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Abstract. In this article we study the Fourier–Borel transform between the dual of
Expk

~NN; ðs; ðr; qÞÞ;AðEÞ, the space of entire functions on E of
�
s; ðr; qÞ

�
-quasi-nuclear order

k and
�
s; ðr; qÞ

�
-quasi-nuclear type strictly less than A, and the space

Expk 0

ðs 0;mðr 0; q 0ÞÞ; 0; ðyðkÞAÞ�1ðE 0Þ of entire functions on E 0 of
�
s 0;mðr 0; q 0Þ

�
-summing order k

and
�
s 0;mðr 0; q 0Þ

�
-summing type less than or equal to

�
yðkÞA

��1
. This mapping identifies

algebraically and topologically these two spaces. On the dual space it is considered the
strong topology. This generalizes results of Matos [4] and Martineau [3].
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1. Introduction and notation

The results of this article are a generalization of results obtained by Matos in [4],

and the main results are the algebraic isomorphisms given by the Fourier–Borel

transforms in Theorems 3.4, 3.5 and 3.9 as well as the topological isomorphism

given by the Fourier–Borel transform in Theorem 4.5.

See Matos [5] for the theory used to define these spaces and the duality results

which are the key to prove the theorems of the Fourier–Borel transforms. The

notation follows Matos, [4], [5]: if E is a complex Banach space, then HðEÞ is

the vector space of all entire functions in E; Pðs;mðr;qÞÞðnEÞ is the Banach space of

all n-homogeneous polynomials in E that are
�
s;mðr; qÞ

�
-summing in 0, with the

norm k � kðs;mðr;qÞÞ; and P~NN; ðs; ðr;qÞÞðnEÞ is the Banach space of all
�
s; ðr; qÞ

�
-quasi-

nuclear n-homogeneous polynomials in E, with the norm k � k ~NN; ðs; ðr;qÞÞ for all

j a N where N ¼ f0; 1; 2; . . .g.
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In the definitions involving
�
s;mðr; qÞ

�
-summing polynomials we consider

0 < qa raþl and s a ½1;þl�, and in the definitions involving
�
s; ðr; qÞ

�
-

quasi-nuclear polynomials we consider sa q, ra q and s; r; q a ½1;þl�.

2. Spaces of entire functions of a given type and order

Definition 2.1. If r > 0 and kb 1, we denote by Bk
ðs;mðr;qÞÞ;rðEÞ the complex vec-

tor space of all f a HðEÞ such that d̂d jf ð0Þ a Pðs;mðr;qÞÞð jEÞ for all j a N and

k f kðs;mðr;qÞÞ;k;r ¼
Xl
j¼0

r�j j

ke

� �j=k 1

j!
d̂d jf ð0Þ

����
����
ðs;mðr;qÞÞ

< þl;

normed by k � kðs;mðr;qÞÞ;k;r. We denote by Bk
~NN; ðs; ðr;qÞÞ;rðEÞ the complex vector

space of all f a HðEÞ such that d̂d jf ð0Þ a P~NN; ðs; ðr;qÞÞð jEÞ for all j a N and

k f k ~NN; ðs; ðr;qÞÞ;k;r ¼
Xl
j¼0

r�j j

ke

� �j=k 1

j!
d̂d jf ð0Þ

����
����

~NN; ðs; ðr;qÞÞ
< þl;

with norm k � k ~NN; ðs; ðr;qÞÞ;k;r.

Proposition 2.2. For each r > 0 and kb 1, Bk
~NN; ðs; ðr;qÞÞ;rðEÞ and Bk

ðs;mðr;qÞÞ;rðEÞ are
Banach spaces.

Proof. The proof is analogous to that in Matos [4] for the spaces Bk
N;rðEÞ and

Bk
r ðEÞ. r

Definition 2.3. If A a ð0;þlÞ and kb 1, we denote by Expk
ðs;mðr;qÞÞ;AðEÞ

and Expk
~NN; ðs; ðr;qÞÞ;AðEÞ the complex vector spaces 6

r<A
Bk

ðs;mðr;qÞÞ;rðEÞ and

6
r<A

Bk
~NN; ðs; ðr;qÞÞ;rðEÞ with the locally convex inductive limit topologies,

respectively. We consider the complex vector spaces Expk
ðs;mðr;qÞÞ;0;AðEÞ ¼

7
r>A

Bk
ðs;mðr;qÞÞ;rðEÞ and Expk

~NN; ðs; ðr;qÞÞ;0;AðEÞ ¼ 7
r>A

Bk
~NN; ðs; ðr;qÞÞ;rðEÞ with the pro-

jective limit topologies.

If A ¼ þl and kb 1, we consider the complex vector spaces

Expk
ðs;mðr;qÞÞ;lðEÞ ¼ 6

r>0

Bk
ðs;mðr;qÞÞ;rðEÞ

and Expk
~NN; ðs; ðr;qÞÞ;lðEÞ ¼ 6

r>0
Bk

~NN; ðs; ðr;qÞÞ;rðEÞ with the locally convex inductive

limit topologies, and if A ¼ 0 and kb 1, we consider the complex vector spaces

Expk
ðs;mðr;qÞÞ;0ðEÞ ¼ 7

r>0 B
k
ðs;mðr;qÞÞ;rðEÞ and
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Expk
~NN; ðs; ðr;qÞÞ;0ðEÞ ¼ 7

r>0

Bk
~NN; ðs; ðr;qÞÞ;rðEÞ

with the projective limit topologies.

The next two results give characterizations of these spaces.

Proposition 2.4. If f a HðEÞ is such that d̂d jf ð0Þ a Pðs;mðr;qÞÞð jEÞ for all j a N,

then the following holds:

(a) For each A a ð0;þl�,

f a Expk
ðs;mðr;qÞÞ;AðEÞ if and only if lim sup

j!l

j

ke

� �1=k 1

j!
d̂d jf ð0Þ

����
����
1=j

ðs;mðr;qÞÞ
< A:

(b) For each A a ½0;þlÞ,

f a Expk
ðs;mðr;qÞÞ;0;AðEÞ if and only if lim sup

j!l

j

ke

� �1=k 1

j!
d̂d jf ð0Þ

����
����
1=j

ðs;mðr;qÞÞ
aA:

Proposition 2.5. If f a HðEÞ is such that d̂d jf ð0Þ a P~NN; ðs; ðr;qÞÞð jEÞ for all j a N,

then:

(a) For each A a ð0;þl�,

f a Expk
~NN; ðs; ðr;qÞÞ;AðEÞ if and only if lim sup

j!l

j

ke

� �1=k 1

j!
d̂d jf ð0Þ

����
����
1=j

~NN; ðs; ðr;qÞÞ
< A:

(b) For each A a ½0;þlÞ,

f a Expk
~NN; ðs; ðr;qÞÞ;0;AðEÞ if and only if lim sup

j!l

j

ke

� �1=k 1

j!
d̂d jf ð0Þ

����
����
1=j

~NN; ðs; ðr;qÞÞ
aA:

Due to these two results the elements of Expk
ðs;mðr;qÞÞ;AðEÞ are called entire func-

tions of
�
s;mðr; qÞ

�
-summing order k and

�
s;mðr; qÞ

�
-summing type strictly less than

A, and the elements of Expk
~NN; ðs; ðr;qÞÞ;AðEÞ are called entire functions of

�
s; ðr; qÞ

�
-

quasi-nuclear order k and
�
s; ðr; qÞ

�
-quasi-nuclear type strictly less than A. For

A ¼ þl we omit ‘‘strictly less than A’’.

We call the elements of Expk
ðs;mðr;qÞÞ;0;AðEÞ entire functions of

�
s;mðr; qÞ

�
-

summing order k and
�
s;mðr; qÞ

�
-summing type less than or equal to A, and the ele-

ments of Expk
~NN; ðs; ðr;qÞÞ;0;AðEÞ are called entire functions of

�
s; ðr; qÞ

�
-quasi-nuclear

order k and
�
s; ðr; qÞ

�
-quasi-nuclear type less than or equal to A.

Proposition 2.6. (a) For each A a ð0;þl� and k > 1, Expk
ðs;mðr;qÞÞ;AðEÞ and

Expk
~NN; ðs; ðr;qÞÞ;AðEÞ are DF-spaces.
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(b) For each A a ½0;þlÞ and k > 1, Expk
ðs;mðr;qÞÞ;0;AðEÞ and Expk

~NN; ðs; ðr;qÞÞ;0;AðEÞ
are Fréchet spaces.

