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Abstract. By means of bivariate inverse series relations, we review several bivariate classi-
cal hypergeometric series transformation formulae and establish their q-analogues.
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1. Introduction and motivation

For a complex number x and a natural number n, denote the shifted factorial by

ðxÞ0 ¼ 1 and ðxÞn ¼ xðxþ 1Þ . . . ðxþ n� 1Þ with n ¼ 1; 2; . . . :

Following Bailey [1], the hypergeometric series in variable z is defined by

1þlFl

a0; a1; . . . ; al
b1; . . . ; bl

����z
� �

¼
Xl
n¼0

ða0Þnða1Þn . . . ðalÞn
n!ðb1Þn . . . ðblÞn

zn;

where faig and fbjg are complex parameters such that no zero factors appear in

the denominators of the summands on the right-hand side. If one of the numera-

tor parameters fakg is a negative integer, then the series terminates, which reduces

to a polynomial in z.

Similarly, we have the basic hypergeometric series, called q-series briefly. Ac-

cording to Bailey [1] and Slater [9], it reads as

1þlFl
a0; a1; . . . ; al

b1; . . . ; bl

����q; z
� �

¼
Xl
n¼0

ða0; qÞnða1; qÞn . . . ðal; qÞn
ðq; qÞnðb1; qÞn . . . ðbl; qÞn

zn;

where the q-shifted factorial is defined by



ðx; qÞ0 ¼ 1 and ðx; qÞn ¼
Yn�1

k¼0

ð1� qkxÞ with n ¼ 1; 2; . . . :

For the sake of brevity, we write

½a; b; . . . ; c; q�n :¼ ða; qÞnðb; qÞn . . . ðc; qÞn:

The 1þlFl-series is well defined, provided that no zero factors appear in the de-

nominator on the right-hand side, i.e., none of the denominator parameters

fbkgl
k¼1 has the form q�m with m a N0. When ai and bj are replaced respectively

by their q-exponential functions qai and qbj , then the 1þlFl-series will become the

classical 1þlFl-series as q ! 1 under term by term limit.

From their work on integrals involving products of Laguerre polynomials, Lee

et al. [6], Eq. 39, found the following interesting bivariate hypergeometric series

transformation associated with the Kampé de Fériet function:

Xl
i; j¼0

ðaÞiþjðbÞiþj

ðaþ bÞiþj

ðcþ c 0 � 1Þiþj

ðcÞiðc 0Þj
fxð1� yÞg i

i!

fyð1� xÞg j

j!

¼
Xl
i; j¼0

ðcþ c 0 � 1Þiþj

ðaþ bÞiþj

ðaÞiðbÞi
ðcÞi

ðaÞjðbÞj
ðc 0Þj

xi

i!

y j

j!
:

A detailed proof can be found in Karlsson et al. [5], §2, where several transforma-

tion and reduction formulae are derived by means of integral representations for

the Kampé de Fériet function. Most of these results have subsequently been

reviewed through a combination of the formal power series method and a series

rearrangement by Chu and Srivastava [3], who succeeded also in establishing q-

analogues. In the same paper, Chu and Srivastava [3], Theorem 2, generalized a

fundamental result due to Karlsson et al. [5], Eq. 1.12, with two extra parameters,

but failed to figure out its q-analogue with the same approach.

Motivated by this intriguing fact, we find that the bivariate inverse series rela-

tions can be employed not only to establish the desired q-analogue, but also to

derive several other transformations for bivariate hypergeometric series. The

main body of the paper will be divided into two parts. In the next section, we shall

present new proofs of four main theorems due to Chu–Srivastava [3], Theorem

2, Lievens–Jeugt [7], Eqs. 11a and 11b, and Singh [8], Eq. 1.2. Then their q-

analogues will be presented in the last section.
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2. Bivariate hypergeometric series transformations

We first consider transformation formulae for bivariate hypergeometric series with

the help of the double inverse series relations [2]

f ðm; nÞ ¼
Xm
i¼0

Xn

j¼0

ð�1Þ iþj m

i

� �
n

j

� �
gði; jÞ; ð1aÞ

gðm; nÞ ¼
Xm
i¼0

Xn

j¼0

ð�1Þ iþj m

i

� �
n

j

� �
f ði; jÞ; ð1bÞ

which can be easily verified with the help of the binomial theorem.

2.1. Generalizing the transformation formula of Kampé de Fériet functions due

to Karlsson et al. [5], Eq. 1.12, Chu and Srivastava found the following result.

Theorem 1 (Chu–Srivastava [3], Theorem 2).

