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Every strict sum of cubes in F4[7] is a strict sum of 6 cubes

Luis H. Gallardo

(Communicated by Arnaldo Garcia)

Abstract. It is easy to see that an element P(7) € F4[7] is a strict sum of cubes if and only if
P(1) € M(4) where

M(4) = {P(1) € F4[t] | P(r) € {0, 1} for all r € F4 and such that either 3 does
not divide deg(P(7)), or 3 does divide deg(P(7)) and P(7) is monic}.

We say that P(¢) is a “strict” sum of cubes A;(1)* +--- + A_q(t)3 if deg(A4?) < deg(P) + 3
for each i, and we define g(3, F4[7]) as the least g such that every element of M (4) is a strict
sum of g cubes. The main result is that

93, Fa[1]) < 6.

This improves an earlier result of the author that g(3, F4[¢]) < 9.
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1. Introduction

Let F, be a finite field of characteristic 2 with ¢ elements. It is easy to identify the
set M(g) of polynomials P € [F,[¢] that are strict sums of cubes. When ¢ > 4 the
set M (q) is the entire ring F,[f]. For g =4 the set M(q) consists of polynomials
P € F4[t] for which P(r) lies in [, for every r € [Fy4, and such that either 3 does not
divide deg(P) or 3 divides deg(P) and P is monic. Finally M (2) is the set of
P e F>[f] such that P=0or P =1 (mod > + ¢+ 1); see [3].

Let v(3,F,[#]) = v > 0 be the minimal integer such that every P that is a sum of
cubes is a sum of v cubes. In 1933, see [6], [7], Paley proved that

v(3,F,[1) <5
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for ¢ € {2,4}. Later, in [8], Vaserstein improved the result for ¢ = 2 to
(3, [Fz[l]) <4

The actual value of v(3, F,[#]) for g € {2,4} is unknown.

An analogue over F,[7] of Waring’s problem for cubes over the integers is that
every P € M(q) is a strict sum of g cubes, with ¢(3,F,[7]) = g > 0 minimal. This
means that

deg(4°) < deg(P) + 3

when P = A3 + - - - is written as a sum of cubes. We may re-write this condition as

deg() <| 50|

where [«] is defined as min{n € Z |n > «}. Notice that one can never write P as a
sum of cubes with deg(A4) < [deg(P)/3], so that the condition for a strict sum of
cubes imposes the tightest possible constraint on the size of deg(A).

We may also let ¢(3,F,[f]) = ¢ >0 be the minimal integer such that every
P e M(q) that is a strict sum of cubic forms ®(X,Y) = XY (X + Y) is a strict
sum of ¢ cubic forms ®(X,Y) = XY (X + Y). This means that

deg(4°®) < deg(P) +3, deg(B®) < deg(P) + 3,
when P= AB(A+ B) +--- is written as a sum of cubic forms ®(X,Y) =
XY(X +Y).
It is known that for ¢ = 2 and for ¢ = 4 one has

4<g(3,F,[) <9;

see [3]. These results are essentially based on some identities of Paley; see [6].
It is also known that for even ¢ such that ¢ ¢ {2,4,16} one has

c(3,F,[1]) < 5;

see [2].
Recently, in [4], the author together with D. R. Heath-Brown proved that

5<9(3,F[1]) <6

for ¢ = 2 by using some simple identities in a new way. The same method cannot
help very much for ¢ = 4 since it is really tailored for g = 2.
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However, using a slight variant of the method we succeeded recently in extend-
ing the result to ¢ =4. Moreover, we obtained immediately upper bounds for
the representation of all possible polynomials as strict sums of cubic forms
®(A4,B) = AB(A + B).

More precisely, the main object of this paper is to prove

g(3, Fa[t]) < 6; (1)

see Corollary 1.
From this follows immediately that

c(3,Falf]) < 3; (2)

see Proposition 1.
The same method of proof gives immediately a result that completes earlier
work of the author: We have

c(3,F,[1) <35 (3)

see Proposition 3.
Using some results in [1] it is straightforward to obtain also

(3, k1) <4, (4)

when ¢ > 4 is of the form ¢ = 2%" for some positive integer n > 1; see Proposition
2.

