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CONGRUENCE AND A~'A*

SUSANA FURTADO * and CHARLES R. JOHNSON

Abstract: A canonical form under congruence for nonsingular complex matrices
may be deduced from the canonical pair form for Hermitian matrices in a straightforward
way. This allows the study of A~!A* and what it says about the congruence class of A.
In turn, alternate congruential forms may be given along with a further generalization

of Sylvester’s law of inertia and an application to C-S equivalence.

1 — Introduction

The matrix B € M, (C), or M, for short, is congruent to A€ M, if there
is a nonsingular C' € M,, such that B = C*AC. Congruence is an equivalence
relation on M, that arises in a variety of ways (including study of the algebraic
Riccati equation and indefinite scalar products), and we have been interested in
this subject in [JF, FJ1, FJ2, FJ3].

Our purpose here is to study some basic ideas about congruent matrices in
the nonsingular case. A simple calculation shows that if B is congruent to a
nonsingular A, then B~'B* is similar to A~!A*. The converse is not generally
true, but we describe precisely which congruence classes are identified with the
similarity class of A~'A*. In the process, we identify a canonical form for con-
gruence. As A = H+ 1S, the unique decomposition of a general A € M,, into an
ordered pair of Hermitian matrices H and S, this form may be deduced directly
from the canonical pair form for Hermitian matrices, e.g. [T1, T2], but our in-
tent, for a variety of purposes, is to view A as a single matrix, rather than as an
ordered pair of Hermitian matrices. This allows us, in particular, to continue the
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generalization of Sylvester’s law of inertia begun in [JF] and to give other special
congruential forms not so obviously related to Hermitian pair forms.
The field of values of A is

F(A) = {x*A:c: zeC" z'z = 1} ,
a compact convex subset of the complex plane [HJ2]. The set
Fl(A) = {x*A:U: 0£ze C”} ,

is the smallest angular sector that contains F'(A) and is called the angular field of
values of A. Congruent matrices share the same angular field of values, though
the field of values can vary. Whether or not 0 lies in the interior of, on the
boundary of, or outside F'(A) is a congruential invariant that is important to our
considerations.

Given A € M,, nonsingular, we denote A~1A* by ®(A).

2 — A congruential canonical form for nonsingular matrices

For positive integers p, ¢ and r, consider the blocks

[0 N | R
. . )
(1) Dy(y) = 0o | € Mp,
0
_fy—z’ 1 0 0 i
[0 0 —1]
3
(2) G, = 0 € My,
0
_—1 7 0 0 ]
[ 0 D.(v)
(3) E.(v) = _ € My, ,
| D:(7) 0

with v € C and i = v/—1. In particular, Di(y) = [y —i] and G1 = [ —1].
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The next result, also mentioned in [FJ3], is a simple consequence of the si-
multaneous canonical form for a pair of Hermitian matrices given in [T1, T2].

Theorem 1. Let A € M,, be a nonsingular matrix. Then, apart from the
order of the direct summands, A is congruent to one and only one matrix of the
form Q1P Q2 & Q3, with

Q1 = Elel(ﬁl) S---D ngPk(ﬁk) )
Q2 = 01Gy, @ - @ 6, Gy, ,
Q3 = En(’Yl) S---D Er‘m(’Ym) )

By, Bk €ER, 71, ..0,vm € C\(RU{—14,3}), im(y;) >0, j=1,...,m, €1,...,¢k,
01,...,00 € {—-1,1} and p1+ - +pr+qa+- - +q+2r+--+2r,=n.

Proof: The matrix A has a unique decomposition A = H + ¢ .5, with H and .S
Hermitian, namely H = (A+A*)/2 and S = (A — A*)/24. The claim then follows
from the unique simultaneous canonical form for the pair H, S given, for example,
in [T1, lemma 2 and theorem 1]. m

We henceforth refer to D, (3) with 8 € R, G4, and E,.(y) with v& C\(RU{—i,i})
and ¢m(y) >0, those cases of (1), (2) and (3) that arise in the theorem, as
“canonical blocks”.

