous depen-
dence on initial data of H*(R) (i=1,2,4) (global) solutions for large initial data
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and then to show the large-time behavior of these H*(R) (i=2,4) solutions for
“small initial data”.
The notation in this paper will be as follows:

IP, 1<p<+oco, W™P meN, H' =W H& = W&’Q denote the usual
(Sobolev) spaces on R. In addition, ||-||z denotes the norm in the space B; we also
put ||+ || = ||| 2(r)- We denote by C*(I, B), k € Ny, the space of k-times contin-
uously differentiable functions from J C R into a Banach space B, and likewise by
LP(J,B), 1 <p< +oo0, the corresponding Lebesgue spaces. C5([0,T], B) denotes
the Holder space of B-valued continuous functions with exponent 5 € (0,1] in
variable t. We use C; (i=1,2,3,4) to denote the universal constant depending
only on rg?éﬂg} uo(z), gcnelﬂg 0o(z), the HY(R) (i =1,2,3,4) norm of (ug— 1, vo, 0o — 0)

(for some positive constants @, ) and eq or Eg, By (see Theorem 1.3), but inde-
pendent of any length of time T > 0.

We are now in a position to state our main theorems.

Theorem 1.1. Assume that ug— @, vo, 6 — 0 € H?(R) with some positive
constants u, 6 and ug(z) > 0, Og(x) > 0 on R and the compatibility conditions
hold. Then for any but fixed constant T > 0, the Cauchy problem (1.1)—(1.4)
admits a unique H?-generalized global solution (u(t), v(t), H(t)) on Q7 verifying
(1.5)—(1.8) and the following estimates hold for any t € [0,T],

(1.18)  0< C7NT) < 6(x,t) <CL(T) on Rx[0,T],

(1.19)  0< C7NT) < w(z,t) <Cy(T) on Rx[0,T],

(120)  fu(t) = @lle + l[u(®) — @ldce + lur@3n + (o013 + o) [Fm
+ Hvi(t)IIQ +10() = 0172 + (1) — Ol[F1.00 + (16
[ el + e + s+ oy + s

+ llvellF + 10212 + 162 fy1.00 + ||9t||?{1}(7) dr < Cy(T) .

Moreover, the H'-generalized global solutions (i =1,2) are continuously depen-
dent on initial data in the sense that

<

(1:21) || (e (t) = uat), valt) = va(®), 6:(0) = 620) |

< Ci(T) H <u01 — 02, Vo1 — Vo2, Bo1 — 902) H o, i=1,2,

H?
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where (u;j(t),v;(t),0;(t)) (j=1,2) is the H'-generalized global solution (i=1,2)
to the Cauchy problem (1.1)-(1.4) with the initial datum (uoj,vo;,60;) €
H%R) XHi(R) x H* (R) satisfying Up; — U, Voy, (90j —fec Hi(R), UQ;j (iL') >0, 90]' (£)>0
on R and the compatibility conditions (j = 1,2). This property implies the
uniqueness of H'-generalized global solution (i = 1,2).

Theorem 1.2. Assume that ug — @,vo, 09 — 0 € H*(R) with some positive
constants @, 6 and ug(x) > 0, y(z) > 0 on R and the compatibility conditions
hold. Then for any but fixed constant T' > 0, the Cauchy problem (1.1)—(1.4)
admits a unique H*-global solution (u(t),v(t),6(t)) on Qr verifying (1.9)—(1.15)
and (1.18)—(1.19), and the following estimates hold for any t € [0,T],

(122) fut) = e + u(t) — @y + e®) By + 0]
10O + 1o By + [ + o)
+10(t) = Oll7s + 10() = Ollys.ce + 10D 172 + [0 B)I* < Ca(T)
t
(123) [ (sl + o+ Ny el sl
o+ el + ol + oo

1102131 + 166l + 10eel3s + 10 lfyace ) (7) dr < Cu(T) -

Moreover, the H*-global solutions is continuously dependent on initial data in
the sense of (1.21) with i = 4.

Remark 1.1. We know that H?2-generalized global solution (u(t),v(t),6(t))
obtained in Theorem 1.1 is not classical one. By the embedding theorem (the
Morrey theorem), we have ug — u, vo, g — 0 € C’H'%(R). If we impose on the
higher regularities of vg, 6p — 8 € C**7(R), v € (0, 1), then the global existence
of classical solutions was obtained in [27]. ©

Remark 1.2. From Remark 1.1 we know that the H?-generalized global
solution (u(t),v(t),0(t)) obtained in Theorem 1.1 can be understood as a
generalized (global) solution between the classical (global) solution and the
H'-generalized (global) solution. o

Remark 1.3. The similar results in Theorems 1.1-1.2 with § =0 hold for
the initial boundary value problem (1.1)—(1.3) with the boundary conditions
V|p=01 = O|z=0,1 = 0. O
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Theorem 1.3. Assume that ug — @, vg, 0y — 0 € H(R) (i =2,4) with some
positive constants @, § and ug(z) > 0, 6p(z) > 0 on R and the compatibility con-
ditions hold. Define

_ o \2 7 2
co 1= ||u0—u||%oo+/R(1+m2) [ (o) = 0)* + vi(2) + (o x) )" + v ()] da
with o > % being an arbitrary but fixed constant, and

1 = | (osto0/ ). oxton) 10x(00/9) |, @=0.0 p0=1/u0, p=1/a.

HHl ’
Then there exists a constant €y € (0, 1] such that if eq < €y or EgFE1 < €p, then
the H'-global solution (u(t),v(t),6(t)) (i=2,4) obtained in Theorems 1.1-1.2
to the Cauchy problem (1.1)-(1.4) verifies
(1.24) 0<Crt<O(x,t)<C;  on Rx[0,400) ,
(1.25) 0<Crt<u(x,t)<C;  on Rx[0,+00)
and for i = 2, estimates (1.5)—(1.8) with T = 400 and the following inequality
hold
(1.26)  lu(t) = allf + lu(t) = @llfe + lu®)F + o)

o)y + loe@I + 110() = 01172 + 10() = 100 + 16:(6)]

t
+/0 [Humlﬁp ez + luellFre + lveliFre + el o + llvel7n

102l + 10215100 + 1017 | (1) dr < Gy VE>0,

and for i =4, estimates (1.23)—(1.25) and (1.9)—(1.15) with T = +o00 and the
following inequalities hold

(1.27) JJu(t) = @llfps + u(t) — @llfpse + lue(®)lFs + luee ()17

+ (@) + lloe®) 132 + Nlose (O + [[ve () 75,00
+110) = 01174 + 100) — OlIFys.00 + 10:O172 + 10B|> < Cay, V>0,

t
(1.28) /0 (H%H?{s el + el + luel® + el
Hllvallzzs + loelzgs + llveell e + llvellfys e

101 + 107 + 102170 + H@zH%vs,oo>(T) dr < Cy, Vt>0.
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Moreover, the H'-(generalized) global solutions (i = 1,2,4) are continuously
dependent on initial data in the sense that

<

(1.29) H (ul(t) —un(t), v1(t) — va(t), 01(1) — 92(t))
< C;

I

i=1,2,

<u01 — 02, Vo1 — Vo2, Bo1 — 902) HH ,

where (u;(t),v;(t),0;(t)) (j=1,2) has the same sense as in (1.21).
Finally, for the H?-global solution (u(t),v(t),0(t)), as t — +o0,
(1.30) @)l 2 + ue(@) |z + [lo: @) + [[0:(E) ] — 0,

(131)  [[(u(®), v(),00) = (@0, 0) ||y + [ (wa®), v2(0), 02 (8)) || o — O

and for the H*-global solution (u(t),v(t),0(t)), as t — ~+oo,
(1:32) [ (a(#), va (1), 02(8)) || o + Ne (125 + lfua ()l w200
+ o)l gz + Nlve@llwree + 1060l 2 + 10:(D) w1 — 0,

(1.33) (@)l + o @ + 10O + || (wa (8), v2(8), 02(8)) [ y200 — 0

Corollary 1.1. The H*-global solution (u(t),v(t),6(t)) obtained in Theo-
rem 1.2 is a classical one. Moreover, under assumptions in Theorem 1.3,
we have the following large-time behavior of classical solution (u(t),v(t),0(t)):
ast — +oo,

(1.34) || (ua(8), va(t), 0 (8)) | oy + s (t) | 2o
+ | (0e(1), 0:(1)) || 12 + @l grre — 0

2 — Global Existence in H?(R)

In this section we complete the proof of Theorem 1.1. We begin with the
following lemma on the estimates in H'(R).

