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COINCIDENCE SITUATIONS FOR ABSOLUTELY SUMMING
NON-LINEAR MAPPINGS

GERALDO BOTELHO* and DANIEL PELLEGRINOT

Recommended by Eric Carlen

Abstract: Situations where every linear operator between certain Banach spaces
is absolutely (p; ¢)-summing are very useful in linear functional analysis. In this paper
we investigate situations of this type for three classes (two new and one well known) of
nonlinear mappings which are generalizations of the notion of absolutely summing linear

operators.

1 — Introduction

By L(E; F) we denote the Banach space of all bounded linear operators be-
tween the Banach spaces E and F', and by ,Cas(p;q)(E; F) the subspace of all
absolutely (p;¢)-summing operators (1 < g < p < o0). The striking success of
the theory of absolutely summing operators is due, among other reasons, to the
fact that the class of absolutely summing operators is neither very small (in the
sense that L,(p.q)(E£; F') = L(E; F') in some important cases) nor very large (in
the sense that L) (E5 F) # L(E; F) in most of the cases). Illustrative ex-
amples of such situations are Grothendieck’s theorem (L,(1;1)(l1512) = L(11;12))
and the (weak)-Dvoretzky-Rogers theorem (L) (E; E) # L(E; E) for every
1 < p < 0o and every infinite-dimensional Banach space FE).

The notion of absolutely summing operator has already been generalized to
multilinear mappings and homogeneous polynomials in several different ways
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(for example: mappings which are absolutely summing [1, 4], semi-integral [1, 22],
dominated [4, 8, 18], multiple or fully summing [19, 29], strongly summing [13]
and absolutely summing at every point [20, 24, 26]). Similarly to the linear
theory, coincidence and non-coincidence theorems are largely studied in the non-
linear setting, and several results are known for the classes already investigated.
Furthermore, whenever a class of polynomials forms a holomorphy type, we can
investigate coincidence situations for the spaces of holomorphic mappings that
are of that type.

In this paper we study coincidence situations in two new classes of absolutely
summing multilinear mappings, homogeneous polynomials and holomorphic map-
pings we introduce in sections 4 and 5 (strongly check mappings and strongly fully
mappings). In section 2 we prove some new coincidence results for a well studied
class of absolutely summing mappings. Our basic point of view is that the more
we know about coincidence situations with respect to a certain class of absolutely
summing nonlinear mappings, the more we are able to say how good the class is
as a generalization of the linear theory.

2 — Basic concepts and terminology

E Eq, ..., E, and F will represent Banach spaces and the scalar field K can be
either R or C. n will always be a positive integer. The space of all continuous
n-linear mappings A: F1X ---xE, — F will be denoted by L(Ej,...,E,;F).
It becomes a Banach space with the natural norm

Al = sup{ A1, m): 2l <1, 5=1,m} .

If By=---=E, = E we write L("E; F). Given a continuous n-linear mapping
A€ L("E; F), the map

P:.E—F: P(r)=A(x,z,..,x) forevery x € E ,

is called a continuous n-homogeneous polynomial. The space of all continuous
n-homogeneous polynomials from E to F will be denoted by P("E;F), and
it becomes a Banach space under the norm

1P| = sup{|P@)]: ol <1} = int{C: |P@)| < C|jo|", vacE} .

The fact that P is the polynomial generated by A, that is P(z) = A(x,z, ..., z),
A
will be denoted by A = P. An n-linear mapping A € L("E; F) is symmetric if



. ABSOLUTELY SUMMING NON-LINEAR MAPPINGS 177

A1, 0y ) = AT (1), o) To(ny) Tor every x1, ..., 2, € E and every permutation
o of the set {1,...,n}. For each polynomial P € P("E;F) there is a unique

symmetric n-linear mapping I\é € L("E; F) which generates P. For convenience,
we identify £(°E; F) and P(°E; F) with F (constant functions). A mapping
f: E— F is holomorphic if, corresponding to every = € E there is a (unique)
sequence of polynomials (P,)%_,, Py € P(ME;F) for every m, and p >0

m=0>
such that

fla) = Z Py (a—z)  uniformly for |a—z| <p.

m=0

As usual we set the notations
v A
d"f(x)=m!P,, and d"f(zx)=m!P,,

and denote the linear space of all holomorphic mappings from F to F' by H(E; F).
For the theory of polynomial/multilinear/holomorphic mappings we refer to [14,
21]. If F is the scalar field we shall use the simplified notations L(F1, ..., Ey,),
L("E), P("E) and H(E).