Proof. For part (a), let ðanÞln¼1 be a strictly increasing sequence of positive real

numbers converging to A. Hence 6
r<A

Bk
~NN; ðs; ðr;qÞÞ;rðEÞ ¼ 6l

n¼1 B
k
~NN; ðs; ðr;qÞÞ;anðEÞ

and the inductive limit topologies given by Bk
~NN; ðs; ðr;qÞÞ;rðEÞ, r < A and

Bk
~NN; ðs; ðr;qÞÞ;anðEÞ, n a N, are equal. Since the inductive limit of a sequence of DF -

spaces is a DF -space, we have that Expk
~NN; ðs; ðr;qÞÞ;AðEÞ is a DF -space. The proof for

Expk
ðs;mðr;qÞÞ;AðEÞ is analogous.
For part (b), since Expk

ðs;mðr;qÞÞ;0;AðEÞ and Expk
~NN; ðs; ðr;qÞÞ;0;AðEÞ are projective

limits of Banach spaces, they are complete locally convex spaces. Now let

ðbnÞln¼1 be a strictly decreasing sequence of positive real numbers converging to

A. Then the metrizability of Expk
ðs;mðr;qÞÞ;0;AðEÞ and Expk

~NN; ðs; ðr;qÞÞ;0;AðEÞ follows

from the fact that the topologies of these spaces and the topologies generated by

k � kðs;mðr;qÞÞ;bn and k � k ~NN; ðs; ðr;qÞÞ;bn , n a N, coincide. r

Now we construct similar spaces of entire functions of infinite order.

Definition 2.7. If A a ½0;þlÞ, we denote by Hbðs;mðr;qÞÞ
�
B1=Að0Þ

�
the complex

vector space of all f a H
�
B1=Að0Þ

�
such that d̂d jf ð0Þ a Pðs;mðr;qÞÞð jEÞ for all j a N

and

lim sup
j!l

1

j!
d̂d jf ð0Þ

����
����
1=j

ðs;mðr;qÞÞ
aA;

endowed with the locally convex topology generated by the family of seminorms

ðplðs;mðr;qÞÞ;rÞr>A, where

plðs;mðr;qÞÞ;rð f Þ ¼
Xl
j¼0

r�j 1

j!
d̂d jf ð0Þ

����
����
ðs;mðr;qÞÞ

:

We denote by H~NNb; ðs; ðr;qÞÞ
�
B1=Að0Þ

�
the complex vector space of all

f a H
�
B1=Að0Þ

�
such that d̂d jf ð0Þ a P~NN; ðs; ðr;qÞÞð

j
EÞ for all j a N and

lim sup
j!l

1

j!
d̂d jf ð0Þ

����
����
1=j

~NN; ðs; ðr;qÞÞ
aA;

endowed with the locally convex topology generated by the family of seminorms

ðpl~NN; ðs; ðr;qÞÞ;rÞr>A, where

pl~NN; ðs; ðr;qÞÞ;rð f Þ ¼
Xl
j¼0

Xl
j¼0

r�j 1

j!
d̂d jf ð0Þ

����
����

~NN; ðs; ðr;qÞÞ
:
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We denoteHbðs;mðr;qÞÞ
�
B1=Að0Þ

�
by Explðs;mðr;qÞÞ;0;AðEÞ andH~NNb; ðs; ðr;qÞÞ

�
B1=Að0Þ

�
by Expl~NN; ðs; ðr;qÞÞ;0;AðEÞ, and we also write Explðs;mðr;qÞÞ;0ðEÞ ¼ Explðs;mðr;qÞÞ;0;0ðEÞ
and Expl~NN; ðs; ðr;qÞÞ;0ðEÞ ¼ Expl~NN; ðs; ðr;qÞÞ;0;0ðEÞ.

Proposition 2.8. If A a ½0;þlÞ, then

Hbðs;mðr;qÞÞ
�
B1=Að0Þ

�
and H~NNb; ðs; ðr;qÞÞ

�
B1=Að0Þ

�

are Fréchet spaces.

Proof. Since both ðpl~NN; ðs; ðr;qÞÞ;an
Þln¼1 and ðpl~NN; ðs; ðr;qÞÞ;rÞr>A generate the same topol-

ogy, where ðanÞln¼1 is a strictly decreasing sequence of positive real numbers con-

verging to A, we have that H~NNb; ðs; ðr;qÞÞ
�
B1=Að0Þ

�
is a locally convex and metrizable

topological vector space. Now the completeness follows as mentioned in Proposi-

tion 2.2.

For Hbðs;mðr;qÞÞ
�
B1=Að0Þ

�
the proof is analogous. r

Now we use the definitions of the spaces Hbðs;mðr;qÞÞ
�
B1=Að0Þ

�
and

H~NNb; ðs; ðr;qÞÞ
�
B1=Að0Þ

�
to construct new spaces as follows:

Let L ¼ 6
r<A

H~NNb; ðs; ðr;qÞÞ
�
B1=rð0Þ

�
and define the following relation:

f P g () there is r a ð0;AÞ such that f jB1=rð0Þ ¼ gjB1=rð0Þ:

It is obvious thatP is an equivalence relation. We denote by L=P the set of all

equivalence classes of elements of L and by ½ f � the equivalence class which has f

as one representant. Now we define the following operations in L=P:

½ f � þ ½g� ¼ ½ f jB1=rð0Þ þ gjB1=rð0Þ�;

where r a ð0;AÞ is such that f jB1=rð0Þ; gjB1=rð0Þ a H~NNb; ðs; ðr;qÞÞ
�
B1=rð0Þ

�
, and

l½ f � ¼ ½lf �; l a C:

With these two operations L=P is a vector space. The case
�
s;mðr; qÞ

�
is analo-

gous.

For each r a ð0;AÞ, let ir : H~NNb; ðs; ðr;qÞÞ
�
B1=rð0Þ

�
! L=P be given by

irð f Þ ¼ ½ f �.

Definition 2.9. If A a ð0;þl�, we define H~NNb; ðs; ðr;qÞÞ
�
B1=Að0Þ

�
¼ L=P with the

locally convex inductive limit topology generated by the ðirÞr A ð0;AÞ.
In the same way we construct the space Hbðs;mðr;qÞÞ

�
B1=Að0Þ

�
.

Now we define the following spaces:
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Definition 2.10. If r > 0, let Hl
ðs;mðr;qÞÞ

�
B1=rð0Þ

�
be the complex vector space of

all f a H
�
B1=rð0Þ

�
such that d̂d jf ð0Þ a Pðs;mðr;qÞÞð jEÞ for all j a N and

Xl
j¼0

r�j 1

j!
d̂d jf ð0Þ

����
����
ðs;mðr;qÞÞ

< þl;

which is a Banach space with the norm plðs;mðr;qÞÞ;r. Moreover, let

Hl
~NN; ðs; ðr;qÞÞ

�
B1=rð0Þ

�
be the complex vector space of all f a H

�
B1=rð0Þ

�
such that

d̂d jf ð0Þ a P~NN; ðs; ðr;qÞÞð
j
EÞ for all j a N and

Xl
j¼0

r�j 1

j!
d̂d jf ð0Þ

����
����

~NN; ðs; ðr;qÞÞ
< þl;

which is a Banach space as well with the norm pl~NN; ðs; ðr;qÞÞ;r.

As in Definition 2.9, we consider an equivalence relation in L ¼
6

r<A
Hl

ðs;mðr;qÞÞ
�
B1=rð0Þ

�
, and for A a ð0;þl� we define Explðs;mðr;qÞÞ;AðEÞ ¼

L=P¼ 6
r<A

Hl
ðs;mðr;qÞÞ

�
B1=rð0Þ

�
=P with the locally convex inductive limit

topology. We also define Expl~NN; ðs; ðr;qÞÞ;AðEÞ ¼ 6
r<A

Hl
~NNb; ðs; ðr;qÞÞ

�
B1=rð0Þ

�
=Pwith

the locally convex inductive limit topology.

The next result assures that Definitions 2.9 and 2.10 are equivalent:

Proposition 2.11. The spaces H~NNb; ðs; ðr;qÞÞ
�
B1=Að0Þ

�
and Expl~NN; ðs; ðr;qÞÞ;AðEÞ coincide

algebraically and are topologically isomorphic, and the same holds for the spaces

Hbðs;mðr;qÞÞ
�
B1=Að0Þ

�
and Explðs;mðr;qÞÞ;AðEÞ.

