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Abstract. We extend the concept of t-summing operators presented by Pietsch in his mono-
graph on Operator Ideals to multilinear mappings and polynomials. We also present a
domination theorem for tðpÞ-summing mappings and polynomials, showing their relation
with p-semi-integral mappings and polynomials.
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1. Introduction

In the 1950s Alexandre Grothendieck developed a substantial body of work on

p-summing operators. Later on, in 1967, Albrecht Pietsch isolated this class of

operators and established many of their fundamental properties. In his book Op-

erator Ideals several of those operators are studied, among which are t-summing

operators.

In Section 2 we establish our notation and recall results needed later. In Sec-

tion 3 we extend to multilinear mappings the concept of t-summing operators and

establish a domination theorem for the multilinear case. In Section 4 we extend to

polynomials the results of the previous section. In the last section we give a few

examples of such mappings.

This article is based on part of my PhD thesis at UNICAMP, supervised by

Professor M. Matos. I am indebted to the referee for many useful suggestions,

which have helped improving the presentation.

2. Background

We denote by n a positive integer, N ¼ f1; 2; 3; . . .g, N0 ¼ f0; 1; 2; 3; . . .g. K is a

scalar field (R or C), and D, Di, E, Ei, F , Fi, G, Gi stand for Banach spaces over K.



BE is the closed unit ball in E. For pb 1 we denote by p 0 its conjugate, i.e.,

1 ¼ 1
p
þ 1

p 0 . Recall that ðlpÞ0 ¼ lp 0 if 1a p < l. Let K be a compact set. Then

CðKÞ stands for all continuous scalar-valued functions on K . LðE1; . . . ;En;FÞ
denotes the continuous n-linear mappings from E1 � � � � � En into F .

Lemma 2.1. Let F be a Banach space, pb 1, and ðbjÞlj¼1 a lw
p ðF 0Þ. Then

sup
b ABF 00

�Xl
j¼1

jbðbjÞj
�1=p

¼ sup
y ABF

�Xl
j¼1

jbjðyÞj
�1=p

:

A proof can be found in [4], p. 1. A proof of the following lemma can be

found in [5], p. 40.

Lemma 2.2 (Ky Fan). Let K be a compact convex subset of a linear topological

Hausdor¤ space, and let F be a concave collection of lower semi-continuous convex

real-valued functions on F. Suppose that for each F a F there exists x a K with

FðxÞa %. Then we can find x0 a K such that Fðx0Þa % for all F a F simultane-

ously.

3. t( p; q)-summing n-linear mappings

Let Ln be the class of all n-linear mappings between arbitrary Banach spaces, and

for a subset M in Ln we write

MðE1; . . . ;En;FÞ :¼ MBLðE1; . . . ;En;F Þ:

Definition 3.1. Let M be a subclass of Ln with an Rþ-valued function k � kM such

that the following conditions are satisfied for some 0 < ra 1:

(0) In a M and kInkM ¼ 1 for Inðl1; . . . ; lnÞ :¼ l1 . . . ln.

(1) If S1;S2; . . . a MðE1; . . . ;En;F Þ and
Pl

k¼1 kSkkrM < l, then S ¼Pl
k¼1 Sk a MðE1; . . . ;En;F Þ and kSkrMa

Pl
k¼1 kSkkrM.

(2) If Ti a LðDi;EiÞ, S a MðE1; . . . ;En;FÞ and R a LðF ;GÞ, then

RSðT1; . . . ;TnÞ a MðD1; . . . ;Dn;GÞ and kRSTkMa kRk kSkMkT1k . . . kTnk.

We say that ½M; k � kM� is an r-normed Ln-module of n-linear mappings; if

r ¼ 1 then ½M; k � kM� is a Banach Ln-module of n-linear mappings.

Some authors have called such class of mappings ‘‘ideals of n-linear map-

pings’’, but in order to keep an analogy with algebra we chose this new terminol-

ogy.

212 X. Mujica



Definition 3.2. Let S a LðE1; . . . ;En;FÞ and 1a qa p. We say that S is tðp; qÞ-
summing if there exists a constant sb 0 such that, for all m a N, xij a Ei, bj a F 0,
i ¼ 1; 2; . . . ; n, j ¼ 1; 2; . . . ;m,

�Xm
j¼1

��bj�Sðx1j; . . . ; xnjÞ���p�1=pas sup
kaika1
kyka1

�Xm
j¼1

ja1ðx1jÞ . . . anðxnjÞbjðyÞjq
�1=q

where ai a E 0
i , y a F and b a F 00. We denote this class of mappings by

Ltðp;qÞðE1; . . . ;En;FÞ and on it we define the norm kSktðp;qÞ :¼ inf s for the con-

stant that appears in the expression above.

Ltðp;qÞ with the norm kSktðp;qÞ is a Banach Ln-module of n-linear mappings.