Now we state the concept of global holomorphy type [6], adapted from Nach-
bin’s original concept of holomorphy types [21].

A global holomorphy type Py is a subclass of the class of continuous
homogeneous polynomials between Banach spaces such that for every natural n
and every Banach spaces F and F, the component Py(™E; F) := P(™E; F)NPy
is a linear subspace of P(™E; F'), which is a Banach space when endowed with
anorm |||/, and

(1) Po(°E; F) = F, as a normed linear space for all E and F.

(2) There exists a real number o >1 such that: given any [,m N, [ <m,

A
Banach spaces E and F, x € E and P € Pg(™E; F), we have d'P(z) €
Po('E; F) and

Hzl!‘?lp(””)

In this case, a mapping f € H(E; F) is of 6-holomorphy type at x € E if

-1
< o™ ||Pflg lll™T
0

A
(1) d™f(x) € Po("™E; F) for every natural m;
(2) There exist real numbers C' > 0 and ¢ > 0 such that

L mfa)

< Cc™, for every natural m .

E
0
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When f € H(E; F) is of 6-holomorphy type at every x € E, we write f €
Hp, (E; F).

Ideals of multilinear functionals were introduced by Pietsch [31] and ideals of
polynomials were first considered by Braunss [10] (see also [5, 6, 7, 15, 16]).

Definition 2.1. An ideal of multilinear mappings M is a subclass of
the class of all continuous multilinear mappings between Banach spaces such that
forall n and Ey, ..., E,, F the components M(Ej, ..., E,; F):=L(Ex, ..., E,; F)NM
satisfy:

(i) M(Ex,...,E,; F) is a linear subspace of L(EY, ..., E,; F') which contains
the n-linear mappings of finite type.
(ii) fAe M(Ey,...,Ey; F), u; € L(Gy; Ej) for j=1,...,nand p € L(F; H),
then ¢ o Ao (ug, ..., un) € M(G1,...,Gp; H).
When there exists ||-|| ,,: M — [0, oo[ satisfying
(i) ||-|| pg restricted to M(E4, ..., En; F) is a norm (resp. quasi-norm) for
all B, ..., By, F' and all natural numbers n,
(ii") ||A: K"— K; A(zq,..,3,) = xl...wnHM =1 for all n,
(iii") If Ae M(Ey,...,En; F), uj € L(G;; Ej) for j=1,...,nand ¢ € L(F; H),
then
[0 Ao (ur, ey un) ||y < Mol AN g luall -l

M is called a normed (resp. quasi-normed ) ideal of multilinear mappings.
An ideal of (homogeneous) polynomials Q is a subclass of the class of
all continuous homogeneous polynomials between Banach spaces such that for all
n € N and all Banach spaces E, F, the components Q("E; F) := P("E; F)N Q
satisfy:
(i) Q("E;F) is a linear subspace of P("FE; F') which contains the polyno-
mials of finite type.
(ii) If Pe Q("E; F), p1€ L(G;E) and 2 € L(F;H), then w0 Pop; €
o("G; H).
When there exists [|-[|g: Q@ — [0, o[ satisfying

i’ -|| o restricted to Q(™E; F') is a norm (resp. quasi-norm) for all Banach
Q
spaces F and F' and all n,

(ii") ||P: K—K; P(z) == =1 for all n,

"llg
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(iii") If P e Q("E; F), u € L(G;E) and ¢ € L(F; H), then |poPoulg<
el |P[lg [lu]l”, @ is called a normed (resp. quasi-normed) ideal of
polynomials.

In the case of quasi-normed ideals, the quasi-norm constants depend (even-
tually) only on n, not depending on the underlying spaces F, ..., E,, E, F. o

For n = 1, we write M(E; F) and Q(E; F) instead of M(1E; F) and Q(*E; F).
Given a normed ideal of multilinear mappings M, defining

V. \
Pu:={P; PeM}, |P|p, =IPlm,

we obtain an ideal of polynomials, called the ideal of polynomials generated by

M.