Note that in the statement of theorem 1 we assume that the imaginary part
of vj, j=1,...,m, is positive in order to have uniqueness, because E,(v) is
congruent (via a permutation matrix) to E, (7).

As mentioned in [FJ3, lemma 3], 0 is in the interior of the field of values of
canonical blocks of the form (3), and likewise for canonical blocks of the forms
(1) and (2) of sizes greater than 2. Also, 0 is on the boundary of the field of
values of 2-by-2 canonical blocks of the forms (1) and (2).

In [JF] a matrix A € M, is called unitoid if it is diagonalizable under con-
gruence. In case it is nonsingular, this means that A is congruent to a diagonal
unitary matrix. Here, we call A dubloid if A is non-unitoid but is congruent to a
direct sum of blocks of size at most 2. The unitoid and dubloid matrices include
all nonsingular A € M,, such that 0 ¢ int F(A). It is known [DJ], and also follows
from theorem 1, that if 0 ¢ F'(A), then A is nonsingular unitoid. However, it
may happen that 0 € 9F(A) and A is unitoid. Also 0 may be in the interior of
F(A) with A unitoid or dubloid.
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3 — Congruential classes and A~'A*
The following proposition is easily verified.

Proposition 2. Suppose that A € M, is nonsingular. If B € M, is congru-
ent to A then ®(B) is similar to ®(A). n

The purpose of this section is to study the converse of proposition 2. What
can be said about the congruential relationship between A and B if ®(A) is
similar to ®(B).

The proofs of the next three lemmas are straightforward calculations.

Lemma 3. For § € R the matrix ®(D,(3)) is similar to the Jordan block

of size p associated with the eigenvalue % [

Lemma 4. The matrix ®(Gy) is similar to the Jordan block of size q asso-
ciated with the eigenvalue 1. n

Lemma 5. For v € C\(RU{—4,i}) the matrix ®(FE,(v)) is similar to the

direct sum of the Jordan blocks of size r associated with the eigenvalues z—fz

and 1. u
=i

Suppose that § € R and v € C\(RU{—1,4}). It follows from lemmas 3 and 4
that the eigenvalues of the matrices ®(D,(5)) and ®(G,) are unit modulus.
Also, any unit modulus complex number, except 1, is an eigenvalue of ®(D,(f3))
for exactly one 8 € R. The matrix ®(E,(7y)) has no unit modulus eigenvalues.
Since det(®(E,(7y))) is unit modulus, clearly one of its 2 distinct eigenvalues has
modulus greater than 1, while the other has modulus less than 1. Moreover,
any nonzero non-unit modulus complex number is an eigenvalue of ®(E, (7)) for
exactly one v € C\(RU{—¢,7}) with ¢m(y) > 0. In particular, from these con-
siderations and the lemmas above, it follows that if A is known to be a canonical
block, then ®(A) uniquely determines A.

Given A € M, nonsingular we call A circular if all the eigenvalues of ®(A)
are unit modulus; we call A off-circular if ®(A) has no unit modulus eigenvalues.
If A is neither circular nor off-circular we call A semicircular. Note that the size
of an off-circular matrix is always even.

The next result follows from theorem 1 and lemmas 3, 4, and 5.
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Theorem 6. Let A € M, be nonsingular. Then A is congruent to a direct
sum of a circular matrix and an off-circular matrix. m

If a nonsingular A € M, is congruent to By @ Bo, with Bj circular and Bs
off-circular, we call By a circular part of A and By an off-circular part of A.

Note that 0 is in the interior of the field of values of the off-circular part of A.
Thus, if there is an eigenvalue of ®(A) not on the unit circle then 0 € int F'(A)
because the off-circular part of A is non-empty.

Given A, B € M,,, we say that A is quasi-congruent to B if the congruential
canonical forms given in theorem 1 of A and B differ only in the 1 factors
Ely---5Ek, 51,...,51.