Proof. Straightforward. r

Due to Proposition 2.11 we denote the spaces Hbðs;mðr;qÞÞ
�
B1=Að0Þ

�
and

H~NNb; ðs; ðr;qÞÞ
�
B1=Að0Þ

�
by Explðs;mðr;qÞÞ;AðEÞ and Expl~NN; ðs; ðr;qÞÞ;AðEÞ, respectively.

Since limk!l
j

ke

� �1=k
¼ 1, we may use notations k � kðs;mðr;qÞÞ;l;r and

k � k ~NN; ðs; ðr;qÞÞ;l;r for plðs;mðr;qÞÞ;r and pl~NN; ðs; ðr;qÞÞ;r, respectively.

Proposition 2.12. (a) For each A a ð0;þl�,

Explðs;mðr;qÞÞ;AðEÞ and Expl~NN; ðs; ðr;qÞÞ;AðEÞ

are DF-spaces.

(b) For each A a ½0;þlÞ, Explðs;mðr;qÞÞ;0;AðEÞ and Expl~NN; ðs; ðr;qÞÞ;0;AðEÞ are Fré-

chet spaces.
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Proof. Note that (b) is Proposition 2.8, and the proof for (a) follows as in Propo-

sition 2.6. r

Proposition 2.13. (a) If k a ½1;þl� and A a ð0;þl�, then the Taylor series at 0

for each element of Expk
ðs;mðr;qÞÞ;AðEÞ (respectively, Expk

~NN; ðs; ðr;qÞÞ;AðEÞ) converges to
the element in the topology of the space.

(b) If k a ½1;þl� and A a ½0;þlÞ, then the Taylor series at 0 for each element

of Expk
ðs;mðr;qÞÞ;0;AðEÞ (respectively, Expk

~NN; ðs; ðr;qÞÞ;0;AðEÞ) converges to the element in

the topology of the space.

Proof. In each case it is enough to consider the di¤erence f �
Pn

j¼0
1
j! d̂d

jf ð0Þ and
the corresponding norm of the space in question. r

Proposition 2.14. (a) If k a ð1;þl� and A a ð0;þl�, then ej belongs to

Expk
~NN; ðs; ðr;qÞÞ;AðEÞ for all j a E 0.

(b) If k a ð1;þl� and A a ½0;þlÞ, then ej belongs to Expk
~NN; ðs; ðr;qÞÞ;0;AðEÞ for

all j a E 0.
(c) If k ¼ 1 and A a ð0;þl�, then ej belongs to Exp1

~NN; ðs; ðr;qÞÞ;AðEÞ for all j a E 0

such that kjk < A.

(d) If k ¼ 1 and A a ð0;þl�, then ej belongs to Exp1
~NN; ðs; ðr;qÞÞ;0;AðEÞ for all

j a E 0 such that kjkaA.

Proof. This follows from the definitions and characterizations of the spaces and

the fact that kd̂d jðejÞð0Þk ¼ kjk j ¼ kd̂d jðejÞð0Þk ~NN; ðs; ðr;qÞÞ. The proof of the last

equality can be found in Matos [5], p. 162. r

Proposition 2.15. Let ra s. Then:

(a) If k a ð1;þl� and A a ð0;þl�, then ej belongs to Expk
ðs;mðr;qÞÞ;AðEÞ for all

j a E 0.
(b) If k a ð1;þl� and A a ½0;þlÞ, then ej belongs to Expk

ðs;mðr;qÞÞ;0;AðEÞ for

all j a E 0.
(c) If k ¼ 1 and A a ð0;þl�, then ej belongs to Exp1

ðs;mðr;qÞÞ;AðEÞ, for all j a E 0

such that kjk < A.

(d) If k ¼ 1 and A a ð0;þl�, then ej belongs to Exp1
ðs;mðr;qÞÞ;0;AðEÞ for all

j a E 0 such that kjkaA.

Proof. Since ra s, we have jn a Pðs;mðr;qÞÞðnEÞ and kd̂d nðejÞð0Þkðs;mðr;qÞÞ ¼
kjnkðs;mðr;qÞÞ ¼ kjkn for each n a N. Now the proof follows along the same lines

as that of Proposition 2.14. r

Proposition 2.16. (1) The vector subspace generated by all ej, j a E 0, is dense in:

(a) Expk
~NN; ðs; ðr;qÞÞ;AðEÞ if k a ð1;þl� and A a ð0;þl�;

(b) Expk
~NN; ðs; ðr;qÞÞ;0;AðEÞ if k a ð1;þl� and A a ½0;þlÞ.
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(2) The vector subspace generated by ej, j a E 0, kjk < A, is dense in

Exp1
~NN; ðs; ðr;qÞÞ;AðEÞ if A a ð0;þlÞ.
(3) The vector subspace generated by ej, j a E 0, kjkaA, is dense in

Exp1
~NN; ðs; ðr;qÞÞ;0;AðEÞ if A a ð0;þlÞ.

Proof. Let g be the closure of Expk
~NN; ðs; ðr;qÞÞ;AðEÞ. By Proposition 2.13 and by the

fact that Pf ð jEÞ is dense in P~NN; ðs; ðr;qÞÞð
j
EÞ for all j a N (see Matos [5]), it is

enough to show that Pf ð jEÞJ g for each j a N. Therefore it is enough to show

that jn a g for all n a N and j a E 0. We proceed by induction on n. For l a C,

lA 0, we have

elj ¼
Xl
j¼0

1

j!
l jj j

converging in Expk
~NN; ðs; ðr;qÞÞ;AðEÞ and

lim
jlj!0

elj � 1

l
� j

����
����

~NN; ðs; ðr;qÞÞ;k;r
¼ lim

jlj!0
jlj

���Xl
j¼2

1

j!
l j�2j j

���
~NN; ðs; ðr;qÞÞ;k;r

:

Since

���Xl
j¼2

1

j!
l j�2j j

���
~NN; ðs; ðr;qÞÞ;k;r

a

���Xl
j¼2

1

j!
j j
���

~NN; ðs; ðr;qÞÞ;k;r

whenever jlja 1, we have the above limit equal to zero. Hence, j a g for all

j a E 0. Now suppose that j j a g for ja n� 1. Then

lim
jlj!0

���� 1

ln

�
elj �

Xn�1

j¼0

1

j!
l jj j

�
� jn

����
~NN; ðs; ðr;qÞÞ;k;r

¼ lim
jlj!0

jlj
��� Xl

j¼nþ1

1

j!
l j�nj j

���
~NN; ðs; ðr;qÞÞ;k;r

:

Since

��� Xl
j¼nþ1

1

j!
l j�nj j

���
~NN; ðs; ðr;qÞÞ;k;r

a

��� Xl
j¼nþ1

1

j!
j j
���

~NN; ðs; ðr;qÞÞ;k;r

whenever jlja 1, we have the above limit equal to zero. Hence, jn a g for all

j a E 0. The proof for the other cases is analogous. r
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3. The Fourier–Borel transforms

Definition 3.1. For k a ð1;þl� and A a ð0;þl�, the Fourier–Borel transform

FT of T a ½Expk
~NN; ðs; ðr;qÞÞ;AðEÞ�

0 is the function on E 0 defined by FTðjÞ ¼
TðejÞ a C.

For k a ð1;þl� and A a ½0;þlÞ, the Fourier–Borel transform FT of

T a ½Expk
~NN; ðs; ðr;qÞÞ;0;AðEÞ�

0 is the function on E 0 defined by FTðjÞ ¼ TðejÞ a C.

For k ¼ 1 and A a ð0;þl�, the Fourier–Borel transform FT of T a
½Exp1

~NN; ðs; ðr;qÞÞ;AðEÞ�
0 is the function on BAð0ÞHE 0 defined by FTðjÞ ¼ TðejÞ a C.

In all cases the function FT is well defined by Proposition 2.14.

Notation 3.2. As usual we set A�1 ¼ 1
A

for A a ð0;þlÞ. If A ¼ 0, we set

A�1 ¼ þl and if A ¼ þl, we set A�1 ¼ 0. For k a ð1;þlÞ, we denote by k 0

its conjugate, that is, 1
k
þ 1

k 0 ¼ 1. For k ¼ 1 we set k 0 ¼ þl, and for k ¼ þl we

set k 0 ¼ 1. We define yðkÞ ¼ k

ðk�1Þðk�1Þ=k for k a ð1;þlÞ. Since limk!1yðkÞ ¼ 1 ¼
limk!l yðkÞ, we set yð1Þ ¼ yðlÞ ¼ 1.

