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Abstract. The Wedderburn–Artin Theorem for G-graded quasialgebras is proved. This
provides new examples of quasialgebras.
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1. Introduction

Octonions are one of the best known examples of nonassociative algebras. In [3] the

nonassociativity of octonions was interpreted as inherited from being an algebra in

a quasitensor category. These categories have tensor products ðV nW ÞnZG
V n ðW nZÞ, but these isomorphisms are not necessarily the trivial vector space

isomorphisms. Nonassociative algebras coming from quasitensor categories have

recently received attention in the context of noncommutative geometry and gauge

theory [7].

Given a group G, a G-graded quasialgebra is a G-graded algebra

A ¼ 0
a AG Aa, over a unital commutative and associative ring k, such that the

product of any three homogeneous elements in A satisfies the weak associative

condition

ðxyÞz ¼ fðjxj; jyj; jzjÞxðyzÞ ð1Þ

for some cocycle f of G with values in k� (jxj denotes the degree of x). That

is,
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fða; e; bÞ ¼ 1;

fða; b; cÞfða; bc; dÞfðb; c; dÞ ¼ fðab; c; dÞfða; b; cdÞ;

for any a; b; c; d a G, where e denotes the neutral element of G.

A quasialgebra is called a division quasialgebra if the left and right multiplica-

tions by any nonzero homogeneous elements are bijective. For unital quasialgebras,

the identity element 1 belongs to Ae, and the division property is equivalent to the

condition of any nonzero homogeneous element having a left and a right inverse.

Division quasialgebras were considered in [5] and in [1]. The octonion algebra is a

Z3
2-graded division quasialgebra; see [3] for details.

In [2] a classical study of the structure of quasialgebras was initiated. In that

paper the authors focus upon the case that the grading group is Z2. A full descrip-

tion of Z2-graded quasialgebras A ¼ A0aA1 in the case that A0 is semisimple and

A1 is a unital A0-bimodule was given.

By analogy to the classical case [9], we define a Wedderburn quasialgebra as a

unital quasialgebra that has no nonzero nilpotent graded ideals and satisfies the

descending chain condition on graded left ideals. The goal of this paper is to pro-

vide an analogous of the Wedderburn–Artin Theorem for quasialgebras. The re-

sults are formulated in terms of a nonassociative version of the usual matrix alge-

bra related with the quasi-associative linear algebra introduced in [3] and extend

those in [4].

In this paper G will denote a finite group and A a Wedderburn quasialgebra

A ¼ 0
a AG Aa with attached cocycle f, over a unital commutative and associative

ring k.

2. Ae is a Wedderburn algebra

Since the product of homogeneous elements in a quasialgebra is associative up to

scalar multiples, it will be convenient to define x � y ¼ span3xy4. For homoge-

neous elements this ‘product’ is associative.

Lemma 2.1. Let A be a Wedderburn quasialgebra. Then Ae is a Wedderburn al-

gebra.

Proof. Let I1 K I2 K � � � be a decreasing chain of left ideals of Ae, and consider

the left graded ideals ÎIi ¼ AIi of A. Since A is a Wedderburn quasialgebra,

the decreasing chain ÎI1 K ÎI2 K � � � stops. Thus ÎIn ¼ ÎInþi for all ib 0, and

In ¼ ÎI en ¼ ÎI enþi ¼ Inþi for all ib 0.

Let I be an ideal of Ae with I 2 ¼ 0. We will prove that ÎI ¼ ðAIÞA ¼ AðIAÞ is a
graded ideal of A satisfying ÎI jGjþ1 ¼ 0. Let n ¼ jGj. Then ÎI nþ1 is spanned by ele-
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ments in x ¼ xa0 � x0 . . . xan � xn � xanþ1
with xai a Aai and xi a I . If aiaiþ1 . . . aj ¼ e

with 1a ia ja n, then xai � xi . . . xaj JAe,

xi�1 � ðxai . . . xaj � xjÞJ I 2 ¼ 0

and x ¼ 0. Therefore, whenever e appears in fa1; a1a2; . . . ; a1 . . . ang the corre-

sponding generator in x vanishes. If e does not appear, then two elements collapse

to the same value, say a1 . . . ai ¼ a1 . . . aj with ia j. But this means that

aiþ1 . . . aj ¼ e, so x ¼ 0 again. r

3. The basic quasialgebra of A

The Wedderburn–Artin Theorem asserts that Ae ¼ 0r

i¼1
Bi with Bi GMniðDiÞ

for some division algebras Di. The quasi-associativity of A implies that Aa is a

unital Ae-bimodule.