Theorem 7. Let A, B € M,,. Then B is quasi-congruent to A if and only if
®(B) is similar to ®(A).

Proof: Let A’ and B’ be matrices of the form described in theorem 1 that are
congruent to A and B, respectively. Note that, by proposition 2, ®(A) is similar
to ®(A’) and ®(B) is similar to ®(B’). If B is quasi-congruent to A, then, apart
from the order of the direct summands, ®(A’) and ®(B’) are the same matrix,
so that ®(B) is similar to ®(A). Now suppose that ®(B) is similar to ®(A).
Then ®(B'’) is similar to ®(A’) and, from the discussion after lemma 5, A" and B’
can differ only in the +1 factors 1,...,¢g, 01,...,6; and, thus, these matrices
are quasi-congruent. m

We have the following consequence of theorem 7.

Corollary 8. Let A € M,, be an off-circular matrix and let B € M,,. Then
B is congruent to A if and only if ®(B) is similar to ®(A). u

Note that for C'= I, & (—I,), we have C*(—E,.(y)) C = E.(v), so that, as
expected, the matrices E,.(y) and —E,(vy) are congruent.

An interesting fact is that if A is off-circular, then there is a neighborhood of A
in which all matrices are off-circular. In fact, if ®(A) has no eigenvalues on the
unit circle the same is true for matrices sufficiently close to A because of the
continuous dependence of the eigenvalues on the entries of a matrix.

The remarks of this section allow us to characterize all matrices of the special
form ®(A), sometimes called the generalized Cayley transform of A. Thus, the
current work may be viewed, in part, as a continuation of work begun in [DJ].
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Since a nonsingular A is congruent to a matrix of the form described in
theorem 1, by proposition 2, ®(A) is similar to a direct sum of blocks of the
forms ®(D,(3)), ®(Gy), ®(Er(7v)), with € R and v € C\(RU{—4,}). It follows
that if B= ®(A), then the eigenvalues of B not on the unit circle occur in pairs
of like Jordan structure, each pair fully determined by one of its members. If A; is
an eigenvalue of ®(A) not on the unit circle then, by lemma 5, A\ = % for some

(unique) v € C\(RU{—4,4}). By lemma 5, the mate of A\ is Ay = % It is easily
checked that if \; = ke®, with k>0 and k # 1, then Ay = %ew. On the other
hand, unit modulus eigenvalues of B occur independently and with arbitrary
Jordan structure. Also, it is clear from lemmas 3, 4 and 5 that any nonsingular B
satisfying these two statements is similar to ®(A), for some A € M,,. If B =
C~1®(A)C, with C € M,, nonsingular, then B = ®(C*AC). Taken together,
these observations fully describe what matrices can be ®(A). A consequence is
that if n is odd, ®(A) must have at least one unit modulus eigenvalue.

Theorem 9. Let B € M,, be a nonsingular matrix. There is an A € M,
such that B = ®(A) if and only if B is similar to a matrix of the form By & B,
in which By € M,, and By € My_,,, 0 <n; < n, are such that

a) all the eigenvalues of B; lie on the unit circle, and

b) the distinct eigenvalues of By are A\ = s €%, \| = i et A= Sy €0m
AL = iewm, for some 0y,...,0,, € R, s1,...,8, > 1, and the Jordan
structure of By associated with \; and )\;- is the same, j=1,...,m.n

We note that theorem 9 above may be seen to be equivalent to theorem 1 of
[DJ]. However, the approach here and the related ideas are very different from
those in [DJ].

4 — Alternate congruential forms

Lemma 10. For every 3 € R there is one and only one o € (0, 7) such that
Dy(B) is quasi-congruent to ' G,,.

Proof: By theorem 7, it is enough to show that there is one and only one
a € (0,7) such that ®(Dy(3)) and e % ®(G,,) are similar or, equivalently (be-
cause ®(Dy(3)) and ®(G,) are each similar to a Jordan block), have the same
eigenvalues. According to lemma 4, the eigenvalues of ®(G,) are 1. By lemma 3,
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the eigenvalues of ®(D,(/3)) are % Thus, (P(Dq(ﬁ)) and e~2@ ®(G,) have Fhe
same eigenvalues if and only if a = —% arg(%) +pm, p € Z. Because % is

different from 1, the existence of a unique « in (0, 7) follows.