To prove the next results we need a duality result obtained by Matos in [5]:

Lemma 3.3. If E 0 has the l-bounded approximation property, then the topological

dual of P~NN; ðs; ðr;qÞÞðnEÞ is isometrically isomorphic to Pðs 0;mðr 0;q 0ÞÞðnE 0Þ through the

mapping

BðCÞðjÞ ¼ CðjnÞ

for all j a E 0 and C in the required dual.

Theorem 3.4. If E 0 has the l-bounded approximation property, then the mapping

F : ½Expk
~NN; ðs; ðr;qÞÞ;AðEÞ�

0 ! Expk 0

ðs 0;mðr 0;q 0ÞÞ;0; ðyðkÞAÞ�1ðE 0Þ;

given by FTðjÞ ¼ TðejÞ for all T a ½Expk
~NN; ðs; ðr;qÞÞ;AðEÞ�

0
, j a E 0 (if k a ð1;þl�Þ or

j a E 0 with kjk < A (if k ¼ 1), establishes an algebraic isomorphism between these

spaces for all A a ð0;þl�.

Proof. First we consider k a ð1;þlÞ. Let T a ½Expk
~NN; ðs; ðr;qÞÞ;AðEÞ�

0. Then for

each r a ð0;AÞ there is CðrÞ > 0 such that

jTð f ÞjaCðrÞk f k ~NN; ðs; ðr;qÞÞ;k;r ¼ CðrÞ
Xl
j¼0

r�j j

ke

� �j=k 1

j!
d̂d jf ð0Þ

����
����

~NN; ðs; ðr;qÞÞ

for all f a Expk
~NN; ðs; ðr;qÞÞ;AðEÞ. In particular, for P a P~NN; ðs; ðr;qÞÞð

j
EÞ we have
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jTðPÞjaCðrÞr�j j

ke

� �j=k

kPk ~NN; ðs; ðr;qÞÞ:

Let Tj ¼ T jP~NN; ðs; ðr; qÞÞð
j
EÞ. By Lemma 3.3 there is BTj a Pðs 0;mðr 0;q 0ÞÞð jE 0Þ with

BTjðjÞ ¼ Tjðj jÞ for all j a E 0 and kTjk ¼ kBTjkðs 0;mðr 0;q 0ÞÞ. Hence

kBTjkðs 0;mðr 0;q 0ÞÞ ¼ kTjkaCðrÞr�j j

ke

� �j=k

ð1Þ

for each r a ð0;AÞ, and we may write

FTðjÞ ¼ TðejÞ ¼
Xl
j¼0

1

j!
Tðj jÞ ¼

Xl
j¼0

1

j!
BTjðjÞ ð2Þ

for all j a E 0. By (1) we have

lim sup
j!l

j

k 0e

� �1=k 0
1

ð j!Þ1=j
kBTjk1=jðs 0;mðr 0;q 0ÞÞ

a lim sup
j!l

�
CðrÞ

�1=j 1
r

j

ke

� �1=k
j

k 0e

� �1=k 0
1

j!

� �1=j

¼ 1

r

1

k

� �1=k 1

k 0

� �1=k 0

¼ 1

ryðkÞ

for all r a ð0;AÞ. Hence

lim sup
j!l

j

k 0e

� �1=k 0
1

j!

� �1=j

kBTjk1=jðs 0;mðr 0;q 0ÞÞa
1

AyðkÞ < þl

and since

lim sup
j!l

j

k 0e

� �1=k 0

¼ þl

we have

lim sup
j!l

1

j!

� �1=j

kBTjk1=jðs 0;mðr 0;q 0ÞÞ ¼ 0:

Since kBTjka kBTjkðs 0;mðr 0;q 0ÞÞ, we have that the radius of convergence of (2) is

þl. Therefore, by Proposition 2.4 we have FT a Expk 0

ðs 0;mðr 0;q 0ÞÞ;0; ðyðkÞAÞ�1ðE 0Þ.
Now we prove that F is surjective. Consider H a Expk 0

ðs 0;mðr 0;q 0ÞÞ;0; ðyðkÞAÞ�1ðE 0Þ.
For each r a ð0;AÞ, there is CðrÞ > 0 such that
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j

k 0e

� �j=k 0
1

j!
kd̂d jHð0Þkðs 0;mðr 0;q 0ÞÞaCðrÞ 1�

ryðkÞ
� j

for all j a N. Let Tj a ½P~NN; ðs; ðr;qÞÞð
j
EÞ�0 such that BTj ¼ d̂d jHð0Þ, kTjk ¼

kd̂d jHð0Þkðs 0;mðr 0;q 0ÞÞ, then

1

j!
kTjkaCðrÞ 1

r j

1�
yðkÞ

� j

k 0e

j

� �j=k 0

: ð3Þ

For f a Expk
~NN; ðs; ðr;qÞÞ;AðEÞ we define

THð f Þ ¼
Xl
j¼0

1

j!
Tj

�
d̂d jf ð0Þ

�
:

Now, we prove that TH a ½Expk
~NN; ðs; ðr;qÞÞ;AðEÞ�

0 and FTH ¼ H. By (3) and the def-

inition of TH we have

1

j!
kTjk kd̂d jf ð0Þk ~NN; ðs; ðr;qÞÞaCðrÞ 1

r j

j

ke

� �j=k
e

j

� �j

kd̂d jf ð0Þk ~NN; ðs; ðr;qÞÞ:

Since limj!l
e
j
ð j!Þ1=j ¼ 1 for each e > 0, there is CðeÞ > 0 such that

e

j

� �j

aCðeÞð1þ eÞ j 1
j!

for all j a N:

Hence

1

j!
kTjk kd̂d jf ð0Þk ~NN; ðs; ðr;qÞÞaCðrÞCðeÞ 1þ e

r

� �j
j

ke

� �j=k
d̂d jf ð0Þ

j!

�����
�����

~NN; ðs; ðr;qÞÞ

and

jTHð f ÞjaCðrÞCðeÞ
Xl
j¼0

r

1þ e

� ��j
j

ke

� �j=k
d̂d jf ð0Þ

j!

�����
�����

~NN; ðs; ðr;qÞÞ

¼ CðrÞCðeÞk f k ~NN; ðs; ðr;qÞÞ;k;r=ð1þeÞ

for all f a Expk
~NN; ðs; ðr;qÞÞ;AðEÞ, e > 0 and r a ð0;AÞ. Thus TH a ½Expk

~NN; ðs; ðr;qÞÞ;AðEÞ�
0

and it is easy to see that FTH ¼ H.

Now we prove the case k ¼ 1. Proceeding in the same way and using the same

notations as in the case k a ð1;þlÞ we have

FTðjÞ ¼ TðejÞ ¼
Xl
j¼0

1

j!
Tðj jÞ ¼

Xl
j¼0

1

j!
BTjðjÞ
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for all j a E 0 such that kjk < A and

lim sup
j!l

1

j!
BTj

����
����
1=j

ðs 0;mðr 0;q 0ÞÞ
a

1

A
;

which implies that

lim sup
j!l

1

j!
BTj

����
����
1=j

a
1

A

because kBTjka kBTjkðs 0;mðr 0;q 0ÞÞ. Hence, by Definition 2.7 we have FT a
Hbðs 0;mðr 0;q 0ÞÞ

�
BAð0Þ

�
¼ Explðs 0;mðr 0;q 0ÞÞ;0;1=AðE 0Þ.

Now we prove that F is surjective. Consider H a Explðs 0;mðr 0;q 0ÞÞ;0;1=AðE 0Þ.
Then

lim sup
j!l

d̂d jHð0Þ
j!

�����
�����
1=j

ðs 0;mðr 0;q 0ÞÞ

a
1

A
: ð4Þ

By Lemma 3.3 there is Tj a ½P~NN; ðs; ðr;qÞÞð
j
EÞ�0 such that BTj ¼ d̂d jHð0Þ and kTjk ¼

kd̂d jHð0Þkðs 0;mðr 0;q 0ÞÞ. For f a Exp ~NN; ðs; ðr;qÞÞ;AðEÞ, we define

THð f Þ ¼
Xl
j¼0

1

j!
Tj

�
d̂d jf ð0Þ

�
:

Then we have

1

j!
Tj

�
d̂d jf ð0Þ

�����
����a 1

j!
kTjk kd̂d jf ð0Þk ~NN; ðs; ðr;qÞÞ

¼ 1

j!
kd̂d jHð0Þkðs 0;mðr 0;q 0ÞÞkd̂d jf ð0Þk ~NN; ðs; ðr;qÞÞ:

By (4), for each r a ð0;AÞ, there is CðrÞ > 0 such that

1

j!
kd̂d jHð0Þkðs 0;mðr 0;q 0ÞÞaCðrÞ 1

r j
for all j a N:

Hence

jTHð f Þja
Xl
j¼0

CðrÞ 1

r j
kd̂d jf ð0Þk ~NN; ðs; ðr;qÞÞ ¼ CðrÞk f k ~NN; ðs; ðr;qÞÞ;r

for each r a ð0;AÞ and f a Exp ~NN; ðs; ðr;qÞÞ;AðEÞ. Therefore
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TH a ½Exp ~NN; ðs; ðr;qÞÞ;AðEÞ�
0;

and it is easy to see that FTH ¼ H.