Xm
{¼0

Xn

|¼0

ðaÞ{þ|ðbÞ{þ|ðcþ c 0 � 1Þ{þ|

ðaþ bÞ{þ|ðeÞ{þ|ðe 0Þ{þ|

ð�mÞ{ðe 0 þ nÞ{
{!ðcÞ{

ð�nÞ|ðeþmÞ|
|!ðc 0Þ|

ð2aÞ

¼
Xm
i¼0

Xn

j¼0

ðcþ c 0 � 1Þiþj

ðaþ bÞiþj

ð�mÞiðaÞiðbÞi
i!ðcÞiðeÞi

ð�nÞjðaÞjðbÞj
j!ðc 0Þjðe 0Þj

: ð2bÞ

This theorem can be shown alternatively by applying the double inverse series

relations to the following closed double sum. The interested reader may write

down the details as an exercise following the procedure exhibited in Sections 2.2–

2.4.

Lemma 2 (Closed double sum).

Xm
i¼0

Xn

j¼0

m� i � j � 1

m� i

� �
n� i � j � 1

n� j

� � ðaÞiþjðbÞiþj

ðaþ bÞiþj

ðcþ c 0 � 1Þiþj

i!ðcÞi j!ðc 0Þj

¼ ðaÞmðbÞm
m!ðcÞm

ðaÞnðbÞn
n!ðc 0Þn

ðcþ c 0 � 1Þmþn

ðaþ bÞmþn

:

Sketch of the proof. For the double sum displayed in the lemma, we can first in-

vert the summation order by the replacements i ! m� i and j ! n� j, then re-

formulate it by letting k :¼ i þ j, and finally reduce it to the closed expression by

appealing successively to the Chu–Vandermonde summation theorem (cf. Bailey

[1], §1.3) and the Pfa¤–Saalschütz summation formula (cf. Bailey [1], §2.2). r
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2.2. By using twice the Chu–Vandermonde summation theorem, it is not di‰cult

to evaluate the following double sum

Xm
r¼0

Xn

s¼0

ð�1Þrþs m

r

� �
n

s

� �
ðd � bÞrðbÞs

ðdÞrþs

¼ ðbÞmðd � bÞn
ðdÞmþn

:

Multiplying both sides by
ðaÞmða 0Þn
ðcÞmðc 0Þn

, we may reformulate it as follows:

ðaÞmðbÞmða 0Þnðd � bÞn
ðdÞmþnðcÞmðc 0Þn

¼
Xm
r¼0

Xn

s¼0

ð�mÞrðaÞrðd � bÞr
r!ðcÞrðdÞrþs

ð�nÞsða 0ÞsðbÞs
s!ðc 0Þs

� ðaþ rÞm�rða 0 þ sÞn�s

ðcþ rÞm�rðc 0 þ sÞn�s

:

Replacing the last factorial fraction by the Chu–Vandermonde sums

ðaþ rÞm�rða 0 þ sÞn�s

ðcþ rÞm�rðc 0 þ sÞn�s

¼ 2F1
�mþ r; c� a

cþ r

����1
� �

2F1
�nþ s; c 0 � a 0

c 0 þ s

����1
� �

¼
Xm�r

i¼0

Xn�s

j¼0

ð�mþ rÞiðc� aÞi
i!ðcþ rÞi

ð�nþ sÞjðc 0 � a 0Þj
j!ðc 0 þ sÞj

and then interchanging the summation order, we get

ðaÞmðbÞmða 0Þnðd � bÞn
ðdÞmþnðcÞmðc 0Þn

¼
Xm
i¼0

Xn

j¼0

ð�1Þ iþj m

i

� �
n

j

� � ðc� aÞiðc 0 � a 0Þj
ðcÞiðc 0Þj

�
Xi

r¼0

Xj

s¼0

ð�1Þrþs i

r

� �
j

s

� �
ðaÞrðd � bÞrða 0ÞsðbÞs

ðdÞrþsð1þ a� c� iÞrð1þ a 0 � c 0 � jÞs
:

In view of (1a)–(1b), its dual relation recovers the following result.

Theorem 3 (Transformation formula, [8], Eq. 1.2).