Lemma 2.1. If the assumptions of Theorem 1.1 are valid, then (1.16)—(1.17)
hold and the H'-generalized global solution (u(t),v(t),6(t)) to the Cauchy prob-
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lem (1.1)—(1.4) verifies (1.18)—(1.19) and for any t € [0,T],

(21)  lu(®) = allfp + @)l + 100) = 0l + lue @)

t
- /0 (loali3rs + 10130 + luaal? + lenl? + 18:12) () dr < Ci(T)
(2:2)  lu(t) = alli + o) 3 + 10(t) — 0]
t
+ /0 (el + oale + 16213 ) (7) dr < Co(T) -
Proof: Estimates (1.18)—(1.19) and (2.1) were obtained in [26, 27]. By the
interpolation inequality, we infer that
(23)  Jult) = all= < C llult) = @l ua @I < Cllu(t) = all

here and hereafter C' > 0 stands for a generic absolute positive constant indepen-
dent of T > 0, any length of time.

Similarly,
(2.4) @)l < Cllo@llm 5 10() =0l < Cl0() = 01
(2.5) [oz(@)l|zee < Clloa@llar 5 [102(8) |2 < C102(0) |1 -

By (1.1), we get

(2.6) Jue @)l 12 = vz (O] 2 -

Thus estimate (2.2) follows from (2.1) and (2.3)—(2.6). The proof is complete. u

Lemma 2.2. Under the assumptions in Theorem 1.1, the following estimates
hold for any t € [0,T],

2 Ut 2 t Uzt 2 xt 2)(r) dr > )
@0 10O + @1+ [ (el +10a12)(7) dr < Ca(T)
28) s e + w7 + 100 Fe + 107 < Co(T)

(29)  fu®) = allzp + [v®) 7 + 1006) = 0llF2 + [u®)lFn < Co(T) .
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Proof: Differentiating (1.2) with respect to ¢, then multiplying the resulting
equation by v; in L?(R), and using Lemma 2.1, we get

d _
@I + T D) lom (@] <

(210) < 2011(T) (@2 + Co(T) (eI foea ] + 16:0) 12 + 02 (2)]?)
= 2011(T) [zt (D) + Co(T) <”’Um(t)H2 + [|6:(8)]% + va(th)

which, together with Lemma 2.1, yields

wumP+A%vaWTscwﬂ+cwmﬁlmm%W@W+wmwyﬂm
(2.11) < Oy(T).

Hence, by (1.2), Lemma 2.1, the embedding theorem and Young’s inequality, we
have

[v2e ()] < C1L(T) (||Ut(t)|| + o (O + lua O + [loa ()] va(t)H)
< %va(t)H +Ci(T) (HUt(t)” + [lva (O] + Huz(t)H)
which, combined with (2.11) and (2.1)—(2.2), leads to
(212)  oss®] < @) (Il + e + s ()]) < Co(T) . vee.T]
(213) Joa@®)lz < CLUT) loa(®)]l loza(®)]| < C2(T) ,  Vte[0,T] .
Similarly, by (1.3) and (2.13), we deduce

(214) 10O+ O (D) 0a(t) <

1

< se 18O + Co(T) (1B (O + )+ 16:0) P+ e (1))

which, combined with Lemma 2.1, gives

(2.15) |@@W+Awmmﬂmscun, vie(0,T] .

Similarly to (2.12), by equation (1.3), Lemma 2.1, (2.15) and the interpolation
inequality, we obtain

182 (8)] < C1(T) (10O + 1822 1620 (D] /2 s ()]
a2 oaa (12 + on)])

() (160 + 10 ()] + o] + Toaa®)]) + 5 1622(0)]

IN
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whence

(2.16)  l6aa(t)]| < CU(T) (H@t(t)ll+||9x(t)||+||vm(t)|\+va(t)||) < Gy(T)
(217)  [10a(t)llZoe < CLUT) [102(D)]] 1020 ()] < Co(T) .

Thus estimates (2.7)—-(2.9) follow from (1.1), (2.11)—(2.13) and (2.15)—(2.17) and
Lemma 2.1. The proof is complete. n

Lemma 2.3. Under the assumptions in Theorem 1.1, the following estimates
hold for any t € [0,T],

t
(218)  lua(®)]2 + o (D) + /0 (Il + s 3 ) (7) dr < Co(T)

(2.19) /0 (Wvae 4+ 1020all?) (7) d7 < Co(T) .

Proof: Differentiating (1.2) with respect to x, and using equation (1.1),
we get

0 [(Ugy ROug,
(2.20) (u>+ g

M@t u

RO, n 20UV Uy — 2RO, uy n 2R9u§ — 2;wxu§ .

v u? usd

Multiplying (2.20) by ugz,/u in L?(R), and using Lemmas 2.1-2.2, we deduce that

(.21) S|+ et @) s o) <
< 577 1 O+ CoT) (1001 + s O+ s O+ 100+ 1)

which, together with Lemma 2.2, implies that for any ¢ € [0, T,
t

(2.22) ||uxx(t)||2+/ luze|*(1) dr < Co(T)
0

(223)  |lua(®)|Ze < Cllua®)| uwa(®)] < CoA(T) |

e21) [t dr < 0 [ (@ +lu0)]2) ) dr < (1)
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Differentiating (1.2) and (1.3) with respect to = respectively, using Lemmas
2.1-2.2 and (2.23), we deduce that for any ¢ € [0, 7],

(2.25)  [oaae®l < Co(T) (@)l + ol + [oaa (@) + luza ()] + loa(t)]
10Ol + 10:(0)] + )]
(2.26)  [0rae(®)ll < Co(T) (1) + 1000 ()] + 0 () + a8 + 02

+1162(0)1) -

Thus estimates (2.18)—(2.19) follow from (2.22)—(2.26) and Lemmas 2.1-2.2.
The proof is complete. n

Lemma 2.4. Under the assumptions in Theorem 1.1, the Cauchy problem
(1.1)~(1.4) admits a unique H?-generalized global solution (u(t),v(t),6(t)) satis-
fying that for any t € [0,T],

S Ca(T).

(2.27) H (u(t) — @, u(t), 0(t) — 9))

Moreover, H'-generalized global solutions (i = 1,2) are continuously dependent
on initial data in the sense of (1.21).