When p ¼ q, we write LtðpÞ and kSktðpÞ instead of Ltðp;pÞ and kSktðp;pÞ,
respectively. We say that S is tðpÞ-summing. If p ¼ q ¼ 1, we simply write Lt

and kSkt and say that S is t-summing. Notice that if 1a sa ra qa p, then

Ltðq; rÞ JLtðp; sÞ, because if S a Ltðq; rÞ, we have

�Xm
j¼1

��bj�Sðx1j ; . . . ; xnjÞ���p�1=pa�Xm
j¼1

��bj�Sðx1j; . . . ; xnjÞ���q�1=q

a s sup
kaika1
kyka1

�Xm
j¼1

ja1ðx1jÞ . . . anðxnjÞbjðyÞjr
�1=r

a s sup
kaika1
kyka1

�Xm
j¼1

ja1ðx1jÞ . . . anðxnjÞbjðyÞjs
�1=s

:

Moreover, from the above inequalities it follows that

kSktðp; rÞa kSktðq; rÞ for all S a Ltðq; rÞ JLtðp; rÞ

and

kSktðq; sÞa kSktðq; rÞ for all S a Ltðq; rÞ JLtðq; sÞ:

Remark 3.3. Recall that if 1
p
a 1

q1
þ � � � þ 1

qn
, T a LðE1; . . . ;En;F Þ is absolutely

ðp; q1; . . . ; qnÞ-summing if there exists a constant sb 0 such that for all m; n a N,

xij a Ei, and i ¼ 1; . . . ; n, j ¼ 1; . . . ;m,

�Xm
j¼1

kTðx1j; . . . ; xnjÞkp
�1=p

as
Yn
i¼1

sup
kaika1

�Xm
j¼1

jaiðxijÞjqi
�1=qi

;
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and we write T a Lasðp;q1;...;qnÞðE1; . . . ;En;F Þ. On the other hand, if 1
q
a

1
q1
þ � � � þ 1

qn
, then by Hölder’s generalized inequality

�Xm
j¼1

ðkx1jk . . . kxnjkÞq
�1=q

a

�Xm
j¼1

kx1jkq1
�1=q1

. . .
�Xm

j¼1

kxnjkqn
�1=qn

:

Given S a Ltðp;qÞðE1; . . . ;En;FÞ, we define SF a LðE1; . . . ;En;F
0;KÞ by

SF ðx1; . . . ; xn; bÞ :¼ bSðx1; . . . ; xnÞ. It follows that if 1
q
¼ 1

q1
þ � � � þ 1

qn
þ 1

qnþ1
, then�Xm

j¼1

jSF ðx1j ; . . . ; xnj ; bjÞj
p
�1=p

¼
�Xm

j¼1

jbjSðx1j ; . . . ; xnj Þj
p
�1=p

as sup
kaika1
kyka1

�Xm
j¼1

ja1ðx1jÞ . . . anðxnjÞbjðyÞjq
�1=q

ðsince S a Ltðp;qÞÞ

as sup
kaika1
kyka1

�Xm
j¼1

ja1ðx1jÞjq1
�1=q1

. . .
�Xm

j¼1

janðxnjÞjqn
�1=qn�Xm

j¼1

jbjðyÞjqnþ1

�1=qnþ1

ðby H€oolderÞ

¼ s sup
kaika1
kbka1

�Xm
j¼1

ja1ðx1jÞjq1
�1=q1

. . .
�Xm

j¼1

janðxnjÞjqn
�1=qn�Xm

j¼1

jbðbjÞjqnþ1

�1=qnþ1

ðby Lemma 2:1Þ:

So S a Ltðp;qÞðE1; . . . ;En;F Þ implies SF a Lasðp;q1;...;qn;qnþ1ÞðE1; . . . ;En;F
0;KÞ.

Remark 3.4. Given 1
p
¼ 1

q1
þ � � � þ 1

qn
, an n-linear mapping S a LðE1; . . . ;En;FÞ

is ðq1; . . . ; qnÞ-dominated if S a Lasðp;q1;...;qnÞðE1; . . . ;En;FÞ; and it is p-dominated

if S a Lasðp=n;pÞðE1; . . . ;En;FÞ. It follows that if S is tðpÞ-summing, then SF is

p-dominated.

Theorem 3.5. Let 1a p < l. A mapping S a LðE1; . . . ;En;F Þ is tðpÞ-summing

if and only if there exist a constant sb 0 and m a W ðBE 0
1
� � � � � BE 0

n
� BF 00 Þ, the

set of Borel probability measures in BE1
� � � � � BEn

� BF 00 , such that��b�Sðx1; . . . ; xnÞ���
as

� ð
BE 0

1
�����BE 0

n
�BF 00

ja1ðx1Þ . . . anðxnÞbðbÞjp dmða1; . . . ; an; bÞ
�1=p

ð1Þ

for all xi a Ei and all b a F 0. In this case, kSktðpÞ ¼ inf s.
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Proof. Here we exploit ideas already used by Matos and Alencar for absolutely

p-summing mappings in [1], 4.3, p. 11.

