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Abstract. We extend the concept of t-summing operators presented by Pietsch in his mono-
graph on Operator Ideals to multilinear mappings and polynomials. We also present a
domination theorem for 7(p)-summing mappings and polynomials, showing their relation
with p-semi-integral mappings and polynomials.
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1. Introduction

In the 1950s Alexandre Grothendieck developed a substantial body of work on
p-summing operators. Later on, in 1967, Albrecht Pietsch isolated this class of
operators and established many of their fundamental properties. In his book Op-
erator ldeals several of those operators are studied, among which are r-summing
operators.

In Section 2 we establish our notation and recall results needed later. In Sec-
tion 3 we extend to multilinear mappings the concept of z-summing operators and
establish a domination theorem for the multilinear case. In Section 4 we extend to
polynomials the results of the previous section. In the last section we give a few
examples of such mappings.

This article is based on part of my PhD thesis at UNICAMP, supervised by
Professor M. Matos. I am indebted to the referee for many useful suggestions,
which have helped improving the presentation.

2. Background

We denote by n a positive integer, N = {1,2,3,...}, No={0,1,2,3,...}. Kisa
scalar field (R or C), and D, D;, E, E;, F, F;, G, G; stand for Banach spaces over K.
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Bp is the closed unit ball in E. For p > 1 we denote by p’ its conjugate, i.e.,
=7+ Recall that (¢,) =ty if 1 < p < co. Let K be a compact set. Then
% (K) stands for all continuous scalar-valued functions on K. Z(Ej,...,E,;F)
denotes the continuous n-linear mappings from E; x --- x E, into F.

Lemma 2.1. Let F be a Banach space, p > 1, and (b/);L € ) (F'). Then

o0

s (L 10))"" = sop (L 1m0)"

ﬂGBF// yEBF _f:1

A proof can be found in [4], p. 1. A proof of the following lemma can be
found in [5], p. 40.

Lemma 2.2 (Ky Fan). Let K be a compact convex subset of a linear topological
Hausdorff space, and let & be a concave collection of lower semi-continuous convex
real-valued functions on . Suppose that for each ® € F there exists x € K with
®(x) < 0. Then we can find xy € K such that ®(xy) < o for all ® € F simultane-
ously.

3. 7(p; g)-summing n-linear mappings

Let %, be the class of all n-linear mappings between arbitrary Banach spaces, and
for a subset .# in ¥, we write

M(Ey,. .. ,ExF) =4l L(E,... Ey;F).
Definition 3.1. Let .# be a subclass of %, with an R"-valued function || - || , such
that the following conditions are satisfied for some 0 < r < 1:

(0) I, € A and ||I|| , = 1 for L,(A1,..., An) == A1 ... Ap.

(M) If  Sy,8,... € M(Ey,....,E;;F) and > 7, [|Sk]|y < oo, then S=
Yoiet Sk € M(Er, ... Ey; F)and [[S], < 3572 ISkl

Q) If Tie 2(DsE), Sed(E,...,E;F) and Re Z(F;G), then

RS(Ty,...,T,) € M(D:,...,D,;G)and [|[RST| , < ||RII S| 4IIT1ll - - || Tnll-
We say that [.Z,] -] ,] is an r-normed %,-module of n-linear mappings; if
r=1then [.#,] -| ,]is a Banach .%,-module of n-linear mappings.

Some authors have called such class of mappings “ideals of n-linear map-
pings”, but in order to keep an analogy with algebra we chose this new terminol-

ogy.
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Definition 3.2. Let S € #(E,...,E,;;F)and 1 < ¢ < p. We say that S'is 7(p; q)-
summing if there exists a constant ¢ > 0 such that, for all m € N, x;; € E;, b; € F',
i=12,....,n,j=1,2,....m

<i‘bj(s(x1jv e »xnj)) !p)l/ <o sup (Z i ( le (an) j(y)‘ )1/‘/

||a1||<l j=1
Ivl<

where a; € E/, ye F and e F". We denote this class of mappings by
Zr(pg)(E1, - .., Eys F) and on it we define the norm |[|S||,.,) := inf o for the con-
stant that appears in the expression above.

