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Local solutions for a Timoshenko system
in noncylindrical domains
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Abstract. In this paper we study a Timoshenko system modeling transverse vibrations of
thin elastic beams in a moving boundary domain. Existence and uniqueness of a local so-
lution is proved by using Faedo–Galerkin approximation.
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1. Introduction

Hyperbolic systems of the type

f 00 �M
� ð b

a

qf

qx

����
����
2

dx
� q2f
qx2

þ qn

qx
¼ j;

n 00 � q2n

qx2
þ qf

qx
þ n ¼ c;

9>>>>=
>>>>;

ð1:1Þ

are usually called Timoshenko systems (see e.g. [10]) and describe transverse vibra-

tions of a beam when rotatory inertia and shear forces are taken into account. In

this model, the beam has a length L ¼ b � a and its transverse vibrations at a time

t are represented by f ¼ fðx; tÞ, aaxa b. The function n ¼ nðx; tÞ represents the
slope of the deformation curve f due to the rotatory e¤ect and thus producing a

shearing deformation.

The system (1.1) has been studied by several authors. For instance, the exis-

tence of local solutions was considered by Tucsnak in [9]. The problem of exact

controllability, in the n-dimensional case, with MðlÞ ¼ 1, was studied by Me-

deiros [5]. A necessary and su‰cient condition for exponential stability of (1.1),

when MðlÞ ¼ 1, was established by Muñoz Rivera and Racke [7]. Other related

results can be found, for instance, in [1], [3], [8].



The objective of this work is to extend the system (1.1) to a moving boundary

context. This is done by assuming the ends a, b of the beam time dependent, and

therefore defining the system in a noncylindrical domain Q̂Q. More precisely, we

have

Q̂Q ¼ 6
0<t<T

�aðtÞ; bðtÞ½ � ftg

and the lateral boundary

ŜS ¼ 6
0<t<T

faðtÞ; bðtÞg � ftg:

The noncylindrical domain Q̂Q means that the beam at rest configuration is

modeled by the interval ½að0Þ; bð0Þ� and its ends change in time according to the

functions a and b. This situation may occur, for instance, due to the temperature

variation.

Our problem is then defined by

f 00 �M
� ð bðtÞ

aðtÞ

qf

qx

����
����
2

dx
� q2f
qx2

þ jfjrfþ qn

qx
¼ j

n 00 � q2n

qx2
þ qf

qx
¼ c

in Q̂Q

9>>>>=
>>>>;

ð1:2Þ

with initial conditions

fðx; 0Þ ¼ f0ðxÞ; f 0ðx; 0Þ ¼ f1ðxÞ
nðx; 0Þ ¼ n0ðxÞ; n 0ðx; 0Þ ¼ n1ðxÞ

in W0 ¼ �að0Þ; bð0Þ½
)

ð1:3Þ

and boundary conditions

f ¼ n ¼ 0 on ŜS; ð1:4Þ

where 0 denotes the derivative with respect to t.

We have added a nonlinear perturbation of the type jfjrf, r > 0, in order to

deal with a more general model. This kind of nonlinearity is a forcing term for

the system and appears often in relativistic quantum mechanics. It has been con-

sidered by several authors in hyperbolic, parabolic and elliptic equations.

We study the existence and uniqueness of a local solution for the system (1.2)–

(1.4). The method employed here is to transform the system (1.2)–(1.4) into an

equivalent one defined in standard cylindrical domains, but with time variable co-

e‰cients. This is done, for instance, by following the arguments in Medeiros [6].

Then we use Faedo–Galerkin method and compactness arguments as in Lions [4].
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The article is organized as follows: introduction; notations, assumptions and

local results; approximation and estimates; proof of the theorems.

2. Notations, assumptions and local results

We obtain existence and uniqueness of solutions for the nonlinear system (1.2)–

(1.4) assuming the following hypotheses on the functions M, a and b:

Assumptions.

(M1) M a C1ð½0;þl½;RÞ and there exists m0 a Rþ such that MðlÞbm0 for all

lb 0.

(H1) a; b a C2ð½0;þl½;RÞ with aðtÞ < bðtÞ, a 0ðtÞ < 0, b 0ðtÞ > 0, and g 0ðtÞa
m0

2

� �1=2
for all tb 0, where gðtÞ ¼ bðtÞ � aðtÞ;

(H2) ja 00ðtÞ þ yg 00ðtÞja 1
gðtÞ ja

0ðtÞ þ yg 0ðtÞj2 for all y a ½0; 1� and tb 0;

(H3) there exists m1 a Rþ such that m1 < 1�
�
a 0ðtÞ þ yg 0ðtÞ

�2
for all y a ½0; 1�

and tb 0.

Remark 2.1. The assumptions a 0ðtÞ < 0 and b 0ðtÞ > 0 mean that Q̂Q is strictly in-

creasing in the sense that gðtÞ ¼ bðtÞ � aðtÞ is strictly increasing.

Remark 2.2. The assumption (H1) implies that ja 0 þ yg 0j < g 0 for all 0a ya 1.

In fact, from the signs of a 0, b 0 and the definition of g, we have

a 0 þ yg 0 < yg 0 < g 0 if 0a ya 1;

and

a 0 þ yg 0 ¼ ðb 0 þ yg 0Þ � g 0 > �g 0 if yb 0:

Assumption (H1) also implies ja 0j < g 0 and b 0 < g 0. Using assumption (H2) we

conclude that

ja 00ja ja 0j2

g
and jb 00ja jb 0j2

g
:

Remark 2.3. To transform the noncylindrical domain Q̂Q into a cylindrical

domain Q we use a suitable change of variables established by the following appli-

cation:

t : Q̂Q ! Q ¼ �0; 1½ � �0;T ½ ; ðx; tÞ 7! ðy; tÞ ¼ x� aðtÞ
gðtÞ ; t

� �
:
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The application t transforms Wt ¼ �aðtÞ; bðtÞ½ into �0; 1½. The inverse t�1 : Q ! Q̂Q

is given by t�1ðy; tÞ ¼ ðx; tÞ with x ¼ aðtÞ þ gðtÞy. The applications t and t�1 are

C2 by ðH1Þ.
Using the new variables

uðy; tÞ ¼ ðf � t�1Þðy; tÞ ¼ fðx; tÞ;

vðy; tÞ ¼ ðn � t�1Þðy; tÞ ¼ nðx; tÞ;

we have the following identities:

f 00 ¼ u 00 � 1

g2
f2g 0ða 0 þ yg 0Þ � gða 00 þ yg 00Þg qu

qy
� 2

g
ða 0 þ yg 0Þ qu

0

qy

þ 1

g2
ða 0 þ yg 0Þ2 q

2u

qy2
;

n 00 ¼ v 00 � 1

g2
f2g 0ða 0 þ yg 0Þ � gða 00 þ yg 00Þg qv

qy
� 2

g
ða 0 þ yg 0Þ qv

0

qy

þ 1

g2
ða 0 þ yg 0Þ2 q

2v

qy2
;

qkf

qxk
¼ 1

gk
qku

qyk
;
qkn

qxk
¼ 1

gk
qkv

qyk
; jfjrf ¼ jujru;

ð bðtÞ
aðtÞ

qf

qx

����
����
2

dx ¼ 1

g

ð1
0

qu

qy

����
����
2

dy:

Moreover, we define f , g, u0, u1, v0, v1 by

f ðy; tÞ ¼ ðj � t�1Þðy; tÞ ¼ jðx; tÞ;

gðy; tÞ ¼ ðc � t�1Þðy; tÞ ¼ cðx; tÞ;
u0ðyÞ ¼ f0ða0 þ g0yÞ; v0ðyÞ ¼ n0ða0 þ g0yÞ;
u1ðyÞ ¼ f1ða0 þ g0yÞ þ