By theorem 1 G, and —Gy are not congruent. Thus, from lemma 10 there is
one and only one «a € (0,27)\ {7} such that D,(3) is congruent to e’*G,.
With lemma 10 we then can rephrase theorem 1 as follows.

Theorem 11. Let A € M,, be a nonsingular matrix. Then, apart from the
order of the direct summands, A is congruent to one and only one matrix of the
form Q| @ Q), with

Q= MGy @ @ NGy,
QIZ = ET1(’Yl) D---D Erm(rym) ’

at,...,00 €10,27), y1,...,%m € C\(RU{—4,}), im(y;) >0, j=1,...,m, and
g+ +qg+2ri+---+2r, =n.n

Lemma 12. There is an upper triangular J, € M, with all eigenvalues 1
such that Gy is congruent to e¥a.J,, for some 6, € [0, 27).

Proof: If ¢ =1 the result is trivial. Suppose that ¢ > 2. Let 6 = 5 and
for ¢ > 3 let 6, = % (arg(det(Gq)) +2p, 7r), for some arbitrary p, € Z. Note that
for any ¢ > 2, ¢ € F'(G,) and, modulo 27, q6, = arg(det(Gy)). According to
[FJ1], if ¢ >3, or [J, FJ3], if ¢ =2, G, is congruent to a matrix B with all
eigenvalues equal to e’e. By Schur’s unitary triangularization theorem there is a
unitary matrix U € M, such that U*BU = e Jg, in which J; is upper triangular
with all eigenvalues 1. u

For example, since ®(Gy) is similar to ®(e'2.J;) for

e
27 o 1]’

the matrices Gy and €'z J, are quasi-congruent. Moreover, because of the location
of the field of values of both matrices, it follows that Gy and e'2 J, are congruent.
As we will see later, the choice of J3 is unique up to a diagonal unitary similarity;
the choice of 65 is unique modulo 27.
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From the proof of lemma 12, if ¢ > 2 then the value of 6, is not intrinsically
determined by G,. However, 0, is uniquely determined by G, once J; has been
chosen. For example, G5 is congruent to both

1 3 3
Js=10 1 3
0 01
and e27/3 J5 with
1 3 3
I 9, 2V15 /3
J3— 0 1 §+T_TZ
0 O 1

In fact, ®(G3) is similar to both ®(J3) and ®(e??7/3.J3), so that G is congruent to
either J3 or —J5. Also G3 is congruent to either ¢?27/ 37} or —ei2m/ 3.J}. The claim
about the displayed matrices follows because congruence preserves the argument
of the determinant. (We note that for ¢ > 3 no particular explicit form for J,
is as simple to describe.) However, for a fixed J,, 6, is unique (modulo 27).
In fact, suppose that G is congruent to both et Jq and e Jg. Then e 20 o(J,)
is similar to e~ 2% ®(Jy), which implies 0, = 0; + p, for some p € Z. But, since
G4 and —G, are not congruent, then, modulo 27, 6, must be 9;.

The previous observation, together with theorem 11 and lemma 12, implies
theorem 13, in which we have chosen a particular .J; for each positive integer g.

