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Triple positive solution to the one-dimensional p-Laplacian
equation with delay

Xuemei Zhang, Meiqiang Feng, and Weigao Ge*

(Communicated by Luı́s Sanchez)

Abstract. We obtain su‰cient conditions for the existence of at least three positive
solutions to the second-order nonlinear delay di¤erential equation with one-dimensional
p-Laplacian

�
fp
�
x 0ðtÞ

�� 0 þ wðtÞ f
�
t; xðtÞ; xðt� tÞ; x 0ðtÞ

�
¼ 0; t a ð0; 1Þ; t > 0;

xðtÞ ¼ 0; �ta ta 0;

xð1Þ ¼ 0;

8><
>:

where fpðsÞ is the p-Laplacian operator, i.e., fpðsÞ ¼ jsjp�2
s, p > 1, ðfpÞ

�1 ¼ fq,
1
p
þ 1

q
¼ 1.

The arguments are based upon a new fixed point theorem in a cone introduced by Avery
and Peterson.
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1. Introduction

In this paper we study the existence of multiple positive solutions for the second-

order nonlinear delay di¤erential equations with one-dimensional p-Laplacian

�
fp
�
x 0ðtÞ

�� 0 þ wðtÞ f
�
t; xðtÞ; xðt� tÞ; x 0ðtÞ

�
¼ 0; t a ð0; 1Þ; t > 0;

xðtÞ ¼ 0; �ta ta 0;

xð1Þ ¼ 0:

8><
>: ð1:1Þ

Here fpðsÞ is the p-Laplacian operator, i.e., fpðsÞ ¼ jsjp�2
s, p > 1, ðfpÞ

�1 ¼ fq
and 1

p
þ 1

q
¼ 1; wðtÞ is a nonnegative continuous function defined on ð0; 1Þ and
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f ðt; u; v; mÞ is a nonnegative continuous function defined on ½0; 1� � ½0;þlÞ�
½0;þlÞ � R.

In recent years many papers deal with the existence of positive solutions of the

second-order delay di¤erential equations; see [1], [4], [7], [9]–[17], [19], [20], [22].

For proving the existence of solutions either fixed point theorems in Banach space

or the nonlinear alternative of Leray–Schauder are used. In particular, we men-

tion some results of Jiang [9], and Wang and Ge [22]. In [9], Jiang considered the

following second-order boundary value problem (BVP) described by delay di¤er-

ential equations of the form

x 00 þ f
�
t; xðt� tÞ

�
¼ 0; t a ð0; 1Þ;

xðtÞ ¼ 0; �ta ta 0;

xð1Þ ¼ 0;

8<
: ð1:2Þ

where f a C
�
½0; 1� � ½0;þlÞ; ½0;þlÞ

�
. By using fixed point index theory in a

cone, Jiang established the existence of multiple positive solutions of BVP (1.2).

By applying the Guo–Krasnoselskii fixed point theorem in a cone, Wang and

Ge [22] established the existence of positive solutions to the problem

�
fp
�
x 0ðtÞ

�� 0 þ lqðtÞ f
�
t; xðt� tÞ

�
¼ 0; t a ð0; 1Þ; t > 0;

xðtÞ ¼ 0; �ta ta 0;

xð1Þ ¼ 0;

8><
>:

where l > 0, fpðsÞ ¼ jsjp�2
s, p > 1, q a C½0; 1�BL1½0; 1� with qðtÞ > 0 on ð0; 1Þ.

However, the literature on the multiplicity of positive solutions of the second-

order nonlinear delay di¤erential equations seems to be rather limited. This ap-

plies also to the case when the nonlinear term is involved in the first-order deriva-

tive explicitly.

This paper aims to fill this gap by improving and generalizing results men-

tioned in the references. We shall prove that BVP (1.1) possesses at least three

positive solutions.

The following hypotheses are adopted throughout this paper:

(H1) f a C
�
½0; 1� � ½0;þlÞ � ½0;þlÞ � R; ½0;þlÞ

�
;

(H2) w a C½0; 1�BL1½0; 1� with wðtÞ > 0 on ð0; 1Þ.