Zr(p:g) With the norm ||S|;,,., is a Banach %,-module of n-linear mappings.
When p=gq, we write %, and |S]|,, instead of %, , and [IS|,.,
respectively. We say that S is 7(p)-summing. If p = ¢ = 1, we simply write %,
and |[|S]|, and say that S is r-summing. Notice that if 1 <s<r < g < p, then
Ligir) S Li(pis)> because if S € L.y, we have

(Zm;|b,-(s(x1j, e X)) )Up (2’": S(x1js - X)) | q>l/q
=

m 1/r
<o sup (D J(x) . anln)bi ()]
lasl|<1 N 523
¥l=1
m 1/s
<o sup (Dl anlg)bi(0)])
Il\la,llllsl j=1
yi=

Moreover, from the above inequalities it follows that

ISle(piry < WSy forallS e Ly S Ligpn
and

[SIleges) < UISllery forall S e Ly S Loy

Remark 3.3. Recall that if% < %4— e —i—qln, Te P(E,... E;F)is absolutely
(p;qis- - -, qn)-summing if there exists a constant ¢ > 0 such that for all m,n € N,
xjek,andi=1,....n,j=1,...,m,

(iHT(xlj,.. X)) || ) <°’H sup (Z\a, %) q,) Va,

j=1 i=1 llaill<1
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and we write T € Lipigr..qn(El, -, Ei; F). On the other hand, if
qi] + 4 é, then by Holder’s generalized inequality

m

(Z(HXUH 1) ) (an”'lql) a (Zm;ﬂxnjﬂq")l/q

=1

Given S e % (E1,...,Ey; F), we define Spe Z(Ei,... En,F K) by
Sp(x1,. .., Xn,b) := bS(x1, ..., xp). Itfollowsthatif$:q1—1+ o + , then

(i|SF(X1N-~~axn,-»bj)|p)l/p
=
m /
(3158 Cey ) )m
=
<o sup ( S |ar (x1)) . . . an ()b (v )W (since S € Z(pg)
laf<1 N
¥l=<1
< 0”51“151 (Z |ay(x1)) Iq‘) v (Z |t (x7)] ) M"(Z |qn+1) Ve
= =

(by Holder)

m

= s (Ylael") " (S hatl) " (i)

flaill<1 ™ 5=1 Jj=1 j=1
<
(by Lemma 2.1).
So S € Lyp.g)(Er,...,Ep F)implies Sy € Laspigi,anagnn) Els oy En, F'5 ).

Remark 3.4. Given %: %—F s L 4> an n- -linear mapping S € L(E|,...,E; F)
iS (q1, .-, qn)-dominated if S € Lyog(pig,....q0(E1,- -, Ep; F); and it is p-dominated
if S'e Laspinp)(Er,. .., Ep; F). It follows that if S is 7(p)-summing, then Sr is
p-dominated.

Theorem 3.5. Let 1 < p < 0. A mapping S € L (E,...,E,; F) is t(p)-summing
if and only if there exist a constant ¢ > 0 and u € W(BE{ X -+ X Bpr X Bpn), the
set of Borel probability measures in Bg, X --- X Bg, x Bpn, such that

|b(S(x1,...,xn))|

=7 J |a](x1)"'an(xn)ﬁ(b)|pdﬂ(al,-.-,an,ﬂ))l/p (1)
By XX By XBpn

forall x; € E; and all b € F'. In this case, ||S||,,, = info.
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Proof. Here we exploit ideas already used by Matos and Alencar for absolutely

p-summing mappings in [1], 4.3, p. 11.
If inequality (1) holds, then:

<Zj11:|bj(S(x‘f’ e ,an))|p)l/p

3 1/p7p\1/p
= {121: [a<‘[35fx---xBE,xBF,, lay (1)) -+ - an(x) B(B;)|” dplan, - .. ,an,ﬂ)) } }
(by (1))
— G{J Em: lay (x17) - - - an () B(B) P dualay, . . ., ay ,b’)}l/p
BEI’X"'XBE,;XBF” = J Z J s , Ay,
= O-{JBE{XMXBE,QXBF” HS}HIIS)] 12:1: |a1 (le) o an(xnj)ﬁ(bj)|p dlu(al’ s 7anaﬂ)} '

“ 1/p
= sup {3 Jasy) (b)) (by Lemma 2.1)
ai|| < j=1
lyl<t

So S'is 7(p)-summing and ||S][,,) < info.