Proof: Obviously we infer estimate (2.27) from Lemmas 2.1-2.3. Thus global
existence of H2-generalized solutions follows. Now we prove estimate (1.21).
For i =1 in (1.21), we assume that ugj — i, voj, 6o; — 0 € HY(R), ugj(x) > 0,
6p;(x) >0 on R and the compatibility conditions hold (j=1,2). We denote
by U= uy —u2, Vv=17v1— Uy, 9:91—92 and Up = up1 — up2, Vo = Vo1 — Vo2,
0o = 6p1 — Bp2. Subtracting the corresponding equations (1.1)—(1.3) satisfied by
(u1,v1,61) and (ug,va,02), we obtain

(2.28)  wr = vy,

x z Oou — 0
(2.29) v = N(U— (5} u> +R<M> ,
ur  uiug /, ULU "

)\[Hx ngu} 1 ] U9 Vg — Vg U

(2.30) Cy 0, =

+ — vy — RO vy + [pv2: — Rb2
(5% uUiLU2

u1 Uiu2

t=0: u=wug, v=vy9, 0=0y.
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By Lemma 2.1, we know that for any ¢ € [0, T,
12
e3) | (u®-a v, 60-0)|  +
t
+ /0 (el + e s + 1050 13 + lose 12+ 10501) (7 dr < Cu(T) - j=1,2
where C1(T") > 0 denotes the universal constant depending only on the H' norm

of (ug; — 1, voj, 0p; — 0) and minu;(z), minbp;(z) (j=1,2) and T > 0.
T€R z€R

Multiplying (2.28), (2.29) and (2.30) by u, v and 6 respectively, adding the
results up and integrating the results over R, and using Lemmas 2.1-2.3 and
(2.31), we deduce that for any small € > 0,

v2 + 62
3 37 (WO + 0O+ Collo ) + [ 2225 a <

< (eI + 16.012) + Cr (@) Hr @) (@) + 0@ + 6(6)]2)

where Hi(t) = 0122 ()] + |v2za O] + | 622 (1) |2 + 1 satisfies [/ Hy (r) dr < Cy(T).
This, by taking € small enough, implies
(232) (> + oI+ v 00)1) + 07 (o (P + 10012 <
< @) B @) (Ju@I? + lo@)|2 + o)1)
By Lemmas 2.1-2.3 and the interpolation inequality, we get
eI < CLT) |02 + on @ + 10(E) 1 + vz (6))2 u(t) | |
< & e @I + () () + 166 s + o (1))
+ Co(T) [[oaaa (O [[u(t) |3

implying
(233)  [oa®]® < Co(T) > +Cr(T) B ) (o4 w3 1001 )

Differentiating (2.28) with respect to z, multiplying the result by u, in L?(R)
and using (2.35), we obtain that for any § > 0,
d

1
- 2 < 2, = 2
dtHux(t)H < 6 vz (t) ] 5 [z ()]

(2.34) < Co(T)8|lu(B)* + CL(T) 67" Ha(t) (va(t)H2 +lu(®)? + H@@)HQ> -
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Multiplying (2.29) by v; in L?(R), and using Lemmas 2.1-2.3 and (2.32), we
obtain

Vg

N

dt

2
(2.35) O + o' @ lu@®* <

< om0 (o + [u0) I+ 160 )
Similarly, multiplying (2.30) by 6; in L?(R), we obtain

Oz

2
N +CrHM) 67 <

< (@) Hi(®) (eI + a3 + 100)13)

Adding up (2.32) and (2.34)—(2.36), and then taking § small enough, we finally
conclude

(2.36) C‘li” (t)

s Lo < @ i (v + @+ l00)5)
< Ci(T) Hi(t) G1(t)
where
) 2 0 2
Gl(t)—HU(t)!2+!ux(t)ll2+||v(t)\l2+‘ o) +Cv!!9(t)!!2+H =)

satisfies

238) (@) (Ju®l3n + @l + 10013 <
< Gilt) < @) (Ju@ld + @l + 10013 -

Thus Gronwall’s inequality and (2.37)—(2.38) yield that for any ¢ € [0,77,

lu(®) 7 + @7 + 10 172

IN

T
1) G1(0) exp(u(r) [ (e ar)
< C1(T) (Jluolfs + leolfys + 1601131 )

which is estimate (1.21) with i = 1.

For i = 2 in (1.21), we further assume that ug; — @, vo;, 6o; — 0 € H*(R) with
qu(:E) >0, on(a?) >0on R, (j=1,2).

Similarly to (2.33), by Lemmas 2.1-2.3, we have

(239) 1002 < (D) (1602 + Hi (1) G () < Co(T) (604G (1))
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where Cy(T) >0 denotes the universal constant depending only on the H? norm
of (ugj — 4, voj, Ooj — 0) and minug;j(z), minOg;(x) (j=1,2) and 7.
z€R zeR

Differentiating (2.29) with respect to x, we see that

KUz n ROzuzy 24V ULy

2.4 _ gy, 4 Pt 4
(240 u1 U U Utz w2 + R(x,t)
where

R(z,t) = w(uvag)er — R(2025uy + 02z 1) + R(u20) 4y

UuU2

+2 [M(umz)x — R(6u — “29)‘”} <u11u2 )x_ e <u11>z

1
+ [,uuvgx — R(fau — UQH):| <u1u2) .

By Lemmas 2.1-2.3 and the embedding theorem, we easily obtain
(241)  [R@IZ < CoT) (1+ [v2era(®)2) (1u®)32 + 163 + [0aa(8)]2) -

On the other hand, we conclude from (2.40)—(2.41) and the interpolation inequal-
ity that

[onaa (I < C1(T) @ + Co(T) (Ilaaa (DI + foaa(8) 3 + [RO)]?)
< 3 Ioare ()] + Co(T) e (1)
+ Co(T) (1+ o2z (8)2) (loas (8))2 + U3 + 102 )
whence

orae )P < CLT) i t)?
(2.42) + Co(T) (14 [v2ea ()12) ([0 (01 + () 3 + 100132

Using (2.28), (2.40) and Lemmas 2.1-2.3, noting that uie = Vpze, Vzez/u1 =
(U /1)t + Ugg V1 /u?, multiplying (2.40) by ug,/u; in L2(R), we see that

Uz 2 —
(2.43) )|+ o) s (] <
@) + oas (O + 10C6) )

< (D) o ®)]? + Co(T) Ha(t) ()3 + [0 3 + 1002 + )]

d
il
< CUT) ||via(B)||* + Co(T) Ha(t)
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where Hy(t) = 1 + ||vazzz () || + ||vare (t)||? satisfies fOTHg(s) ds < Co(T).

Similarly, differentiating (2.29) and (2.30) with respect to ¢, multiplying the
results by v; and ; in L?(R) respectively, and using Lemmas 2.1-2.3, we finally
deduce that

(2.44) %Ilvt(t)\l2 + O (D) o @) <

< Co(T) Hat) (@I + 10O + Nl + o) 3+ 108) 13 )

d _
(2.45) ZI0@N* + CrHT) )] <
< CUT) |lva (D)
+ Co(T) Ha(t) (eI + 182 + @) + (O + 16O )
Now multiplying (2.44) by 2C?(T'), then adding up the result to (2.43) and (2.45),

we arrive at

%Gﬂt) < Go(T) Ha(t) (HMﬂHQ 10+ [[u(®) 12 + 100 17 + Hv(t)Hfm>

(246) < Co(T) Ha(t) (Gl(t) + Gg(t))

where Ga(t) = || %= (t)|*+ 2C2(T) [[vn(t)]2 + 16: (1)1

ul

Thus adding (2.46) to (2.37) gives

(2.47) %G’(t) < Co(T) Ho(t) G(1)

where G(t) = G1(t) + Ga(t).
Similarly to (2.33) and (2.39), we infer from (2.30)-(2.31)