As we have mentioned, the ideal of absolutely (p;q)-summing operators

is represented by L The (p; ¢)-summing norm on L, will be denoted

by [ [[as(pig) (se€ [12]).]) g)ince we are interested in coincidence situations, it seems
to be interesting to consider ideals of multilinear mappings which reproduce,
to polynomials and holomorphic mappings, exactly the linear coincidence situa-
tions. More precisely, given 1 < ¢ < p, it may be interesting to consider ideals

of multilinear mappings M, , such that:

(i) Pm,, is a global holomorphy type;
(ii) MIMI(E; F) = ‘Cas(p;q)
(iii) Regardless of the n € N and Banach spaces E, F', we have

(E; F) for every Banach spaces E, F';

PMp,q(nE; F) = P(nEvF) — Eas(p;q)(E;F) = ‘C(EvF)

(1)
<~ Mp,,, (B F) =H(EF).

Next example shows that, though interesting a prior:, this approach may be
misleading.

Example 2.2. Given r € [1,00), we denote by [(E) the Banach space of

all weakly r-summable sequences ()72, in E with the norm ||(2;)52;lw,r =
1

oo
SngoeBE/< Zl |<p(a:j)|r>r. Given p > ¢ > 1, a continuous n-linear mapping
j:

T: Eyx---xE, — F is said to belong to L) (£1, ..., Ey; F) if there exist C' >0
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such that

1
o0 P
O (Sreal) < el o o)
J=1

for each ay, € Ey, k=2,..,n and every (z;)52; in lj’(E1). Defining ||T1[,,., =
inf{C; inequality (2) holds} for every T'€ Ly.q)(E1, ..., En; F'), it is easy to see
that L)

to (ili) above are satisfied. Nevertheless, this class is quite artificial, offering

is a normed ideal of multilinear mappings for which conditions (i)

no practical interest, being actually the ideal of absolutely (p;q)-summing lin-
ear operators in an non-linear disguise. Our purpose in this paper is to show
that more interesting classes also present a good behavior concerning coincidence
situations. o

3 — Absolutely summing multilinear mappings

In this section we prove new coincidence theorems for the multilinear gener-
alization of absolutely summing linear operators introduced by R. Alencar and
M. Matos [1].

By [,(F') we mean the space of absolutely p-summable sequences in F' endowed
with its natural norm. A continuous multilinear mapping 7: E1x---xE, — F
is absolutely (p;qi,...,qn)-summing (or (p;q,...,qy)-summing) if
(T(xgl),...,x§n)))i1 € [,(F) for all (xg.s))j@’ozl € Iy (Es), s=1,...,n. The space
of absolutely (p;qi, ..., ¢n)-summing n-linear mappings from Ej X --- X E,, into F’
is denoted by L,
Las(piq) (
ear mappings by inequalities and the corresponding ideal norm || || ;5(p:q1,..gn) OB
Laspiqr,..qn) (E1s -y En; F') we refer to [4, 18]. Following the lines of [2, Theorem 4]

and [25, Theorem 3], next we show that these results can be pushed further.

pigirgn) (Bl s En; F). - When ¢ = ... = g, = ¢, we write

Eq,...,En; F). For the characterization of absolutely summing multilin-

Theorem 3.1. Let A € L(E\,...,Ey; F) and suppose that there exist
1<r<mn and C >0 so that for any z; € E, ...., x, € E,, the s-linear (s =
n —r) mapping Az, 2. (Tri1,...,2n) = A(21,...,x,) Is absolutely (p;qi,...,qs)-
summing and [|Az,..a,llaspgr....q0) < C 1Al [[21]] ... [[2r]|. Then A is absolutely
(p;1,....,1,q1, ..., ¢s)-summing.
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Proof: Given m € N and azgl),...,xgm) cFEy, ..., xg),.. (m) € F,, let us

consider ¢; € Bps such that “A(azgj),...,azg))u = cpj(A(azgj),.. 3:,(1))) for every
j=1,....m. Fix by, ..., b, € K so that fj |bj|? =1, where % + 5 =1, and

-1
j=1

Il
h
8
S
—
N

If (rj) are the Rademacher functions and A is the Lebesgue measure on I = [0, 1]",

we have
/ Z <HT] tl) J‘PJ ngl tl (Jl), Zr fﬂr , rﬂzl, . xg) d)\ =
Jji1=1 Jr=1
m 1 1
Z b ‘PjA(xgh)w--a%(» )a r+17' “ n /7'] ty)rj(ty) dty - /7“] ). (t) dty
JoJ1see-gr=1 5 ,
m m m