If ei is the identity element of Bi for any i, then 1 ¼ e1 þ � � � þ er and

Aa ¼ 1Aa1 ¼ 0r

i; j¼1 eiA
aej. Let Aa

ij be eiA
aej , which is a unital Bi-Bj-bimodule.

Hence Aa ¼ 0r

i; j¼1
Aa

ij . Other components Bk act trivially on Aa
ij , i.e., BkA

a
ij ¼ 0 if

kA i and Aa
ijBk ¼ 0 if kA j. The product Aa nAe Ab ! Aab is a homomorphism

of Ae-bimodules, so

Aa
ijA

b
kl ¼ 0 ð jA kÞ and Aa

ijA
b
jl JAab

il :

Let Vi be the irreducible left Bi-module (unique up to isomorphism) and

V �
i ¼ HomDi

ðVi;DiÞ its dual. As in [2], Proposition 9, up to isomorphism we

can write Aa
ij as

Aa
ij ¼ Vi nDi

W a
ij nDj

V �
j

for some Di-Dj-bimodule Wa
ij . Since V �

j nAe Vj GDj as Dj-bimodules, it follows

that the product Aa
ij nAe Ab

jl ! Aab
il becomes an element of HomBi-Bl

ðVi nDi
n

Wa
ij nDj

W b
jl nDl

nV �
l ;Vi nDi

nWab
il nDl

nV �
l Þ. With the same arguments as

in [2], proof of Theorem 10, for any Di-Dl-bimodules W and W 0 the map

HomBi�Bl
ðVi nDi

nW nDl
nV �

l ;Vi nDi
nW 0 nDl

nV �
l Þ ! HomDi�Dl

ðW ;W 0Þ;
idn f n id $ f ;

is a bijection (since the image of an element vi nwn jl under an element in

HomBi-Bl
ðVi nDi

nW nDl
nV �

l ;Vi nDi
nW 0 nDl

nV �
l Þ is annihilated by the

annihilator of vi on the left and the annihilator of jl on the right, and hence this

image belongs to vi nW 0 n jl).
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Thus, the product Aa
ij nAb

kl ! Aab
il induces a product Wa

ij nWb
kl ! Wab

il so

that

ðvi nwa
ij n jjÞðvk nwb

kl n jlÞ ¼ djkvi n
�
wa
ijjjðvjÞ

�
wb
kl n jl ;

for any 1a i; j; k; la r, a; b a G, vs a Vs ðs ¼ i; kÞ, jt a V �
t , wst a Wa

st ðt ¼ j; lÞ
and wa

ij a Wa
ij , w

b
kl a Wb

kl .

Definition 3.1. The algebra W ¼ 0
a AGð0

r

i; j¼1 W
a
ij Þ with the previous product is

called the basic quasialgebra of A.

It is easy to check that the basic quasialgebra of A is a quasialgebra with the

same cocycle f as A. Some properties of W are collected in the following propo-

sition.

Proposition 3.2. Under the hypotheses above, the following holds:

i) We
ii ¼ Di and W e

ij ¼ 0 if iA j.

ii) If W a
ij A 0 then W a

ij W
a�1

ji ¼ Di. In particular, Wa
ij A 0 implies that W a�1

ji A 0.

iii) If W a
ij A 0 then W a

ij ¼ Diw ¼ wDj for any nonzero element w a Wa
ij .

iv) If W a
ij A 0 then W a

ik ¼ 0 ¼ Wa
lj for any kA j and lA i.

v) If W a
ij A 0 and W b

jl A 0 then W a
ij W

b
jl ¼ Wab

il A 0.