�
a 0ð0Þ þ g 0ð0Þy

�
f0xða0 þ g0yÞ;

v1ðyÞ ¼ n1ða0 þ g0yÞ þ
�
a 0ð0Þ þ g 0ð0Þy

�
n0xða0 þ g0yÞ;

where g0 ¼ gð0Þ, a0 ¼ að0Þ and b0 ¼ bð0Þ. Then problem (1.2)–(1.4) is trans-

formed into a cylindrical problem with variable coe‰cients

u 00 � 1

g2
M

1

g
kuðtÞk2

� �
q2u

qy2
� q

qy
aðy; tÞ qu

qy

� �

þ bðy; tÞ qu
0

qy
þ cðy; tÞ qu

qy
þ jujruþ 1

g

qv

qy
¼ f ðy; tÞ in Q;

v 00 � q

qy
dðy; tÞ qv

qy

� �
þ bðy; tÞ qv

0

qy
þ cðy; tÞ qv

qy
þ 1

g

qu

qy
¼ gðy; tÞ in Q;

9>>>>>>>>=
>>>>>>>>;

ð2:1Þ
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with initial and boundary conditions

uð�; 0Þ ¼ u0; u
0ð�; 0Þ ¼ u1; vð�; 0Þ ¼ v0; v

0ð�; 0Þ ¼ v1 in �0; 1½ ; ð2:2Þ
u ¼ v ¼ 0 on S ¼ 6

0<t<T

fð0; tÞ; ð1; tÞg; ð2:3Þ

where the variable coe‰cients and function M are given as follows:

aðy; tÞ ¼ m0

2g2
� 1

g2
ða 0 þ yg 0Þ2 > 0; bðy; tÞ ¼ � 2

g
ða 0 þ yg 0Þ;

cðy; tÞ ¼ � 1

g
ða 00 þ yg 00Þ; dðy; tÞ ¼ 1

g2
� 1

g2
ða 0 þ yg 0Þ2 > 0;

MðlÞ ¼ MðlÞ �m0

2
b

m0

2
> 0:

We have the following results.

Theorem 2.1. Suppose that M satisfies (M1) and that a, b satisfy (H1)–(H3).

Given f0; n0 a H 1
0 ðW0ÞBH 2ðW0Þ, f1; n1 a H 1

0 ðW0Þ and j;c a Ll
�
½0;T �;H 1

0 ðWtÞ
�
,

there exist a positive constant T0 < T and a unique pair of functions ff; ng with

f : Q̂Q0 ! R and n : Q̂Q0 ! R, where

Q̂Q0 ¼ 6
0<t<T0

Wt � ftg;

satisfying

f; n a Ll
�
0;T0;H

1
0 ðWtÞBH 2ðWtÞ

�
;

f 0; n 0 a Ll
�
0;T0;H

1
0 ðWtÞ

�
;

f 00; n 00 a Ll
�
0;T0;L

2ðWtÞ
�
;

and it is a solution of (1.2)–(1.4) in Q̂Q0.

Theorem 2.2. Suppose that the hypotheses of Theorem 2.1 hold and suppose that

f ; g a Ll
�
½0;T �;H 1

0 ð0; 1Þ
�
, u0; v0 a H 1

0 ð0; 1ÞBH 2ð0; 1Þ and u1; v1 a H 1
0 ð0; 1Þ are

given. Then there exist a positive constant T0 < T and a unique pair of functions

fu; vg with u; v : Q0 ! R, where Q0 ¼ �0; 1½ � �0;T0½, that satisfies the conditions

u; v a Ll
�
0;T0;H

1
0 ð0; 1ÞBH 2ð0; 1Þ

�
;

u 0; v 0 a Ll
�
0;T0;H

1
0 ð0; 1Þ

�
;

u 00; v 00 a Ll
�
0;T0;L

2ð0; 1Þ
�
;

and is a solution of (2.1)–(2.3) in Q0.
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The proof of the theorems are given in the next two sections. We end this sec-

tion with a few notations. The scalar product and norm in L2ð0; 1Þ are denoted by

ð� ; �Þ and j � j respectively. In H 1
0 ð0; 1Þ, we use the corresponding notation ðð� ; �ÞÞ

and k � k. We denote by aðt; u;wÞ and dðt; v;wÞ the bilinear forms

aðt; u;wÞ ¼
ð1
0

aðy; tÞ qu
qy

qw

qy
dy and dðt; v;wÞ ¼

ð1
0

dðy; tÞ qv
qy

qw

qy
dy;

which are continuous, symmetric and coercive in H 1
0 ð0; 1Þ.

3. Approximations and estimates

Let fwjgj AN be the complete orthonormal set of L2ð0; 1Þ given by the eigenfunc-

tions of � d 2

dx2 wj ¼ ljwj, wð0Þ ¼ wð1Þ ¼ 0, and define

Vm ¼ spanfw1;w2; . . . ;wmg

the subspace of H 1
0 ð0; 1ÞBH 2ð0; 1Þ generated by the first m terms of fwjg.

For each m a N we construct a pair of functions um and vm given by

umðy; tÞ ¼
Pm

j¼1 gjmðtÞwjðyÞ;

vmðy; tÞ ¼
Pm

j¼1 hjmðtÞwjðyÞ;

(

with y a �0; 1½ and t a �0;Tm½. The pair fgjmðtÞ; hjmðtÞg is a solution for the follow-

ing system: 
u 00
m � 1

g2
M

1

g
kumðtÞk2

� �
q2um

qy2
� q

qy
aðy; tÞ qum

qy

� �

þ bðy; tÞ qu
0
m

qy
ðtÞ þ cðy; tÞ qum

qy
þ jumðtÞjrumðtÞ þ

1

g

qvm

qy
;wj

!
ðtÞ ¼

�
f ðtÞ;wj

�
;

 
v 00m � q

qy
dðy; tÞ qvm

qy

� �
þ bðy; tÞ qv

0
m

qy
þ cðy; tÞ qvm

qy
þ 1

g

qum

qy
;wj

!
ðtÞ ¼

�
gðtÞ;wj

�

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

ð3:1Þ

for all wj a Vm and with initial conditions

umð0Þ ¼ u0m ! u0; vmð0Þ ¼ v0m ! v0 in H 1
0 ð0; 1ÞBH 2ð0; 1Þ;

u 0
mð0Þ ¼ u1m ! u1; v 0mð0Þ ¼ v1m ! v1 in H 1

0 ð0; 1Þ;
ð3:2Þ

with m ! l and j ¼ 1; 2; . . . ;m.
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First estimate. Substituting wj ¼ u 0
m and wj ¼ v 0m into the equations (3.1)1 and

(3.1)2, respectively, we obtain the following equations:

1

2

d

dt

(
ju 0

mðtÞj
2 þ 1

g
M̂M

1

g
kumðtÞk2

� �
þ aðt; um; umÞ þ

2

p
kumðtÞkp

p

)

þ g 0

2g2
M̂M

1

g
kumðtÞk2

� �
þ g 0

2g3
M

1

g
kumðtÞk2

� �
kumðtÞk2

þ g 0

g
aðt; um; umÞ þ

g 0

g
ju 0

mðtÞj
2

¼ �
ð1
0

cðy; tÞ qum
qy

u 0
m dy� 1

g

ð1
0

qvm

qy
u 0
m dy

þ 1

2

ð1
0

bðy; tÞhðy; tÞ qum

qy

� �2

dyþ
ð1
0

f ðtÞu 0
mðtÞ dy; ð3:3Þ

1

2

d

dt
fjv 0mðtÞj

2 þ dðt; vm; vmÞg þ
g 0

g
dðt; vm; vmÞ þ

g 0

g
jv 0mðtÞj

2

¼ �
ð1
0

cðy; tÞ qvm
qy

v 0m dy� 1

g

ð1
0

qum

qy
v 0m dy

þ 1

2

ð1
0

bðy; tÞhðy; tÞ qvm

qy

� �2

dyþ
ð1
0

gðtÞv 0m dy; ð3:4Þ

where p ¼ rþ 2 and the functions M̂MðlÞ and h are given by

M̂MðlÞ ¼
ð l
0

MðsÞ ds and hðy; tÞ ¼ 1

g
ða 00 þ yg 00Þ � g 0

g2
ða 0 þ yg 0Þ:

Summing up the equations in (3.3)–(3.4), we estimate the terms on the right-

hand side using assumptions (H1) and (H2), Remark 2.2 and Young’s inequality.