On the other hand, if Se %, (E,...,E;F) let o=|S],,. Take
(g(BEl/ X oo X BEé X BFH)/ equipped with the weak-‘g(BEI/ X oo X BE”’ X BF//)
topology. Then W(Bg x -+ x B, X Bpr) is a compact convex subset. For
any finite family of elements x;;, ..., x;, € E; and functionals by, ...,b,, € F' the
equation

= Z {}bj(s(xlj; SRR ’x”f))’p

J=1

- ||S||f(p)J a1 (x17) - . . an(x) B(B))|” dpalan, - .. ,an,ﬂ)}
BE/X XBE/ XBF//

defines a real continuous convex function ¢ on W(Bg X -+ x Bg X Bpr).
Choose ajg € BE{, ...,y € Bgy and B, € Bpr such that

sup{z a1 (xy) - (o) BB il 18] < 1}

Z ao(x17) - - ano (X))o (by)”
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If o(ao, . . ., ano, fy) denotes the Dirac measure at (ajo, . . ., @0, fy), then we have

¢(5(a10, . 7an07180))

=D 15 (SCeyss s ) |” = SN, laro(xny) - - o () By (by)[” < 0.
=

Since the collection & of all functions obtained this way is concave, by the Ky
Fan Lemma 2.2 there exists a measure 1 € W(Bg X -+ X Bg x Bpr) such
that ¢(u,) <0, for all ¢ € # simultaneously. In particular, if ¢ is generated by
X1,...,Xx, and b, i.e.,

o) = {[b(S(x1, . x)) " = I1SI2,

lar(x1) - .. an(x) BB duday, - . ,an,ﬁ)},

JBE{X~~><BE,; XBpn
it follows that

}b(S(xl,...,x,,))|

= IISIIT@(J @ (1) o) ditar, )

BE]’ XMXBEr; XBF/!
and ||S][,,) = inf 0. O
We also have the following result.

Theorem 3.6. Let 1 < p < 0. A mapping S € L(E\, ..., Ey; F) is t(p)-summing
if and only if there exist a constant 6 > 0, u; € W(Bg/), pt,, € W(Bp»), the sets of
Borel probability measures in Bg: (i = 1,...,n) and Bp», such that

|b(S(x1,...,x))]

=0 o lar(xq) - 'an(xn)ﬁ(b”p dﬂn+l (A dﬂn(an) cdy (ay) i (2)
00, |

Ef E) Fl

forall x; € E; and b € F'. In this case, ||S|,(,) = inf 0.

Proof. Here we repeat the proof of the previous theorem with minor changes.
(«+): Using (2) one easily shows that S is 7(p)-summing and ||S|, ) <info.
(=): Let Se %y, (Er,....EnF), and put o=|S],,. Take each

%(BE{)/, ...,%(Bg)',¢(Brr)" equipped with the weak-‘g(BEl/)', ..., weak-

%(Bgy)', weak-¢(Bpr)" topology, respectively. — Then W(Bg),..., W(Bg),

W(Bpr) as well as W(Bg/) x ---x W(Bgy) x W(Bp») are compact convex
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subsets. For any finite family of elements x;;,...,x;, € E;, i = 1,...,n and func-
tionals by, ..., b, € F' the equation

¢(:u17 ce 7lunwun+l)

;:E;“@QQWVHJWH”

o
B

defines a real continuous convex function ¢ on W(Bg;) x -+ x W(Bg;) x W(Bpr).
Choose ajg € BE{, ...,y € Bgr and B, € Bpr such that