The problem of giving non-trivial lower bounds (i.e. >2) for our functions ¢
and c is not easy for general ¢. Even for a fixed small value of ¢ to get a non-
trivial lower bound may require some substantial computations (with computers)
to be done. Also note that, unfortunately, our method does not allow us to im-
prove the bound ¢(3, F,[7]) < 7 which holds even for ¢ > 16 (see [3], Introduction,
or [1], Theorem 1).

Some applications to the problem of the strict representation of a polynomial
P as

P=A>+ A+ BC

(see [5]) are also included. See Proposition 4.

The new idea used to obtain the main result of this paper arises from a refine-
ment of the (trivial) observation that every element of [, is a square when ¢ is
even.

We denote by « a root of the polynomial 7> + ¢ + 1 in a fixed algebraic closure
of F, so that F4y = F»[a].

All rings are assumed commutative and with 1.
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2. Identities and descent

The following lemmas are crucial to obtain our main results. First of all we intro-
duce some notation.

Lemma 1. Let B be a ring of characteristic 2. Let R = Blt] be the polynomial ring
in one indeterminate t over B. Let L : R — R be defined by L(y) = y> + y, and let
C: R — R be defined by C(r) = rt(r+t). Then L and C are Fy-linear functions.

Secondly, using the same notations as in Lemma 1 we present two simple iden-
tities that hold when every element of the ground ring B is a perfect square (i.e.,
when B is perfect).

Lemma 2. Let B be a perfect ring of characteristic 2. Let R = Blt] be the polyno-
mial ring in one indeterminate t over B. Let a € B be written as a = s> with s € B,
and let n > 0 be a non-negative integer. One has
at™ = (at® + st") + st" = L(st") + st", (5)
and
at?* ! = (st") 21 4 (st")1* + st"2 = C(s1") + 51", (6)
Let us recall the following identities.
Lemma 3. Let B be a perfect ring of characteristic 2. Let R = Blt] be the polyno-
mial ring in one indeterminate t over B. Let y,r € R. Then:
@) V¥ +y=0+1) +y + 1
(ii) If B contains Fy then y*+y = (y+a)’ + (y+a+1)°.
(iii) re(r+1) = (r41)° +r + 1.
(iv) If B contains Fy then ri(r + 1) = (r+ ta)® + (r + 1 + 10)°.
)

(v) Assume that B contains F4 then we may rewrite (iv) as
3.3 0
P+’ =cd(c+d),

where ¢ =ro> + y and d = r + o*y.
(vi) If B contains F4 then y* = y(oy)(y + ay).

The following is a simple but useful lemma:

Lemma 4. Let B be a perfect ring of characteristic 2. Let R = Blt] be the polyno-
mial ring in one indeterminate t over B. Let r € R be an element of R.
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Then
rt(r 4 1) + £ = (r + ta)t(r + to + 1). (7)
Our first result (for the case ¢ = 2 see also [4], Proposition 1b)) is

Lemma 5. Let n> 0 be a positive integer. Let q=2" and let P e F,[t] be a
polynomial. Then there exist a,b,c € F, and A, Q € F,[t| such that

P=A>+A+QU(Q+1)+at’ +bt+c (8)

where

max{deg(4?),deg(Q%t)} < deg(P).

Proof. 1f deg(P) < 3 we choose 4 = Q = 0. If deg(P) > 3, the claim follows by
induction from the reduction formulae of Lemma 2 used to remove the leading
term of P together with the addition properties proved in Lemma 1. More pre-
cisely, we can collect all terms containing the function L, and by doing the same
for all terms where the function C appears we obtain the result. O

Now (recall that L(y) = y* + y) it follows a lemma concerning membership in
M (4) of polynomials of small degree.