Theorem 13. Let A € M, be a circular matrix. Then, apart from the order
of the direct summands, A is congruent to one and only one matrix of the form

eiequl @ EB eiejjqj ,
with 91,...,9j€ [0,27r) and Q+t+g=nn

Note that theorem 13 applies only to circular matrices. A block of the form
E,(v) is also congruent to €’ B, with B upper triangular with eigenvalues 1, but
in this case B cannot be taken to be a single particular matrix independent of ~;
B can only be given parametrically. Thus v determines both 6§ and B. However,
when r =1 the parametric description of B is particularly simple which is a
motivation to study the dubloid case.
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5 — An “inertia” law for dubloid matrices

A nonsingular unitoid matrix A € M, is congruent to a diagonal unitary
matrix U. The arguments of the principal entries of U are called the canonical
angles for A and according to [JF], and also theorem 1, are a congruential in-
variant. The nonsingular A is unitoid if and only if ®(A) is similar to a unitary
matrix. The lines through the origin on which the canonical angles lie are deter-
mined by the spectrum of ®(A), though the canonical angles are not. If A € M,
is such that 0 ¢ F'(A) then A is unitoid (but not conversely). In this event the
canonical angles of A are determined by the spectrum of ®(A) and the location
of F(A).

In [FJ3] it is shown that if A € M, is a nonsingular non-unitoid matrix such
that 0 € OF (A) then, up to a permutation, A is congruent to a unique direct sum
of a diagonal unitary matrix U and copies of the block

211 2
619 7

in which 0 € R is fixed and such that the canonical angles for U lie in [9— 5,0+ %] .

In this section we generalize the above mentioned results in [JF] and [FJ3]
to general nonsingular dubloid matrices. Note that a nonsingular A is dubloid
if and only if in the Jordan form of ®(A), the Jordan blocks associated with
unit modulus eigenvalues are of size at most 2, the Jordan blocks associated with
non-unit modulus eigenvalues are of size 1 and either there are non-unit modulus
eigenvalues or there is at least one 2-by-2 Jordan block. The unitoid and dubloid
matrices include all nonsingular A € M,, such that ®(A) is diagonalizable by
similarity.

Lemma 14. For 6 € R and k>0 let

a1k
(4) A(@,k):ﬁ[() 1].

a) G is congruent to exactly one block of the form (4), namely A(%,2);

b) For v € C\(RU{—i,i}), Ei(y) is congruent to exactly two blocks of
the form (4), namely A(61,k1) and A(61+ 7, k1), with 6, = %‘M,

N 1/2 L
k= (l ‘1>|\1| +2) and A\ = %
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Proof: It is easily checked that ®(Gy) is similar to ®(A(F,2)) and ®(E1(7))
is similar to ®(A(01, k1)). According to corollary 8, Ey () is congruent to A(6;, k1)
and A(01+m, k1). According to theorem 7, G is quasi-congruent to A(F,2), and,
thus, G is congruent to either A(F,2) or A(—75,2). The “uniqueness” follows
because ®(A(0,k)) is similar to ®(A(¢', k) if and only if k = k' and 6 = 0"+ p,
p € Z. Since the angular fields of values of A(—7,2) and G2 are distinct it follows
that G is not congruent to A(—7%,2) and, then, G is congruent to A(%,2).

We now give an alternate canonical form for dubloid matrices.

Theorem 15. Let A € M, be a nonsingular matrix. If A is dubloid, then,
apart from the order of the direct summands, A is congruent to one and only one
matrix of the form Q1 ® Q2 ® Q3, with

Q1 = diag(ewl,...,eieh) ,

[1 2 1 2
— b1 iBjy
Q=) | |® @ [o 1]
and -~
1 K 1 ks
— M Vi3 J3
@s =™y 1]@ ©e [0 1 ]

01,...,05,01,...,B5, €10,2m), v1,...,7; € [0,7), ki,...,kj;>2, j1<n and
Nnt2j+2j3=n.

Proof: Let A € M, be a nonsingular dubloid matrix. By definition, A is
non-unitoid and is congruent to a direct sum of blocks of size at most 2. But, by
theorem 11, this implies that A is congruent to a unique (apart from the order
of the blocks) direct sum of a unitary diagonal matrix and 2-by-2 blocks of the
forms eGy and Fy(y), 0<60 < 27w, v € C\(RU{—i,i}), im(y) > 0, with at least
a 2-by-2 block. Now the claimed existence is a simple consequence of lemma 14.
The uniqueness follows because two distinct matrices with the form described in
the statement of the theorem have distinct canonical forms according to theorem 1
(or theorem 11) and then are not congruent. m