ðcÞmðc 0Þn
ðc� aÞmðc 0 � a 0Þn

Xm
i¼0

Xn

j¼0

ð�mÞiðaÞiðbÞi
ðdÞiþj i!ðcÞi

ð�nÞjða 0Þjðd � bÞj
j!ðc 0Þj

¼
Xm
i¼0

Xn

j¼0

ð�mÞiðaÞiðd � bÞi
ðdÞiþj i!ð1þ a� c�mÞi

ð�nÞjða 0ÞjðbÞj
j!ð1þ a 0 � c 0 � nÞj

:
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2.3. Similarly, we have the following almost trivial double summation formula:

Xm
r¼0

Xn

s¼0

ð�1Þrþs m

r

� �
n

s

� �
ðc� d � nÞrðb 0 � a 0Þs

ðcÞrðb 0Þs
¼ ðd þ nÞmða 0Þn

ðcÞmðb 0Þn
:

Then multiplying across by
ðaÞmðdÞn

ðbÞmð1þd�cÞn
, we may restate it as follows:

ðaÞmða 0ÞnðdÞmþn

ðbÞmðcÞmðb 0Þnð1þ d � cÞn
¼

Xm
r¼0

Xn

s¼0

ð�mÞrðaÞr
r!ðbÞrðcÞr

ð�nÞsðdÞsðb 0 � a 0Þs
s!ðb 0Þs

� ðaþ rÞm�rðd þ sÞn�sðc� d � nÞr
ðbþ rÞm�rð1þ d � cÞn

:

Replacing the last fraction by the following double sum

ðaþ rÞm�rðd þ sÞn�sðc� d � nÞr
ðbþ rÞm�rð1þ d � cÞn

¼ ðc� d � sÞr
ð1þ d � cÞs

2F1
�mþ r; b� a

bþ r

����1
� �

2F1
�nþ s; 1� c� r

1þ d � cþ s� r

����1
� �

¼ ðc� d � sÞr
ð1þ d � cÞs

Xm�r

i¼0

Xn�s

j¼0

ð�mþ rÞiðb� aÞi
i!ðbþ rÞi

ð�nþ sÞjð1� c� rÞj
j!ð1þ d � cþ s� rÞj

and then interchanging the summation order, we get

ðaÞmða 0ÞnðdÞmþn

ðbÞmðcÞmðb 0Þnð1þ d � cÞn
¼

Xm
i¼0

Xn

j¼0

ð�1Þ iþj m

i

� �
n

j

� � ðb� aÞið1� cÞj
ðbÞið1þ d � cÞj

�
Xi

r¼0

Xj

s¼0

ð�iÞrðaÞrðc� d � jÞrð�jÞsðb 0 � a 0ÞsðdÞs
ðc� jÞrþsr!ð1þ a� b� iÞrs!ðb 0Þs

:

According to (1a)–(1b), its dual relation results in the following theorem.

Theorem 4 (Transformation formula, Lievens–Jeugt [7], Eq. 11a).

ðbÞmð1þ d � cÞn
ðb� aÞmð1� cÞn

Xm
i¼0

Xn

j¼0

ðdÞiþjð�mÞiðaÞi
i!ðbÞiðcÞi

ð�nÞjða 0Þj
j!ðb 0Þjð1þ d � cÞj

¼
Xm
i¼0

Xn

j¼0

ð�mÞiðaÞiðc� d � nÞi
ðc� nÞiþjð1þ a� b�mÞii!

ð�nÞjðb 0 � a 0ÞjðdÞj
j!ðb 0Þj

:
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We remark that the reversal of this double series gives another transformation

due to Lievens–Jeugt [7], Eq. 12a.

2.4. For an arbitrary sequence fWkg, there holds the almost trivial relation

ðdÞm
ðcÞm

WðmÞ ¼
Xm
r¼0

m

r

� �
ðdÞr
ðcÞr

WðrÞdr;m ¼
Xm
r¼0

m

r

� �
ðdÞr
ðcÞr

WðrÞ
Xm�r

i¼0

ð�1Þ i m� r

i

� �
;

where di; j stands for the usual Kronecker symbol. Applying twice the Chu–

Vander-monde summation formula, it is not hard to check the double sum identity

ðd þmÞnða 0Þn
ð1þ d � cÞnðb 0Þn

¼
Xn

s¼0

Xn�s

j¼0

ð�nÞsþjðb 0 � a 0Þsðd þmÞsð1�m� cÞj
s!j!ðb 0Þsð1þ d � cÞsþj

:

Multiplying both equations, we get the expression

ða 0ÞnðdÞmþn

ðcÞmð1þ d � cÞnðb 0Þn
WðmÞ ¼

Xm
r¼0

Xn

s¼0

ð�1Þr
ðdÞrþsð�mÞr

r!ðcÞr
ð�nÞsðb 0 � a 0Þs

s!ðb 0Þsð1þ d � cÞs
WðrÞ

�
Xm�r

i¼0

Xn�s

j¼0

ð�mþ rÞi
i!