T ) aln)BE dun (8 duy (@) d )}
By B

E!
1

sup{ > la1(xy) - an (x)BB)I” : i, 18] < 1§
j=1

=S a0y . ano (o) BolBy)
=

If 01(a), .- ,0u(an),0nr1(f,) denote the Dirac measures at aj, ..., a0, f, re-
spectively, then we have

¢(51(a10) X oo X 5;1(“;10) X 5n+l(ﬁ0)>

= b (SCxijs -y )| = 0P laro(x1y) - - ano(xi) By (B;)]” < 0.
=

Since the collection # of all functions obtained this way is concave, by the Ky
Fan Lemma 2.2 there exists a measure fiy X -« X fl, X fi,.; € W(Bg/) X -+ X
W(Bg:) x W(Bpr) such that @(uy x---x @, x fi,.1) <0, for all ¢eF
simultaneously. In particular, if ¢ is generated by xi, ..., x, and b, we have

B X X fiy X )
= {Jb(SCx1, o))"

o .JBE’4 jB a1(x1) - ) BO)” dity s (B) it (@) .. s (@) }.
It follows that
‘b(S(Xl, ce ,x,,))’

<o oo |t a8 das B difa) - di(an)

E!
1
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4. n-homogeneous polynomials

Let Z("E;F):= Z(E,"!ims E;F) and X, the set of all permutations over
{1,...,n}. Wesay T € Z("E; F) is a symmetric n-linear mapping if

T(x17...,xn) = T(x(,(1>7...,xg<,,)) forall o € 2,1, X1y...,Xp € E.

We write Z("E; F) for the class of all symmetric n-linear mappings. The set
[Z("E; F), || - |I] is closed in [Z("E;F),|| - ||]] (see [2], Proposition 1, p. 2). The
symmetrization n-linear mapping

s: P("E;F) — %("E; F),
T— T,

where

1
T(xla s ,Xn) = m Z T(x6(1)7 cee 7xa(n))

‘oex,

is a continuous projection (see [2], Proposition 2, p. 3).

We write x":= (x,”fimes x). A continuous n-homogeneous polynomial
P:E — F is a mapping for which there is some 7 € Z("E;F) such that
P(x) = T(x") for every x € E. To denote that T corresponds to P, we will
write 7 = P. We shall denote by 2("E; F) the Banach space of continuous 7-
homogeneous polynomials from E into F with respect to pointwise operations
and the norm defined by

171l = sup{l[P(9)]  x € By},
Note that ||P(x)|| < ||P| ||x]|". The mapping

o: Z("E;F) — 2("E; F),
T—T

is a vector space isomorphism and a homeomorphism of the Banach space
Z("E; F) onto 2("E; F) (see [2], Proposition 3, p. 4). A continuous polynomial
P from E into F is a mapping P: E — F for which there are n e Ny and
Pre ?(*E;F), k=0,1,...,n, such that P=Py+ P, +---+ P,. We shall de-
note by 2(E; F) the Banach space of continuous polynomials from E into F,
and by 2 the class of all continuous polynomials between arbitrary Banach
spaces. If .7 is a subset of 2 we write

J("E;F) =I5 n2("E; F).
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All definitions and results valid for n-linear mapping .%,-modules can be trans-
ferred to polynomials via the ¢ mapping just described.

Definition 4.1. Let .# be a subclass of 2 with a R*-valued function || - || , such
that the following conditions are satisfied for some 0 < r < 1:

(0) I, € # and ||I,|| , = 1 for L,(1) :== A".

(1) If Py, Ps,... e J("E;F) and > 2, ||Pklly < o0, then P=3 " Pie
J("E; F) and || P|ly < 322, || Pell-

) If Q € 2('D;E), P ¢ #("E; F) and O € 2('F; G), then OPQ € .#("D; G) and
10PQ|l, < [[O] | Pl| [ Qll-

We say that [.7, ]| - || ,] is an r-normed ideal of n-homogeneous polynomials, and
if r=1, then [Z,]-]|,] is a Banach ideal of m-homogeneous continuous
polynomials.