Now we prove the case k ¼ þl. Proceeding as before and using the same no-

tations, we have that for T a ½Expl~NN; ðs; ðr;qÞÞ;AðEÞ�
0 ¼

	
H~NN; ðs; ðr;qÞÞ

�
B1=Að0Þ

�
 0
,

FTðjÞ ¼ TðejÞ ¼
Xl
j¼0

1

j!
Tðj jÞ ¼

Xl
j¼0

1

j!
BTjðjÞ

for all j a E 0 and

lim sup
j!l

kBTjk1=jðs 0;mðr 0;q 0ÞÞa
1

A
:

Since lim supj!l
1
j!

� �1=j
¼ 0, we have

lim sup
j!l

1

j!

� �1=j

kBTjk1=jðs 0;mðr 0;q 0ÞÞ ¼ 0;

and this implies that FT a Expðs 0;mðr 0;q 0ÞÞ;0;1=AðE 0Þ.
Finally, let us prove that F is surjective. If H a Expðs 0;mðr 0;q 0ÞÞ;0;1=AðE 0Þ, then

lim sup
j!l

kd̂d jHð0Þk1=jðs 0;mðr 0;q 0ÞÞa
1

A
: ð5Þ

By Lemma 3.3 there is Tj a ½P~NN; ðs; ðr;qÞÞð
j
EÞ� 0 such that BTj ¼ d̂d jHð0Þ and

kTjk ¼ kd̂d jHð0Þkðs 0;mðr 0;q 0ÞÞ. For f a Expl~NN; ðs; ðr;qÞÞ;AðEÞ, we define

THð f Þ ¼
Xl
j¼0

1

j!
Tj

�
d̂d jf ð0Þ

�

and obtain

1

j!
Tj

�
d̂d jf ð0Þ

�����
����a 1

j!
kTjk kd̂d jf ð0Þk ~NN; ðs; ðr;qÞÞ

¼ 1

j!
kd̂d jHð0Þkðs 0;mðr 0;q 0ÞÞkd̂d jf ð0Þk ~NN; ðs; ðr;qÞÞ:

By (5), for each r a ð0;AÞ, there is CðrÞ > 0 such that

kd̂d jHð0Þkðs 0;mðr 0;q 0ÞÞaCðrÞ 1

r j
for all j a N:

Thus these two above inequalities imply that
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jTHð f Þja
Xl
j¼0

1

j!
Tj

�
d̂d jf ð0Þ

�����
����

a
Xl
j¼0

CðrÞ 1

j!r j
kd̂d jf ð0Þk ~NN; ðs; ðr;qÞÞ ¼ CðrÞk f k ~NN; ðs; ðr;qÞÞ;l;r

for each r a ð0;AÞ and each f a Expl~NN; ðs; ðr;qÞÞ;AðEÞ. Then

TH a ½Expl~NN; ðs; ðr;qÞÞ;AðEÞ�
0;

and it is easy to see that FTH ¼ H.

It is clear that F is linear and injective by Proposition 2.16. r

Theorem 3.5. If E 0 has the l-bounded approximation property, then the mapping

F : ½Expk
~NN; ðs; ðr;qÞÞ;0;AðEÞ�

0 ! Expk 0

ðs 0;mðr 0;q 0ÞÞ; ðyðkÞAÞ�1ðE 0Þ;

given by FTðjÞ ¼ TðejÞ for all T a ½Expk
~NN; ðs; ðr;qÞÞ;0;AðEÞ�

0
and j a E 0, establishes

an algebraic isomorphism between these spaces for all k a ð1;þl� and A a ½0;þlÞ.

Proof. The proof is similar to that of Theorem 3.4. r

Remark 3.6. If T a ½Exp1
~NN; ðs; ðr;qÞÞ;0;AðEÞ�

0, by Proposition 2.14 the natural defini-

tion for the Fourier–Borel transform of T would be FTðjÞ ¼ TðejÞ for all j a E 0

such that kjkaA. However we will prove that we can define FT for all j a E 0 in
a ‘‘bigger’’ set in such way that it agrees with the previous definition for j a E 0

with kjkaA. This is Proposition 3.8 below.

Definition 3.7. If k ¼ 1, A a ½0;þlÞ and E 0 has the l-bounded approximation

property, then the Fourier–Borel transform FT of T a ½Exp1
~NN; ðs; ðr;qÞÞ;0;AðEÞ�

0 is the
function defined by

FTðjÞ ¼
Xl
j¼0

1

j!
BTjðjÞ

for all j a E 0 such that the series converges absolutely. Here Tj ¼ T jP~NN; ðs; ðr; qÞÞð
j
EÞ,

BTj a Pðs 0;mðr 0;q 0ÞÞð jE 0Þ is given by BTjðjÞ ¼ Tjðj jÞ for all j a E 0, and kTjk ¼
kBTjkðs 0;mðr 0;q 0ÞÞ by Lemma 3.3.

Proposition 3.8. If E 0 has the l-bounded approximation property, A a ½0;þlÞ and
T a ½Exp1

~NN; ðs; ðr;qÞÞ;0;AðEÞ�
0
, then there is r > A such that FT a Hl

ðs 0;mðr 0;q 0ÞÞ
�
Brð0Þ

�
,

where Brð0Þ is the open ball in E 0.
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Proof. If T a ½Exp1
~NN; ðs; ðr;qÞÞ;0;AðEÞ�

0, there are d > A and CðdÞ > 0 such that

jTð f ÞjaCðdÞk f k ~NN; ðs; ðr;qÞÞ; d ¼ CðdÞ
Xl
j¼0

d�jkd̂d jf ð0Þk ~NN; ðs; ðr;qÞÞ

for all f a Exp1
~NN; ðs; ðr;qÞÞ;0;AðEÞ. Hence for P a P~NN; ðs; ðr;qÞÞð

j
EÞ we have

jTðPÞjaCðdÞd�j j!kPk ~NN; ðs; ðr;qÞÞ:

Thus

kBTjkðs 0;mðr 0;q 0ÞÞ ¼ kTjkaCðdÞj!d�j for all j a N

and

lim sup
j!l

BTj

j!

����
����
1=j

ðs 0;mðr 0;q 0ÞÞ
a

1

d
:

Let r a ðA; dÞ. Then

lim sup
j!l

BTj

j!

����
����
1=j

ðs 0;mðr 0;q 0ÞÞ
<

1

r
;

and this implies that FT a H
�
Brð0Þ

�
. Furthermore,

Xl
j¼0

r j 1

j!
BTj

����
����
ðs 0;mðr 0;q 0ÞÞ

< þl:

Thus FT a Hl
ðs 0;mðr 0;q 0ÞÞ

�
Brð0Þ

�
. r

Theorem 3.9. If E 0 has the l-bounded approximation property, then the mapping

F : T a ½Exp1
~NN; ðs; ðr;qÞÞ;0;AðEÞ�

0 ! FT a Explðs 0;mðr 0;q 0ÞÞ;1=AðE 0Þ

establishes an algebraic isomorphism between the two spaces spaces, for

A a ½0;þlÞ. Here we identify the class ½FT � with its representative FT.

Proof. By definition of Explðs 0;mðr 0;q 0ÞÞ;1=AðE 0Þ and Proposition 3.8 we have that FT

belongs to Explðs 0;mðr 0;q 0ÞÞ;1=AðE 0Þ for all T a ½Exp1
~NN; ðs; ðr;qÞÞ;0;AðEÞ�

0.