@12 + 16:) 12 < Co(T) (I + 0Ol + 160 % )
which with (2.39) implies
248) (o) < Co) (u®)e + o) e + 10015
On the other hand, we deduce from (2.33) and (2.38)—(2.39) that
Gt = o7 @) () By + o0l + 10013
+ @) (s (O + @)1+ 10.00)]2)

v

@) () s + 0@ + 1) 3 )
+ 5T [l @12 + ()2 + G1 (1)) + (1002 + Gr (1))

> Cy () (HU(t)quz + @17 + H9(t)H12qa)
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which together with (2.48) gives
(249) 05T (Jult) 3 + () 2 + 160 3:) <
< G() < OoT) (Ju®l + Nl + 100 12)
Thus it follows from Gronwall’s inequality, (2.38) and (2.49) that
@2 + 0@ 32 + 100172 < Co(T) G @)
T
< Co(T) G(0) exp <CQ(T) / Ha(7) dr)
0
< Co(T) (luolfa + lvolha + 160l ), Ve (0,71,

which is estimate (1.21) with i =2 and implies the uniqueness of H?-generalized
global solutions. Thus the proof is complete. n

Till now we have completed the proof of Theorem 1.1. n

3 — Global Existence in H*(R)

In this section we derive estimates in H*(R) and complete the proof of
Theorem 1.2. The following several lemmas concern with the estimates in H*(R).

Lemma 3.1. Under the assumptions of Theorem 1.2, the following estimates
hold for any t € [0,T],

(3.1) v (a, 0 + [0 (2, 0)|| < C3(T)
(3:2) lvwe(a, 0)[| + 10st (2, 0)| + l[vtza (2, 0) | + 1012z (2, 0)]] < Cu(T) ,

t t
(33) [lon(®)]>+ /0 loa|2) dr < Ca(T) + Ca(T) /0 61z |27) dr

IN

B4) 1061+ [ 100l0)dm < CoT)+ Cl) [ (100l + 1 ) )

Proof: We easily infer from (1.2) and Lemmas 2.1-2.4 that

(3.5) lo: ()] < Co(T) (va<t)HH1 + (O] + H9z(t)H> :
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Differentiating (1.2) with respect to x and exploiting Lemmas 2.1-2.4, we have

(3.6)  [low(®)l] < Co(T) (Hvx(t)H+va(t)H+H9x(t)HH1 +Huz(t)HH1)

or

B.7)  vaza(®)]| < Co(T) (va(t)H + llua (Ol g+ 1102(0) |1 + va(t)H) :

Differentiating (1.2) with respect to = twice, using Lemmas 2.1-2.4 and the em-
bedding theorem, we have

(38)  lowe®l < C(T) (lua®)llzr + NeaOllzs + 100 ()] 2)

(39 Jorare®ll < Co(T) (la®)lir2 + Nea Ol + 10Ol g2 + e (D]

In the same manner, we deduce from (1.3) that

(310) 8l < o) (18Ol + loe®ll + e (O)]) |
(311) 0@l < Ca(T) (100l + loa(®)lmm + Juaa(t)])

(3812)  Wawa(®ll < Co(T) (16Ollir + oa(®) i + It (B)] + 1810 (D))

and

(313) W@ < CoT) (et + e Ol + 1162(0) 13

or

(314)  Ousaa(®)] < CoT) (ua®)llzz + oLz + 102(8) 12 + 1800 (B)])

Differentiating (1.2) with respect to ¢, and using Lemmas 2.1-2.4 and (1.1),
we deduce that

(3.15)  [low @)l < C2(T) <||9x(t)||+Hux(t)H+||vm(t)||+||vt:c(t)||H1+H9xt(t)H+||9t(t)||>
which together with (3.6), (3.8) and (3.11) implies

(3.16) low(®)]| < C2(T) (H%(t)HHz + oz (®)ll s + Hux(t)llm) :
Analogously, we derive from (1.3) and Lemmas 2.1-2.4 that

B.17)  6u@®] < C(T) (HGt(t)HJrH%(t)H+H9m(t)!!H1+H€m(t)H+Hvz(t)H+Hva:t(t)H>
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which combined with (3.10)—(3.11), (3.13) and (3.6) gives

(3818) 1020l < Co(T) (10:()llms + Iva(®)ll 2 + o (@)l 1) -

Thus estimates (3.1)—(3.2) follow from (3.6), (3.8), (3.11), (3.13), (3.16) and
(3.13).

Now differentiating (1.2) with respect to ¢ twice, multiplying the resulting
equation by vy in L2(R), and using (1.1) and Lemmas 2.1-2.4, we deduce

i”v A = — [ ouviedr — U’gﬁdx
i tt . tt Vtta: 1% e U

+ Co(T) o O] (108 + oea ()] + 10N + ()]

— 2C(T) " o (1)1
+ Co(T) (10u(®) 2 + ona ()12 + 1801 + o (1))

N

IN

which with (3.17) implies
d -
(3.19) @I + CrHT) loua (D] <
< Co(T) <Hﬁtm(t)HQHIHm(t)H2+H€tz(t)\|2+Hvx(t)Hf;1+Hvtz(t)|!2+H0t(t)H2+Hux(t)\|2).

Thus estimate (3.3) follows from Lemmas 2.1-2.3, (3.2) and (3.19).
Analogously, we obtain from (1.3) that

Cy d 9t2tx
Y Ligul? < —)\/Ru dr
(3.20) + Co(T) [0t (1) || <H9tr(t)H + (v () || + Hvx(t)H>

+ Co(T) [[0u (V)] (Hatt(t)ll + o @) lvea ()]l 2 + IIUttx(t)ll) :

By Lemmas 2.1-2.3, and the interpolation inequality, we get

(3821)  Jou®ll < Co(T) (llow®)] + 160 + a®]]) -

(322)  Jou()l < () (feue®)l + 18t} + loea (O] + 18O + e (0)])
and

(323)  Joew(®)lZoe < Cllvew () lvews(t)]] -
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By virtue of (3.21)-(3.33), we infer from (3.20)
d _
(3.24) Z10u@1” + CH(D) 1) <

< Co(T) (10O + 2Ol + eI + 1001 + loua (B + 100 (2)?)
+ Co(T) 10 t) | (o (O] + 10O + @) o (O] + ]

which together with (3.2)—(3.3), (3.17) and Lemmas 2.1-2.3 yields
(3.25) @) + O ‘/Wm JI2(r) dr <

< C’4(T)+C’4(T)/O<||9tt\2+vaHQ)(T) dr
v e[ [/ (100 4107+ 1)) ) 0]

([ (ol i) 0]

< Cy(T) + Cy(T) /tH9th2(7) dr

0 1+(A%%w%ﬂmfé

1 t
< o sup [l >|2+—cucr>+—cacr>/£(|vmmn2+—uemmn2)<r>dr.