Lemma 6. Let a,b,c,d € Fy such that K(t) = ct® + dt*> + at + b is a sum of cubes.
One has: If d = 0 then

(i) K(t)=1>or K(t) =1>+ 13 or
(i) K(1) = 1% or K(1) = 0%,

Ifd # 0 and ¢ # 0 then

(i) K@) =P +L(t)=(t+ 1)+ 13 or K(t) =2 + L))+ 1 = (t+1)* or

(iv) K(£) =+ L(at) = (ar + 1)° + 13 or K(1) = 3 + L(at) + 1 = (azr + 1)° or
(V) K(1) = 83+ L(o2%1) = (02t + 1> + 13 or K (1) = £ + L(o%1) + 1 = (o2t + 1),

Ifd # 0 and ¢ = 0 then

(Vi) K(f) = L(t) = (t+ )’ + (t+a+ 1)’ or K@) = L(t) + 1 = 1+ 1)* + £ or
(vil) K() = L(at) = (1 +1)° + (1 + ) or K(t) = L(at) + 1 (ocl+1)3+t30r
t

(viii)}() L) = (t+ 17 + (t+ o+ 1) or K(t) = L(«2) + 1 = (2t + 1)+
.

(ix) K(¢) is a strict sum of 2 cubes.
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Proof. The proof of parts (i) to (viii) is clear from Lemma 3, the definition of L
and the fact that the only sums of cubes in F4 are 0 and 1. Part (ix) follows from

parts (i) to (viii). 0

We are ready to present our descent results. First of all a descent lemma for
cubes:

Lemma 7. Let n > 1 be an integer. Let g be a power of 2. Let P € M(q) be a
monic polynomial of degree d =3n. Then there exist polynomials A, R € F,|[t]
such that

Proof. Set A =1t"+a,_t""' 4+ --- +ajt + ay with unknown coefficients a; € [y
Now fix any ag € F, and choose @,_1,...,a € F, so that R = P — 4> has degree
at most equal to 2n. This gives a soluble triangular linear system of n — 1 equa-
tions in n — 1 unknowns, and (a), (b) and (c) are proven.

To show (d) set ¢ =4. Take ap = P(0). Choose a,_1,...,a; € F4 as before.
Since P e M(4) it is clear that a € {0, 1}, hence P(0) = ay = aj and so R(0) =
P(0) —a} =0. m

Secondly, we present a descent lemma for cubic forms.

Lemma 8. Let n> 1 be an integer. Let P € F»[t] be a polynomial of degree
d € {3n—1,3n—2}. Then there exist polynomials B, R € F,[t] such that

(a) P=1"B(t"+ B) + R,
(b) deg(B) =n,
(c) deg(R) < 2n.
Proof. Determine the coefficients of B =" + b,_1t"' 4+ --- + by in F, such that

R =P+ t"B(t" + B) be of degree < 2n. This results in a soluble triangular linear
system of n equations with #» unknowns. O

3. Main results

We are now ready to present our key result.
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Theorem 1. Any polynomial P € M(4) with deg(P) a multiple of 3 is a strict sum
of 5 cubes.

Proof. Suppose that deg(P) = 3n. The case n = 0 is trivial, so assume that n > 1.
If n = 1 then the result follows by part (ix) of Lemma 6. Assume now that n > 2.
Then by Lemma 7 we obtain that P = 4> + R so that we can apply Lemma 5 to R
to get

P=A>+B(B + 1)+ Byt(By + t) + at’ + bt. 9)

It follows that K(¢) = at® + bt is a sum of cubes. So, by Lemma 6(i) or (ii), we
geta € {0,1} and » = 0. By (7) in Lemma 4 we have

S = Byt(By + 1) + at’ + bt = (By + ta)t((By + ta) + 1).

ifa=1,and S = Byt(Br+ 1) ifa=0.

Thus, by Lemma 3(ii), B;(B; + 1) is a sum of 2 cubes. Moreover, Lemma 3(iv)
implies that S equals a sum of 2 cubes.

It follows that P is a strict sum of 5 cubes. O

Corollary 1. Any polynomial P € M(4) is a strict sum of 6 cubes.

Proof. This follows from Theorem 1 when deg(P) = 3n. If deg(P)=3n—1 or
3n — 2 one applies Theorem 1 to P — #*". O

Proposition 1. Any polynomial P e M(4) is a strict sum of 3 cubic forms
DX, Y)=XY(X + Y).