Now suppose that T a ½Exp1
~NN; ðs; ðr;qÞÞ;0;AðEÞ�

0 is such that FT ¼ 0. By Proposi-

tion 3.8, there is r > A such that FTðjÞ ¼ 0 for all j a E 0 with kjk < r, that is,

BTjðjÞ ¼ 0 for all j a Brð0ÞJE 0 and j a N. Hence BTj ¼ 0 and kTjk ¼
kBTjkðs 0;mðr 0;q 0ÞÞ ¼ 0. Thus T jP~NN; ðs; ðr; qÞÞð

j
EÞ ¼ 0 for all j a N, and by Proposition
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2.13 we have Tð f Þ ¼ 0 for all f a Exp1
~NN; ðs; ðr;qÞÞ;0;AðEÞ because d̂d jf ð0Þ a

P~NN; ðs; ðr;qÞÞð
j
EÞ for all j a N. Therefore T ¼ 0 and consequently F is injective.

The linearity of F is clear. Now let H a Explðs 0;mðr 0;q 0ÞÞ;1=AðE 0Þ. Then there is

r > A such that H a Hl
ðs 0;mðr 0;q 0ÞÞ

�
Brð0Þ

�
. Thus

lim sup
j!l

d̂d jHð0Þ
j!

�����
�����
1=j

ðs 0;mðr 0;q 0ÞÞ

a
1

r
:

Therefore, for all e > 0, there is CðeÞ > 0 such that

1

j!
kd̂d jHð0Þkðs 0;mðr 0;q 0ÞÞaCðeÞ 1þ e

r

� �j

for all j a N:

By Lemma 3.3, there is Tj a ½P~NN; ðs; ðr;qÞÞð
j
EÞ�0 such that BTj ¼ d̂d jHð0Þ and

kTjk ¼ kd̂d jHð0Þkðs 0;mðr 0;q 0ÞÞ. Hence

1

j!

��Tj

�
d̂d jf ð0Þ

���a 1

j!
kd̂d jHð0Þkðs 0;mðr 0;q 0ÞÞkd̂d jf ð0Þk ~NN; ðs; ðr;qÞÞ

aCðeÞ 1þ e

r

� �j

kd̂d jf ð0Þk ~NN; ðs; ðr;qÞÞ for all j a N:

For f a Exp1
~NN; ðs; ðr;qÞÞ;0;AðEÞ, we define

THð f Þ ¼
Xl
j¼0

1

j!
Tj

�
d̂d jf ð0Þ

�
:

Then

jTHð f ÞjaCðeÞ
Xl
j¼0

1þ e

r

� �j

kd̂d jf ð0Þk ~NN; ðs; ðr;qÞÞ ¼ CðeÞk f k ~NN; ðs; ðr;qÞÞ;r=ð1þeÞ

for all f a Exp1
~NN; ðs; ðr;qÞÞ;0;AðEÞ and e > 0 such that r

1þe
> A. Therefore, TH a

½Exp1
~NN; ðs; ðr;qÞÞ;0;AðEÞ�

0 and FTH ¼ H. r

4. Bounded sets

In this section we give characterizations of the bounded sets of Expk
~NN; ðs; ðr;qÞÞ;AðEÞ

and Expk
ðs;mðr;qÞÞ;AðEÞ for k a ½1;þl�, A a ð0;þl� (Expk

~NN; ðs; ðr;qÞÞ;0;AðEÞ and

Expk
ðs;mðr;qÞÞ;0;AðEÞ for k a ½1;þl�, A a ½0;þlÞ). We shall use these characteriza-

tions to prove that the Fourier–Borel transforms are topological isomorphisms in

some cases.
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We denote by SA the family of all sequences a ¼ ðajÞlj¼0 of real numbers aj b 0

such that lim supj!l a
1=j
j aA.

Proposition 4.1. For k a ½1;þlÞ, A a ð0;þl� and a a S1=A, the seminorms

p ~NN; ðs; ðr;qÞÞ;k;a and pðs;mðr;qÞÞ;k;a defined by

p ~NN; ðs; ðr;qÞÞ;k;að f Þ ¼
Xl
j¼0

aj
j

ke

� �j=k
d̂d jf ð0Þ

j!

�����
�����

~NN; ðs; ðr;qÞÞ

;

pðs;mðr;qÞÞ;k;að f Þ ¼
Xl
j¼0

aj
j

ke

� �j=k
d̂d jf ð0Þ

j!

�����
�����
ðs;mðr;qÞÞ

are continuous in Expk
~NN; ðs; ðr;qÞÞ;AðEÞ and Expk

ðs;mðr;qÞÞ;AðEÞ, respectively.
For k ¼ þl, A a ð0;þl� and a a S1=A the seminorms p ~NN; ðs; ðr;qÞÞ;l;a and

pðs;mðr;qÞÞ;l;a defined by

p ~NN; ðs; ðr;qÞÞ;l;að f Þ ¼
Xl
j¼0

aj
d̂d jf ð0Þ

j!

�����
�����

~NN; ðs; ðr;qÞÞ

;

pðs;mðr;qÞÞ;l;að f Þ ¼
Xl
j¼0

aj
d̂d jf ð0Þ

j!

�����
�����
ðs;mðr;qÞÞ

are continuous in Expl~NN; ðs; ðr;qÞÞ;AðEÞ and Explðs;mðr;qÞÞ;AðEÞ, respectively.

Proof. For each r a ð0;AÞ, we have 1
A
< 1

r
and since a a S1=A, there is CðrÞ > 0

such that aj aCðrÞ 1
r j for all j a N. Thus, for k a ½1;þlÞ we get

p ~NN; ðs; ðr;qÞÞ;k;að f ÞaCðrÞ
Xl
j¼0

1

r j

j

ke

� � j=k
d̂d jf ð0Þ

j!

�����
�����

~NN; ðs; ðr;qÞÞ

¼ CðrÞk f k ~NN; ðs; ðr;qÞÞ;k;r;

pðs;mðr;qÞÞ;k;að f ÞaCðrÞ
Xl
j¼0

1

r j

j

ke

� � j=k
d̂d jf ð0Þ

j!

�����
�����
ðs;mðr;qÞÞ

¼ CðrÞk f kðs;mðr;qÞÞ;k;r:

For k ¼ þl we obtain that

p ~NN; ðs; ðr;qÞÞ;l;að f ÞaCðrÞ
Xl
j¼0

1

r j

d̂d jf ð0Þ
j!

�����
�����

~NN; ðs; ðr;qÞÞ

¼ CðrÞpl~NN; ðs; ðr;qÞÞ;rð f Þ;

pðs;mðr;qÞÞ;l;að f ÞaCðrÞ
Xl
j¼0

1

r j

d̂d jf ð0Þ
j!

�����
�����
ðs;mðr;qÞÞ

¼ CðrÞplðs;mðr;qÞÞ;rð f Þ:
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Now these four inequalities and the properties of the inductive limit topology im-

ply the continuity of these seminorms in the respective spaces. r

Proposition 4.2. For k a ½1;þlÞ and A a ð0;þl�, a subset B of

Expk
~NN; ðs; ðr;qÞÞ;AðEÞ or Exp

k
ðs;mðr;qÞÞ;AðEÞ is bounded if and only if there is r a ð0;AÞ

such that

lim sup
j!l

j

ke

� �1=k

sup
f AB

d̂d jf ð0Þ
j!

�����
�����

~NN; ðs; ðr;qÞÞ

0
@

1
A
1=j

a r ð6Þ

or

lim sup
j!l

j

ke

� �1=k

sup
f AB

d̂d jf ð0Þ
j!

�����
�����
ðs;mðr;qÞÞ

0
@

1
A
1=j

a r; ð7Þ

respectively.

For k ¼ þl and A a ð0;þl�, a subset B of Expl~NN; ðs; ðr;qÞÞ;AðEÞ or

Explðs;mðr;qÞÞ;AðEÞ is bounded if and only if there is r a ð0;AÞ such that

lim sup
j!l

sup
f AB

d̂d jf ð0Þ
j!

�����
�����

~NN; ðs; ðr;qÞÞ

0
@

1
A
1=j

a r ð8Þ

or

lim sup
j!l

sup
f AB

d̂d jf ð0Þ
j!

�����
�����
ðs;mðr;qÞÞ

0
@

1
A
1=j

a r; ð9Þ

respectively.