If inequality (1) holds, then:

�Xm
j¼1

��bj�Sðx1j ; . . . ; xnjÞ���p�1=p

a

nXm
j¼1

h
s
� ð

BE 0
1
�����BE 0

n
�BF 00

ja1ðx1jÞ � � � anðxnjÞbðbjÞjp dmða1; . . . ; an; bÞ
�1=pipo1=p

ðby ð1ÞÞ

¼ s
nð

BE 0
1
�����BE 0

n
�BF 00

Xm
j¼1

ja1ðx1jÞ � � � anðxnjÞbðbjÞjp dmða1; . . . ; an; bÞ
o1=p

as
nð

BE 0
1
�����BE 0

n
�BF 00

sup
kaika1
kbka1

Xm
j¼1

ja1ðx1jÞ � � � anðxnjÞbðbjÞjp dmða1; . . . ; an; bÞ
o1=p

¼ s sup
kaika1
kyka1

nXm
j¼1

ja1ðx1jÞ � � � anðxnjÞbjðyÞjp
o1=p

ðby Lemma 2:1Þ:

So S is tðpÞ-summing and kSktðpÞa inf s.

On the other hand, if S a LtðpÞðE1; . . . ;En;FÞ let s ¼ kSktðpÞ. Take

CðBE 0
1
� � � � � BE 0

n
� BF 00 Þ 0 equipped with the weak-CðBE 0

1
� � � � � BE 0

n
� BF 00 Þ

topology. Then W ðBE 0
1
� � � � � BE 0

n
� BF 00 Þ is a compact convex subset. For

any finite family of elements xi1; . . . ; xim a Ei and functionals b1; . . . ; bm a F 0 the
equation

fðmÞ :¼
Xm
j¼1

n��bj�Sðx1j; . . . ; xnjÞ���p

� kSkp
tðpÞ

ð
BE 0

1
�����BE 0

n
�BF 00

ja1ðx1jÞ . . . anðxnjÞbðbjÞjp dmða1; . . . ; an; bÞ
o

defines a real continuous convex function f on W ðBE 0
1
� � � � � BE 0

n
� BF 00 Þ.

Choose a10 a BE 0
1
; . . . ; an0 a BE 0

n
and b0 a BF 00 such that

sup
nXm

j¼1

ja1ðx1jÞ . . . anðxnjÞbðbjÞjp : kaik; kbka 1
o

¼
Xm
j¼1

ja10ðx1jÞ . . . an0ðxnjÞb0ðbjÞj
p:

215tðp; qÞ-summing mappings and the domination theorem



If dða10; . . . ; an0; b0Þ denotes the Dirac measure at ða10; . . . ; an0; b0Þ, then we have

f
�
dða10; . . . ; an0; b0Þ

�
¼
Xm
j¼1

��bj�Sðx1j; . . . ; xnjÞ���p � kSkp
tðpÞja10ðx1jÞ . . . an0ðxnjÞb0ðbjÞj

p
a 0:

Since the collection F of all functions obtained this way is concave, by the Ky

Fan Lemma 2.2 there exists a measure m0 a WðBE 0
1
� � � � � BE 0

n
� BF 00 Þ such

that fðm0Þa 0, for all f a F simultaneously. In particular, if f is generated by

x1; . . . ; xn and b, i.e.,

fðmÞ :¼
n��b�Sðx1; . . . ; xnÞ���p � kSkp

tðpÞð
BE 0

1
�����BE 0

n
�BF 00

ja1ðx1Þ . . . anðxnÞbðbÞjp dmða1; . . . ; an; bÞ
o
;

it follows that��b�Sðx1; . . . ; xnÞ���
a kSktðpÞ

� ð
BE 0

1
�����BE 0

n
�BF 00

ja1ðx1Þ . . . anðxnÞbðbÞjp dm0ða1; . . . ; an; bÞ
�1=p

and kSktðpÞ ¼ inf s. r

We also have the following result.

Theorem 3.6. Let 1a p < l. A mapping S a LðE1; . . . ;En;F Þ is tðpÞ-summing

if and only if there exist a constant sb 0, mi a W ðBE 0
i
Þ, mnþ1 a W ðBF 00 Þ, the sets of

Borel probability measures in BE 0
i
ði ¼ 1; . . . ; nÞ and BF 00 , such that��b�Sðx1; . . . ; xnÞ���

as
� ð

BE 0
1

� � �
ð
BE 0

n

ð
BF 00

ja1ðx1Þ � � � anðxnÞbðbÞjp dmnþ1ðbÞ dmnðanÞ � � � dm1ða1Þ
�1=p

ð2Þ

for all xi a Ei and b a F 0. In this case, kSktðpÞ ¼ inf s.

Proof. Here we repeat the proof of the previous theorem with minor changes.