Thus we have

I1 ¼ �
� ð1

0

cðy; tÞ qum
qy

u 0
m dyþ

ð1
0

cðy; tÞ qvm
qy

v 0m dy
�

a

ð1
0

1

g
ja 00 þ yg 00j qum

qy

����
���� ju 0

mj dyþ
ð1
0

1

g
ja 00 þ yg 00j qvm

qy

����
���� jv 0mj dy

a

ð1
0

1

g2
ja 0 þ yg 0j2 qum

qy

����
���� ju 0

mj dyþ
ð1
0

1

g2
ja 0 þ yg 0j2 qvm

qy

����
���� jv 0mj dy

a
m0

4g20

�
ju 0

mðtÞj
2 þ jv 0mðtÞj

2 þ kumðtÞk2 þ kvmðtÞk2
�
:

351Local solutions for a Timoshenko system in noncylindrical domains



By Young’s inequality, we get

I2 ¼ �
� 1
g

ð1
0

qvm

qy
u 0
m dyþ 1

g

ð1
0

qum

qy
v 0m dy

�

a
1

2g0

�
ju 0

mðtÞj
2 þ jv 0mðtÞj

2 þ kumðtÞk2 þ kvmðtÞk2
�
:

Using hypothesis (H1) and (H2), we obtain

I3 ¼
1

2

ð1
0

bðy; tÞhðy; tÞ qum

qy

� �2
dy

a

ð1
0

1

g2
ða 0 þ yg 0Þða 00 þ yg 00Þ � g 0

g3
ða 0 þ yg 0Þ2

����
���� qumqy
����

����
2

dy

a

ð1
0

1

g2
ja 0 þ yg 0j ja 00 þ yg 00j þ g 0

g3
ja 0 þ yg 0j2

� 	
qum

qy

����
����
2

dy

a 2
g 0

g

� �3
a

2

g30

m0

2

� �3=2
kumðtÞk2:

Using similar arguments it follows that

I 4 ¼
1

2

ð1
0

bðy; tÞhðy; tÞ qvm

qy

� �2
dya

2

g30

m0

2

� �3=2
kvmðtÞk2:

By Young’s inequality, we have

I5 ¼
ð1
0

f ðtÞu 0
mðtÞ dyþ

ð1
0

gðtÞv 0mðtÞ dy

a
1

2

�
j f ðtÞj2 þ jgðtÞj2 þ ju 0

mðtÞj
2 þ jv 0mðtÞj

2�:
By integration from 0 to t, taTm, and using estimates I1; . . . ; I5 we come to

the inequality

1

2

(
ju 0

mðtÞj
2 þ jv 0mðtÞj

2 þ 1

g
M̂M

1

g
kumðtÞk2

� �
þ aðt; um; umÞ

þ dðt; vm; vmÞ þ
2

p
kumðtÞkp

p

)

þ
ð t
0

g 0

2g2
M̂M

1

g
kumðsÞk2

� �
þ g 0

2g3
M

1

g
kumðsÞk2

� �
kumðsÞk2 ds
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þ
ð t
0

g 0

g

�
aðs; um; umÞ þ dðs; vm; vmÞ þ ju 0

mðsÞj
2 þ jv 0mðsÞj

2�
ds

a
1

2

ðT
0

j f ðsÞj2 dsþ 1

2

ðT
0

jgðsÞj2 dsþ 1

2

(
ju1mj2 þ jv1mj2

þ 1

g0
M̂M

1

g
ku0mk2

� �
þ að0; u0m; u0mÞ þ dð0; v0m; v0mÞ

)

þ K0

ð t
0

fju 0ðsÞj2 þ jv 0ðsÞj2 þ kuðsÞk2 þ kvðsÞk2g ds ð3:5Þ

where K0 ¼ max m0

4g2
0

; 1
2g0

; 2
g3
0

m0

2

� �3=2
; 12

n o
.

Under the hypotheses on the functions f , g and convergences (3.2) we have

1

2

(ðT
0

j f ðsÞj2 dsþ 1

2

ðT
0

jgðsÞj2 dsþ ju1mj2 þ jv1mj2

þ 1

g0
M̂M

1

g
ku0mk2

� �
þ atð0; u0m; u0mtÞ þ dð0; v0m; v0mÞ

)
aK1:

Some terms in (3.5) are in fact non-negatives as we can see:ð t
0

g 0

2g2
M̂M

1

g
kumðsÞk2

� �
dsþ g 0

2g3
M

1

g
kumðsÞk2

� �
kumðsÞk2 dsb 0;

ð t
0

g 0

g

�
aðs; um; umÞ þ dðs; vm; vmÞ þ ju 0

mðsÞj
2 þ jv 0mðsÞj

2�
dsb 0;

M̂M
1

g
kumðtÞk2

� �
¼
ð ð1=gÞkumðtÞk2
0

MðsÞ dsb m0

2g1
kumðtÞk2;

dðt; vm; vmÞ ¼
ð1
0

dðy; tÞ qv
qy

����
����
2

dyb
m1

g21
kvmðtÞk2;

aðt; um; umÞb 0;

where g1 ¼ sup0at<T gðtÞ.
Let K2 ¼ min 1

2 ;
m0

4g2
1

;
m1

2g2
1

n o
. In view of (3.5) we get

ju 0
mðtÞj

2 þ jv 0mðtÞj
2 þ kumðtÞk2 þ kvmðtÞk2

a
K1

K2
þ K0

K2

ð t
0

�
ju 0

mðsÞj
2 þ jv 0mðsÞj

2 þ kumðsÞk2 þ kvmðsÞk2
�
ds; ð3:6Þ

where
K0

K2
,
K1

K2
are constants which not depend on m.
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By (3.6) and Gronwall’s lemma, we obtain that

ju 0
mðtÞj

2 þ jv 0mðtÞj
2 þ kumðtÞk2 þ kvmðtÞk2aK3 on ½0;T �; ð3:7Þ

where K3 ¼ K1

K2
eðK0=K2ÞT .

Second estimate. In the first approximate equation of (3.1) we take wj ¼ � q2u 0
m

qy2
.

This gives

1

2

d

dt
ku 0

mðtÞk
2 þ 1

2g2
M

1

g
kumðtÞk2

� �
d

dt

q2um

qy2

����
����
2

þ a t; um;�
q2u 0

m

qy2

 !

þ bðy; tÞ qu
0
m

qy
;� q2u 0

m

qy2

 !
þ cðy; tÞ qum

qy
;� q2u 0

m

qy2

 !
þ jumjrum;�

q2u 0
m

qy2

 !