Proof. It is a known result of the theory of topological vector spaces that a subset

L of a locally convex space X is bounded if an only if each continuous seminorm

in X is bounded in L (see Grothendieck [1], p. 25). We use this result to prove that

if one of the conditions (6), (7), (8), (9) holds, then B is bounded in its correspond-

ing space. Let p be a continuous seminorm in its corresponding space, then for

each d a ð0;AÞ there is CðdÞ > 0 such that

pð f ÞaCðdÞk f k ~NN; ðs; ðr;qÞÞ;k; d ðfor all f a Expk
~NN; ðs; ðr;qÞÞ;AðEÞÞ

or

pð f ÞaCðdÞk f kðs;mðr;qÞÞ;k; d ðfor all f a Expk
ðs;mðr;qÞÞ;AðEÞÞ

for each k a ½1;þl�. In particular,
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sup
f AB

pð f ÞaCðrÞ sup
f AB

k f k ~NN; ðs; ðr;qÞÞ;k;r ð19Þ

sup
f AB

pð f ÞaCðrÞ sup
f AB

k f kðs;mðr;qÞÞ;k;r: ð11Þ

For k a ½1;þlÞ, we have from (6) and (7) that

sup
f AB

k f k ~NN; ðs; ðr;qÞÞ;k;ra
Xl
j¼0

1

r j

j

ke

� �j=k

sup
f AB

d̂d jf ð0Þ
j!

�����
�����

~NN; ðs; ðr;qÞÞ

< þl;

sup
f AB

k f kðs;mðr;qÞÞ;k;ra
Xl
j¼0

1

r j

j

ke

� �j=k

sup
f AB

d̂d jf ð0Þ
j!

�����
�����
ðs;mðr;qÞÞ

< þl:

Hence B is bounded in Expk
~NN; ðs; ðr;qÞÞ;AðEÞ.

Now we suppose that B is bounded in Expk
~NN; ðs; ðr;qÞÞ;AðEÞ (for Exp

k
ðs;mðr;qÞÞ;AðEÞ

the proof is analogous). Since these spaces are inductive limits of a sequence of

DF -spaces of type Bk
~NN; ðs; ðr;qÞÞ;rn

ðEÞ, where ðrnÞ
l
n¼1 is a strictly increasing sequence

of positive real numbers converging to A, B is contained in the closure of a

bounded subset of some Bk
~NN; ðs; ðr;qÞÞ;rn

ðEÞ (this is also a result of the theory of topo-

logical vector spaces and can be found in Grothendieck [1], p. 171, Proposition 5).

Without loss of generality we suppose that B is contained in the closed unit ball of

Bk
~NN; ðs; ðr;qÞÞ;rðEÞ, where r a ð0;AÞ. Now to get our result it is enough to show that

the closure, for the topology in Expk
~NN; ðs; ðr;qÞÞ;AðEÞ, of this ball is contained in a ball

of some Bk
~NN; ðs; ðr;qÞÞ; dðEÞ. Let BBk

~NN; ðs; ðr; qÞÞ; rðEÞ
¼ f f a Bk

~NN; ðs; ðr;qÞÞ;rðEÞ; k f k ~NN; ðs; ðr;qÞÞ;k;r

a 1g be the unit ball of Bk
~NN; ðs; ðr;qÞÞ;rðEÞ. If g belongs to BBk

~NN; ðs; ðr; qÞÞ; rðEÞ
(closure of

BBk
~NN; ðs; ðr; qÞÞ; rðEÞ

in Expk
~NN; ðs; ðr;qÞÞ;AðEÞ), then there is a net ðgiÞi A I in BBk

~NN; ðs; ðr; qÞÞ; rðEÞ
con-

verging to g in the topology of Expk
~NN; ðs; ðr;qÞÞ;AðEÞ. Thus,

r�j j

ke

� �j=k

sup
i A I

d̂d jgið0Þ
j!

�����
�����

~NN; ðs; ðr;qÞÞ

a 1 for all j a N: ð12Þ

For each j a N we define the seminorms p ~NN; ðs; ðr;qÞÞ;k;a by

p ~NN; ðs; ðr;qÞÞ;k;að f Þ ¼ r�j j

ke

� �j=k
d̂d jf ð0Þ

j!

�����
�����

~NN; ðs; ðr;qÞÞ

;

where aj ¼ r�j and al ¼ 0 for lA j. Hence by Proposition 4.1 we have that

p ~NN; ðs; ðr;qÞÞ;k;a is a continuous seminorm in Expk
~NN; ðs; ðr;qÞÞ;AðEÞ. By (12) we have

r�j j

ke

� �j=k
d̂d jgð0Þ

j!

�����
�����

~NN; ðs; ðr;qÞÞ

a 1 for all j a N:
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Thus

j

ke

� �j=k

sup
g AB

Bk
~NN; ðs; ðr; qÞÞ; r

ðEÞ

d̂d jgð0Þ
j!

�����
�����

~NN; ðs; ðr;qÞÞ

a r j for all j a N:

Hence, if d a ðr;AÞ we have

sup
g AB

kgk ~NN; ðs; ðr;qÞÞ;k; da
Xl
j¼0

1

d j

j

ke

� �j=k

sup
g AB

d̂d jgð0Þ
j!

�����
�����

~NN; ðs; ðr;qÞÞ

a
Xl
j¼0

r

d

� �j

¼ 1

1� r

d

:

The case k ¼ þl is analogous. r

Corollary 4.3. For k a ½1;þl� and A a ð0;þl�, a subset B of Expk
~NN; ðs; ðr;qÞÞ;AðEÞ

or Expk
ðs;mðr;qÞÞ;AðEÞ is bounded if and only if there is r a ð0;AÞ such that B is con-

tained and bounded in Bk
~NN; ðs; ðr;qÞÞ;rðEÞ or B

k
ðs;mðr;qÞÞ;rðEÞ, respectively.

Proof. This follows immediately using Proposition 4.2. r

Proposition 4.4. For k a ½1;þlÞ and A a ½0;þlÞ, a subset B of

Expk
~NN; ðs; ðr;qÞÞ;0;AðEÞ or Exp

k
ðs;mðr;qÞÞ;0;AðEÞ is bounded if and only if

lim sup
j!l

j

ke

� �1=k

sup
f AB

d̂d jf ð0Þ
j!

�����
�����

~NN; ðs; ðr;qÞÞ

0
@

1
A
1=j

aA ð13Þ

or

lim sup
j!l

j

ke

� �1=k

sup
f AB

d̂d jf ð0Þ
j!

�����
�����
ðs;mðr;qÞÞ

0
@

1
A
1=j

aA; ð14Þ

respectively.

For k ¼ þl and A a ½0;þlÞ, a subset B of Expl~NN; ðs; ðr;qÞÞ;0;AðEÞ or

Explðs;mðr;qÞÞ;0;AðEÞ is bounded if and only if

lim sup
j!l

sup
f AB

d̂d jf ð0Þ
j!

�����
�����

~NN; ðs; ðr;qÞÞ

0
@

1
A
1=j

aA ð15Þ

or

lim sup
j!l

sup
f AB

d̂d jf ð0Þ
j!

�����
�����
ðs;mðr;qÞÞ

0
@

1
A
1=j

aA; ð16Þ

respectively.
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Proof. If B is a bounded subset of Expk
~NN; ðs; ðr;qÞÞ;0;AðEÞ for k a ½1;þlÞ, then B is

bounded in Bk
~NN; ðs; ðr;qÞÞ;rðEÞ for all r > A (see Grothendieck [1], p. 24, Proposition

11). Thus,

lim sup
j!l

j

ke

� �1=k

sup
f AB

d̂d jf ð0Þ
j!

�����
�����

~NN; ðs; ðr;qÞÞ

0
@

1
A
1=j

aA:

For Expk
ðs;mðr;qÞÞ;AðEÞ it is analogous. The case k ¼ þl is analogous too.

Now suppose that (13) holds. Then for e > 0 there is CðeÞ > 0 such that

j

ke

� �j=k

sup
f AB

d̂d jf ð0Þ
j!

�����
�����

~NN; ðs; ðr;qÞÞ

aCðeÞðAþ eÞ j for all j a N:

If r > A, we have

r�j j

ke

� �j=k

sup
f AB

d̂d jf ð0Þ
j!

�����
�����

~NN; ðs; ðr;qÞÞ

aCðeÞ Aþ e

r

� �j

for all j a N:

Let e > 0 such r > Aþ e. Then

sup
f AB

k f k ~NN; ðs; ðr;qÞÞ;k;ra
Xl
j¼0

1

r j

j

ke

� �j=k

sup
f AB

d̂d jf ð0Þ
j!

�����
�����

~NN; ðs; ðr;qÞÞ

aCðeÞ
Xl
j¼0

Aþ e

r

� �j

< þl:

Hence B is bounded in Bk
~NN; ðs; ðr;qÞÞ;rðEÞ for each r > A, and so is bounded in

Expk
~NN; ðs; ðr;qÞÞ;0;AðEÞ.
For Expk

ðs;mðr;qÞÞ;AðEÞ as well as the case k ¼ þl the argument is analogous.

r

Now we are able to prove that the Fourier–Borel transforms are topological

isomorphisms.