+ Co(T) sup [|0u(7)]]
0<r<t

2 0<r<t

Hence taking the supremum on the right-hand side of (3.25) gives required esti-
mate (3.4). The proof is complete. n

Lemma 3.2. Under the assumptions of Theorem 1.2, the following estimates
hold for any t € [0,T],

(3.26) u%wW+Ammﬂﬂmscuﬂ,
(3.27) |mw%Amemswm

328 10O + ouP + | (lowsl+100sI) (7) dr < Cul)
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Proof: Differentiating (1.2) with respect to « and ¢, multiplying the resulting
equation by vy, in L?(R), and integrating by parts, we deduce that

1d
3.29 P
(3.29) ) 2 dt
S_M/%dm
R U

+ Co(T) [[vra (1)]] (H%(t)llﬂlvm(t)\HH9t(t)\|+va(t)H+H9z(t)H+Huw(t)\l)

loa (O <

IN

— (2C1T)) ™ ora (1)1
+ Co(T) (1002 (D1 + ot (D2 + 101+ v (1) 12+ 1102 (1) 12+ e (8)2)

which combined with Lemmas 2.1-2.3 and (3.2) gives estimate (3.26).
Analogously, we infer from (1.3),

(3.30) Y L) <
2
< <A [ %2 o 4 o) B O (1610 0)]+ 1020(0)] + 2 (0)] + 2 (0]
R

< —(2CUD) " Bra (DI + Co(T) (H@m(t)||2+||9m(t)H2+va(t)|!2+Huz(t)||2)

which combined with Lemmas 2.1-2.3 implies estimate (3.27). Inserting (3.26)—
(3.27) into (3.3)—(3.4) yields estimate (3.28). The proof is now complete. u

Lemma 3.3. Under the assumptions of Theorem 1.2, the following estimates
hold for any t € [0,T],

t
(8:31)  latasa®llF + 1z @1 + /0 (Il ezl B ) (7) dr < CH(T),

(3.32) vam(t)H]Q{l + ”Um(t)H%;[/Loo—i— ||‘9m:r(t)||12—[1 + ||9:m:(t)||%/[/1»oo+ ||ut:vmz(t)||2 +
t
+ Do O+ 10102 @1 + | (foralP 160l + By + 62 e
0

+ ”‘915:1::BH]2{1+ ”Ut:vm||]2—[1+Hetx||[2/v1,oo+||vtxH%/V1,oo+ Hutxzm”%o (T) dr < C4(T),
t
(3.33) [ (1saaeli 1 20calf )y < Ca()
0

Proof: Differentiating (2.22) with respect to x, and using (1.1), we arrive at

(3.34) uat< : )+ s (o)
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with
Vgzx Uy + Ugy Uzy 2Ug Uy Vg 02 Uz
E t) = — _
1('%'7 ) u2 u3 w2
2ROu,u
+ % + Vg + Ex(xvt) 5
B, t) = RO, n 2UVpp Uy — 2RO, Uy n 2R9u3§ — 2,uvxu§

U u? u3

An easy calculation with Lemmas 2.1-2.4 and Lemmas 3.1-3.2 gives

(335) B < CoT) (llua®)llrs + loa®)llr2 + 10a(0) 12 + 1o (0)]11)

and
T

(3.36) / | EL||* (1) dr < C4(T) .
0

Now multiplying (3.34) by “zzz in L?(R), we obtain
u

(3.37)

o)+ oo < am s

which combined with (3.36) and Lemmas 2.1-2.3 and Lemmas 3.1-3.2 yields

+ C;l(

(3.38)  [usea(®)]2 + /\um” dr < CyT), Vte|0,T].

In view of (3.7), (3.9), (3.12), (3.14) and Lemmas 2.1-2.3 and Lemmas 3.1-3.2,
we get that for any ¢ € [0, T],

t
<wwn%mwwmwuﬂwm%+mm@mm<@m,

t
340) s O + 10 @+ | (el + Walfy ) (7)< CT).
Differentiating (1.2) with respect to ¢, we infer that for any ¢ € [0, 77,

i ()] < CLUT) [Joe(t)]
(3.41) + O (llta(®) |+ o (Ol + loea (1) |+ 18 ()| + 180 + 162 (1)
< Cy(T)

which with (3.9) gives,

(3.42) H%W@W+A@mm%meﬂwm73@@»
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Similarly, we can infer from (3.13)—(3.14) and (3.39)—(3.40) that
(3.43)

t
||9tm(t)||2+Iemm(t)l\2+/0<ll9tm|2+||9mm!|2) (r)dr < Cy(T), Vte[0,T].

which combined with (3.39) and (3.42)—(3.43) implies
(3.44)

t
Hvxm(t)“%00+||0xm(t)”%00+/0 (HUWMEH%W""H‘%MH%OO) (r)dr < Cy(T), Vtel0,T].

Differentiating (3.44) with respect to z, we see that

0 RO
(3.45) i (“mzm) + Z;”m — By(x,t)
with
P> | VarUgzr + Uz Vapgar  2Ug VpUgas 2ROU Ugze ROz Uzzy
2 (.’B, t) = M U2 - U3 ’LLS - U2

+ FEyp(x,t) .
Using Lemmas 2.1-2.3 and Lemmas 3.1-3.2, we can deduce that
(346) [ EesOll < ColT) (102 0)lzs + lrta (Ol + s (0) )
(347)  [[E@)] < Cu(T) (Ilvx(t)HHs + [lue () g2 + llve () [|g2 + ||9x(t)||H3> :
(3.48)  [[E2()] < Cu(T) (Ilvz(t)|!H3+ [ (B 72 + vew (8) |12 + ||9x(t)||H3> :
On the other hand, differentiating (1.2) with respect to ¢ and z, we infer that
(349)  [[vtzaa®)|| < CUT) lvua(t)]| + C2(T) (vallH1+ 102 (812 + [l () |2
102 (Ol + 1601 + vl
Similarly, we have
(3:50)  [[brzaa(®)| < CUT) |12 (1) + Co(T) <Hux(t)H + vzl + 1102 (8)]] 12
100 (Ol + 160 + e (B) )

Thus it follows from Lemmas 2.1-2.3, Lemmas 3.1-3.2 and (3.49)—(3.50) that

350 [ (Il + 100ssalP) ()t < Ca(D) . veElT).
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By virtue of (3.38), (3.42)-(3.43), (3.48)—(3.49), Lemmas 2.1-2.3 and Lemmas
3.1-3.2, we have

t

(3.52) /HE2H2(T) dr < Cy(T), vtel0,T].
0

Multiplying (3.45) by “ez2z in L?(R), we get

(3.53)

2

: ez )| < () | Ba) P

4
dt
which combined with (3.52) implies
t
(3.54) HUMM(t)HQ +/ ||umm‘|2(7') dr < Cy(T) , Vite [O,T] .
0

Exploiting (3.15)—(3.18), Lemmas 2.1-2.3, Lemmas 3.1-3.2 and (3.38)—(3.44),
we derive

(3.55) /()(HvttHz—l— 607 (r)dr < Ca(T) . Vie[o.1].

Differentiating (1.2) with respect to = three times, and using the following esti-
mates

lo=@) < C2(T)

/

e (Ol + 161 + u(®)])
lows(®)ll < Co(T) (loa®lla + 1020l + lue@®lln) |

|G (] < CoT) (e @l + 102012 + ot 1)
we deduce that
(3.56)  vazaze @) < CUT) [[viaaa )]+ Ca(T) (Hum(t>HH3+HUfﬂ(t)HH3+H0$(t>”H3)-

Thus we conclude from (1.1), (3.42)—(3.43), (3.51), (3.54), (3.56), and Lemmas
2.1-2.2 and Lemmas 3.1-3.2 that

t
(3.57) / (Wswzaal® + lutase i ) (7 dr < Co(T), ¥EE[0,T] .
0
Similarly, we can deduce that for any ¢ € [0, 7],
t
(3.58) / |0 sz || (7) dr < Cu(T)
0

t
(3.59) [ Qelince + 105l ) () < €T
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Thus exploiting (1.1), (3.38)—(3.44), (3.51), (3.54)—(3.55), (3.57)—(3.58) and
the interpolation inequality, we can derive the desired estimates (3.31)—(3.33).
The proof is complete. n

Lemma 3.4. Under the assumptions of Theorem 1.2, the following estimates
hold for any t € [0,T],

(3.60) lu(t) — 3+ et s + a0 3 + o)+ e (0) o + ene()2 +
t
4 10(6) = 0 + 10O s + 10O + [ (FslFro + sl + ol

+llveellFn + 1021 + 1607 + ||9tt||§{1>(7) dr < Cy(T),

t
(3.61) [ (el + e + i P) ) dr < CalT)
0

Proof: Using (1.1), Lemmas 2.1-2.3 and Lemmas 3.1-3.3, we can derive
estimates (3.60)—(3.61). The proof is complete. u

Proof of Theorem 1.2: By Lemmas 3.1-3.4, we have proved the global
existence of H*-solution to problem (1.1)-(1.4) and the uniqueness follows from
that of the H'-global solution or the H?-global solution. To complete the proof,
we need only prove that (1.21) holds for ¢ = 4, which will be done in the next
lemma.