ð(Þ: Using (2) one easily shows that S is tðpÞ-summing and kSktðpÞa inf s.

ð)Þ: Let S a LtðpÞðE1; . . . ;En;F Þ, and put s ¼ kSktðpÞ. Take each

CðBE 0
1
Þ0; . . . ;CðBE 0

n
Þ0;CðBF 00 Þ 0 equipped with the weak-CðBE 0

1
Þ0; . . . ; weak-

CðBE 0
n
Þ0, weak-CðBF 00 Þ 0 topology, respectively. Then W ðBE 0

1
Þ; . . . ;WðBE 0

n
Þ,

W ðBF 00 Þ as well as WðBE 0
1
Þ � � � � �WðBE 0

n
Þ �W ðBF 00 Þ are compact convex

216 X. Mujica



subsets. For any finite family of elements xi1; . . . ; xim a Ei, i ¼ 1; . . . ; n and func-

tionals b1; . . . ; bm a F 0 the equation

fðm1; . . . ; mn; mnþ1Þ

:¼
Xm
j¼1

n��bj�Sðx1j; . . . ; xnjÞ���p

� sp

ð
BE 0

1

. . .

ð
BE 0

n

ð
BF 00

ja1ðx1Þ . . . anðxnÞbðbÞjp dmnþ1ðbÞ dmnðanÞ . . . dm1ða1Þ
o

defines a real continuous convex function f onW ðBE 0
1
Þ � � � � �W ðBE 0

n
Þ �W ðBF 00 Þ.

Choose a10 a BE 0
1
; . . . ; an0 a BE 0

n
and b0 a BF 00 such that

sup
nXm

j¼1

ja1ðx1jÞ . . . anðxnjÞbðbjÞjp : kaik; kbka 1
o

¼
Xm
j¼1

ja10ðx1jÞ . . . an0ðxnjÞb0ðbjÞj
p:

If d1ða10Þ; . . . ; dnðan0Þ; dnþ1ðb0Þ denote the Dirac measures at a10; . . . ; an0, b0 re-

spectively, then we have

f
�
d1ða10Þ � � � � � dnðan0Þ � dnþ1ðb0Þ

�
¼
Xm
j¼1

��bj�Sðx1j ; . . . ; xnjÞ���p � spja10ðx1jÞ . . . an0ðxnjÞb0ðbjÞj
p
a 0:

Since the collection F of all functions obtained this way is concave, by the Ky

Fan Lemma 2.2 there exists a measure m1 � � � � � mn � mnþ1 a W ðBE 0
1
Þ � � � � �

W ðBE 0
n
Þ �W ðBF 00 Þ such that fðm1 � � � � � mn � mnþ1Þa 0, for all f a F

simultaneously. In particular, if f is generated by x1; . . . ; xn and b, we have

fðm1 � � � � � mn � mnþ1Þ

¼
n��b�Sðx1; . . . ; xnÞ���p
� sp

ð
BE 0

1

. . .

ð
BE 0

n

ð
BF 00

ja1ðx1Þ . . . anðxnÞbðbÞjp dmnþ1ðbÞ dmnðanÞ . . . dm1ða1Þ
o
:

It follows that��b�Sðx1; . . . ; xnÞ���
as

� ð
BE 0

1

. . .

ð
BE 0

n

ð
BF 00

ja1ðx1Þ . . . anðxnÞbðbÞjp dmnþ1ðbÞ dmnðanÞ . . . dm1ða1Þ
�1=p

: r
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4. n-homogeneous polynomials

Let LðnE;F Þ :¼ LðE; . . .n times;E;FÞ and Sn the set of all permutations over

f1; . . . ; ng. We say T a LðnE;F Þ is a symmetric n-linear mapping if

Tðx1; . . . ; xnÞ ¼ Tðxsð1Þ; . . . ; xsðnÞÞ for all s a Sn; x1; . . . ; xn a E:

We write LsðnE;F Þ for the class of all symmetric n-linear mappings. The set

½LsðnE;FÞ; k � k� is closed in ½LðnE;FÞ; k � k� (see [2], Proposition 1, p. 2). The

symmetrization n-linear mapping

s : LðnE;F Þ ! LsðnE;F Þ;
T 7! Ts;

where

Tðx1; . . . ; xnÞ ¼
1

n!

X
s ASn

Tðxsð1Þ; . . . ; xsðnÞÞ

is a continuous projection (see [2], Proposition 2, p. 3).