Definition 4.2. Given a n-homogeneous polynomial P € 2("E; F), we shall say
that it is 7(p; q)-summing if there exists a constant ¢ > 0 such that for all m € N,
xje E,bje F', j=1,2,...,m, we have

(Z‘bj(P(xj))V)l/p <o HSIHle1 (Z |a(xj')"bj(y)|q>1/"_
Jj=1 all< =
llrli=<1

By defining the norm ||P|,,,, := inf o for the constant that appears in the expres-
sion above, it can be shown that this class of polynomials is an ideal, which we
shall denote by 2. ("E; F). When p = g we write Z,(,)("E; F) and || P|[,(, re-
spectively and say that it is the ideal of n-homogeneous 7(p)-summing polyno-
mials from E into F. When p = ¢ = 1 we simply write 2,("E; F), || P||, and speak
of the ideal of n-homogeneous t-summing polynomials from E into F.

Theorem 4.3. A n-homogeneous polynomial P € 2("E; F) is ©(p)-summing if and
only if there exist a constant ¢ > 0 and € W(Bg: X Bpr), the Borel probability
measures set in Bg: X Bgn, such that

b(P(x))| < a(JB i la(x)"B(b)|” du(a,ﬁ))l/p forall xe E;beF'.

In this case, ||P||,, = inf o.
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Proof. («<): If the inequality holds, we have

m

(213 pel)” < (1o J

(finite sum =) = U{J Z la(x;)"B(b))|? du(a, ﬂ)}
BpixBgn

J=1

)81 dua )]}

B}:" XB[-‘”

m

<of[ s Ia(xj)”ﬁ(b/)l”dﬂ(mﬁ)}l/p

BE’ ><BI.-// Ha||§1 j:1

IBl<t
m " » l/p
— o sup { D lalx)"Bo)I} "
o<1 *55
Bt

(=): Conversely, let Pe 2, ("E;F) and o= 1Pl )- Consider
G (B x BF//)' with the weak-%(Bg x Bpr) topology. Then W (Bg X Bpn) is a
convex compact subset. For any finite family of elements xj,...,x,, € E and
functionals by, ..., b,, € F’ the equation

m

0= > {bp)” = o |

j:1 BE/XBF//

la)" (b)) dula.p) |

defines a real convex continuous function ¢ over W (Bg x Bpr). Choose ay € Bg/
and f, € Bp» such that

sup{Zm ) BN : Nl 1B < 1} = lao(x))"Bolby)I?
Jj=1

If 6(ay, f;) denotes the Dirac measure at (ao, ff,), then

m

(a0, By)) = Y 1biP(x;)|” — a”lao(x;)" o (by)I” < 0.

J=1

Since the collection & of functions thus obtained is concave, by the Ky Fan
Lemma 2.2, there is a measure u, € W(Bg x Bpr) such that ¢(u,) <0, for all
¢ € Z simultaneously. In particular, if ¢ is generated by x and b, it follows that

P = o | Jax) B di(a ) < 0

BE’ XBF//
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and so
pre) <o a0 o) duep)

From the above implications we obtain ||P|[,,, = inf o. O

BE’XBF”

With a similar proof we also have the following:

An n-homogeneous polynomial P € 2("E; F) is t(p)-summing if and only if
there exist a constant ¢ > 0 and u € W(Bg:), v e W(Bp,) sets of Borel probability
measures in B and Bg, respectively, such that

b(P(x))| < a(JB | L | [a(x)"BB)P dv(B)du(a)) .

for all x € E; and b € F'. In this case, | P|,(,) = info.

Remark 4.4. Recall the following definition (see [1], p. 10): A n-homogeneous
polynomial P € 2("E; F) is said to be p-semi-integral; we write P € P, ("E; F)
if there exist a constant ¢ > 0 and a regular probability measure u € W (Bg/) such
that

1/p

1P| < J(J |a(x)”|”du(a)) " forallx e E.