þ 1

g

qvm

qy
;� q2u 0

m

qy2

 !
¼ f ;� q2u 0

m

qy2

 !
: ð3:8Þ

In the identity (3.8), we have

1

2g2
M

1

g
kumðtÞk2

� �
d

dt

q2um

qy2

����
����
2

¼ d

dt

1

2g2
M

1

g
kumðtÞk2

� �
q2um

qy2

����
����
2

" #

� 1

2g2
M

1

g
kumðtÞk2

� �� 	0
q2um

qy

����
����
2

ð3:9Þ

and

a t; um;�
q2u 0

m

qy2

 !

¼ 1

2

d

dt

ð1
0

aðy; tÞ q2um

qy2

 !2
dy� 1

2

ð1
0

a 0ðy; tÞ q2um

qy2

 !2
dy

�
ð1
0

q

qy

qa

qy

qum

qy

� 	
qu 0

m

qy
dyþ qa

qy

qum

qy

qu 0
m

qy

����
1

0

: ð3:10Þ

Integrating by parts and using that bðy; tÞ ¼ � 2
g
ða 0 þ yg 0Þ, we get

bðy; tÞ qu
0
m

qy
;� q2u 0

m

qy2

 !
¼ 1

2

ð1
0

qb

qy

qu 0
m

qy

� �2
dy� 1

2
bðy; tÞ qu 0

m

qy

� �2����
1

0

¼ b 0

g

qu 0
m

qy
ð1; tÞ

� �2
� a 0

g

qu 0
m

qy
ð0; tÞ

� �2
; ð3:11Þ
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which is positive by the hypothesis a 0 < 0 and b 0 > 0 on the increasing

boundary.

We rewrite the other terms of equation (3.8) as

cðy; tÞ qum
qy

;� q2u 0
m

qy2

 !
¼
ð1
0

q

qy
cðy; tÞ qum

qy

� 	
qu 0

m

qy
dy� cðy; tÞ qum

qy

qu 0
m

qy

����
1

0

; ð3:12Þ

jumjrum;�
q2u 0

m

qy2

 !
¼
ð1
0

q

qy
½jumjrum�

qu 0
m

qy
dy; ð3:13Þ

1

g

qvm

qy
;� q2u 0

m

qy2

 !
¼ � 1

g

qvm

qy

qu 0
m

qy

����
1

0

þ 1

g

ð1
0

q2vm

qy2
qu 0

m

qy
dy; ð3:14Þ

f ;� q2u 0
m

qy2

 !
¼
ð1
0

qf

qy

qu 0
m

qy
dy: ð3:15Þ

Substituting (3.9)–(3.15) into (3.8), we obtain the following identity:

1

2

d

dt
ku 0

mðtÞk
2 þ 1

2

d

dt

1

g2
M

1

g
kumðtÞk2

� �
q2um

qy2

����
����
2

" #

þ 1

2

d

dt

ð1
0

aðy; tÞ q
2um

qy2

����
����
2

dyþ b 0

g

qu 0
m

qy
ð1; tÞ

� �2
� a 0

g

qu 0
m

qy
ð0; tÞ

� �2

¼ cðy; tÞ � qa

qy

� 	
qum

qy

qu 0
m

qy

����
1

0

þ 1

g

qvm

qy

qu 0
m

qy

����
1

0

þ 1

2g2
M

1

g
kumðtÞk2

� �� 	0
q2um

qy

����
����
2

� 1

2

ð1
0

qb

qy

qu 0
m

qy

� �2

dyþ 1

2

ð1
0

a 0ðy; tÞ q
2um

qy2

����
����
2

dy

�
ð1
0

q

qy
cðy; tÞ � qa

qy

� �
qum

qy

� 	
qu 0

m

qy
dy� 1

g

ð1
0

q2vm

qy2
qu 0

m

qy
dy

�
ð1
0

q

qy
ðjumjrumÞ

qu 0
m

qy
dyþ

ð1
0

qf

qy

qu 0
m

qy
dy: ð3:16Þ

Remark 3.1. Using the identity

qumð0Þ
qy

¼
ð1
0

q

qy
ð1� yÞ qumðyÞ

qy

� �
dy ¼

ð1
0

ð1� yÞ q
2umðyÞ
qy2

dy�
ð1
0

qumðyÞ
qy

dy
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we have

qumð0Þ
qy

����
����
R

a
q2umðtÞ
qy2

����
����
L2ð0;1Þ

þ qumðtÞ
qy

����
����
L2ð0;1Þ

:

By the Poincaré inequality, since l1 ¼ p2, we obtain that

qumð0Þ
qy

����
����
R

a
1þ p

p

� �
q2umðtÞ
qy2

����
����
L2ð0;1Þ

:

In the same way we use

qumð1Þ
qy

¼
ð1
0

q

qy
y
qumðyÞ
qy

� �
dy ¼

ð1
0

y
q2umðyÞ
qy2

dyþ
ð1
0

qumðyÞ
qy

dy

to obtain

qumð1Þ
qy

����
����
R

a
1þ p

p

� �
q2umðtÞ
qy2

����
����
L2ð0;1Þ

:

Note that the first term on the right-hand side of the equation (3.16) can be

written as

cðy; tÞ � qa

qy

� 	
qum

qy

qu 0
m

qy

����
1

0

¼ � 1

g
ða 00 þ yg 00Þ þ 2g 0

g2
ða 0 þ yg 0Þ

� 	
qum

qy

qu 0
m

qy

����
1

0

¼ � b 00

g
þ 2g 0b 0

g2

� 	
qum

qy
ð1; tÞ qu

0
m

qy
ð1; tÞ

þ a 00

g
� 2g 0a 0

g2

� 	
qum

qy
ð0; tÞ qu

0
m

qy
ð0; tÞ: ð3:17Þ

Using assumptions (H1) and (H2), we have

� b 00

g
þ 2g 0b 0

g2

����
����a jb 00j

g
þ 2g 0jb 0j

g2
a

jb 0j
g

� 	1=2 jb 0j3=2

g3=2
þ 2g 0jb 0j1=2

g3=2

" #

a
jb 0j
g

� 	1=2
3

g
3=2
0

m0

2

� �3=4" #
:
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Thus by Young’s inequality we get

� b 00

g
þ 2g 0b 0

g2

� 	
qum

qy
ð1; tÞ qu

0
m

qy
ð1; tÞ

����
����

a
jb 0j
g

� 	1=2
3

g
3=2
0

m0

2

� �3=4" #
qum

qy
ð1; tÞ

����
���� qu 0

m

qy
ð1; tÞ

����
����

¼ 3ð21=2Þ
g
3=2
0

m0

2

� �3=4" #
qum

qy
ð1; tÞ

����
����

( )
jb 0j
2g

� 	1=2
qu 0

m

qy
ð1; tÞ

����
����

( )

a
9

g30

m0

2

� �3=2
qum

qy
ð1; tÞ

����
����
2

þ 1

4

jb 0j
g

qu 0
m

qy
ð1; tÞ

����
����
2

: ð3:18Þ

The term
9

g30

m0

2

� �3=2 qum

qy
ð1; tÞ

����
����
2

can be estimated as in Remark 3.1:

9

g30

m0

2

� �3=2
qum

qy
ð1; tÞ

����
����
2

a
9

g30

m0

2

� �3=2
p

pþ 1

� �2
q2umðtÞ
qy2

����
����
2

L2ð0;1Þ
:

Using the same arguments on
a 00

g
� 2g 0a 0

g2

� 	
qum

qy
ð0; tÞ qu

0
m

qy
ð0; tÞ we obtain that

a 00

g
� 2g 0a 0

g2

� 	
qum

qy
ð0; tÞ qu

0
m

qy
ð0; tÞ

����
����

a
9

g30

m0

2

� �3=2
p

pþ 1

� �2
q2umðtÞ
qy2

����
����
2

þ 1

4

ja 0j
g

qu 0
m

qy
ð0; tÞ

����
����
2

: ð3:19Þ

Therefore, substituting (3.18), (3.19) into (3.17), we can estimate the first term

on the right-hand side of the equation (3.16) as follows:

J1 ¼ cðy; tÞ � qa

qy

� 	
qum

qy

qu 0
m

qy

����
1

0

a
1

4

b 0

g

qu 0
m

qy
ð1; tÞ

����
����
2

� a 0

g

qu 0
m

qy
ð0; tÞ

����
����
2

" #
þ 18

g30

m0

2

� �3=2
p

pþ 1

� �2
q2umðtÞ
qy2

����
����
2

:

The term 1
4

b 0

g

qu 0
m

qy
ð1; tÞ

��� ���2 � a 0

g
qum
qy

ð0; 1Þ
��� ���2� 	

on the left-hand side of equation

(3.16) is compensated with
b 0

g

qu 0
m

qy
ð1; tÞ

� �2
� a 0

g
qum
qy

ð0; tÞ
� �2

, which gives a positive

contribution to the left side of equation (3.16).

Remark 3.2. Using that a 0ðtÞ < 0 and b 0ðtÞ > 0 for all tb 0, it follows that there

are constants e and d with 0 < e < b 0ðtÞ and 0 < d < �a 0ðtÞ for all t a ½0;T �.
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Then second term on the right-hand side of the equation (3.16) can be written

as follows:

1

g

qvm

qy

qu 0
m

qy

����
1

0

¼ 1

g

qvm

qy

qu 0
m

qy
ð1; tÞ � qvm

qy

qu 0
m

qy
ð0; tÞ

� �
:

By Young’s inequality, we have

1

g

qvm

qy

qu 0
m

qy
ð1; tÞ

����
����a 1

g

qvm

qy
ð1; tÞ

����
���� qu 0

m

qy
ð1; tÞ

����
����

¼ 2

eg

� �1=2
qvm

qy
ð1; tÞ

����
����

( )
e

2g

� �1=2
qu 0

m

qy
ð1; tÞ

����
����

( )

a
1

eg

qvm

qy
ð1; tÞ

����
����
2

þ 1

4

e

g

qu 0
m

qy
ð1; tÞ

����
����
2

: ð3:20Þ

Using Remarks 3.1 and 3.2 we obtain from 3.20 that

1

g

qvm

qy

qu 0
m

qy
ð1; tÞ

����
����a 1

eg0

p

pþ 1

� �2
q2vmðtÞ
qy2

����
����
2

þ 1

4

b 0

g

qu 0
m

qy
ð1; tÞ

����
����
2

: ð3:21Þ

Proceeding analogously, we have

1

g

qvm

qy

qu 0
m

qy
ð0; tÞ

����
����a 1

dg0

p

pþ 1

� �2
q2vmðtÞ
qy2

����
����
2

þ 1

4

ð�a 0Þ
g

qu 0
m

qy
ð0; tÞ

����
����
2

; ð3:22Þ

where d > 0 is given by Remark 3.2.

From inequalities (3.21) and (3.22) we have the following estimate for the sec-

ond term on the right-hand side of (3.16):

J2 ¼
1

g

qvm

qy

qu 0
m

qy

����
1

0

a
1

4

b 0

g

qu 0
m

qy
ð1; tÞ

����
����
2

� a 0

g

qu 0
m

qy
ð0; tÞ

����
����
2

" #
þ 1

e
þ 1

d

� 	
1

g0

p

pþ 1

� �2
q2vmðtÞ
qy2

����
����
2

:

From the first estimate, hypothesis H3 and the equality

1

2g2
M

1

g
kumðtÞk2

� �� 	0
¼ 1

g3
M 0 1

g
kumðtÞk2

� �
ðu 0

m; umÞ
� �

� g 0

2g4
M 0 1

g
kumðtÞk2

� �
kumðtÞk2 �

g 0

g3
M

1

g
kumðtÞk2

� �
;
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the third term on the right-hand side of equation (3.16) can be estimated as

follows:

J3 ¼
1

2

ð1
0

1

g2
M

1

g
kumðtÞk2

� �� 	0
q2um

qy2

����
����
2

dy

a
1

2g40

m0

2

� �1=2
M1K3 þ

1

g30

m0

2

� �1=2
M0

" #
q2umðtÞ
qy2

����
����
2

þ 1

g30
M1K

1=2
3 ku 0

mðtÞk
q2umðtÞ
qy2

����
����
2

;

where M0 ¼ max0alaK3=g0
fjMðlÞjg and M1 ¼ max0alaK3=g0

fjM 0ðlÞjg.
From assumption H1 we obtain as estimate for the fourth term on the right-

hand side of the equation (3.16)

J4 ¼
1

2

ð1
0

qb

qy

qu 0
m

qy

����
����
2

dy ¼ � g 0

g

ð1
0

qu 0
m

qy

����
����
2

dya
m0

2

� �1=2 1
g0

ku 0
mðtÞk

2:

Using hypotheses (H1) and (H2), the first estimate and Young’s inequality, we

obtain for the fifth term of (3.16)

J5 ¼ �
ð1
0

q

qy
cðy; tÞ � qa

qy

� �
qum

qy

� 	
qu 0

m

qy
dy

¼
ð1
0

�2
g 0

g

� �2
þ g 00

g

" #
qum

qy

qu 0
m

qy
dy

þ
ð1
0

� 2g 0

g2
ða 0 þ yg 0Þ þ 1

g
ða 00 þ yg 00Þ

� 	
q2um

qy2
qu 0

m

qy
dy

a 3

ð1
0

g 0

g

� �2
qum

qy

����
���� qu 0

m

qy

����
���� dyþ

ð1
0

2
g 0

g

� �2
þ g 0

g

� �2" #
q2um

qy2

����
���� qu 0

m

qy

����
���� dy

a
3m0K

1=2
3

2g20
ku 0

mðtÞk þ
3m0

2g20

q2umðtÞ
qy2

����
���� ku 0

mðtÞk

a
9m2

0K3

8g40
þ ku 0

mðtÞk
2 þ 9m2

0

8g40

q2umðtÞ
qy2

����
����
2

:

An estimate for the sixth term on the right-hand side of the equation (3.16)

follows from hypotheses (H1) and (H2):

J6 ¼
1

2

ð1
0

a 0ðy; tÞ q
2um

qy2

����
����
2

dy
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¼ �m0g
0

2g3

ð1
0

q2um

qy2

����
����
2

dy

þ
ð1
0

1

g
ða 0 þ yg 0Þ 2g 0

g2
ða 0 þ yg 0Þ � 1

g
ða 00 þ yg 00Þ

� �
q2um

qy2

����
����
2

dy

a
1

g30

m0

2

� �3=2
q2umðtÞ
qy2

����
����
2

þ
ð1
0

2
g 0

g

� �3
þ g 0

g

� �3" #
q2um

qy2

����
����
2

dy

a
4

g30

m0

2

� �3=2
q2umðtÞ
qy2

����
����
2

:

Using Hölder’s inequality and the continuous embedding H 1ð0; 1Þ ,! Lpð0; 1Þ,
1a p < l, we have