IS N (ij<x<1j1>7 D) ) g;g>> P

I
Ms

1 b; QOJA<$g]), ...,x@)

J

Z(HW(Q)) bjp; A (erl t)x ZTJT r ) rll""?mg)> dA
=1 \i=1

Jj1=1 Jr=1
g/Iijy A(Zrﬁ t) 2, S () 2, wﬁjll,...,:c£5>>
j=1

Jj1=1 Jjr=1

IA
—
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IN

sup
tel0,1),i=1,..r 5

A(erl tl err r 7 rjllv“vxg))‘

Jji=1 Jr=1

i)
D=

m

< w2

t;€[0,1],1=1,...,r j=1

A(i ri(t)x Zrﬂ ty)x ), 7,_21, e :L‘ﬁﬁ)

Ji1=1 Jr=1

A
e =ty | as(ian, egs) ( ”1)3—1 w,a1 ();= s
< s ClAllal e [0, @,

t1€[0,1],1=1,...,r
cA| (H H(%”)W:lel) ( I1 H(rcﬁ));lleql) .
=1 ’ l=r+1 ’

Corollary 3.2. If L(E1,.... En; F) = Lospiqr,....qm) (E1s s Em; ) then, for any
Banach spaces Eyy1,...,En, wehave L(E,...,En;F)=Laspigy,....qm1,0 1) Es ooy B F).
In particular, for p > 1 and any Banach spaces Eu, ..., Ey,, we have L(Ex,...,Ep) =
‘Cas(p;p,l,...,l) (El, ceay Em) |

IN

The proof of Theorem 3.1 provides good estimates for absolutely summing
norms:

Corollary 3.3. If, for some E and F, L(E; F)) = Los(p;q)(E; F) and || T] ) <
C||T|| for every T € L(E;F), then L(E, Ea, ..., EniF) = Log(pq.1,..1)(Es Eayoos B3 F)

and |[Al| y5(peg1,...1) S CllA|| for every A€ L(E, E,...,E; F) and every E, ..., Ep,.u

Remark 3.4.

(a) Corollary 3.3 improves [4, Theorems 2.2(ii) and 2.5(ii)], results which
were reobtained in [11, Theorem 6].

(b) It is well-known that L£("l1;l2) = Las(1;1)("1;12) for every n, but the op-
timal constant C' (for n > 2) such that |||,y < C||-[| seems to be
unknown. Note that from Grothendieck’s theorem, Corollary 3.3 shows
that, for every n, [|-[|,51,1) < Ke |||, where K¢ is Grothendieck’s con-
stant. Let us see that the constant K¢ is optimal: given € > 0, choose
a linear operator T': I1 — Iz so that [|T|,4q.1) > (K¢ —¢)|T]|. Define
A: lixly— la by A(z,y) = y1T(z). It is not difficult to see that ||A| =
1T and | All4q1,0)= T llas1,1)- ©
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4 — Strongly check summing polynomials

The concept of strongly p-summing multilinear mappings, which is due to
V. Dimant [13], is adapted to strongly (p;¢)-summing multilinear mappings
as follows:

Definition 4.1. An n-linear mapping 7 € L(F, ..., Ey; F) is strongly
(p; q)—summing if there exists a constant C' >0 such that for every m € N,
:ng), Xy € B, i=1,...,n, we have

m 1/p m 1/q
(3) (Z HT(;UE-D, ...,xg-n)) Hp> < C( sup Z ‘¢(m§-1), ...,x§n)) ’q> )
1

$E€Br(Ey,....En) j=1

In this case we write T' € Lyg(pq) (L1, -, En; F'). The infimum of the C' such that

3) holds defines a norm on L,.,, represented by || o
(pi9)

ss(p3q)°

Strongly summing polynomials are defined in [13] by a related inequality.
It is obvious that multilinear forms and scalar-valued polynomials are strongly
p-summing, and non-trivial coincidence results are proved in [13, Proposition 3.3].
The ideal of strongly p-summing polynomials is not suitable for our purposes
because it fails to be a (global) holomorphy type. In this section we work with the
ideal of polynomials PLouipg Senerated by the ideal of strongly (p;¢)-summing
multilinear mappings, which happens to be a global holomorphy type (this is
an easy consequence of [6, Theorem 3.2]) and enjoys nice properties related to
coincidence situations. For example, it is easy to see that