Our main results will depend on an application of a fixed point theorem due to

Avery and Peterson which deals with fixed points of a cone-preserving operator

defined on an ordered Banach space. The emphasis here is that the nonlinear

term is involved explicitly in the first-order derivative.
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2. Preliminaries

In this section we provide some background material from the theory of cones in

Banach spaces, and we then state the triple fixed-point theorem for a cone preserv-

ing operator. The following definitions can be found in the book by Deimling [6]

as well as in the book by Guo and Lakshmikantham [8].

Definition 2.1. Let E be a Banach space over R. A nonempty closed set PHE is

said to be a cone provided that

(i) auþ bv a P for all u; v a P and all ab 0, bb 0,

(ii) u;�u a P implies u ¼ 0.

Every cone PHE induces an ordering on E given by xa y if and only if

y� x a P.

Definition 2.2. An operator is called completely continuous if it is continuous and

maps bounded sets into precompact sets.

Definition 2.3. The map a is said to be a nonnegative continuous concave func-

tional on a cone P of a real Banach space E provided that a : P ! ½0;lÞ is con-
tinuous and

a
�
txþ ð1� tÞy

�
b taðxÞ þ ð1� tÞaðyÞ

for all x; y a P and 0a ta 1. Similarly, we say the map g is a nonnegative con-

tinuous convex functional on a cone P of a real Banach space E provided that

g : P ! ½0;lÞ is continuous and

g
�
txþ ð1� tÞy

�
a tgðxÞ þ ð1� tÞgðyÞ

for all x; y a P and 0a ta 1.

Let g and y be nonnegative continuous convex functionals on P, let a be a

nonnegative continuous concave functional on P, and let c be a nonnegative con-

tinuous functional on P. Then for positive real numbers a, b, c, and d, we define

the following convex sets

Pðg; dÞ ¼ fx a P j gðxÞ < dg;
Pðg; a; b; dÞ ¼ fx a P j ba aðxÞ; gðxÞa dg;
Pðg; y; a; b; c; dÞ ¼ fx a P j ba aðxÞ; yðxÞa c; gðxÞa dg;
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and a closed set

Rðg;c; a; dÞ ¼ fx a P j aacðxÞ; gðxÞa dg:

The following fixed point theorem due to Avery and Peterson is fundamental

in the proofs of our main results.

Themrem 2.1 ([3]). Let P be a cone in a real Banach space E. Let g and y be

nonnegative continuous convex functionals on P, let a be a nonnegative continuous

concave functional on P, and let c be a nonnegative continuous functional on P sat-

isfying cðlxÞa lcðxÞ for 0a la 1 such that for some positive numbers M and d,

aðxÞacðxÞ; kxkaMgðxÞ ð2:1Þ

for all x a Pðg; dÞ. Suppose that T : Pðg; dÞ ! Pðg; dÞ is completely continuous and

there exist positive numbers a, b, and c with a < b such that

(S1) fx a Pðg; y; a; b; c; dÞ j aðxÞ > bgA j and aðTxÞ > b for x a Pðg; y; a; b; c; dÞ;
(S2) aðTxÞ > b for x a Pðg; a; b; dÞ with yðTxÞ > c;

(S3) 0 c Rðg;c; a; dÞ and cðTxÞ < a for x a Rðg;c; a; dÞ with cðxÞ ¼ a.

Then T has at least three positive solutions x1; x2; x3 a Pðg; dÞ such that

gðxiÞa d for i ¼ 1; 2; 3;

b < aðx1Þ;
a < cðx2Þ with aðx2Þ < b

and

cðx3Þ < a:

3. Main results

In this section we impose growth conditions on f which allow us to apply Theo-

rem 2.1 to establish the existence of triple positive solutions of BVP (1.1).