J7 ¼
ð1
0

q

qy
ðjumjrumÞ

qu 0
m

qy
dy ¼ ðrþ 1Þ

ð1
0

jumjr
qum

qy

qu 0
m

qy
dy

a ðrþ 1ÞjumðtÞjrrq
qumðtÞ
qy

����
����
r

ku 0
mðtÞk

a ðrþ 1ÞkumðtÞkr qumðtÞ
qy

����
����
r

ku 0
mðtÞk

a ðrþ 1ÞK r=2
3

qumðtÞ
qy

����
����
r

ku 0
mðtÞk:

Sobolev’s inequality gives

qumðtÞ
qy

����
����
r

aC1kumðtÞkH 2

and the regularity theory for elliptic equations ensures that

kumðtÞkH 2 aC2
q2umðtÞ
qy2

����
����
L2

:

Therefore, from Young’s inequality we obtain the following estimate for the

seventh term on the right-hand side of (3.16):

J7a ðrþ 1ÞKr=2
3 C1C2

q2umðtÞ
qy2

����
���� ku 0

mðtÞk

a
1

2

�
ðrþ 1ÞKr=2

3 C1C2

�
ku 0

mðtÞk
2 þ q2umðtÞ

qy2

����
����
2

" #
:
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For the remaining terms on the right-hand side of (3.16) we obtain

J8 ¼
1

g

ð1
0

q2vm

qy2
qu 0

m

qy
dya

1

2g0

q2vmðtÞ
qy2

����
����
2

þ 1

2g0
ku 0

mðtÞk
2;

J9 ¼
ð1
0

qf

qy

qu 0
m

qy
dya

1

2
k f ðtÞk2 þ 1

2
ku 0

mðtÞk
2:

Now, taking wj ¼ � q2v 0m
qy2

in second equation of (3.1) and using the same

arguments as in (3.8), we obtain

1

2

d

dt
kv 0mðtÞk

2 þ 1

2

d

dt

" ð1
0

dðy; tÞ q2vm

qy2

 !2#
� 1

2
bðy; tÞ qv

0
m

qy

����
����
2����

1

0

¼ 1

2

ð1
0

d 0ðy; tÞ q2vm

qy2

 !2
dy� 1

2

ð1
0

qb

qy

qv 0m
qy

� �2
dyþ cðy; tÞ � qd

qy

� 	
qvm

qy

qv 0m
qy

����
1

0

�
ð1
0

q

qy
cðy; tÞ � qd

qy

� �
qvm

qy

� 	
qv 0m
qy

dy� 1

g

qum

qy

qv 0m
qy

����
1

0

� 1

g

ð1
0

q2um

qy2
qv 0m
qy

dyþ
ð1
0

qg

qy

qv 0m
qy

dy: ð3:23Þ

To estimate (3.23) we proceed analogously:

J10 ¼
1

2

ð1
0

d 0ðy; tÞ q
2vm

qy2

����
����
2

dya
1

g30

m0

2

� �1=2
þ 3

g30

m0

2

� �3=2" #
q2vmðtÞ
qy2

����
����
2

;

J11 ¼
1

2

ð1
0

qb

qy

qv 0m
qy

����
����
2

dya
m0

2

� �1=2 1
g0
kv 0mðtÞk

2;

J12 ¼ cðy; tÞ � qd

qy

� 	
qvm

qy

qv 0m
qy

����
1

0

a
1

4

b 0

g

qv 0m
qy

ð1; tÞ
����

����
2

� a 0

g

qv 0m
qy

ð0; tÞ
����

����
2

" #

þ 18

g30

m0

2

� �3=2
p

pþ 1

� �2
q2vmðtÞ
qy2

����
����
2

;

J13 ¼ �
ð1
0

q

qy
cðy; tÞ � qd

qy

� �
qvm

qy

� 	
qv 0m
qy

dya
9m2

0K3

8g40
þ kv 0mðtÞk

2

þ 9m2
0

8g40

q2vmðtÞ
qy2

����
����
2

;
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J14 ¼
1

g

qum

qy

qv 0m
qy

����
1

0

a
1

4

b 0

g

qv 0m
qy

ð1; tÞ
����

����
2

� a 0

g

qv 0m
qy

ð0; tÞ
����

����
2

" #

þ 1

e
þ 1

d

� 	
1

g0

p

pþ 1

� �2
q2umðtÞ
qy2

����
����
2

;

J15 ¼
1

g

ð1
0

q2um

qy2
qv 0m
qy

dya
1

2g0

q2umðtÞ
qy2

����
����
2

þ 1

2g0
kv 0mðtÞk

2;

J16 ¼
ð1
0

qg

qy

qv 0m
qy

dya
1

2
kgðtÞk2 þ 1

2
kv 0mðtÞk

2:

Let us define the functional

F
�
umðtÞ; vmðtÞ

�
¼ 1

2

(
ku 0

mðtÞk
2 þ kv 0mðtÞk

2 þ 1

g2
M

1

g
kumðtÞk2

� �
q2umðtÞ
qy2

����
����
2

þ
ð1
0

aðy; tÞ q2um

qy2

 !2
dyþ

ð1
0

dðy; tÞ q2vm

qy2

 !2
dy

)
:

Summing up the equations (3.16) and (3.23) and using estimates J1; . . . ; J16,

we obtain

1

2

d

dt
F
�
umðtÞ; vmðtÞ

�
þ 1

2

b 0

g

qu 0
m

qy
ð1; tÞ

� �2
� a 0

g

qu 0

qy
ð0; tÞ

� �2" #

þ 1

2

b 0

g

qv 0m
qy

ð1; tÞ
� �2

� a 0

g

qv 0

qy
ð0; tÞ

� �2" #

aK4 þ
1

2
½k f ðtÞk2 þ kgðtÞk2� þ K5

(
ku 0

mðtÞk
2 þ kv 0mðtÞk

2

þ q2umðtÞ
qy2

����
����
2

þ q2umðtÞ
qy2

����
����
2

ku 0
mðtÞk þ

q2vmðtÞ
qy2

����
����
2
)
: ð3:24Þ

where K4, K5 are constants which do not depend on m.

Since

b 0

g

qu 0
m

qy
ð1; tÞ

� �2
� a 0

g

qu 0

qy
ð0; tÞ

� �2
> 0;

b 0

g

qv 0m
qy

ð1; tÞ
� �2

� a 0

g

qv 0

qy
ð0; tÞ

� �2
> 0;

362 V. Narciso and A. T. Cousin



we get from (3.24)

d

dt
F
�
umðtÞ; vmðtÞ

�
a 2K4 þ k f ðtÞk2 þ kgðtÞk2

þ K6



F
�
umðtÞ; vmðtÞ

�3=2 þ F
�
umðtÞ; vmðtÞ

��
: ð3:25Þ

The following Gronwall type lemma is essential for estimating the functional

F ðum; vmÞ.

Lemma 3.1. Let m be a positive and di¤erentiable function such that

m 0ðtÞa yðtÞ þ kmðtÞ þ smlðtÞ

where yðtÞ is a positive function, y a L1ð0;TÞ, k, s and l are positive constants and

l > 1. Then there exists T0 a ð0;TÞ such that m is bounded on ½0;T0�.