Lemma 3.5. Under the assumptions of Theorem 1.2, the H*-global solution
to problem (1.1)—(1.4) is continuously dependent on initial data in the sense of
(1.21) for i =4.

Proof: Similarly to the proof of Lemma 2.4, we have equations (2.28)—(2.30),
but now we assume that ug; — @, vo;, foj — 0 ¢ H4(R), ug;(x) >0, () >0on R
and the corresponding compatibility conditions hold, and u, v and 6 are the same
sense as in Lemma 2.4.

By Lemma 3.4, we get that for any ¢ € [0,7],

N\ (12
(362 ||(w @~ 00, 0500~ 0) ||+ it s + s s + oge® I +
t
s+ 10,0+ 10501+ [ (gl + s B+ 165l + o s

+ijttHIQ—Il+H0th12{3+H0jttH12{1+Hujt”12—14+HujttH?{?_'_”ujtttHQ)(T) dr < Cy(T).
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Inserting the relation vyu./u1 = (Uzz/U1)t — V1gUze /u? into (2.40), we arrive at

(3.63) M<“> g 2ler
t

a1 Uiu2

where
Ri(z,t) = 2pvgzuiy + ,uleum)/u% + R(z,t) + vy -

Differentiating (3.63) with respect to x, we arrive at

(3.64) M(“ > 4 2Rl p
t

U1 Uru2

with

Uz U RO U ROs,u
Ro(z,t) = R1z+u< 1“”2“) 2(u12u22)$ ez _ 11020 Use
ur e uyuy uU

By virtue of Lemmas 2.1-2.2 and Lemmas 3.1-3.4, we can infer that
(3.65) IR < ColT) ([u@lfFe + o) e+ 1602 -
(3:66)  IRa(0)I? < Cu(T) (Ju®) s +1000) s +0(0)]s)
(3:67) [ Rea(? < ColT) ([u@)Fa + o) s+ 101 -

(3.68)  [|Ri(t)]|?

IN

CA(T) [0 (8) P+ Co(T) (O s + 10C8) s + 101
and

IRiza(®)]2 < Co(T) (It (O + otz (1))
(3.69) + CT) (14 02z (012 (I + 100 Fs + 0(0)F) -

Hence, with the help of (3.65)-(3.69), we derive that
(3.70)  IR(®)I* < Co(T) v (8)]?

+ CalT) () s + [0(8) s + 10(8) s + o (1))
and

IR < CUT) (Iva®? + oreaa (1))
(3.71) + Co(T) (1+ ez ) ) (Iu®e + 0@ + 100 4
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Differentiating (3.64) with respect to z, we find that

(3.72)

t

U1

where

RO R 0
Rg(l‘,t) _ u(“lx%ﬂ:xz) . 2z Ugzx i (u1u22):v22ux:p:v + sz(fﬁ,t) ‘
uy ¢ uLuU2 uj Uy

Multiplying (3.64) and (3.72) by “z2= and *zze in L?(R) respectively, we have

ey el aro|EEe) < amirol?.
ery Lo oo o) < am iRl

Differentiating (2.29) with respect to ¢ and x, we can derive

[rwar @ < Co(T) (e ()] + oo (OI]) + Co(T) (14 Jo(®) o)

% (@l + N (@)1 + 10 L= + 10.0) + e (]

which with (3.71) gives

IRs @I < CalT) (loua )P+ ot (0)12) + CalT) (14 foaa (Ol 3+ o2 (D) 135)

375) < ([l + o) B + 10003+ 108 |+ ] + o (D]2)

On the other hand, we deduce from (2.30) that

(3.76) 16:(0)]] < Cu(T) (H@(t)HH2 + u®)l g + Hv(t)HHl) :
(3.77) 1022 ()] < Cu(T) (I\Gt(t)ll F 0@ 1 + Nlu(®) ||l + Hv(t)HHl)
and

(3.78) 1)) < Cu(T) (He(t)HH?’ + lu®)llae + Hv(t)HHa)
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or

(879)  10aa(®) < ColT) (I ®)]l + Il + 0@l + a0
10Ol + D)

(3:80)  Busaa () < Co(T) (Iu®)lla + [0(8) 1 + 161 + lfoe(D)]
0O + o (8) | + 1822 (D) + 105D
(381 6a(®)] < Co(T) (lul®) s+ [o(t) o+ 10()]1s) -

(3:82)  [0wa(®)] < Co(T) 0Dl + Co(T) ([l s + No@llzr + 10|z
@)+ e Ol + 18,01 + 160 (1))
< (™) (u®) s + ol + 16@) ) -
In the same manner, we infer from (2.29) that
(3:83) @l < Cum) (Ju@lm + [o@la + 100l ) |
(380 low®ll < Co) (lu@ll + 0@l + lo®)l + 10Ol ) |
(335 Jo®l < Co(D) (10052 + @)z + lo®)las) |
wwm+mam
(387 Noamsa®)ll < Co(T) (Jlu@®)llrs + [0(8) [0 + [10®) 121 + lee®)]
et (81 + e8]+ 100 + 10ra(8)])
(3:88)  lew®l < Ca() (Ju® s + 0@l + 10®]las )

(389) el < CoT) (Ju®)lls + No(®)lls + 1001 )

Differentiating (2.29) with respect to ¢ twice, multiplying the resulting equa-
tions by vy in L?(R), using Lemmas 2.1-2.4, Lemmas 3.1-3.4, and (3.76)—(3.89),
we deduce that

(3.86)  [lvaae (D] < Cu(T (\ Ollr + lo@ g + 10@) a1 + [[o: @]
)|

1d _
5 glve@I* + CrH(T) loua (O] <

< () (1+ foaaal) ()3 + 0@ + 1613
(82 + o + loal + 10O + 18I + 10u@)]?) -

(3.90)
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Analogously, we can derive from (2.29)—(2.30) that for any § > 0
Cv d _

(3.91) — 210 + CTHD) (DI <
< Sl + Co(T,6) (1+ oI + oaita () + 162120 (8)]?)

(IIU(t)H%p +lo®l7n + 10017 + O + lva®)]®

1002 + 1612 (1) 2 + 16 (1))

(3.92) s Lo + 07 (@) e O] <
< 0 (Ivaa I + eI + 110 ) + Co(T,8) (1 + [oatas(®)]?)

(HU( I+ o @)l + 10O 17 + e 17+ [[ve (O 17+ 10261 + 10 ()] )

C _
Vo (2 + OTNT) e (D] <

(3.93) T
(I8ea (O + [Br2a (0)]) + Co(T.8) (1 + Baraza(t)|?)