ð�nþ sÞjð1� r� cÞj
j!ð1þ sþ d � cÞj

:

Interchanging the summation order, we can rewrite the last equality as

ða 0ÞnðdÞmþn

ðcÞmð1þ d � cÞnðb 0Þn
WðmÞ ¼

Xm
i¼0

Xn

j¼0

ð�1Þ iþj m

i

� �
n

j

� � ð1� cÞj
ð1þ d � cÞj

�
Xi

r¼0

Xj

s¼0

ð�1Þrþs i

r

� �
j

s

� � ðdÞrþsðb 0 � a 0Þs
ðc� jÞrþsðb 0Þs

WðrÞ:

Its dual relation through (1a)–(1b) reads as the following general theorem.

Theorem 5 (New transformation formula).

Xm
i¼0

Xn

j¼0

ðdÞiþjð�mÞi
i!ðcÞi

ð�nÞjða 0Þj
j!ðb 0Þjð1þ d � cÞj

WðiÞ

¼ ð1� cÞn
ð1þ d � cÞn

Xm
i¼0

Xn

j¼0

ðdÞiþj

ðc� nÞiþj

ð�mÞi
i!

ð�nÞjðb 0 � a 0Þj
j!ðb 0Þj

WðiÞ:

The transformation due to Lievens–Jeugt [7], Eq. 11b, results in the very spe-

cial case WðmÞ ¼ ðaÞm=ðbÞm of this theorem.
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3. Transformation formulae for double q-series

By means of Euler’s q-binomial theorem (cf. [4], II-4), we can prove the following

q-analogue for the inverse series relations displayed in (1a)–(1b):

F ðm; nÞ ¼
Xm
i¼0

Xn

j¼0

ð�1Þ iþj m

i

� �
n

j

� �
q

m�i
2ð ÞGði; jÞ; ð3aÞ

Gðm; nÞ ¼
Xm
i¼0

Xn

j¼0

ð�1Þ iþj m

i

� �
n

j

� �
q

n� j
2ð ÞF ði; jÞ: ð3bÞ

For the subsequent applications, we need also the slightly varied form with the

alternating factors and the q-exponents being migrated:

Fðm; nÞ ¼
Xm
i¼0

Xn

j¼0

ð�1Þmþn�i�j m

i

� �
n

j

� �
Gði; jÞ; ð4aÞ

Gðm; nÞ ¼
Xm
i¼0

Xn

j¼0

q
m�i
2ð Þþ n� j

2ð Þ m

i

� �
n

j

� �
Fði; jÞ: ð4bÞ

Now we are ready to derive transformation formulae for the terminating bivariate

basic hypergeometric series.

3.1. In order to establish the q-analogue of (2a)–(2b), we first prove the following

bivariate summation formula.

Lemma 6 (Closed q-double sum).

Xm
i¼0

Xn

j¼0

m� i � j � 1

m� i

� �
n� i � j � 1

n� j

� �
qiðn�2jÞðq=cÞ j

ðq; qÞiðq; qÞj

½a; b; q�iþj

ðab; qÞiþj

ðcc 0=q; qÞiþj

ðc; qÞiðc 0; qÞj
ð5aÞ

¼ q

c

� �n ½a; b; q�m
½q; c; q�m

½a; b; q�n
½q; c 0; q�n

ðcc 0=q; qÞmþn

ðab; qÞmþn

: ð5bÞ

Proof. With i and j being replaced by m� i and n� j respectively, the reversal of

(5a) may be restated as follows:

Eq: ð5aÞ ¼ q�mnðq=cÞn

ðq; qÞmðq; qÞn
½a; b; q�mþn

ðab; qÞmþn

ðcc 0=q; qÞmþn

ðc; qÞmðc 0; qÞn

�
X
i; jb0

ðq2�n=c 0Þ i
ðq1�m=c; qÞiðq1�n=c 0; qÞj

ðq; qÞiðq; qÞj
q j

�
½q�m; q�n; q1�m�n=ab; q�iþj

½q1�m�n=a; q1�m�n=b; q2�m�n=cc 0; q�iþj

:
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Letting k :¼ i þ j, the last double sum may be simplified successively by means of

the q-Gauss and the q-Saalschütz summation formulae (cf. [4], II-6 and II-12) as

follows:

X
kb0

qk ðq1�n=c 0; qÞk
ðq2�m�n=cc 0; qÞk

2F1
q�k; q1�m=c

c 0qn�k

����q; q
� �

½q�m; q�n; q1�m�n=ab; q�k
½q; q1�m�n=a; q1�m�n=b; q�k

¼ 3F2
q�m; q�n;

q1�m�n=a;

q1�m�n=ab

q1�m�n=b

����q; q
� �

¼ ða; qÞmðb; qÞm
ðqna; qÞmðqnb; qÞm

qmn:

Therefore we have the following expression

Eq: ð5aÞ ¼ q

c

� �n ½a; b; q�m
½q; c; q�m

½a; b; q�n
½q; c 0; q�n

ðcc 0=q; qÞmþn

ðab; qÞmþn

¼ Eq: ð5bÞ;

which completes the proof of the lemma. r

Now rewrite the formula in the lemma as

Eq: ð5bÞ � ðq; qÞmðq; qÞnðe; qÞmðe 0; qÞn

¼ q

c

� �n ½a; b; q�m
½c; e; q�m

½a; b; q�n
½c 0; e 0; q�n

ðcc 0=q; qÞmþn

ðab; qÞmþn

¼ ðq; qÞmðq; qÞn
ðe; qÞmðe 0; qÞn

�
Xm
{¼0

Xn

|¼0

m� {� |� 1

m� {

� �
n� {� |� 1

n� |

� �

� q{ðn�2|Þðq=cÞ|

ðq; qÞ{ðq; qÞ|
½a; b; q�{þ|

ðab; qÞ{þ|

ðcc 0=q; qÞ{þ|

ðc; qÞ{ðc 0; qÞ|

¼
Xm
{¼0

Xn

|¼0

m

{

� �
n

|

� � ½a; b; q�{þ|

ðab; qÞ{þ|

ðcc 0=q; qÞ{þ|

ðc; qÞ{ðc 0; qÞ|

� q{ðn�2|Þðq=cÞ|

ðe; qÞ{ðe 0; qÞ|
ðq�|; qÞm�{ðq�{; qÞn�|

ðeq{; qÞm�{ðe 0q|; qÞn�|

:

In view of the q-Gauss summation theorem (cf. [4], II-6 and II-7), performing

the replacements

ðq�|; qÞm�{

ðeq{; qÞm�{

¼ 2F1
q{�m; eq{þ|

eq{

����q; qm�{�|

� �

¼
Xm
i¼{

ð�1Þ i�{ m� {

i � {

� �
ðeq{þ|; qÞi�{

ðeq{; qÞi�{

q
i�{
2ð Þ�|ði�{Þ;
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ðq�{; qÞn�|

ðe 0q|; qÞn�|

¼ 2F1
q|�n; e 0q{þ|

e 0q|

����q; q
� �

ðe 0q{þ|Þ|�n

¼
Xn

j¼|

ð�1Þ j�| n� |

j � |

� � ðe 0q{þ|; qÞj�|

ðe 0q|; qÞj�|

q
1þ j�|

2ð Þðe 0q{þjÞ|�n

and then interchanging the summation order, we find, after some routine modifi-

cation, that

q
n
2ð Þ ½a; b; q�m
½c; e; q�m

½a; b; q�n
½c 0; e 0; q�n

ðcc 0=q; qÞmþn

ðab; qÞmþn

qe 0

c

� �n

¼
Xm
i¼0

Xn

j¼0

ð�1Þ iþj m

i

� �
n

j

� �
q

n�j
2ð Þ

�
Xi

{¼0

Xj

|¼0

ð�1Þ{þ| i

{

� �
j

|

� �
q

i�{�|
2ð Þ ½a; b; cc

0=q; q�{þ|

½ab; e; e 0; q�{þ|

ðe 0q j; qÞ{ðeqi; qÞ|
ðc; qÞ{ðc 0; qÞ|

e 0

c
q�{

� �|

:

This relation matches with (3b) under the following specification:

F ðm; nÞ ¼
Xm
{¼0

Xn

|¼0

ð�1Þ{þ| m

{

� �
n

|

� �
q

m�{�|
2ð Þ

�
½a; b; cc 0=q; q�{þ|

½ab; e; e 0; q�{þ|

ðe 0qn; qÞ{ðeqm; qÞ|
ðc; qÞ{ðc 0; qÞ|

q�{ e
0

c

� �|

;

Gðm; nÞ ¼ q
n
2ð Þ ½a; b; q�m
½c; e; q�m

½a; b; q�n
½c 0; e 0; q�n

ðcc 0=q; qÞmþn

ðab; qÞmþn

qe 0

c

� �n

:

Then the dual relation (3a) leads us to the transformation formula

Xm
{¼0

Xn

|¼0

ð�1Þ{þ| m

{

� �
n

|

� �
q

m�{�|
2ð Þ ½a; b; cc

0=q; q�{þ|

½ab; e; e 0; q�{þ|

ðe 0qn; qÞ{ðeqm; qÞ|
ðc; qÞ{ðc 0; qÞ|

e 0

c
q�{

� �|

¼
Xm
i¼0

Xn

j¼0

ð�1Þ iþj m

i

� �
n

j

� �
q

m�i
2ð Þþ j

2ð Þ ½a; b; q�i
½c; e; q�i

½a; b; q�j
½c 0; e 0; q�j

ðcc 0=q; qÞiþj

ðab; qÞiþj

qe 0

c

� �j

;

which can be highlighted as the following theorem.
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Theorem 7 (New transformation formula).