Let E ¼ C1½�t; 1� be a Banach space with the maximum norm

kxk ¼ max
�
max

t A ½�t;1�
jxðtÞj; max

t A ½�t;1�
jx 0ðtÞj

�
:

From the fact
�
fp
�
x 0ðtÞ

�� 0 ¼ �wðtÞ f
�
t; xðtÞ; xðt� tÞ; x 0ðtÞ

�
a 0, we know that

x is concave on ½0; 1�. So define a cone PHE by
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P ¼ fx a E j xðtÞb 0; t a ½�t; 1�; xðtÞ ¼ 0; t a ½�t; 0�;
xð1Þ ¼ 0; x is concave on ½0; 1�g:

For x a P we define

uðtÞ :¼
ð t

0

f�1
p

� ð t

s

wðrÞ f
�
r; xðrÞ; xðr� tÞ; x 0ðrÞ

�
dr
�
ds

�
ð1

t

f�1
p

� ð s

t

wðrÞ f
�
r; xðrÞ; xðr� tÞ; x 0ðrÞ

�
dr
�
ds

where 0 < t < 1. Clearly, uðtÞ is continuous and strictly increasing in ð0; 1Þ and

uð0þÞ < 0 < uð1�Þ. Thus, uðtÞ has unique zero in ð0; 1Þ. Let t0 ¼ tx (i.e., t0 is de-

pendent on x) be the zero of uðtÞ in ð0; 1Þ. Then

ð t0

0

f�1
p

� ð t0

s

wðrÞ f
�
r; xðrÞ; xðr� tÞ; x 0ðrÞ

�
dr
�
ds

¼
ð1

t0

f�1
p

� ð s

t0

wðrÞ f
�
r; xðrÞ; xðr� tÞ; x 0ðrÞ

�
dr
�
ds: ð3:1Þ

For the sake of applying Theorem 2.1, define the nonnegative continuous con-

cave functional a1, the nonnegative continuous convex functionals y1, g1, and the

nonnegative continuous functional c1 on the cone P by

a1ðxÞ ¼ min
t A ½1=k; ðk�1Þ=k�

jxðtÞj;

g1ðxÞ ¼ max
t A ½0;1�

jx 0ðtÞj;

c1ðxÞ ¼ y1ðxÞ ¼ max
t A ½0;1�

jxðtÞj;

where x a P and k is a natural number with kb 3.

In our main results we will make use of the following lemmas.

Lemma 3.1. For x a P, there exists a constant M > 0 such that

max
t A ½�t;1�

jxðtÞjaM max
t A ½�t;1�

jx 0ðtÞj:

Proof. By Lemma 3.1 of [5] we have

max
t A ½0;1�

jxðtÞjaM max
t A ½0;1�

jx 0ðtÞj: ð3:2Þ

Since xðtÞ ¼ 0 for t a ½�t; 0�, it is clear that
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max
t A ½�t;0�

jxðtÞjaM max
t A ½�t;0�

jx 0ðtÞj: ð3:3Þ

Now (3.2) and (3.3) yield that

max
t A ½�t;1�

jxðtÞjaM max
t A ½�t;1�

jx 0ðtÞj: r

With Lemma 3.1 and the concavity of x, for all x a P, the functionals defined

above satisfy

1

k
y1ðxÞa a1ðxÞa y1ðxÞ;

kxk ¼ maxfy1ðxÞ; g1ðxÞgaMg1ðxÞ; ð3:4Þ
a1ðxÞac1ðxÞ:

Therefore, condition (2.1) of Theorem 2.1 is satisfied.

By (3.1), we define an operator T : P ! P by

TxðtÞ :¼

Ð t

0 f
�1
p

�Ð t0
s
wðrÞ f

�
r; xðrÞ; xðr� tÞ; x 0ðrÞ

�
dr
�
ds; 0a ta t0;Ð 1

t
f�1
p

�Ð s

t0
wðrÞ f

�
r; xðrÞ; xðr� tÞ; x 0ðrÞ

�
dr
�
ds; t0a ta 1;

0; �ta ta 0;

8><
>: ð3:5Þ

where t0 is defined by (3.1). By (3.5), it is well known that BVP ð1:1Þ has a positive
solution x if and only if x a P is a fixed point of T .

Lemma 3.2. Suppose that ðH1Þ and ðH2Þ hold. Then TPHP and T : P ! P is

completely continuous.