(a3 + o3 + 1013 + eI + o ()
108 + 1612 (1) 2 + o I + 102 ()11

Let
@s(t) = 3 (I + oeeI?) + L (10001 + 10(0)1P)

N 50 Uz 4 H N ‘ Usaze 4 H )

Now multiplying (3.73)—(3.74) by d respectively, adding up the resulting equations

and (3.90)—(3.93), and picking § > 0 small enough, we get

(394) 2 Gs(t) + O (1) (eI + N O + 100 ()] + 1 0)
e ()2 + [ttanaa (D7) < Ca(T) Ha(t) M(2)

where
() 1774 + ()74 + 10) [Fra + eI + 116:(2)]1?

M(t) =
+ [ ()1 + 11062 (01 + lloee (0117 + [162:(£) ]|
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and

Hs(t) = 1+ [loia ()] + [v2eea (0] + 102202 (1) |
+ 11026 () 172 + No2e (@)l + lv2a(B) 1

verifies, by Lemmas 2.1-2.3 and Lemmas 3.1-3.4,
¢

(3.95) l/fﬁ@deEQCAT)ﬂ+¢)SQCAT), Vtel[o,T]
0

Obviously, it follows from (3.76), (3.78), (3.81), (3.83), (3.85), (3.88) and the
definition of M (t) that

(3.96)  u®lF: + @ Fs +100)13: < M)
< CulT) (lu® e + 10O + 100N )

Let
G(t) = G1(t) + Go(t) + Gs(t) = G(t) + Gs(t) .

Then we can infer from (3.77), (3.79)—(3.80), (3.84) and (3.86)—(3.87) that
(3.97)  M(t) < Cu(T) (||u(t)||§,4 + 0@ + 10 + o] + 1621
+ v @I + 10ea ()1 + low ()1 + Hett(t)HZ)
< Cy(T)G(1) .

Moreover, we find from the definition of G(t) that

IN

G(t) < Cu(T) (Jlu®) s + 0@l + 16O + lue@®) + 0.0
o (812 + 100 (82 + eI + 100(8)]?)
< Cy(T) M(t)
which with (3.95)—(3.96) implies
(3:98) D) (e + @l + 1601E:) < GO <
< () (N + ()3 + 108 72
Adding (2.41) to (3.94) yields

(3.99) 96wy < ) mw e .
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Thus using (3.97) and Gronwall’s inequality, we deduce from (3.99),
lu(®) 17 + @)l + 1007 < Ca(T) G(2)

< C4(T) G(0) exp (04<T) /0 Hy(r) d¢>

C(T) (Ifuollys + llvoll3e + 160l

which implies (1.21) with ¢ =4. The proof is complete. n

IN

Till we have finished the proof of Theorem 1.2. =

4 — Proof of Theorem 1.3

In this section, we finish the proof of Theorem 1.3. In order to study the large-
time behavior of the H’-global solutions (i = 2,4), obviously all the estimates
established in Section 2 and Section 3 will no longer work because those estimates
depend heavily on T > 0, any given length of time. Thus we have to derive the
uniform estimates in H*(R) (i = 1,2,4) in which all the constants depend only
on gleiﬁuo(x), I;éiﬁl@o(x), the H(R) (i =1,2,4) norm of (ug — @, vo,0p — ) (and
eo or Ey, E1 (see Theorem 1.3)), but independent of any length of time 7" > 0.
Since for any unbounded domain, the Poincaré inequality will not be valid and
hence, unlike the corresponding initial boundary value problems of (1.1)-(1.3) in
bounded domains (see e.g. [1-3, 11-13, 21, 24, 27-28, 31-36, 39, 41-46, 50-51]),
the exponential decay of solutions will not be anticipated (see e.g. [1, 4, 14, 19,
21-23, 25-26, 29-32, 39-40, 49]). Note that H'-solutions do not possess enough
regularity and summability to allow all operations performed in Sections 2 and 3.
Now we first use some H'-estimates given in [21, 23, 26, 27, 39] to establish
uniform H'-estimates similar to (2.1)-(2.4) in the following lemma.

Lemma 4.1. Assume that ug— 1, vo, o — 0 € H'(R) with some constants
>0, >0 and ug(x) >0, Og(z) >0 on R, and the compatibility conditions
hold. Then there exists a constant €y € (0, 1] such that

(I) if Eyp E1 < €, then, estimates (1.16)—(1.17) with T = 400 hold and the
H'-generalized global solution (u(t),v(t),6(t)) to the Cauchy problem
(1.1)—(1.4) satisfies that for any (z,t) € Rx[0,400),

(4.1) 0< Ot <O(x,t) < Cy,
(4.2) 0< Oyt <u(x,t) < ¢y
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and for any t > 0,
(@3) )= alldn + @l + 166) ~ 6l
+ /O (ol + 1013 + a1 + el + 602 () dr < €

(4.4) Hu(t)—tﬂll%oo + o) Fe + 16(8) = 6][7
+/O (Huﬂl%{ﬁ [vg]| 7 + Hemuim)(ﬂ dr < Cy

and as t — +oo,

(4.5) H(u(t)—ﬂ, u(t), a(t)—o)HLw+ H(ux(t), va(t), Hx(t))H 0

(IT) ifeg < eo, then estimates (1.16)—(1.17) with T'= 400 and (4.1)—(4.5) hold
and the H'-generalized global solution (u(t),v(t),0(t)) satisfies that for
any (x,t) € Rx[0,+00),

_ 1 _
(4.6) \u(z,t) — a| + ¢(t) |0(z, t) — 6] < 3 min(a, 6)
where ¢(t) = min(1,t).
Proof: Case I: From [39] (see e.g. Theorem 2.1) it follows that there exists
a constant €; € (0, 1] such that if Ey E; < €1, then H'-generalized global solution
(u(t),v(t),0(t)) to the Cauchy problem (1.1)—(1.4) satisfies estimates (4.1)—(4.3)
and (4.5). Using the interpolation inequality: ||f||z < C||£I|"/?||f2]/? for any

f € HY(R) where C >0 is a positive constant independent of any length of time,
we easily deduce (4.4) from (4.3).

Case Il: We know from [21] (see e.g. Theorem 1.1(ii) or [22]) there is a constant
€2 € (0, 1] such that if eg < €g, then estimates (4.5)—(4.6) and

@D =P+ P+ 10=01+ | (loalP+10:12) @) dr < €1, ve>0

hold. Clearly, (4.2) is the direct result of (4.6). By (4.6) we get that for any
t>1,

(4.8) 0<Crl<O(x,t)<Cy, VreR.
Moreover, we find from the proofs in [26, 27] that

Crle @t < Q(x,t) < Cr1e“t | V(z,t) € Rx[0, +00)
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which together with (4.8) yields estimate (4.1). In view of (1.1), we can write
(1.2) in the form

(4.9) u(fl = v+ R(i)m :

Multiplying (4.9) by u,/u in L?(R), using (4.1)—(4.2) and (4.7), integrating by
parts, and noting that (u,/u); = (u¢/u)y = (vz/u)z, we deduce that

2 t 2
“/<%>dx+3//mﬁfdxd7<
2 Jr\ u U
§C1+/fu‘ da?—i-//xdwdr—i—R// x xdmdr
< Ci+ =+ // xdwdT—i—'u/(ux)da?
4R u

which, together with (4.1)—(4.2), gives

t
(4.10) Hum(t)HQ—l-/HuxHQ(T)dT <C, V>0,
0

Multiplying (1.2) by v, in L?(R), using (4.1)-(4.2), (4.7), (4.10), the interpola-
tion inequality and integrating by parts, we have