Xm
{¼0

Xn

|¼0

q{
½a; b; cc 0=q; q�{þ|

½ab; e; e 0; q�{þ|

½q�m; e 0qn; q�{
½q; c; q�{

½q�n; eqm; q�|
½q; c 0; q�|

q1þn�m e 0

c

� �|

¼
Xm
i¼0

Xn

j¼0

qi
ðcc 0=q; qÞiþj

ðab; qÞiþj

½q�m; a; b; q�i
½q; c; e; q�i

½q�n; a; b; q�j
½q; c 0; e 0; q�j

q1þn e
0

c

� �j

:

This is the full q-analogue of the transformation (2a)–(2b). The weaker q-

analogue established by Chu–Srivastava [3], Theorem 6, results in the special

case of this theorem with e 0 ¼ a and e ¼ b.

3.2. Applying twice the q-Gauss theorem, we can evaluate the double sum:

Xm
r¼0

Xn

s¼0

½q�m; d=b; q�r
ðd; qÞrþsðq; qÞr

½q�n; b; q�s
ðq; qÞs

qrþs ¼ ðb; qÞmðd=b; qÞn
ðd; qÞmþn

qnd

b

� �m

bn:

Multiplying both sides by
ða;qÞmða 0;qÞn
ðc;qÞmðc 0;qÞn

�
c
a

�m�c 0
a 0

�n
, we may restate it as follows:

ða; qÞmðb; qÞmða 0; qÞnðd=b; qÞn
ðd; qÞmþnðc; qÞmðc 0; qÞn

qncd

ab

� �m
bc 0

a 0

� �n

¼ ða; qÞmða 0; qÞn
ðc; qÞmðc 0; qÞn

c

a

� �m
c 0

a 0

� �nXm
r¼0

Xn

s¼0

½q�m; d=b; q�r
ðd; qÞrþsðq; qÞr

½q�n; b; q�s
ðq; qÞs

qrþs

¼
Xm
r¼0

Xn

s¼0

qrþs ½q�m; a; d=b; q�r
ðd; qÞrþs½q; c; q�r

½q�n; a 0; b; q�s
½q; c 0; q�s

� ðqra; qÞm�rðqsa 0; qÞn�s

ðqrc; qÞm�rðqsc 0; qÞn�s

c

a

� �m
c 0

a 0

� �n

:

Again by means of the q-Gauss summation formula, making the substitution

ðqra; qÞm�r

ðqrc; qÞm�r

ðqsa 0; qÞn�s

ðqsc 0; qÞn�s

c

a

� �m�r
c 0

a 0

� �n�s

¼ 2F1
q�mþr; c=a

qrc

����q; q
� �

� 2F1
q�nþs; c 0=a 0

qsc 0

����q; q
� �

¼
Xm�r

i¼0

Xn�s

j¼0

ðq�mþr; qÞiðc=a; qÞi
ðq; qÞiðqrc; qÞi

ðq�nþs; qÞjðc 0=a 0; qÞj
ðq; qÞjðqsc 0; qÞj

qiþj
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and then interchanging the summation order, we derive the equality

ða; qÞmðb; qÞmða 0; qÞnðd=b; qÞn
ðd; qÞmþnðc; qÞmðc 0; qÞn

qncd

ab

� �m
bc 0

a 0

� �n

¼
Xm
i¼0

Xn

j¼0

½q�m; c=a; q�i
½q; c; q�i

½q�n; c 0=a 0; q�j
½q; c 0; q�j

qiþj

�
Xi

r¼0

Xj

s¼0

½q�i; a; d=b; q�r
ðd; qÞrþs½q; q1�ia=c; q�r

½q�j; a 0; b; q�s
½q; q1�ja 0=c 0; q�s

qrþs:

Multiplying across by q
m
2ð Þþ n

2ð Þ, we may reformulate the last equation as

ða; qÞmðb; qÞmða 0; qÞnðd=b; qÞn
ðd; qÞmþnðc; qÞmðc 0; qÞn

qncd

ab

� �m
bc 0

a 0

� �n

q
m
2ð Þþ n

2ð Þ

¼
Xm
i¼0

Xn

j¼0

ð�1Þ iþj
q

m�i
2ð Þþ n�j

2ð Þ m

i

� �
n

j

� � ðc=a; qÞiðc 0=a 0; qÞj
ðc; qÞiðc 0; qÞj

�
Xi

r¼0

Xj

s¼0

½q�i; a; d=b; q�r
ðd; qÞrþs½q; q1�ia=c; q�r

½q�j; a 0; b; q�s
½q; q1�ja 0=c 0; q�s

qrþs:

In view of the double series inversions (4a)–(4b), we obtain the following dual

formula.