It follows from theorem 15 that the congruence class of a nonsingular dubloid
matrix is uniquely determined by the canonical angles 01,...,6;, the angles
Bi,...,085, and 71,...,7j;, that generalize the notion of canonical angles, and
the magnitudes k1, ..., k;j,.
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6 — An application to C-S equivalence

In [FJ2] we say that A € M, is C-S equivalent to B € M, if A is both con-
gruent and similar to B, a notion introduced by M. Mills [M1]. For A € M,
normal, the number of unitary similarity classes in the C-S equivalence class of A
is studied and completely determined as a function of the location of F'(A). Also,
it is shown that for A € My nonsingular there is just one unitary similarity class
in the C-S equivalence class of A. Generalizing this result, we may use ideas
developed here to show that for A € M,, nonsingular and such that its minimum
polynomial has degree 2, there is just one unitary similarity class in the C-S
equivalence class of A.

Lemma 16. Let a,b € C\{0}. Let

K a ¢ Fla d;
A:@O b and B:@O b )

with ¢;>---> ¢, >0 and di>--->d, > 0. Then, A and B are congruent
ifand only if ¢;=d;,i=1,...,k.

Proof: Suppose that A and B are congruent. For x € C, let

. o)

First, note that if |z;| # |x2| then ®(D,,) is not similar to ®(D,,) and, therefore,
D, is not congruent to D,,. Also, if 71 is known to be a canonical angle of
a block of the form (5), then ~; determines both 2 and the x > 0 for which
~1 and 7y are the canonical angles of D, ; v is such that v, + v2 = arg(ab) and
x > 0 (unique) is such that ®(D,) has eigenvalues e=27, e=272. Denote by D/,
the matrix of the form described in theorem 1 congruent to D,. Clearly, either
D! is diagonal or it is quasi-congruent to a 2-by-2 canonical block. Then A is

k k
congruent to A'= P Dr, and B is congruent to B'= @ D; . By theorem 1,
i=1 i=1

up to a permutation of the blocks, A’ and B’ are the same matrix. Because of
the assumed form of the ¢’s and d’s, it follows that ¢; = d;, i =1, ..., k. Of course,
the converse is immediate.

Theorem 17. Let A € M,, be a nonsingular matrix and suppose that the
minimum polynomial of A has degree 2. Let B € M,, be congruent and similar
to A. Then B is unitarily similar to A.
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Proof: Using Schur’s triangularization theorem, it is straightforward to
observe that A and B are unitarily similar to matrices of the forms

A al,, X ]
| 0 bl

and _ -
al Y

B=|"" :
0 bl

respectively, with a,b € C\{0}, X,Y € M, ,, and n1+ny =n. Let U,V € M,
and U’, V' € M,, be unitary matrices such that

0

UXU"™ = .
0 diag(cy,. ..

and VYV™* =
5 Ck)

0
0 diag(dl, ce 7dk’) ]

with ¢ > -+ > ¢ >0 and dy > --- > dp > 0, the singular values of X and Y,
respectively. Without loss of generality, suppose that k& > k' and let djry 1= -+ =
dr, = 0. The matrix A’ is unitarily similar to A” = (U@ U’") A/(U* ® U"*) and
B’ is unitarily similar to B" = (V@ V') B/(V*@® V'*). The matrices A” and B”
are unitarily similar (via a permutation matrix) to A” = al,,_x ® b, & A
and B" =al,, _ ®bl,,_; ® By, respectively, with

k k

a ¢ a d;

Ay = d By = .