Proof. Part i) is obvious.

ii) Since Wa
ij W

a�1

ji JDi if W
a
ij W

a�1

ji A 0, the equality trivially holds. Hence,

in order to prove ii) we are left with the case in which Wa
ij W

a�1

ji ¼ 0.

If Wb
kiW

a
ij W

c
jl A 0 for some bac ¼ e then k ¼ l and Wb

kiW
a
ij W

c
jk ¼ Dk, so

Wb
kiW

a
ij W

c
jkW

b
ki ¼ Wb

ki A 0. However, bac ¼ e implies that cb ¼ a�1, so

Wc
jkW

b
ki JWa�1

ji and 0AWb
ki ¼ Wb

kiW
a
ij W

c
jkW

b
ki JWb

kiW
a
ij W

a�1

ji . In particular

Wa
ij W

a�1

ji A 0, contrary to our assumption. Therefore, Wb
kiW

a
ij W

c
jl ¼ 0 whenever

bac ¼ e. The e component of the graded ideal I ¼ ðAAa
ijÞA vanishes. Moreover,

given jGj þ 1 elements xai a I ai , i ¼ 0; . . . ; jGj, some sequence ai; . . . ; aj ðia jÞ
satisfisfies ai . . . aj ¼ e and hence the product of xa0 ; . . . ; xajGj in any order of asso-

ciation is zero. The nonzero graded ideal I is then nilpotent, which is not possible.

iii) Given w;w 0 a Wa
ij and w a Wa�1

ji , we have

ðwwÞw 0 ¼ fða; a�1; aÞwðww 0Þ:

If ww ¼ di A 0, then wðwd�1
i Þ ¼ 1Di

(the identity element of Di). Thus, we choose

w, w with ww ¼ 1Di
, and then we get that w 0 a wDj. Thus Wa

ij ¼ wDj is a one-

dimensional Dj vector space. A dimension argument makes the equality valid

for any nonzero w. Similarly Wa
ij ¼ Diw.
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iv) Wa
ik ¼ DiW

a
ik ¼ Wa

ij ðWa�1

ji W a
ikÞJWa

ij W
e
jk ¼ 0 if kA j. In the same way we

obtain that Wa
lj ¼ 0 if lA i.

v) If Wa
ij W

b
jl A 0, then the statement follows by dimension counting. If

Wa
ij W

b
jl ¼ 0, then

Wb
jl ¼ DjW

b
jl ¼ ðWa�1

ji W a
ij ÞWb

jl ¼ Wa�1

ji ðWa
ij W

b
jl Þ ¼ 0;

which contradicts the hypothesis. r

Definition 3.3. Given 1a i; ja r, we say that i and j are related if W a
ij A 0 for

some a a G.

Parts i), ii) and v) of the preceding proposition show that to be related is an

equivalence relation. We denote the di¤erent equivalence classes by C1; . . . ;Cs.

Proposition 3.4. Let C a fC1; . . . ;Csg and IC ¼
P

a AG

P
i; j a C W a

ij . Then IC is

a minimal graded ideal of W, which is simple as a quasialgebra. Moreover,

W ¼ 0s

i¼1
ICi

.

Proof. Let Wa
ij J IC . If Wb

klW
a
ij A 0, then l ¼ i and k and j are related, so

j; k a C and Wb
klW

a
ij ¼ Wba

kj J IC by Proposition 3.2. This shows that

WIC J IC. In the same way we obtain that ICW J IC.

Given a nonzero graded ideal JJW with JJ IC , there exists J a
ij A 0, with

i; j a C. By dimension counting, we have J a
ij ¼ Wa

ij , so Wa
ij W

a�1

ij ¼ Di J J. Fix

any 0AWb
kl J IC . Since k is related to i, there exists 0AWc

ki ¼ Wc
kiDi J J.

Again Dk J J, and Wb
kl ¼ DkW

b
kl J J. Therefore, J ¼ IC .