We write xn :¼ ðx; . . .n times; xÞ. A continuous n-homogeneous polynomial

P : E ! F is a mapping for which there is some T a LðnE;FÞ such that

PðxÞ ¼ TðxnÞ for every x a E. To denote that T corresponds to P, we will

write T̂T ¼ P. We shall denote by PðnE;F Þ the Banach space of continuous n-

homogeneous polynomials from E into F with respect to pointwise operations

and the norm defined by

kPk :¼ supfkPðxÞk : x a BEg:

Note that kPðxÞka kPk kxkn. The mapping

j : LsðnE;FÞ ! PðnE;F Þ;

T 7! T̂T ;

is a vector space isomorphism and a homeomorphism of the Banach space

LsðnE;FÞ onto PðnE;F Þ (see [2], Proposition 3, p. 4). A continuous polynomial

P from E into F is a mapping P : E ! F for which there are n a N0 and

Pk a PðkE;F Þ, k ¼ 0; 1; . . . ; n, such that P ¼ P0 þ P1 þ � � � þ Pn. We shall de-

note by PðE;F Þ the Banach space of continuous polynomials from E into F ,

and by P the class of all continuous polynomials between arbitrary Banach

spaces. If I is a subset of P we write

IðnE;FÞ :¼ IBPðnE;F Þ:
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All definitions and results valid for n-linear mapping Ln-modules can be trans-

ferred to polynomials via the j mapping just described.

Definition 4.1. Let I be a subclass of P with a Rþ-valued function k � kI such

that the following conditions are satisfied for some 0 < ra 1:

(0) In a I and kInkI ¼ 1 for InðlÞ :¼ ln.

(1) If P1;P2; . . . a IðnE;FÞ and
Pl

k¼1 kPkkrI < l, then P ¼
Pl

k¼1 Pk a
IðnE;F Þ and kPkrIa

Pl
k¼1 kPkkrI.

(2) If Q a Pð1D;EÞ, P a IðnE;FÞ and O a Pð1F ;GÞ, then OPQ a IðnD;GÞ and
kOPQkI a kOk kPkIkQk.

We say that ½I; k � kI� is an r-normed ideal of n-homogeneous polynomials, and

if r ¼ 1, then ½I; k � kI� is a Banach ideal of n-homogeneous continuous

polynomials.

Definition 4.2. Given a n-homogeneous polynomial P a PðnE;FÞ, we shall say

that it is tðp; qÞ-summing if there exists a constant sb 0 such that for all m a N,

xj a E, bj a F 0, j ¼ 1; 2; . . . ;m, we have

�Xm
j¼1

��bj�PðxjÞ���p�1=pas sup
kaka1
kyka1

�Xm
j¼1

jaðxjÞnbjðyÞjq
�1=q

:

By defining the norm kPktðp;qÞ :¼ inf s for the constant that appears in the expres-

sion above, it can be shown that this class of polynomials is an ideal, which we

shall denote by Ptðp;qÞðnE;FÞ. When p ¼ q we write PtðpÞðnE;FÞ and kPktðpÞ re-
spectively and say that it is the ideal of n-homogeneous tðpÞ-summing polyno-

mials from E into F . When p ¼ q ¼ 1 we simply write PtðnE;FÞ, kPkt and speak

of the ideal of n-homogeneous t-summing polynomials from E into F .

Theorem 4.3. A n-homogeneous polynomial P a PðnE;FÞ is tðpÞ-summing if and

only if there exist a constant sb 0 and m a W ðBE 0 � BF 00 Þ, the Borel probability

measures set in BE 0 � BF 00 , such that

��b�PðxÞ���a s
� ð

BE 0�BF 00

jaðxÞnbðbÞjp dmða; bÞ
�1=p

for all x a E; b a F 0:

In this case, kPktðpÞ ¼ inf s.
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Proof. ð(Þ: If the inequality holds, we have

�Xm
j¼1

jbjPðxjÞjp
�1=p

a

nXm
j¼1

h
s
� ð

BE 0�BF 00

jaðxjÞnbðbjÞjp dmða; bÞ
�1=pipo1=p

ðfinite sum )Þ ¼ s
nð

BE 0�BF 00

Xm
j¼1

jaðxjÞnbðbjÞjp dmða; bÞ
o1=p

as
nð

BE 0�BF 00

sup
kaka1
kbka1

Xm
j¼1

jaðxjÞnbðbjÞjp dmða; bÞ
o1=p

¼ s sup
kaka1
kbka1

nXm
j¼1

jaðxjÞnbðbjÞjp
o1=p

:

ð)Þ: Conversely, let P a PtðpÞðnE;F Þ and s ¼ kPktðpÞ. Consider

CðBE 0 � BF 00 Þ 0 with the weak-CðBE 0 � BF 00 Þ topology. Then W ðBE 0 � BF 00 Þ is a

convex compact subset. For any finite family of elements x1; . . . ; xm a E and

functionals b1; . . . ; bm a F 0 the equation

fðmÞ :¼
Xm
j¼1

n
jbjPðxjÞjp � sp

ð
BE 0�BF 00

jaðxjÞnbðbjÞjp dmða; bÞ
o

defines a real convex continuous function f over W ðBE 0 � BF 00 Þ. Choose a0 a BE 0

and b0 a BF 00 such that

sup
nXm

j¼1

jaðxjÞnbðbjÞjp : kak; kbka 1
o
¼
Xm
j¼1

ja0ðx jÞnb0ðbjÞj
p:

If dða0; b0Þ denotes the Dirac measure at ða0; b0Þ, then

f
�
dða0; b0Þ

�
¼
Xm
j¼1

jbjPðxjÞjp � spja0ðx jÞnb0ðbjÞj
p
a 0:

Since the collection F of functions thus obtained is concave, by the Ky Fan

Lemma 2.2, there is a measure m0 a W ðBE 0 � BF 00 Þ such that fðm0Þa 0, for all

f a F simultaneously. In particular, if f is generated by x and b, it follows that

��b�PðxÞ���p � sp

ð
BE 0�BF 00

jaðxÞnbðbÞjp dm0ða; bÞa 0
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and so

��b�PðxÞ���as
� ð

BE 0�BF 00

jaðxÞnbðbÞjp dm0ða; bÞ
�1=p

:

From the above implications we obtain kPktðpÞ ¼ inf s. r

With a similar proof we also have the following:

An n-homogeneous polynomial P a PðnE;F Þ is tðpÞ-summing if and only if

there exist a constant sb 0 and m a WðBE 0 Þ, n a W ðBF 0pÞ sets of Borel probability
measures in BE 0 and BE 0p respectively, such that

bðPðxÞÞjas
�ð

BE 0

ð
BF 0p

jaðxÞnbðbÞjpdnðb ÞdmðaÞ
�1=p

for all x a Ei and b a F 0. In this case, kPktðpÞ ¼ inf s.

Remark 4.4. Recall the following definition (see [1], p. 10): A n-homogeneous

polynomial P a PðnE;F Þ is said to be p-semi-integral; we write P a PsiðpÞðnE;FÞ
if there exist a constant sb 0 and a regular probability measure m a W ðBE 0 Þ such
that

kPðxÞkas
� ð

BE 0

jaðxÞnjp dmðaÞ
�1=p

for all x a E:

Let n be a regular probability measure given by nðCÞ ¼ mðC � BF 00 Þ for each Borel

subset C of BE 0 . If P a PtðpÞðnE;F Þ, then, for every x a E,

jbPðxÞj ¼
��b�PðxÞ���

as
� ð

BE 0�BF 00

jaðxÞnbðbÞjp dmða; bÞ
�1=p

a kbks
� ð

BE 0

jaðxÞnjp dnðaÞ
�1=p

:

It follows that

kPðxÞk ¼ sup
kbka1

jbPðxÞj

a sup
kbka1

kbks
� ð

BE 0

jaðxÞnjp dnðaÞ
�1=p

as
� ð

BE 0

jaðxÞnjp dnðaÞ
�1=p

:

In other words, P is p-semi-integral, ie PtðpÞðnE;FÞJPsiðpÞðnE;F Þ.

5. Examples

Example 5.1. Consider E1, E2, F Banach spaces and fix ak
1 a E1, ak

2 a E2,

yk a F , ak
1 ; a

k
2 ; y

k A 0 for k ¼ 1; . . . ;M. Then a finite type mapping S a
Lf ðE1;E2;F Þ,
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S : E1 � E2 ! F ;

ðx1; x2Þ 7!
XM
k¼1

ak
1 ðx1Þak

2 ðx2Þyk;

is a tðp; qÞ-summing 2-linear mapping for all 1a qa p with kSktðp;qÞaPM
k¼1 kak

1 k kak
2 k kykk. We have

�Xm
j¼1

jbjSðx1j; x2jÞjp
�1=p

¼
�Xm

j¼1

���XM
k¼1

ak
1 ðx1jÞak

2 ðx2jÞbjðykÞ
���p�1=p

a
XM
k¼1

�Xm
j¼1

��ak
1 ðx1jÞak

2 ðx2jÞbjðykÞ
��p�1=p

¼
XM
k¼1

 
kak

1 k kak
2 k kykk

 Xm
j¼1

ak
1

kak
1 k

ðx1jÞ
ak
2

kak
2 k

ðx2jÞbj
yk

kykk

� �����
����
p
!1=p!

a
XM
k¼1

�
kak

1 k kak
2 k kykk sup

kaika1
kyka1

�Xm
j¼1

���a1ðx1jÞa2ðx2jÞbjðyÞ���p�1=p�

a

�XM
k¼1

kak
1 k kak

2 k kykk
�

sup
kaika1
kyka1

�Xm
j¼1

��a1ðx1jÞa2ðx2jÞbjðyÞ��q�1=q

ðqa p ) k � kpa k � kqÞ:

Example 5.2. A mapping S a LðE1;E2;FÞ is said to be nuclear if it admits a rep-

resentation S ¼
Pl

k¼1 a1k n a2k n yk with s ¼
Pl

k¼1 ka1kk ka2kk kykk < l and

norm kSkN ¼ inf s, with the infimum taken over all possible representations.