Proof. See [2]. r

Using 3.25 and Lemma 3.1, there exists T0 > 0 such that

F
�
umðtÞ; vmðtÞ

�
aK7 for all 0a taT0:

Therefore

ku 0
mðtÞk

2 þ kv 0mðtÞk
2 þ q2umðtÞ

qy2

����
����
2

þ q2vmðtÞ
qy2

����
����
2

aK8 for all t a ½0;T0�: ð3:26Þ

Third estimate. Substituting wj ¼ u 00
mðtÞ and wj ¼ v 00mðtÞ into first and second

equations of system (3.1), respectively, we obtain the following equalities:

ju 00
mðtÞj

2 ¼ 1

g2
M

1

g
kumðtÞk2

� �ð1
0

q2um

qy2
u 00
m dyþ

ð1
0

q

qy
aðy; tÞ qum

qy

� �
u 00
m dy

�
ð1
0

bðy; tÞ qu
0
m

qy
u 00
m dy�

ð1
0

cðy; tÞ qum
qy

u 00
m dy�

ð1
0

jumjrumu 00
m dy

� 1

g

ð1
0

qvm

qy
u 00
m dyþ

ð1
0

fu 00
m dy; ð3:27Þ

jv 00mðtÞj
2 ¼

ð1
0

q

qy
dðy; tÞ qvm

qy

� �
v 00m dy�

ð1
0

bðy; tÞ qv
0
m

qy
v 00m dy

�
ð1
0

cðy; tÞ qvm
qy

v 00m dy� 1

g

ð1
0

qum

qy
v 00m dyþ

ð1
0

gv 00m dy: ð3:28Þ
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Taking into account the hypotheses (M1) and (H1)–(H3), we obtain the follow-

ing estimates:

ju 00
mðtÞj

2
a

M0

g20

q2umðtÞ
qy2

����
���� ju 00

mðtÞj þ
m0

g20
kumðtÞk ju 00

mðtÞj

þm0

g20

q2umðtÞ
qy2

����
���� ju 00

mðtÞj þ
2

g0

m0

2

� �1=2
ku 0

mðtÞk ju 00
mðtÞj

þ m0

2g20
kumðtÞk ju 00

mðtÞj þ jumðtÞjrþ1
2ðrþ1Þju

00ðtÞj

þ 1

g0
kvðtÞk ju 00ðtÞj þ j f ðtÞj ju 00ðtÞj; ð3:29Þ

jv 00mðtÞj
2
a

m0

g20
kvmðtÞk jv 00mðtÞj þ

1

g20
1þ m0

2

� �� 	
q2vmðtÞ
qy2

����
���� jv 00mðtÞj

þ 2

g0

m0

2

� �1=2
kv 0mðtÞk jv 00mðtÞj þ

m0

2g20
kvmðtÞk jv 00mðtÞj

þ 1

g0
kumðtÞk jv 00mðtÞj þ jgðtÞj jv 00mðtÞj: ð3:30Þ

By Sobolev’s embedding theorem, we know that H 1
0 ð0; 1Þ ,! L2ðrþ1Þð0; 1Þ.

Therefore, using the first and second estimates we obtain from (3.29) and (3.30)

that

ju 00
mðtÞjaK9 and jv 00mðtÞjaK10 on ½0;T0�: ð3:31Þ

4. Proof of theorems

Proof of Theorem 2.2. Estimates (3.7), (3.26) and (3.31) assure the existence of a

subsequence fuk; vkgk AN of sequence fum; vmgm AN and a pair fu; vg such that the

following convergences:

uk * u; vk * v weak star in Ll
�
0;T0;H

1
0 ð0; 1ÞBH 2ð0; 1Þ

�
; ð4:1Þ

u 0
k * u 0; v 0k * v 0 weak star in Ll

�
0;T0;H

1
0 ð0; 1Þ

�
; ð4:2Þ

u 00
k * u 00; v 00k * v 00 weak star in Ll

�
0;T0;L

2ð0; 1Þ
�
: ð4:3Þ

Using compact embedding from H 1
0 ð0; 1ÞBH 2ð0; 1Þ ,! H 1

0 ð0; 1Þ and

H 1
0 ð0; 1Þ ,! L2ð0; 1Þ, by the compactness theorem of Aubin–Lions [4] we can con-

clude that exists a subsequence, still denoted by fuk; vkgk AN, such that
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uk ! u strong in L2
�
0;T0;H

1
0 ð0; 1Þ

�
; ð4:4Þ

u 0
k ! u 0 strong in L2

�
0;T0;L

2ð0; 1Þ
�
: ð4:5Þ

From (4.3) we have for all w a L2ð0; 1Þ

ðu 00
k ;wÞ * ðu 00;wÞ weak star in Llð0;T0Þ; ð4:6Þ

which implies weak convergence in L2ð0;T0Þ.
Analogously, we obtain

ðv 00k ;wÞ * ðv 00;wÞ weak in L2ð0;T0Þ: ð4:7Þ

From the second estimate we have

q2uk

qy2
*

q2u

qy2
weak star in Ll

�
0;T0;L

2ð0; 1Þ
�
:

Then

q2uk

qy2
;w

 !
*

q2u

qy2
;w

 !
weak star in Llð0;T0Þ: ð4:8Þ

Let us denote hkðtÞ ¼ 1
g2
M 1

g
kukðtÞk2

� �
and hðtÞ ¼ 1

g2
M 1

g
kuðtÞk2

� �
. Then, tak-

ing into account the convergence (4.4) and hypothesis (H2) on MðlÞ, we obtain

ðT0

0

jhkðtÞ � hðtÞj dtaK11

ðT0

0

kukðtÞk2 � kuðtÞk2
��� ��� dt

aK11

ðT0

0

kukðtÞ � uðtÞk½kukðtÞk þ kuðtÞk� dt:

Using convergence (4.4), since ½kukðtÞk þ kuðtÞk� is bounded, we get

hkðtÞ ! hðtÞ in L2ð0;T0Þ:

From weak convergences aðt; uk;wÞ * aðt; u;wÞ, dðt; vk;wÞ * dðt; v;wÞ in

L2ð0;T0Þ for all w a H 1
0 ð0; 1Þ, and integration by parts we obtain that

� q

qy
aðy; tÞ quk

qy

� �
;w

� �
* � q

qy
aðy; tÞ qu

qy

� �
;w

� �
weak in L2ð0;T0Þ:
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Analogously, we have

� q

qy
dðy; tÞ qvk

qy

� �
;w

� �
* � q

qy
dðy; tÞ qv

qy

� �
;w

� �
weak in L2ð0;T0Þ:

Using the same arguments as above, we have for all w a L2ð0; 1Þ

bðy; tÞ qu
0
k

qy
;w

� �
* bðy; tÞ qu

0

qy
;w

� �
weak in L2ð0;T0Þ;

bðy; tÞ qv
0
k

qy
;w

� �
* bðy; tÞ qv

0

qy
;w

� �
weak in L2ð0;T0Þ;

cðy; tÞ quk
qy

;w

� �
* cðy; tÞ qu

qy
;w

� �
weak in L2ð0;T0Þ;

cðy; tÞ qvk
qy

;w

� �
* cðy; tÞ qv

qy
;w

� �
weak in L2ð0;T0Þ;

1

g

quk

qy
;w

� �
*

1

g

qu

qy
;w

� �
weak in L2ð0;T0Þ;

1

g

qvk

qy
;w

� �
*

1

g

qv

qy
;w

� �
weak in L2ð0;T0Þ:

Convergence (4.4) assures that there exists a subsequence, still denoted by

ðukÞk AN, such that

jukjruk ! jujru in �0; 1½ � �0;T0½ almost everywhere: ð4:9Þ

Using the embedding H1ð0; 1Þ ,! L2rþ2ð0; 1Þ and the first estimate, we obtain

ð1
0

j jukjrukj2 dy ¼
ð1
0

jukj2rþ2
dy ¼ jukj2rþ2

2rþ2a ckukk2rþ2

H 1
0
ð0;1Þ a cK

rþ1
3 : ð4:10Þ

Thus

jukjruk is bounded in Ll
�
0;T0;L

2ð0; 1Þ
�
:

From (4.9) and (4.10) and Lions’ lemma [4] we obtain

jukjruk * jujru in L2
�
0;T0;L

2ð0; 1Þ
�
:

Therefore, we have for all w a L2ð0; 1Þ

ðjukjruk;wÞ dt * ðjujru;wÞ weak in L2ð0;T0Þ:
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Using these convergences we can pass to the limit in the approximated system

(3.1) for the subsequence fuk; vkgk AN, which proves the existence of a solution

fu; vg to the cylindrical problem (2.1) in L2
�
0;T0;L

2ð0; 1Þ
�
.