Proof. By (3.5), we have

TxðtÞb 0; t a ½�t; 1�; TxðtÞ ¼ 0; t a ½�t; 0�; Txð1Þ ¼ 0 ð3:6Þ

for x a P. Moreover, Txðt0Þ is the maximum value of Tx on ½0; 1� since

ðTxÞ0ðtÞ :¼
f�1
p

�Ð t0
t
wðrÞ f

�
r; xðrÞ; xðr� tÞ; x 0ðrÞ dr

�
dsb 0; 0a ta t0;

�f�1
p

�Ð t

t0
wðrÞ f

�
r; xðrÞ; xðr� tÞ; x 0ðrÞ dr

�
dsa 0; t0a ta 1;

0; �ta ta 0;

8><
>: ð3:7Þ

is continuous and nonincreasing in ½0; 1� and ðTxÞ0ðt0Þ ¼ 0. So Tx is concave

on ½0; 1�, which together with (3.6) shows that TðPÞHP and each fixed point of

T is a solution of BVP (1.1). By similar arguments as in [5], one can show that

T : P ! P is completely continuous. r
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In addition, for x a P, we can prove the following result:

min
t A ½1=k; ðk�1Þ=k�

TxðtÞb 1

k
max
t A ½0;1�

TxðtÞ: ð3:8Þ

In fact, from (3.5) we have

TxðtÞb

Txðt0Þ
t0

tb max
t A ½0;1�

TxðtÞt for 0a ta t0;

Txðt0Þ
1�t0

ð1� tÞb max
t A ½0;1�

TxðtÞð1� tÞ for t0a ta 1;

8><
>:

which implies that (3.8) holds.

Let

d ¼ min
nð1=2

1=k

f�1
p

� ð1=2

s

wðrÞ dr
�
ds;

ððk�1Þ=k

1=2

f�1
p

� ð s

1=2

wðrÞ dr
�
ds
o
;

r ¼ f�1
p

� ð1

0

wðrÞ dr
�
;

N ¼ max
nð1=2

0

f�1
p

� ð1=2

s

wðrÞ dr
�
ds;

ð1

1=2

f�1
p

� ð s

1=2

wðrÞ dr
�
ds
o
:

We are now ready to apply the Avery–Peterson fixed point theorem to the

operator T to give su‰cient conditions for the existence of at least three positive

solutions to BVP (1.1).

Theorem 3.1. Assume that ðH1Þ and ðH2Þ hold. Let 0 < a < ba d
k
and suppose

that f satisfies the following conditions:

(A1) f ðt; u; v; mÞafpðd=rÞ for ðt; u; v; mÞ a ½0; 1� � ½0; d=2� � ½0; d=2� � ½�d; d�;
(A2) f ðt; u; v; mÞ > fpðkb=dÞ for ðt; u; v; mÞ a 1

k
; k�1

k

� �
� ½b; kb� � ½0; kb� � ½�d; d�;

(A3) f ðt; u; v; mÞ < fpða=NÞ for ðt; u; v; mÞ a ½0; 1� � ½0; a� � ½0; kb� � ½�d; d�.

Then BVP (1.1) has at least three positive solutions x1, x2 and x3 such that

max
t A ½0;1�

jx 0
i ðtÞja d; i ¼ 1; 2; 3;

b < min
t A ½1=k; ðk�1Þ=k�

jx1ðtÞj; a < max
t A ½0;1�

jx2ðtÞj

with

min
t A ½1=k; ðk�1Þ=k�

jx2ðtÞj < b;
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and

max
t A ½0;1�

jx3ðtÞj < a:

Proof. BVP (1.1) has a solution x ¼ xðtÞ if and only if x solves the operator equa-

tion x ¼ Tx. Thus we set out to verify that the operator T satisfies the Avery–

Peterson fixed point theorem, which then implies the existence of three fixed points

of T .