(4)  Pr, ("B F) =P("E; F) for some n = Log(pg) (B3 F) = L(EF) .

ss(psq

Polynomials belonging to PL (g BT€ called strongly check summing poly-

)
nomials. The following two coincidences are also easily justified:

e In [13] it is stated that Lggq,1)("1;l2) = L("1;12) for every n. It follows
immediately that P, ("h;l2) =P("1;l2) for every n.
e H,,  (E)=H(E) for every E because

ss(p;p)

ss(pip)

Vv Vv
IPI < 1Plp,, = IPleuyy = IPI < 117

for every n and every P € P("E).
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The following simple Lemma will be useful later. Given an ideal of multilinear
mappings M, by Mg we denote the set of all symmetric multilinear mappings
belonging to M.

Lemma 4.2. Let M be a Banach ideal of multilinear mappings such that
P is a global holomorphy type. If E and F are Banach spaces such that
(i) Ms("E; F) = Ls("E; F) for every n;
(ii) There are C,c > 0 such that ||All,, < Cc"||Al|, for every n and every
A€ Ls("E; F);

then Hp, (E;F) =H(E; F).

A
Proof: Given f € H(E;F)and z € E, let ¢; and Cy be such that [|; d"f(z)|| <
Cic} for every n. We have that d” f(x) is a symmetric n-linear mapping, so by (i),

A
d"f(x) e Mg("E; F). It follows that d"f(x) € Pm("E; F'). f € Hp, (E;F) because

L Pfa)

< Cc"
n! -

M
< Cce"Chcl = CCi(ccie)” . n

L rf)|| < coen|| =
—df(@)|| < Ceen| )

1 mn
m:MdW>

If F has cotype g, it is well known that L,.1)(E; F) = L(E; F') for every E.
Next we lift this result to strongly (check) (g; 1)-summing polynomials and holo-
morphic mappings.

Proposition 4.3. If F' has cotype ¢, then Hp, . (E;F)=H(E:F)
for every E.

Proof: Consider T' € L("E; F). Since F has cotype ¢, id: F — F is (q;1)-
summing and [|id||,s(4.1) < Cq(F), where Cq(F) is the cotype ¢ constant of F.
Hence

1

(éﬁ@%wﬁwySQWWM&W@%)

C,(F) ||T Y o(z\V, .. 2™
(BT s 3o [@(a)) )

IN

=1

and || T[] 541y < Cq(F) [|T|. Thus, Lemma 4.2 completes the proof.
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Next result shows that, in special situations, coincidence results for strongly
check polynomials and holomorphic mappings are exactly the ones that hold in
the linear case. From now on we denote cot ¥ = inf {q; FE has cotype q}.

Theorem 4.4. Let E be an infinite-dimensional Banach space with cotype
q = cot E < co. The following assertions are equivalent:

(@) p=aq.

(b) Lospi)(E; E) = L(E; E).

(c) Pe,,,m("E; E) = P("E; E) for some n.
(d) Pe,,,n("E; E) =P("E; E) for every n.
(e) H (E;E) = H(E; E).

Pe o

Proof: The equivalence between (a) and (b) is well known from the linear
theory. Since E has cotype g = cot E/, Proposition 4.3 gives Hp, ( 1)(E; E) =
ss(q;
H(E; E). Hence, if p > g, we have
(BsE) =H(E;E), P, ("E;E)=P("E;E) (Vn)

HPﬁss(p;n

and Ly, (E; E) = L(ESE) .

Therefore (a) (or (b)) implies all the other assertions. Since (e)=-(b) and (d)=-(b)
are obvious, we just need to show that (¢)=(b). But this is consequence of (4). n