0= [o b ] o =D [o b ]
=1 =1

Since A” and B"" are congruent, it follows from the uniqueness of the canonical

form given in theorem 1 that Ag and By are congruent. According to lemma 16,
ci=d;, for i € {1,...,k}. Therefore, A” = B"”" and B is unitarily similar to A. u

It follows from [FJ2] that if A is a nonsingular normal matrix with at most
2 distinct eigenvalues then the C-S equivalence class of A contains just one unitary
similarity class (in this event 0 ¢ int F/(A)). A normal matrix with 2 distinct
eigenvalues necessarily has a quadratic minimum polynomial. Theorem 17 shows
that the normality assumption is not necessary, but having quadratic minimum
polynomial is sufficient for the existence of just one unitary similarity class in
the C-S equivalence class of the nonsingular A. Theorem 17 also can be seen as
a generalization of the 2-by-2 case discussed in [M1, M2] and [FJ2]. It is also
interesting to notice that for any integer n > 1, there is a non-normal A € M,
such that the C-S equivalence class of A contains just one unitary similarity class.
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7 — An example

The matrix

1 2 2
0 . e
An: . € Mn7
Dol 2
0 - 0 1

n > 2, arises in a variety of ways. In particular, it plays an important role in the
work in [KRS, CSS] as in our continuing investigation of C-S equivalence.

It is easily seen that A, + A is a positive semi-definite rank 1 matrix. There-
fore, 0 ¢ int F'(A,), otherwise A, + A} would be indefinite. Thus, A, is either
unitoid or dubloid. Since F(Q) C F(Ay), with

12
Q=1, 11

and 0 € 0F(Q), then 0 € OF (A,,). Moreover, the field of values of A, lies in the
closed right half plane.

The purpose of this section is to show that our methods can be used to
determine the congruential canonical form of A,, which is, otherwise, not so
simple.

A calculation shows that the Jordan structure of ®(A,) depends on n.
If n is odd, ®(A,) has eigenvalues 1 and —1. The eigenvalue 1 is simple and
the eigenvalue —1 has multiplicity n —1. Because rank(fb(An) + In) =1, all
the Jordan blocks associated with the eigenvalue —1 have size 1. If n is even,
—1 is an eigenvalue of ®(A,) with multiplicity n. Because rank(®(A4,)+1,) =1,
there is one Jordan block of size 2 and n —2 Jordan blocks of size 1 associated
with the eigenvalue —1. As a consequence of theorem 7, for n odd, A, is unitoid
and is congruent to

BTL = 5|:1i| ) (_Z)Isl@ iIn—sl—l )

for some € € {—1,1} and 0 < s; <n—1; for n even, A, is dubloid and is congru-

!1 2
B, = ¢

ent to

0 1 ©® (_/L.)ISQ @ iIn—SQ—Q )

for some ¢ € {—1,1} and 0 < s9 < n—2.
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Because of the location of the field of values of A,,, it follows that in any case
e =1. We just need to determine the numbers s; and sy for which A, and B,
are congruent. First consider the case in which n is odd. We show that s; = ”T_l
If we measure the canonical angles in [~F, 7], the canonical angles for B,
(and A,) are O1=-- =05 =—75, 05,,1=0 and 0540 =---=0,= 7. Since

the arguments of the eigenvalues of A,, are all 0, it follows from [FJ1] that
Oh+---+6, <0, iE{l,...,n—l},
O+---+0,=0.
In particular, these requirements imply s; = "Tfl
Now consider the case in which n is even. We show that so = "772 Using the
terminology defined in [FJ3], the canonical angles for A, are 61 =--- =6,, = —7F

29

0s,+3="+-+= b= 7 while the limit canonical angles are 0,1 = —7% and 65,12 = 7.
By [FJ3]

O1+---+6;, <0, iec{l,...,so},

014+--4+6;, <0, i€{sa+1,s2+2},

Or+ - +6; <0, i€{sa+3,...,n—1},

h+--+0,=0.
In particular, these requirements imply so = "772

Thus, for n odd, A, is congruent to
By = 1] ® (<)o @ il
2 2
and for n even, A, is congruent to

1 2

B, =
01

® (—Z)Iana ® 21%4 .

It should be noted that this example shows that any relation between the
congruential canonical form of a matrix and those of its principal submatrices of
size one smaller is weak. In particular, a non-unitoid matrix may be bordered to
give a unitoid one.
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