For x a Pðg1; dÞ, we have g1ðxÞ ¼ maxt A ½0;1� jx 0ðtÞja d, and, by Lemma 3.1,

maxt A ½0;1� jxðtÞjaMd for t a ½0; 1�. Then condition (A1) implies that f
�
t; xðtÞ;

xðt� tÞ; x 0ðtÞ
�
afpðd=rÞ. On the other hand, x a P implies that Tx a P, so Tx is

concave on ½0; 1� and maxt A ½0;1� jðTxÞ0ðtÞj ¼ maxfjðTxÞ0ð0Þj; jðTxÞ0ð1Þjg. Thus

g1ðTxÞ ¼ max
t A ½0;1�

jðTxÞ0ðtÞj

¼ max
n
f�1
p

� ð t0

0

wðrÞ f
�
r; xðrÞ; xðr� tÞ; x 0ðrÞ

�
dr
�
ds;

f�1
p

� ð1

t0

wðrÞ f
�
r; xðrÞ; xðr� tÞ; x 0ðrÞ

�
dr
�
ds
o

a
d

r
f�1
p

� ð1

0

wðrÞ dr
�
¼ d

r
r ¼ d:

Therefore, T : Pðg1; dÞ ! Pðg1; dÞ.
To check condition (S1) of Theorem 2.1, we choose

x0ðtÞ ¼ �4k2b t� 1

2k

	 
2

þ kb; 0a ta 1:

It is easy to see that x0 a Pðg1; y1; a1; b; kb; dÞ and a1ðx0Þ > b, and so

fx a Pðg1; y1; a1; b; kb; dÞ j a1ðxÞ > bgA j:

Hence for t a ½1=k; ðk � 1Þ=k�, xðtÞ a Pðg1; y1; a1; b; kb; dÞ we have

baxðtÞa kb; jx 0ðtÞja d:

Thus, for t a ½1=k; ðk � 1Þ=k�, it follows from condition (A2) that

f
�
t; xðtÞ; xðt� tÞ; x 0ðtÞ

�
> fpðkb=dÞ:

By definition of a1 and P, we have by (3.8)
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a1ðTxÞ ¼ min
t A ½1=k; ðk�1Þ=k�

jðTxÞðtÞjb 1

k
max
t A ½0;1�

TxðtÞ ¼ 1

k
ðTxÞðt0Þ

¼ 1

k

ð t0

0

f�1
p

� ð t0

s

wðrÞ f
�
r; xðrÞ; xðr� tÞ; x 0ðrÞ

�
dr
�
ds

¼ 1

k

ð1

t0

f�1
p

� ð s

t0

wðrÞ f
�
r; xðrÞ; xðr� tÞ; x 0ðrÞ

�
dr
�
ds

b
1

k
min

n ð1=2

0

f�1
p

� ð1=2

s

wðrÞ f
�
r; xðrÞ; xðr� tÞ; x 0ðrÞ

�
dr
�
ds;

ð1

1=2

f�1
p

� ð s

1=2

wðrÞ f
�
r; xðrÞ; xðr� tÞ; x 0ðrÞ

�
dr
�
ds
o

b
1

k
min

n ð1=2

1=k

f�1
p

� ð1=2

s

wðrÞ f
�
r; xðrÞ; xðr� tÞ; x 0ðrÞ

�
dr
�
ds;

ððk�1Þ=k

1=2

f�1
p

� ð s

1=2

wðrÞ f
�
r; xðrÞ; xðr� tÞ; x 0ðrÞ

�
dr
�
ds
o

>
1

k

kb

d
d ¼ b;

i.e., a1ðTxÞ > b for all x a Pðg1; y1; a1; b; kb; dÞ.
This shows that condition (S1) of Theorem 2.1 is satisfied.

Moreover, by (3.4), we have

a1ðTxÞb
1

k
y1ðTxÞ >

1

k
kb ¼ b: ð3:9Þ

for all x a Pðg1; a1; b; dÞ with y1ðTxÞ > kb. Thus condition (S2) of Theorem 2.1 is

satisfied.