Theorem 8 (Transformation formula, Singh [8], Eq. 3.2).

Xm
i¼0

Xn

j¼0

ðq�m; qÞiða; qÞiðb; qÞi
ðd; qÞiþjðq; qÞiðc; qÞi

ðq�n; qÞjða 0; qÞjðd=b; qÞj
ðq; qÞjðc 0; qÞj

qmcd

ab

� �i
qnþibc 0

a 0

� �j

¼ ðc=a; qÞmðc 0=a 0; qÞn
ðc; qÞmðc 0; qÞn

Xm
i¼0

Xn

j¼0

qiþj

ðd; qÞiþj

½q�m; a; d=b; q�i
ðq; qÞiðq1�ma=c; qÞi

½q�n; a 0; b; q�j
ðq; qÞjðq1�na 0=c 0; qÞj

:

3.3. Similar to Section 3.2, we have another double sum formula:

Xm
r¼0

Xn

s¼0

½q�m; q�nc=d; q�r
ðq; qÞrðc; qÞr

½q�n; b 0=a 0; q�s
ðq; qÞsðb 0; qÞs

qrþs ¼ ðqnd; qÞmða 0; qÞn
ðc; qÞmðb 0; qÞn

q�nc

d

� �m
b 0

a 0

� �n

;

253Bivariate classical and q-series transformations



which, by multiplying both sides by
ða;qÞmðd;qÞn

ðb;qÞmðqd=c;qÞn

�
b
a

�m�q
c

�n
, can be rewritten in the

form

ðd; qÞmþnða; qÞmða 0; qÞn
ðb; qÞmðc; qÞmðqd=c; qÞnðb 0; qÞn

q�nbc

ad

� �m
qb 0

a 0c

� �n

¼
Xm
r¼0

Xn

s¼0

½q�m; a; q�r
½q; b; c; q�r

½q�n; d; b 0=a 0; q�s
½q; b 0; q�s

qb

a

� �r
q2

c

� �s

� ðq
ra; qÞm�rðq�nc=d; qÞrðqsd; qÞn�s

ðqrb; qÞm�rðqd=c; qÞn
b

a

� �m�r
q

c

� �n�s

:

Replacing the last expression by the double sum

ðqra; qÞm�rðq�nc=d; qÞrðqsd; qÞn�s

ðqrb; qÞm�rðqd=c; qÞn
b

a

� �m�r
q

c

� �n�s

¼ ðq�sc=d; qÞr
ðqd=c; qÞs

� 2F1
q�mþr; b=a

qrb

����q; q
� �

2F1
q�nþs; q1�r=c

q1þs�rd=c

����q; q
� �

¼ ðq�sc=d; qÞr
ðqd=c; qÞs

Xm�r

i¼0

Xn�s

j¼0

ðq�mþr; qÞiðb=a; qÞi
ðq; qÞiðqrb; qÞi

ðq�nþs; qÞjðq1�r=c; qÞj
ðq; qÞjðq1þs�rd=c; qÞj

qiþj

and then interchanging the summation order, we have the following equality:

ðd; qÞmþnða; qÞmða 0; qÞn
ðb; qÞmðc; qÞmðqd=c; qÞnðb 0; qÞn

q
m
2ð Þþ n

2ð Þ q�nbc

ad

� �m
qb 0

a 0c

� �n

¼
Xm
i¼0

Xn

j¼0

ð�1Þ iþj m

i

� �
n

j

� �
q

m�i
2ð Þþ n�j

2ð Þ ðb=a; qÞiðq=c; qÞj
ðb; qÞiðqd=c; qÞj

�
Xi

r¼0

Xj

s¼0

qrþs

ðq�jc; qÞrþs

½q�i; a; q�jc=d; q�r
½q; q1�ia=b; q�r

½q�j; b 0=a 0; d; q�s
½q; b 0; q�s

:

Applying again (4a)–(4b) to the last relation, we derive the following dual for-

mula.

Theorem 9 (q-analogue of Lievens–Jeugt [7], Eq. 11a).