Let JJ IC be a nonzero graded ideal of IC . If l B C, then Wb
klJ ¼ 0 ¼ JW c

lk

for all k, b and c. Hence J is an ideal of W and so J ¼ IC. Thus IC is simple.r

Corollary 3.5. AC ¼
P

a AG

P
i; j a C Vi nDi

W a
ij nDj

nV �
j is a minimal graded

ideal of A, which is simple as a quasialgebra. Moreover, A ¼ 0s

i¼1 ACi
.

4. Classifying the basic quasialgebra

Corollary 3.5 reduces the study of Wedderburn quasialgebras to the study of those

that in addition satisfy that for any 1a i; ja r there exists a a G with Aa
ij A 0.

The basic quasialgebra W of A satisfies the same property.

Let R be a quasialgebra with cocycle f and let j1j; . . . ; jrj be elements in the

grading group G. In the set of all matrices M f
r ðRÞ ¼ span3xij ¼ Eijx j x a R and

1a i; ja r4 we define the gradation (cf. [8], I.5)

jxijj ¼ jij jxj j jj�1 for homogeneous x;
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and a product

xijykl ¼ djk
fðjij; jxj j jj�1; j jj jyj jlj�1Þ
fðjxj j jj�1; j jj; jyj jlj�1Þ

fðjxj; j jj�1; j jjÞ
fðjxj; jyj; jlj�1Þ

ðxyÞil : ð2Þ

A straightforward computation gives the following extension of Proposition

7.3 in [3]. (Think of xij as viðxjjÞ.)

Proposition 4.1. M f
r ðRÞ is a quasialgebra with cocycle f.

Let A be a simple Wedderburn quasialgebra with Ae ¼ 0r

i¼1
Bi as before, and

let W be its basic quasialgebra. By Corollary 3.5, for any iA j there exists an ele-

ment a a G such that Aa
ij A 0 (or Wa

ij A 0).

Our goal is to prove that W GM f
r ðD̂DÞ for some division quasialgebra D̂D.

The division quasialgebra. Proposition 3.2 shows, in particular, that D̂D ¼
0

a AG W a
11 is a division quasialgebra. This is the division quasialgebra we are

looking for. Note that N ¼ N11 ¼ fa a G jWa
11A 0g is a subgroup of G and

D̂D ¼ 0
a AN W a

11.

The grading elements. Let Nij ¼ fa a G jWa
ij A 0g. Our hypotheses on A imply

that Nij A j. Given a a Nij and 0A b a Nik, it follows that b�1 a Nki and

b�1a a Nkj, and so Nij ¼ bNkj. Similarly, Nij ¼ Nikc for any c a Nkj.

Fix ai1 a Ni1, i ¼ 1; . . . ; r with a11 ¼ e. Clearly

Nij ¼ ai1N1j ¼ ai1Na�1
j1 :

The elements in G that provide the gradation are jij ¼ ai1.

Now fix wi1 a W
jij
i1 with w11 ¼ 1D1

and take w1i a W
jij�1

1i such that w1iwi1 ¼ 1.

Observe that

wi1ðD̂Dw1jÞ ¼ wi1

�
0
a AN

W a
11

�
w1j ¼ wi1

�
0
a AN

W
aj jj�1

1j

�
¼ 0

a ANij

W a
ij :

Then W ¼ 0r

i; j¼1
wi1ðD̂Dw1jÞ.

Given d a D̂D define dij ¼ wi1ðdw1jÞ. If d is homogeneous then

jdijj ¼ jij jdj j jj�1:

Proposition 4.2. The map

M f
r ðD̂DÞ ! W ;

Eijd 7! dij;

is an isomorphism of quasialgebras.
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Proof. Clearly the map is bijective and preserves the gradation, so we only have to

check that the product of the elements dij is given by an analogue of (2). For ho-

mogeneous d; d 0 a D̂D we have

dijd
0
jl ¼

�
wi1ðdw1jÞ

��
wj1ðd 0w1lÞ

�

¼ fðjij; jdj j jj�1; j jj jd 0j jlj�1Þ
fðjdj j jj�1; j jj; jd 0j jlj�1Þ

wi1

��
ðdw1jÞwj1

�
ðd 0w1lÞ

�

¼ fðjij; jdj j jj�1; j jj jd 0j jlj�1Þ
fðjdj j jj�1; j jj; jd 0j jlj�1Þ

fðjdj; j jj�1; j jjÞ
fðjdj; jd 0j; jlj�1Þ

wi1

�
ðdd 0Þw1l

�
;