Finally, we show that condition (S3) of Theorem 2.1 holds as well. Clearly,

0 B Rðg1;c1; a; dÞ since c1ð0Þ ¼ 0 < a. Suppose that x a Rðg1;c1; a; dÞ with

c1ðxÞ ¼ a. Then, by condition (A3), we obtain that

c1ðTxÞ ¼ max
t A ½0;1�

jðTxÞðtÞj ¼ ðTxÞðt0Þ

¼
ð t0

0

f�1
p

� ð t0

s

wðrÞ f
�
r; xðrÞ; xðr� tÞ; x 0ðrÞ

�
dr
�
ds

¼
ð1

t0

f�1
p

� ð s

t0

wðrÞ f
�
r; xðrÞ; xðr� tÞ; x 0ðrÞ

�
dr
�
ds
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a max
nð1=2

0

f�1
p

� ð1=2

s

wðrÞ f
�
r; xðrÞ; xðr� tÞ; x 0ðrÞ

�
dr
�
ds;

ð1

1=2

f�1
p

� ð s

1=2

wðrÞ f
�
r; xðrÞ; xðr� tÞ; x 0ðrÞ

�
dr
�
ds
o

a
a

N
max

n ð1=2

0

f�1
p

� ð1=2

s

wðrÞ
�
ds;

ð1

1=2

f�1
p

� ð s

1=2

wðrÞ dr
�
ds
o

< a: ð3:10Þ

Hence, from ð3:10Þ, we have

c1ðTxÞ ¼ max
t A ½0;1�

jTxðtÞj < a:

So condition (S3) of Theorem 2.1 is satisfied.

Since (3.4) holds for x a P, all conditions of Theorem 2.1 are satisfied. There-

fore BVP (1.1) has at least three positive solutions x1, x2 and x3 such that

max
t A ½0;1�

jx 0
i ðtÞja d; i ¼ 1; 2; 3;

b < min
t A ½1=k; ðk�1Þ=k�

fjx1ðtÞjg; a < max
t A ½0;1�

jx2ðtÞj

with

min
t A ½1=k; ðk�1Þ=k�

jx2ðtÞj < b;

and

max
t A ½0;1�

jx3ðtÞj < a:

The proof is complete. r

To illustrate how our main results can be used in practice we present an

example.

Example 3.1. Consider the boundary value problem

ðjx 0jx 0Þ 0 þ f
�
t; xðtÞ; xðt� tÞ; x 0ðtÞ

�
¼ 0; 0 < t < 1;

xð0Þ ¼ 0; t a ½�t; 0�
xð1Þ ¼ 0;

8<
: ð3:11Þ

where
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f ðt; u; v; mÞ ¼

e t

4 þ 2306u10 þ v
15000 þ

m
30000

� �3
; ua 4;

e t

4 þ 2306ð5� uÞu10 þ v
15000 þ

m
30000

� �3
; 4a ua 5;

e t

4 þ 2306ðu� 5Þu10 þ v
15000 þ

m
30000

� �3
; 5a ua 6;

e t

4 þ 2306 � 610 þ v
15000 þ

m
30000

� �3
; ub 6:

8>>>>><
>>>>>:

Choose a ¼ 1=2, b ¼ 1, k ¼ 4, d ¼ 30000. We note that d ¼ 1
12 , r ¼ 1, N ¼

ffiffi
2

p

6 .

Consequently, f ðt; u; v; mÞ satisfies

f ðt; u; v; mÞ < f3
a

N

	 

¼ 4:5

for 0a ta 1, 0a ua 1=2, 0a va 4, �30000ama 30000,

f ðt; u; v; mÞ > f3
4b

d

	 

¼ 2304

for 1=4a ta 3=4, 1a ua 4, 0a va 4, �30000ama 30000, and

f ðt; u; v; mÞ < f3
d

r

	 

¼ 9� 108

for 0a ta 1, 0a ua 15000, 0a va 15000 and �30000ama 30000.

Then all conditions of Theorem 3.1 are satisfied. Thus, problem (3.11) has at

least three positive solutions x1, x2 and x3 such that

max
t A ½0;1�

jx 0
i ðtÞja 30000; i ¼ 1; 2; 3;

1 < min
t A ½1=4;3=4�

fjx1ðtÞjg;
1

2
< max

t A ½0;1�
jx2ðtÞj

with

min
t A ½1=4;3=4�

jx2ðtÞj < 1;

and

max
t A ½0;1�

jx3ðtÞj <
1

2
:
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