5 — Strongly fully summing mappings

It is well known that L(E;F) = Lgs41)(E; F') whenever E has cotype g.
We do not know if a related coincidence holds true for strongly check summing
polynomials. This question motivated us to introduce, in this section, another
nonlinear generalization of absolutely summing linear operators — a class which
present better coincidence results — as follows: the inequality

m 1 P 1/q
(5) (Z\\u(xj>!\p> < C sup <Z\¢> ;) ) :
Jj=1

PEB gy

where u is a (p; ¢)-summing linear operator, make possible several different non-
linear generalizations. The replacement of the linear operator u by a multilinear
mapping or a homogeneous polynomial and the corresponding product of the
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weak [;-norms in the right hand side leads to the Alencar-Matos concept we
studied in section 2. Replacing linear functionals by multilinear forms in the
right hand side of the inequality we obtain the Dimant concept of strongly sum-
ming mappings we treated in section 3. Summing in multiple indexes instead of
in only one index in the left hand side of the inequality we obtain the concept of
fully (or multiple) summing mappings, which was introduced by M. Matos [19]
and developed in [3, 27, 28, 29, 30, 32|, among others. More precisely, we say that
an n-linear mapping T € L(En, ..., E,; F) is fully (p; ¢)-summing if there exists
C > 0 such that

m 1/ n
©) ( 5 1HT(x;g>,...,xg.:>>Hp) < T,

Il In=

for every m € N and .%g-r) ek, j=1,...m, r=1,...,n. In this case we write
T e Efas(p;q)(Elu R F)

Combining the summation in multiple indexes with the consideration of mul-
tilinear forms instead of linear functionals we obtain the notion of strongly fully

summing mappings:

Definition 5.1. Given p > ¢ > 1, a multilinear mapping 7' € L(FEj, ..., En; F)
is said to be strongly fully (p; ¢)-summing if there exists C' >0 such that

7 m 1/p m 1/q
(S el < e, 2 o)

Jlyendn=1 OEBL(my, . ) jy . jn=1

for every m € N, ng) € Epwithl=1,..,nand j;=1,...,m.

The space composed by all strongly fully (p;¢)-summing n-linear mappings
from Eyx---xE, into F' will be represented by Lgf(p.q)(E1, ..., En; F') and the
infimum of the C' for which the inequality always holds defines a norm || - [|5¢(p:q)
on Lfipq)(E1, -, En; F). Under this norm, Lgp(pq)(E1, ..., En; F) is complete.

When ¢ = p we simply write Lgf,(E1, ..., Ep; F') and || - ||sf,p- O
One can easily verify the following properties:

Proposition 5.2. Given p>¢q>1,n €N and Banach spaces E, E1, ..., E,, F:

(i) [:fas(p;q)(Ely-":En;F) - Esf(p;q)(Eh-"vEn;F)'

(il) L El,...,En;F) C Esf( El,...,En;F).

ss(p;q) ( P;q) (
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(ill) If ﬁsf(p;q)(Ela vy B F) = L(Ey, ..., En; F), then ﬁ(Ejl, s B F) =
Lytpig)(Ejys s Bjy; ), for every k=1, ...,n and every ji,...,ji in {1,...,n}
with j, # js if r # s.

(iv) (Dvoretzky—Rogers type Theorem)
Lstp("EE) =L(M"E}E) <= dimE <oo.n

Since (E fas,p U ,Cssp) C Ly p, every coincidence result for strongly p-summing
and/or fully p-summing multilinear mappings still holds for strongly fully sum-
ming mappings. On the other hand, property (iii) above shows that coincidence
results of the form Lgf,(F1,...,En; F) = L(E1, ..., Ep; F) are not so common.
For example, since £(™1;12) = Lss1("1;12) (see [13]), by (ii), (iii) and [17, Theo-
rem 4.2] it follows that if E has unconditional Schauder basis and F' is an infinite
dimensional Banach space, then L7 ("E; F) = L("E; F) if and only if E is iso-
morphic to [y and F is a Hilbert space.

Now we consider the ideal of polynomials P _ o) which can be proved to be
a global holomorphy type using the results of [6], and the class of holomorphic
mappings Hpﬁsf(p;q).

In the scalar-valued case it is obvious that Pg . ("E) = P("E) for all n
sf(p;q)(E) = H(E) for every E.
Next results show that strongly fully summing mappings have a good behav-

and all . Proceeding as in Section 4 we have Hp,

lor concerning coincidence situations. For simplicity, we will write Hz(,.q) and

Psf(psq) instead of Hpﬁsﬂp;q) and Pr_; .0

Proposition 5.3. If E has cotype q, then Hggg1)(E; F) = H(E; F) for
every F.