Suppose a1k; a2k; yk A 0 for all k a N. So we have

�Xm
j¼1

jbjSðx1j; x2jÞjp
�1=p

¼
�Xm

j¼1

���Xl
k¼1

a1kðx1jÞa2kðx2jÞbjðykÞ
���p�1=p

¼

0
@Xm

j¼1

Xl
k¼1

ka1kk
a1k

ka1kk
ðx1jÞka2kk

a2k

ka2kk
ðx2jÞkykkbj

yk

kykk

� ������
�����
p
1
A
1=p
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a
Xl
k¼1

0
@Xm

j¼1

ka1kk
a1k

ka1kk
ðx1jÞka2kk

a2k

ka2kk
ðx2jÞkykkbj

yk

kykk

� �����
����
p
1
A
1=p

a
Xl
k¼1

0
@ka1kk ka2kk kykk

0
@Xm

j¼1

a1k

ka1kk
ðx1jÞ

a2k

ka2kk
ðx2jÞbj

yk

kykk

� �����
����
p
1
A
1=p1
A

a

�Xl
k¼1

ka1kk ka2kk kykk
�

sup
kaika1
kyka1

�Xm
j¼1

ja1ðx1jÞa2ðx2jÞbjðyÞjp
�1=p

:

Thus S is tðpÞ-summing and kSktðpÞa kSkN .

Example 5.3. Recall that an n-linear mapping S a LðE1; . . . ;En;F Þ is p-semi-

integral (see [1], p. 10) if there exist a constant sb 0 and a regular probability

measure m a W ðBE 0
1
� � � � � BE 0

n
Þ such that

kSðx1; . . . ; xnÞkas
� ð

BE 0
1
�����BE 0

n

ja1ðx1Þ . . . anðxnÞjp dmða1; . . . ; anÞ
�1=p

for all xi a Ei. We write S a LsiðpÞðE1; . . . ;En;F Þ and its norm is given by

kSksiðpÞ ¼ inf s, where the infimum is taken on the above inequality. Let n be a

regular probability measure over BE 0
1
� � � � � BE 0

n
such that nðCÞ ¼ mðC � BF 00 Þ

for each C Borel subset of BE 0
1
� � � � � BE 0

n
. If S a LtðpÞðE1; . . . ;En;F Þ, then by 3.5,

jbSðx1; . . . ; xnÞj

a kSktðpÞ
� ð

BE 0
1
�����BE 0

n
�BF 00

ja1ðx1Þ . . . anðxnÞbðbÞjp dmða1; . . . ; an; bÞ
�1=p

a kSktðpÞ
� ð

BE 0
1
�����BE 0

n
�BF 00

ja1ðx1Þ . . . anðxnÞjpkbkpkbkp
dmða1; . . . ; an; bÞ

�1=p

a kbk kSktðpÞ
� ð

BE 0
1
�����BE 0

n

ja1ðx1Þ . . . anðxnÞjp dnða1; . . . ; anÞ
�1=p

;

for all xi a Ei. So

kSðx1; . . . ; xnÞk ¼ sup
kbka1

jbSðx1; . . . ; xnÞj

a kSktðpÞ
� ð

BE 0
1
�����BE 0

n

ja1ðx1Þ . . . anðxnÞjp dnða1; . . . ; anÞ
�1=p

for all xi a Ei, i.e., S is p-semi-integral and kSksiðpÞa kSktðpÞ. Observe that if

F ¼ K, we also have that LsiðpÞðE1; . . . ;En;KÞJLtðpÞðE1; . . . ;En;KÞ: If dð1Þ a
W ðBKÞ stands for the Dirac measure at 1 a BK 00 , then
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jbSðx1; . . . ; xnÞj

a kbk kSksiðpÞ
� ð

BE 0
1
�����BE 0

n

ja1ðx1Þ . . . anðxnÞjp dnða1; . . . ; anÞ
�1=p

a

� ð
BK 00

jbðbÞjp ddð1ÞðbÞ
�1=p

kSksiðpÞ

�
� ð

BE 0
1
����E 0

n

ja1ðx1Þ . . . anðxnÞjp dnða1; . . . ; anÞ
�1=p

a kSksiðpÞ
� ð

BE 0
1
�����BE 0

n
�BK 00

ja1ðx1Þ . . . anðxnÞjpjbðbÞjp dðn� dð1ÞÞða1; . . . ; an; bÞ
�1=p

:

Since ðn� dð1ÞÞ a W ðBE 0
1
� � � � � BE 0

n
� BK 00 Þ it follows that S is tðpÞ-summing

and kSksiðpÞ ¼ kSktðpÞ.

Example 5.4. A n-linear mapping S is p-dominated if and only if there exist a

constant sb 0 and probability measures mi a W ðBE 0
i
Þ ði ¼ 1; . . . ; nÞ such that

kSðx1; . . . ; xnÞka s
� ð

BE 0
1

. . .