Theorem 4.5. If E 0 has the l-bounded approximation property, then the Fourier–

Borel transform F is a topological isomorphism between the spaces

½Expk
~NN; ðs; ðr;qÞÞ;AðEÞ�

0
b and Expk 0

ðs 0;mðr 0;q 0ÞÞ;0; ðyðkÞAÞ�1ðE 0Þ for all k a ½1;þl� and

A a ð0;þl�. Here b denotes the strong topology on the dual.

Proof. By the Open Mapping Theorem it is enough to show that F�1 is contin-

uous, because ½Expk
~NN; ðs; ðr;qÞÞ;AðEÞ�

0
b and Expk 0

ðs 0;mðr 0;q 0ÞÞ;0; ðyðkÞAÞ�1ðE 0Þ are Fréchet

spaces. Note that ½Expk
~NN; ðs; ðr;qÞÞ;AðEÞ�

0
b is a Fréchet space since it is the strong dual

of a DF -space.
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We will prove that F�1 is continuous by showing that for each continuous

seminorm q in ½Expk
~NN; ðs; ðr;qÞÞ;AðEÞ�

0
b, there are C > 0 and a continuous seminorm

p in Expk 0

ðs 0;mðr 0;q 0ÞÞ;0; ðyðkÞAÞ�1ðE 0Þ such that q
�
F�1ðHÞ

�
¼ qðTHÞaCpðHÞ for all

H a Expk 0

ðs 0;mðr 0;q 0ÞÞ;0; ðyðkÞAÞ�1ðE 0Þ (here TH is the same we used several times

before). We know that the strong topology on the dual is generated by a

family of seminorms pBðSÞ ¼ supf ABjSð f Þj, where S a ½Expk
~NN; ðs; ðr;qÞÞ;AðEÞ�

0
b and

BJExpk
~NN; ðs; ðr;qÞÞ;AðEÞ is a bounded subset.

Let B a Expk
~NN; ðs; ðr;qÞÞ;AðEÞ be a bounded subset for k a ð1;þlÞ. By Proposi-

tion 4.2 there is r a ð0;AÞ such that

lim sup
j!l

j

ke

� �1=k

sup
f AB

d̂d jf ð0Þ
j!

�����
�����

~NN; ðs; ðr;qÞÞ

0
@

1
A
1=j

a r:

Thus, for each e > 0 there is CðeÞ > 0 such that

j

ke

� �j=k

sup
f AB

d̂d jf ð0Þ
j!

�����
�����

~NN; ðs; ðr;qÞÞ

aCðeÞðrþ eÞ j

for all j a N. Then

sup
f AB

jF�1ðHÞð f Þj ¼ sup
f AB

jTHð f Þj

a
Xl
j¼0

kd̂d jHð0Þkðs 0;mðr 0;q 0ÞÞ sup
f AB

d̂d jf ð0Þ
j!

�����
�����

~NN; ðs; ðr;qÞÞ

aCðeÞ
Xl
j¼0

ðrþ eÞ j ke

j

� �j=k

j!
d̂d jHð0Þ

j!

�����
�����
ðs 0;mðr 0;q 0ÞÞ

: ð17Þ

Since

ke

j

� �j=k

¼
�
yðkÞ

� j j

k 0e

� �j=k 0
e j

j j

we have

Xl
j¼0

ðrþ eÞ j ke

j

� �j=k

j!
d̂d jHð0Þ

j!

�����
�����
ðs 0;mðr 0;q 0ÞÞ

a
Xl
j¼0

�
yðkÞ

� jðrþ eÞ j j!
j j
e j j

k 0e

� �j=k 0
d̂d jHð0Þ

j!

�����
�����
ðs 0;mðr 0;q 0ÞÞ

; ð18Þ

and since
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lim
j!l

e

j
ð j!Þ1=j ¼ 1;

there is DðeÞ > 0 such that

j!

j j
e j

aDðeÞð1þ eÞ j ð19Þ

for all j a N. Therefore,

sup
f AB

jF�1ðHÞð f ÞjaCðeÞDðeÞkHkðs 0;mðr 0;q 0ÞÞ;k 0;1=yðkÞðrþeÞð1þeÞ:

Now, choosing e > 0 such that ðrþ eÞð1þ eÞ < A, we have 1
yðkÞðrþeÞð1þeÞ >

1
yðkÞA

and the continuity of F�1 follows.

Proceeding the same way we have

sup
f AB

jF�1ðHÞð f ÞjaCðeÞkHkðs 0;mðr 0;q 0ÞÞ;l;1=ðrþeÞ

if k ¼ 1, and

sup
f AB

jF�1ðHÞð f ÞjaCðeÞkHkðs 0;mðr 0;q 0ÞÞ;1=ðrþeÞ

if k ¼ þl. Then, choosing e > 0 so that ðrþ eÞ < A, we have 1
rþe

> 1
A
, and the

continuity of F�1 follows. r

It is an open problem whether the Fourier–Borel transform, in the next case, is

a topological isomorphism. But it is possible to prove that F�1 is continuous.

Theorem 4.6. If E 0 has the l-bounded approximation property, k a ½1;þl� and
A a ½0;þlÞ, then

F�1 : Expk 0

ðs 0;mðr 0;q 0ÞÞ; ðyðkÞAÞ�1ðE 0Þ ! ½Expk
~NN; ðs; ðr;qÞÞ;0;AðEÞ�

0
b

is continuous. Again b denotes the strong topology on the dual.

Proof. Let B a Expk
~NN; ðs; ðr;qÞÞ;0;AðEÞ be a bounded subset. By Proposition 4.4 we

have

lim sup
j!l

j

ke

� �1=k

sup
f AB

d̂d jf ð0Þ
j!

�����
�����

~NN; ðs; ðr;qÞÞ

0
@

1
A
1=j

aA:

For r > A there is CðrÞ > 0 such that
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j

ke

� �j=k

sup
f AB

d̂d jf ð0Þ
j!

�����
�����

~NN; ðs; ðr;qÞÞ

aCðrÞr j

for all j a N. Thus

sup
f AB

jF�1ðHÞð f Þja
Xl
j¼0

kd̂d jHð0Þkðs 0;mðr 0;q 0ÞÞ sup
f AB

d̂d jf ð0Þ
j!

�����
�����

~NN; ðs; ðr;qÞÞ

aCðrÞ
Xl
j¼0

r j ke

j

� �j=k

j!
d̂d jHð0Þ

j!

�����
�����
ðs 0;mðr 0;q 0ÞÞ

¼ CðrÞ
Xl
j¼0

�
ryðkÞ

� j j

k 0e

� �j=k 0
j!

j j
e j d̂d jHð0Þ

j!

�����
�����
ðs 0;mðr 0;q 0ÞÞ

:

By (19) we have

sup
f AB

jF�1ðHÞð f ÞjaCðrÞ
Xl
j¼0

�
ryðkÞ

� j j

k 0e

� �j=k 0
j!

j j
e j d̂d jHð0Þ

j!

�����
�����
ðs 0;mðr 0;q 0ÞÞ

aCðrÞDðeÞ
Xl
j¼0

�
rð1þ eÞyðkÞ

� j j

k 0e

� �j=k 0
d̂d jHð0Þ

j!

�����
�����
ðs 0;mðr 0;q 0ÞÞ

¼ CðrÞDðeÞkHkðs 0;mðr 0;q 0ÞÞ;k 0;1=yðkÞrð1þeÞ

for all e > 0 and r > A. Hence

sup
f AB

jF�1ðHÞð f ÞjaCðrÞDðeÞkHkðs 0;mðr 0;q 0ÞÞ;k 0; r;

for all r < 1
yðkÞA , which proves that F�1 is continuous.

The proof for k ¼ 1 and k ¼ þl follows the same pattern. r
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V. V. Fávaro, IMECC, UNICAMP, Caixa postal 6065, 13083-859 Campinas, SP, Brasil

E-mail: vvfavaro@ime.unicamp.br

309The Fourier–Borel transform between spaces of entire functions

http://www.emis.de/MATH-item?0243.47016
http://www.emis.de/MATH-item?0167.44202
www.ams.org/mathscinet-getitem?mr=1507968
http://www.emis.de/MATH-item?0568.46036
www.ams.org/mathscinet-getitem?mr=0771327