Xm
i¼0

Xn

j¼0

ðd; qÞiþjðq�m; qÞiða; qÞi
ðq; qÞiðb; qÞiðc; qÞi

ðq�n; qÞjða 0; qÞj
ðq; qÞjðb 0; qÞjðqd=c; qÞj

qmbc

ad

� �i
q1þn�ib 0

a 0c

� �j

¼ ðb=a; qÞmðq=c; qÞn
ðb; qÞmðqd=c; qÞn

Xm
i¼0

Xn

j¼0

qiþj

ðq�nc; qÞiþj

½q�m; a; q�nc=d; q�i
ðq; qÞiðq1�ma=b; qÞi

½q�n; b 0=a 0; d; q�j
ðq; qÞjðb 0; qÞj

:
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3.4. For an arbitrary sequence fWðkÞg, we can check, by means of the q-binomial

theorem, the almost trivial relation

ðd; qÞm
ðc; qÞm

WðmÞ ¼
Xm
r¼0

ðd; qÞr
ðc; qÞr

m

r

� �
WðrÞ

Xm�r

i¼0

ð�1Þ i m� r

i

� �
q

i
2ð Þ:

Applying twice the q-Gauss theorem, we have also the following identity

½a 0; qmd; q�n
½b 0; qd=c; q�n

¼
Xn

s¼0

½q�n; b 0=a 0; qmd; q�s
½q; b 0; qd=c; q�s

ðqna 0Þs
Xn�s

j¼0

½q�nþs; q1�m=c; q�j
½q; q1þsd=c; q�j

ðqnþmdÞ j:

Multiplying both equations

WðmÞða 0; qÞnðd; qÞmþn

ðc; qÞmðb 0; qÞnðqd=c; qÞn

¼
Xm
r¼0

Xn

s¼0

ð�1Þr
ðd; qÞrþsðq�m; qÞr½q�n; b 0=a 0; q�s

½q; c; q�r½q; b 0; qd=c; q�s
qmr� r

2ð Þðqna 0Þs

�WðrÞ
Xm�r

i¼0

Xn�s

j¼0

ðq�mþr; qÞi
ðq; qÞi

½q�nþs; q1�r=c; q�j
½q; q1þsd=c; q�j

qðm�rÞiþðnþrÞjd j

and then exchanging the summation order, we arrive at the following relation:

ða 0; qÞnðd; qÞmþn

ðc; qÞmðb 0; qÞnðqd=c; qÞn
WðmÞ

¼
Xm
i¼0

Xn

j¼0

ð�1Þ iþj m

i

� �
n

j

� � ðq=c; qÞj
ðqd=c; qÞj

q
i
2ð Þþ j

2ð Þd j

�
Xi

r¼0

Xj

s¼0

ðd; qÞrþs

ðq�jc; qÞrþs

ðq�i; qÞr
ðq; qÞr

½q�j; b 0=a 0; q�s
ðq; qÞsðb 0; qÞs

qr a 0c

d

� �s

WðrÞ:

According to (4a)–(4b), its dual relation reads as the following transformation.

Theorem 10 (New transformation formula).

Xm
i¼0

Xn

j¼0

WðiÞ
ðd; qÞiþjðq�m; qÞi

½q; c; q�i

½q�n; a 0; q�j
½q; b 0; qd=c; q�j

qiþj

¼ d nðq=c; qÞn
ðqd=c; qÞn

Xm
i¼0

Xn

j¼0

WðiÞ
ðd; qÞiþjðq�m; qÞi
ðq�nc; qÞiþjðq; qÞi

½q�n; b 0=a 0; q�j
½q; b 0; q�j

qi a 0c

d

� �j

:
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For the very particular case WðmÞ ¼ ða; qÞm=ðb; qÞm, this theorem yields the

q-analogue of the transformation due to Lievens–Jeugt [7], Eq. 11b.
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Stat. Sci. 9 (2000), 211–226. Zbl 0987.33002 MR 1825399

[6] P.-A. Lee, S.-H. Ong, and H. M. Srivastava, Some integrals of the products of
Laguerre polynomials. Internat. J. Comput. Math. 78 (2001), 303–321. Zbl 1018.33009
MR 1897588

[7] S. Lievens and J. Van der Jeugt, Transformation formulas for double hypergeometric
series related to 9-j coe‰cients and their basic analogs. J. Math. Phys. 42 (2001),
5417–5430. Zbl 1057.33012 MR 1861351

[8] S. P. Singh, Certain transformation formulae involving basic hypergeometric functions.
J. Math. Phys. Sci. 28 (1994), 189–195. Zbl 0836.33008 MR 1338738

[9] L. J. Slater, Generalized hypergeometric functions. Cambridge University Press, Cam-
bridge 1966. Zbl 0135.28101 MR 0201688

Received January 30, 2007; revised March 23, 2007

W. Chu, Department of Applied Mathematics, Dalian University of Technology, Dalian
116024, P. R. China
Current address: Dipartimento di Matematica, Università del Salento, Lecce-Arnesano
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