By

Let v be a regular probability measure given by v(C) = u(C x Bpr) for each Borel
subset C of Bgi. If P e 2, ("E; F), then, for every x € E,

[bP(x)| = [b(P(x))]

o] larperr dua )" < plo( | la )"

By
It follows that
|[P(x)|| = sup [bP(x)]
IblI<1
np 1/p np 1/p
< sup ||b||a( la(x)"| dv(a)) ga( | la"] dv(a)) .

16l <1 By E!
In other words, P is p-semi-integral, ie 2, ("E; F) < Pg(,)("E; F).
5. Examples
Example 5.1. Consider E;, E,, F Banach spaces and fix af € E|, a¥ € E;,

y* e F, c‘z{‘,dé‘,j}k;éo for k=1,...,M. Then a finite type mapping S e
Y (Er, B F),
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S E x By — fl

M
(x1,32) = Y af (en)az (x2) 7,
k=1
is a T(p g)-summing 2-linear mapping for all 1<g¢g<p with [[S],,, <

Sy llaf | la5 |11 7]]. We have

m

(2:1: |bjS(x1j,X2j)|p>1/”
- (i ’ id{((xl_j)déc(xzj)bj(yk)‘p)l/l’

/:
M m 1
= Z ‘ (x1)) a2 (x2)b; (yk)|p) !

j=1
T ) Tar ||(2-’>b"<||,vk||>

~.

m

(
(IIal iz 1171 (Z
(G

1)

=1 Jj=1
: n1/p
< a4 sup (3 [ttt (])")
- i<t 7
M m g 1/q
< (Dl nash ) o (Z!m 7)) (7))
k=1 ai j=
vl<

g=<p=1-1,=<I-1,)-

Example 5.2. A mapping S € £ (E|, Ey; F) is said to be nuclear if it admits a rep-
resentation S= 37, aix @ ay @ yr with o =7, ||a| lazx] || yk|]| < oo and
norm ||S||y = info, with the infimum taken over all possible representations.
Suppose ayi, axye, yi # 0 for all k € N. So we have

(S oy l”)
J=1

= (Z ‘ialk(xlj)aZk(XZj)bj(yk)‘p>1/p

=1 k=1

P\ /P

m
J=1

o0

alj ar e
> llawll = Geip) lazell = (x| vl (Y_>
=1 [laill |||

[ yel
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- . i \|” W
<y (Zl o728 o a2 oy (2|

< | an Dok e \| v
> (ualku el 60| 32 ey o g e ()

(Z larell sl 131} sup (Z v)ae)b)17)
=1

flail <1 20
llyl<1

Thus S is 7(p)-summing and S|, < [IS]|y-

Example 5.3. Recall that an n-linear mapping S € L(Ey,...,E,; F) is p-semi-
integral (see [1], p. 10) if there exist a constant ¢ > 0 and a regular probability
measure 4 € W(Bg; x -+ x Bgy) such that

IS(x1,. .., x0)] < a(JB lar(x1) ... an(x)|” du(ay, . . . ,an))l/p

./><~-><B4/
E| E)

for all x; € E;. We write S € %, (E,...,E,; F) and its norm is given by
|S]li(p) = inf o, where the infimum is taken on the above inequality. Let v be a
regular probability measure over Bp; x -+ x Bg, such that v(C) = u(C x Bpr)
for each C Borel subset ofBEl/ XX Bp. If S e Z,)(Ey, ..., Ey; F), then by 3.5,

|bS(x1,...,x,,)|

<18l ], 0. SO e )

E]’XMXBEA XBFH

1/p
< [IS+(p) lar(x1) - - an () [P B 1617 dpalans - .. ,an,ﬁ))

JBE]/meBE’;xBFn

» /p

<IbISI (| ) sl v, a)
E! X XD

for all x; € E;. So

IS(x1,...,xx)|| = sup [bS(x1,...,x,)|
[bll<1

1/p
< IS, J ar(x1)...ay(x)|’ dv(a,. .., a,
1Sl g, [0 sl ))
for all x; € E;, ie., S is p-semi-integral and [[S||g,) < [[S|l;,). Observe that if