2 f 2
Hw®H+AMMHﬂM

IN

t
a+@A@MWMMMMW@Mww®wm

1 t
Crt 5 [ lvaalPr)dr
0

t
(4.11) ||vx(t)||2+/||vm\|2(7') dr < Cy,  Yt>0.
0

IA

whence

Analogously, from (1.3) we get
t t
Hex(t)||2+/0||9mll2(7) dr < Ci1+ 01/0 (||9x||||9m||Hux\l2+Hvxll?’valHllvzllZ) (r) dr

1 t
<Gt [0mlr)ar
0
implying

t
(4.12) Hex(t)\|2+/|]9m|]2(r) dr < Cy, Vt>0.
0
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By (1.2)—(1.3), (4.1)—(4.2), (4.7) and (4.10)—(4.12), using the interpolation in-
equality, we derive

lee®)l < Cr (o @l + Foa N2 o (01 ezl + 162 (0)]] + lea (1))
(413) < C1(loae @+ Joa )l + Ol + 102(1)])
8. < Cr (122 (8)] + 18212 820 ()2 ()]

oz (@2 llvaa (O + Hvx(t)ll)

Cr (1822 (1l + oa ()] + 162(8)] + s (®)])

IN

which, combined with (4.7) and (4.10)—(4.13) implies estimate (4.3). Taking
€0 = minley, €2] ends the proof. m

Since we have established in Lemma 4.1 uniform H'-estimates similar to
(2.1)—(2.4) in Lemma 2.1, we only need to repeat the same argumentations as in
Lemmas 2.2-2.4 and Lemmas 3.1-3.4 to be able to reach estimates (1.24)—(1.29)
in Theorem 1.3. Now all constants in these estimates will no longer depend on
T > 0, any length of time, i.e., Cj(+o0) = C; (i =1,2,4). In order to finish the
proof of Theorem 1.3, it suffices to prove the results on the large-time behavior
of the H® (i =2,4)-global solutions in Theorem 1.3. To this end, we need the
following lemma.

Lemma 4.2. Suppose y and h are nonnegative functions on [0, +00), y' is
locally integrable, and y, h satisfy

Vi>0: 3/(t) < Ayy?(t) + As + h(t) ,
T T

VT >0: /y(s)dsgAg, /h(s)ds§A4,
0 0

with Ay, Ao, A3, A4 being positive constants independent of t and T. Then for

any 7 >0
A
VE>0: y(t+r) < (3 + Ao +A4> etz
r
Moreover,
tlg-nooy(t) =0,

Proof: See, e.g. [52]. n
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The next two lemmas concern the large-time behavior of H? and H* global
solutions respectively.

Lemma 4.3. Under the assumptions in Theorem 1.3 with i = 2, if ey < €
or EgE1 < €, then the H?-generalized global solution (u(t), v(t),6(t)) obtained
in Theorem 1.1 to the Cauchy problem (1.1)—(1.4) satisfies (1.30)—(1.31).

Proof: We start from Lemma 4.1, repeat the same reasoning as derivation of
(2.10), (2.12)—(2.14), (2.16)—(2.17), (2.21) and (2.23)—(2.24) in Lemmas 2.2-2.4
and keep in mind that at this time all constants C;(T") (i =1, 2, 3,4) in Lemmas
2.2-2.4 will not depend on T > 0 to obtain

N

(4.14) %||Ut(t)||2+(201)_1||Utx(t)||2 < C2<Hvx(t)ll2+||vm(t)||2+||9t(t)H2> )

(115) 10O + @0 (1)

IN

Co(Jlua(®) 12+ 18 (&)1 + (1)
+ e @)
Bz )+ @00 taa O < o (1001 + s () + s (DI

(4.16) —
1822 (8)1 + s (DI

il
dt

(417) o @l < Cr (o) + oa(®)] + e (D)) < Ca

(418) 02l < C1 (100 + 1020 + Jue @) + [vsa®)]]) < Ca s

2
(4.19) [0z (£) ]| 700 i C o) s (B)]] < Co

162(t)][7 < C N0 1022()] < C2,

(420) Jus(®)lli < Clluz(@®)] uaa(®)ll < Ca .

Applying Lemma 4.2 to (4.14)—(4.16) and using estimate (1.26), we obtain that
as t — +o0,

(4.21) [o: @) =0, 6O =0, [uae (@) =0

which with (1.1), (4.5) and (4.17)-(4.20) implies that as t — +o00,

(4.22) [0z )| + 102z (O] + ue(®)lr — 0,

(4.23) e (8] oo + || (ue (£), v2(£), 02(£)) || jo — O

Thus (1.30)—(1.31) follows from (4.5) and (4.21)—(4.23). The proof is complete. u
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Lemma 4.4. Under the assumptions in Theorem 1.3 with i =4, if ey < €g or
Ey B < €, then the H*-global solution (u(t),v(t),0(t)) obtained in Theorem 1.2
to the Cauchy problem (1.1)—(1.4) satisfies (1.32)—(1.33).

Proof: Similarly to (3.19), (3.34), (3.39)-(3.40), (3.47), (3.63) and using
(1.28), we derive

(129) SleaIP+ 200 oI <

< O (10eal®)+ 100 Ol + v (B + )P+ 18I+ (07
(125) S0+ O a9 <

< Ci (10 O+ o @)l + T I+ 18O+ o (12 + 1 DI?)

d _
(4.26) £||Utr(t)“2+01IHUtzx(t)H2 =<

< C2(||9m(t)|\2+||vtx(t)||2+||9t(t)|\2+||vm(t)|\2+ll9x(t)ll2+Hux(t)ll2) ,

d _
(4.27) 0@+ Cr 0 () <

< Co (6 (I + [P+ lea (P + (D)

@) =0 ot < armor,
@) o)+ oo < algoPp

where, by (1.28), (3.36) and (3.52),
t

(4.30) [P+ 1E) 0y ar < 1 veso.
0

Applying Lemma 4.2 to (4.24)-(4.29) and using estimates (1.28) and (4.30),
we infer that as ¢t — +o0,

(4.31) o) =0, [0@)]| =0, o) —0,
(4.32) 10¢()[] — O, |Uzza (t)] — 0, |uzzas(t)] — 0.
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In the same manner as (3.7), (3.9), (3.41) and using the interpolation inequality,
we deduce that

(133 Nems(®ll < CalloaO]+ lus®lln + 100 s + s (O)])
(138 fousaO < Cala]+ Collosel®) + s ]+ O
L+ 180+ 1601

(435 ermsalO < Collos@lima les®lln + 100z + a0
o (®) e < € o) [a®)]

30 I < C @) or®)] |
||Um(t)‘|%°° <C ||”m(t)H Hvzm(t)”v

30 oma Ol < C lomae®] [vseae ]

(4.38) ||Um(t)‘|%°° <C ||um(t)H Huwmx(t)”v

Thus it follows from (1.1), (4.31)—(4.38) and Lemma 4.3 that as ¢t — +o0,
(4-39) [ (ua(t)s va()) || o + Nve @)l 2 + [lue ()]s + [lue(t) w200

@l + N (t), vo(®) iz — 0.
Analogously, we can derive that as t — 400,
162 @) 75 + 10:(E) [ 12 + 10: () [[wrr.oe + [162(E) lw2.00 — O

which together with Lemma 4.3 and (4.39) implies estimates (1.32)—(1.33).
The proof is complete. n

Till now we have finished the proof of Theorem 1.3. n

Proof of Corollary 1.1: Applying the embedding theorem, we readily get
estimate (1.34) and complete the proof from Theorem 1.2. u
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