Proof: Let us consider T' € L("E; F'). Since F has cotype q, id: E — E is
(g; 1)-summing and ||id]|| ) < Cq(E). Hence
1
q) e

n 1 n
< GBI sup Y |o(ell )
PEBLeE) o,

as(g;1

Q=

ol CET
( |

jl"“?jn:l

J=1

1
< |IT| (Z ng)Hq)q... (Z [
j=1

)

“’jnzl

and || 7|1y < Cq(E)" [[T|. Lemma 4.2 completes the proof. s
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Combining the argument used in the proof of Proposition 4.3 with Lemma 4.2
we obtain:

Proposition 5.4. If F' has cotype q, then Hgp41)(E; F) =H(E; F) for
every F. n

Theorem 5.5. Let E be an infinite-dimensional L, space and F' has cotype
q = cot F' < oo. The following assertions are equivalent:

(a) p>gq.

(b) Las (p;1 )(E,F) L(E; F).

(€) Psppiy("E; F) = P("E; F) for some n.
(d) Psppy("E; F) =P("E; F) for every n.
(e) Hoppn)(E; F) =H(E;F).

Proof: (a)=-(e) follows from Proposition 5.4.

(e)=-(d)=-(c) are obvious.

(¢)=-(b) By assumption we have that every symmetric n-linear mapping from
E" to F is strongly fully (p; 1)-summing. Using a property similar to Proposition
5.2 (iii), considering only symmetric multilinear mappings, we obtain (b).

(b)=-(a) follows from [23, Corollary 4], or, more precisely, [9, Example 2.1]. u

Remark 5.6. It is not difficult to see that a version of Theorem 4.4 for
strongly fully polynomials is also valid. o

Our next aim is to compare the classes of fully summing and strongly fully
summing mappings. From the definitions it is easy to see that

ﬁfas(p;q)(nE) = ﬁ(nE) — 'Cfas(p;q) (nE; F) = ﬁsf(p;q) (nE; F) fOI‘ every F .

From [28] we know that, for 1 <p <2, we have Lyqspp) (") = £("1). Hence
L paspp) ("3 F) = Lgppp) ("1; F) for every F. However, in general these classes
are not the same, for example L tq5(2.0)(3l2) # L(%l2) = Lgp2:2)(*l2).

When Ly ("E) # L("E), consider T'€ L("E) = Lyqg(pip)("E). Let F'#{0} be
a Banach space and 0#£v € F. Define R€ L("E;F') by R(x1,....,xn) =T (21,...,25) v.
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Then R € Ly ("E; F'), because

(3 Jaema)

J1yeejn=1

Hv||< 3 \T(@}’,....,@?)f)

J1yeejn=1
. 1
1 P\”
ST o
PEBLB) ji,. =1
Moreover, R ¢ L qs(pp) ("E5; F'). In fact,

< i (]R(xg.i),....,xg.:))u”);— M( i (T(mg),....,xg.:))\p),

J1yedn=1 J1yein=1

3=

and since T ¢ L pq(pp) ("E), it follows that R ¢ Lae(pyp) ("E5 F).
We thus can state the following result:

Theorem 5.7. The following assertions are equivalent for a given Banach
space E:

(a) ['fas(p;p)(nE) = £(nE)
(b) L aspp) ("E;
(c) EfaS(p;p)(nE5
Example 5.8. It is easy to prove that L4 (%l3) # L(%l3). From this

inequality and Theorem 5.7 we have L,4(2;2) (%ly; F) # L5(2:2) (%ly; F) for every
Banach space F'#{0}. o

Example 5.9. In [3] it is shown that if E is ¢y or a GT space of cotype 2,
then L4(2,2)("E) = L("E). By combining this result and Theorem 5.7 we obtain
Lras2:2)("E; F) = Lgp(2,0)("E; F) for every Banach space F. o

We also have some inclusions between these classes:

Proposition 5.10. Let E and F' be Banach spaces, p > 2 and n € N. Then

‘C’fas(p; 2 )(”E’ F) C ‘csf(p'z—n (nE’ F) - ‘Cfas(p;l)(nE; F) .

n+1 ‘n+4+1

In particular,

ﬁfas(p;2)(nE; F) - £sf(p;2)(nE; F) - £fas(p;1)(nE; F) .
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Proof: In [30] it is shown that L,
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)(”E) = L("E) and it suffices to

2n .,
n+1’1

combine this result with the definition of strongly fully mappings. n
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