¼ fðjij; jdj j jj�1; j jj jd 0j jlj�1Þ
fðjdj j jj�1; j jj; jd 0j jlj�1Þ

fðjdj; j jj�1; j jjÞ
fðjdj; jd 0j; jlj�1Þ

ðdd 0Þil ;

and the result follows. r

The maps si1 : Di ! D1 given by wi1d ¼ si1ðdÞwi1 are isomorphisms of alge-

bras, which allow to identify Di with D ¼ D1. Thus,

wi1a ¼ awi1 for all a a D:

In particular, since ðw1jaÞwj1 ¼ w1jðawj1Þ ¼ w1jðwj1aÞ ¼ ðw1jwj1Þa ¼ a ¼ ðaw1jÞwj1,

it follows that w1ja ¼ aw1j too, and hence that dija ¼ ðdaÞij and adij ¼ ðadÞij for
any a a D, d a D̂D, and i; j ¼ 1; . . . ; r.

5. Wedderburn–Artin Theorem

Note first that, given any natural numbers n1; . . . ; nr, the matrix algebra

Mn1þ���þnrðkÞ has a basis consisting of the elements

Ekl
ij ¼ En1þ���þni�1þk;n1þ���þnj�1þl

where, as usual, Eij denotes the matrix with 1 in the ði; jÞ-entry and 0’s elsewhere.

These basic elements multiply as follows:

Ekl
ij E

pq
mn ¼ djmdlpE

kq
in :

As in the previous section, consider a quasialgebra R with cocycle f, and given

some grading elements j1j; . . . ; jrj a G, take natural numbers n1; . . . ; nr and con-

sider

~MM f
n1;...;nr

ðRÞ ¼ span3xkl
ij ¼ Ekl

ij x j x a R; 1a i; ja r; 1a ka ni; 1a la nj4:
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This is G-graded by

jxkl
ij j ¼ jij jxj j jj�1 for homogeneous x;

and it is endowed with the multiplication given by

xkl
ij y

pq
mn ¼ djmdlp

fðjij; jxj j jj�1; j jj jy 0j jnj�1Þ
fðjxj j jj�1; j jj; jyj jnj�1Þ

fðjxj; j jj�1; j jjÞ
fðjxj; jyj; jnj�1Þ

ðxyÞkqin :

Again, ~MM f
n1;...;nr

ðRÞ is a quasialgebra with cocycle f, as in the previous section.

Let us return to a simple Wedderburn quasialgebra A with cocycle f. Let

Aij ¼ 0
a ANij

Aa
ij with Nij ¼ fa a G jAa

ij A 0g. We write Aij as Aij ¼ Vi nD

Wij nD V �
j with Wij ¼ wi1ðD̂Dw1jÞ, where Di and Dj are identified with D through

si1 and sj1.

For any i ¼ 1; . . . ; r, let ni ¼ dimDi
Vi, and let fvi1; . . . ; vinig and fj i

1; . . . ; j
i
ni
g be

dual bases in Vi and V �
i . Then the linear map determined by

A ! ~MM f
n1;...;nr

ðD̂DÞ;

vik n dij n j
j
l 7! Ekl

ij d;

is shown to be an isomorphism by a straightforward computation. Thus we ob-

tain our main result:

Theorem 5.1. Let A be a Wedderburn quasialgebra. Then A is isomorphic to a fi-

nite direct sum of quasialgebras of the form ~MM f
n1;...;nr

ðD̂DÞ.
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[8] C. Năstăsescu and F. van Oystaeyen, Graded ring theory. North-Holland Math. Li-
brary 28, North-Holland, Amsterdam 1982. Zbl 0494.16001 MR 0676974

[9] D. S. Passman, A course in ring theory. Wadsworth & Brooks/Cole Advanced Books &
Software, Pacific Grove, CA, 1991. Zbl 0783.16001 MR 1096302

Received December 27, 2006; revised May 29, 2007
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