ð
BE 0

n

ja1ðx1Þ . . . anðxnÞjp dmnðanÞ . . . dm1ða1Þ
�1=p

for all x1 a E1; . . . ; xn a En, in which case kSkdðpÞ ¼ inf s (see 3.2 in [3], p. 12).

Let mi a W ðBE 0
i
Þ and mnþ1 a WðBF 00 Þ be regular probability measures over

BE 0
i
ði ¼ 1; . . . ; nÞ and BF 00 , respectively. If S a LtðpÞðE1; . . . ;En;F Þ, then by 2

jbSðx1; . . . ; xnÞj

a kSktðpÞ
� ð

BE 0
1

. . .

ð
BE 0

n

ð
BF 00

ja1ðx1Þ . . . anðxnÞbðbÞjp dmnþ1ðbÞ dmnðanÞ . . . dm1ða1Þ
�1=p

a kSktðpÞ
� ð

BE 0
1

. . .

ð
BE 0

n

ð
BF 00

ja1ðx1Þ . . . anðxnÞkbk kbkjp dmnþ1ðbÞ

� dmnðanÞ . . . dm1ða1Þ
�1=p

a kbk kSktðpÞ
� ð

BE 0
1

. . .

ð
BE 0

n

ja1ðx1Þ . . . anðxnÞjp dmnðanÞ � � � dm1ða1Þ
�1=p

for all xi a Ei. So

kSðx1; . . . ; xnÞk ¼ sup
kbka1

jbSðx1; . . . ; xnÞj

a kSktðpÞ
� ð

BE 0
1

. . .

ð
BE 0

n

ja1ðx1Þ . . . anðxnÞjp dmnðanÞ . . . dm1ða1Þ
�1=p
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for all xi a Ei, i.e., S is p-dominated with kSkdðpÞa kSktðpÞ. Observe that if

F ¼ K, we also have that LdðpÞðE1; . . . ;En;KÞJLtðpÞðE1; . . . ;En;KÞ: If dð1Þ a
W ðBK 00 Þ stands for the Dirac measure at 1 a BK 00 , then

jbSðx1; . . . ; xnÞj

a kbk kSkdðpÞ
� ð

BE 0
1

. . .

ð
BE 0

n

ja1ðx1Þ . . . anðxnÞjp dmnðanÞ . . . dm1ða1Þ
�1=p

a

� ð
BK 00

jbðbÞjp ddð1ÞðbÞ
�1=p

kSkdðpÞ

�
� ð

BE 0
1

. . .

ð
BE 0

n

ja1ðx1Þ . . . anðxnÞjp dmnðanÞ . . . dm1ða1Þ
�1=p

a kSkdðpÞ
�ð

BE 0
1

. . .

ð
BE 0

n

ð
BK 00

ja1ðx1Þ . . . anðxnÞbðbÞjp ddð1ÞðbÞ dmnðanÞ . . . dm1ða1Þ
�1=p

:

By 3.6, S is tðpÞ-summing and kSkdðpÞ ¼ kSktðpÞ. In other words,

S a LðE1; . . . ;En;KÞ is p-dominated if and only if it is tðpÞ-summing.

Example 5.5. Recall that a mapping S a LðE1;E2;FÞ is said to be approximable

if there exists a sequence Sk a Lf ðE1;E2;F Þ such that for all e > 0 there is Ke such

that kS � Skka e whenever kbKe. For 1a qa p, by 5.1, for each k ¼ 1; 2; . . .
there exist constants sk such that

�Xm
j¼1

jbjSkðx1j; x2jÞjp
�1=p

ask sup
kaika1
kyka1

�Xm
j¼1

ja1ðx1jÞa2ðx2jÞbjðyÞjq
�1=q

(for all k ¼ 1; 2; . . .) holds for all m a N, xij a Ei, bj a F 0 and j ¼ 1; 2; . . . ;m.

Given e, choose kbKe to obtain that

�Xm
j¼1

jbjSðx1j; x2jÞjp
�1=p

a

�Xm
j¼1

jbjðS � SkÞðx1j; x2jÞjp
�1=p

þ
�Xm

j¼1

jbjSkðx1j ; x2jÞjp
�1=p

a

�Xm
j¼1

ðkbjk kS � Skk kx1jk kx2jkÞp
�1=p

þ
�Xm

j¼1

jbjSkðx1j; x2jÞjp
�1=p

a e
�Xm

j¼1

ðkbjk kx1jk kx2jkÞp
�1=p

þ sk sup
kaika1
kyka1

�Xm
j¼1

ja1ðx1jÞa2ðx2jÞbjðyÞjq
�1=q

:
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If the limit limk!l sk exists and is finite, it follows that S is tðp; qÞ-summing, and

kSktðp;qÞa limk!l sk.

Analogous examples can be given for polynomials.
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