F =K, we also have that Z,(E, ..., E; K) € L (Er, ..., B K): If (1) €
W (By) stands for the Dirac measure at 1 € By, then
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[bS(x1, ..y x0)]

/p
< 1611l | @) an)? dolan,.a)

1 XX By
E1 E,

1/p|

< (| woranme)Isl,

1/p
(J |a1(x1)...an(xn)|”dv(a1,...,a,,))
BE/XWE,C

1/p
< 15l | a1(x1) ()P IBB) P d(v x S(D)(ar, . an B)) -
BEI/X“'XBEA XBK//
Since (v x d(1)) € W(Bg x -+ X B x By) it follows that S is 7(p)-summing
and HS||Sl(p) = ||S||‘C(]))

Example 5.4. A n-linear mapping S is p-dominated if and only if there exist a
constant ¢ > 0 and probability measures y; € W (Bg/) (i =1,...,n) such that

1/p
Gl <a( [ o] latn)ann)l di (@) dian)
By, By
for all x| € Ei,...,x, € E,, in which case [|S||,,) =info (see 3.2 in [3], p. 12).
Let w; € W(Bg/) and w,., € W(Bpr) be regular probability measures over
Bgr (i=1,...,n) and B, respectively. If S € %, (E, ..., E,; F), then by 2

[6S(x1, ..., xn)]

/p
Iy (| o] | ) a8 (B i) . disfan))
<8l ([, -, [, bt 11101

dyfa).dp(a))

<1011l (| o[ o) an)”diy ) i)

- By
E| E}

for all x; € E;. So

ISCxty ..., x)|l = sup [BS(xy, ..., x4)]
lbl<1

< |S||,(1,)(JB | L an(61) - ans) P iy (an) gy a))

’
Ey
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for all x; € E;, i.e., S is p-dominated with [[S|,,) <|[S[/;,. Observe that if
F =K, we also have that %y, (E1, ..., E; K) € L) (Er, ... EnK): If (1) €
W (Byr) stands for the Dirac measure at 1 € By, then

|bS(x1, -y xn)|

< 1011 1T |

B
El

.. JB lai(x1) .. .an(xn)|P du,(ay) .. .du (m))l/p

!
Ey,

1/p

< (| worane) Isl,

(] ] )t i) i)

S”S”d(mq ~L JB |a1(x1)~'-an(xn)ﬁ(b)|pd5(1)(ﬂ)dﬂn(an)"‘d:ul(al))l/p'

B ’ ’ "
E| ) P

By 3.6, S is t(p)-summing and S|, =I[Slly,- In other words,
SePE,...,Ey;K)is p-dominated if and only if it is 7(p)-summing.

Example 5.5. Recall that a mapping S € £ (E, E»; F) is said to be approximable
if there exists a sequence Sy € % (E1, E»; F) such that for all ¢ > 0 there is K, such
that ||S — Sk|| < & whenever k > K,. For1 <¢ < p, by 5.1, foreach k =1,2,...
there exist constants g such that

M 1/p n 1/q
(Z DSk (x1), x21)|p> <oy ”51|Tp1 (Z |ay (xlj)az(xzj)bj(y)\q)
j=1 ai| <1 = =1
[yl<1

(for all k=1,2,...) holds for all me N, x; € E;, bje F' and j=1,2,...,m.
Given ¢, choose k > K, to obtain that

(j’il |b;S (x1y, X2.i)|p>l/p
(

1/p 1/p
(DBl s = Sell eyl b)) ™+ (D 1rSeley )17

Jj=1

NgE

IA

1/p =z A\L/P
|b;(S — Sk)(xl.iax2i)|p) + (Z |b.,-Sk(x1A,»,x2,»)|1>
1 =

IA
- ~.
< I T

N
S

el ) + o sup (3 larGenaey (1) .

1 flail| <1

IA
™
/~

~.
Il
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If the limit limy_ ., 0% exists and is finite, it follows that S is 7(p; ¢)-summing, and
||S||T(p;q) < llmk_,oc Oj.

Analogous examples can be given for polynomials.
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