Proof. This follows from Corollary 1 together with the formula in part (v) of
Lemma 3. More precisely, the formula shows that a sum of 2 cubes requires
only 1 cubic form ®(X, 7). O

More generally we have the following result.

Proposition 2. Let n > 1 be an integer. Any polynomial P € Fyult] is a strict sum
of 4 cubic forms ®(X,Y) = XY (X + Y).

Proof. Set ¢ =2%". Observe that every polynomial in [,[7] is a strict sum of 7
cubes when g # 16 and that every polynomial in Fj¢[f] is a strict sum of 8 cubes;
see [1], Theorem 1. Thus the result follows from the formulae in (v) and (vi) of
Lemma 3. The former formula shows that a sum of 2 cubes requires two cubic
forms to be represented. The latter formula shows that one cube requires only
one cubic form to be represented. O
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Now we study representations by cubic forms ®(X,Y)= XY (X + Y) for
q=2.

Observe (see [4]) that for ¢ =2 the set S of sums of cubic forms ®(X,Y) =
XY (X + Y) is the following subset of M(2):

S={PeMQ)|(>+1)|P}. (10)

Take P € S. Using Lemma 8 together with Lemma 8 we obtain the strict de-
composition

P=AB(A+ B) + A} + Ay + Bit(By + t) + at’ + bt + ¢,

where a, b, ¢ € [, and we may take 4 = 0 when d = deg(P) < 4. But since 4 = ¢"
is a positive power of ¢ for d > 4, the condition P € S forces ¢ = P(0) = 0 and also
a+ b= P(1) = 0. Finally, using Lemma 3(iii) observe that that CD(C + D) takes
values 0, 1if t = «. So ao® + b+ P(a) € {0,1}, i.e., a + ba € [, but this forces
b=0. Hencea=b=c=0.

This proves

Proposition 3.

(3, Fa2]]) < 3.

Now we present a couple of applications of Lemma 5.
In [5] it was asked to give explicit strict representations of P € [F,[#], ¢ even, in
the form

P=A>+ A+ BC.

This question may have some interest since using an indirect method of Serre
we were able to prove the existence of such representations, with some exceptions
when ¢ € {2,4}; see [5]. The answer seems to be non-trivial. It may also have
some interest to construct some algorithm which computes the values of 4, B, C
for given P as above.

We can now address the latter question in the cases where ¢ € {2,4} by con-
structing infinite subsets of polynomials in M (2) (respectively in M (4)) for which
we can compute in finite time values of 4, B, C as above for every P that is a
member of such subsets.

Proposition 4. Let
Sy ={PeMQ2)[P0)=0=P()},

and let

Sy = M(4).
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Then:
(a) Every P € S, has a computable strict representation as P = A*> + A + BC.
(b) Every P € Sy has a computable strict representation as P = A> + A + BC.
(c) Sy and Sy are infinite.

Proof. The sets Sy and S, both contains 7"(*" + 1) for all n > 0, so they are
infinite. This proves (c).
From Lemma 5 we have a strict decomposition

P=A>4+ A+ Bt(B+1t)+at® +bt+c (11)

for some a, b, c € F, with g € {2,4}. Assume that P € S;. Since P(0) € F», we de-
duce from (11) that ¢ € {0,1}. If ¢ =1 =o(o+ 1) then we replace 4 by A + a.
So we may assume that ¢ = 0. From (11) we obtain that ar® + bt + ¢ € M(4), so
by Lemma 6(i) or (ii), one has » =0 and a € {0,1}. If @ =0 then (11) gives the
desired result since a = b =c¢=0. If a =1 then we recall from (7) in Lemma 4
that

Bt(B+1) + 1> = (B+ to)t(B + to + 1).

Thus (11) gives the desired representation, i.e., we have proved (b).

Now for ¢ =2, i.e., for P € Sy, observe that S, = S as defined in (10). The
proof of Proposition 3 applies here to show that « = b = ¢ = 0, so that we obtain
the assertion. This shows (a), and the proof is finished. O
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