From (4.1), (4.2) and (4.3), we have

uð0Þ ¼ u0; vð0Þ ¼ v0; u 0ð0Þ ¼ u1 and v 0ð0Þ ¼ v1:

Uniqueness. Let fu; vg and f�uu; �vvg be solutions of (3.1) under the conditions of

Theorem 2.2. Let w ¼ u� �uu and z ¼ v� �vv. Then fw; zg satisfies

w 00 � 1

g2
M
�
gjuðtÞj2

� q2w
qy2

� 1

g2
M

1

g
kuðtÞk2

� �
�M

1

g
k�uuðtÞk2

� �� 	
q2�uu

qy2

� q

qy
aðy; tÞ qw

qy

� �
þ bðy; tÞ qw

0

qy
þ cðy; tÞ qw

qy
þ jujru� j�uujr�uuþ 1

g

qz

qy
¼ 0; ð4:11Þ

z 00 � q

qy
dðy; tÞ qz

qy

� �
þ bðy; tÞ qz

0

qy
þ cðy; tÞ qz

qy
þ 1

g

qw

qy
¼ 0; ð4:12Þ

with initial data and boundary conditions

wð0Þ ¼ zð0Þ ¼ w 0ð0Þ ¼ z 0ð0Þ ¼ 0; wð0; tÞ ¼ wð1; tÞ ¼ zð0; tÞ ¼ zð1; tÞ ¼ 0

for all t a �0;T0½.
Multiplying (4.11) and (4.12) by w 0 and z 0, respectively, we obtain

1

2

d

dt

(
jw 0ðtÞj2 þ 1

g2
M

1

g
kuðtÞk2

� �
kwðtÞk2 þ aðt;w;wÞ

)
þ g 0

g
aðt;w;wÞ þ g 0

g
jw 0ðtÞj2

¼ 1

g2
M
�
gkuðtÞk2

�
� 1

g2
M
�
gk�uuðtÞk2

�� 	 ð1
0

q2�uu

qy2
w 0 dy

þ 1

g3
M 0 1

g
kuðtÞk2

� �
ððu 0; uÞÞ � g 0

g
kuðtÞk2

� 	
kwðtÞk2

� g 0

g3
M

1

g
kuðtÞk2

� �
kwðtÞk2 þ

ð1
0

bðy; tÞhðy; tÞ qw

qy

� �2
dy

�
ð1
0

cðy; tÞ qw
qy

w 0 dy�
ð1
0

½jujru� j�uujr�uu�w 0 dy� 1

g

ð1
0

qz

qy
w 0 dy; ð4:13Þ

1

2

d

dt
fjz 0ðtÞj2 þ dðt; z; zÞg þ g 0

g
dðt; z; zÞ þ g 0

g
jz 0ðtÞj2

¼ 1

2

ð1
0

bðy; tÞhðy; tÞ qz

qy

� �2
dy�

ð1
0

cðy; tÞ qz
qy

z 0 dy� 1

g

ð1
0

qw

qy
z 0 dy: ð4:14Þ
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We estimate (4.13) step by step

T1 ¼ � 1

g2

�
M
�
gkuðtÞk2

�
�M

�
gk�uuðtÞk2

�
 ð1
0

q2�uu

qy2
w 0 dy

a
1

g0
CkwðtÞk½kuðtÞk þ k�uuðtÞk� q

2�uuðtÞ
qy2

����
���� jw 0ðtÞj

a
1

g0
CK

1=2
3 K

1=2
8 ½kwðtÞk2 þ jw 0ðtÞj2�;

T2 ¼
1

g3
M 0 1

g
kuðtÞk2

� �
ððu 0; uÞÞ � g 0

g
kuðtÞk2

� 	
kwðtÞk2

a
1

g30
M1K

1=2
3 K

1=2
8 þ 1

g0

m0

2

� �1=2
K

1=2
3

" #
kwðtÞk2;

T3 ¼
g 0

g
M

1

g
kuðtÞk2

� �
kwðtÞk2a 1

g0
M0

m0

2

� �1=2
kwðtÞk2:

Let F : R ! R, F a C1ðRÞ, given by FðlÞ ¼ jljrl. It is clear that F 0ðlÞ ¼
ðrþ 1Þjljr. Therefore given x1; x2 a R, by the mean-value theorem, there exists

x ¼ x1 þ yðx2 � x1Þ, y a �0; 1½, such that

jF ðx2Þ � F ðx1Þja jF 0ðxÞj jx2 � x1j ¼)
�� jx2jrx2 � jx1jrx1

��a ðrþ 1Þjxjrjx2 � x1j
¼)

�� jx2jrx2 � jx1jrx1
��a ðrþ 1Þjx1 þ ðx2 � x1Þyjrjx2 � x1j:

In particular, if x1ðy; tÞ ¼ uðy; tÞ and x2ðy; tÞ ¼ �uuðy; tÞ, we have
�� jujru� j�uujr�uu

��a ðrþ 1Þjuþ ð�uu� uÞyjrj�uu� uj
a ðrþ 1Þfjuj þ j�uuj þ jujgrjwja ðrþ 1Þf2juj þ 2j�uujgrjwj
a ðrþ 1Þ2rfjuj þ j�uujgrjwja ðrþ 1Þ2r2rfjujr þ j�uujrgjwj:

Using Hölder’s inequality and Sobolev’s embedding theorem we obtain

that

T4 ¼
ð1
0

½jujru� j�uujrv�w 0 dy

a ðrþ 1Þ22r
ð1
0

fjujr þ j�uujrgjwj jw0j dy

a ðrþ 1Þ22rfjuðtÞjrrr þ j�uuðtÞjrrrgjwðtÞjqjw 0ðtÞj2
aK12½kwðtÞk2 þ jw 0ðtÞj2�:
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The other terms on the right-hand side of (4.13) are estimated using the hy-

potheses (H1) and (H2) as follows:

T5 ¼
1

2

ð1
0

bðy; tÞhðy; tÞ qw
qy

����
����
2

dya
2

g30

m0

2

� �3=2
kwðtÞk2:

From the Young inequality we get

T6 ¼ �
ð1
0

cðy; tÞ qw
qy

w 0 dya
m0

4g20
½kwðtÞk2 þ jw 0ðtÞj2�;

T7 ¼ � 1

g

ð1
0

qz

qy
w 0 dya

1

2g0
½kzðtÞk2 þ jw 0ðtÞj2�:

In the analogous way we estimate the terms on the right-hand side of equation

(4.14). Summing up the equations (4.13) and (4.14), integrating from 0 to t we

obtain that

1

2

�
jw 0ðtÞj2 þ jz 0ðtÞj2 þ kwðtÞk2 þ 1

g2
M

1

g
kuðtÞk2

� �
kwðtÞk2 þ aðt;w;wÞ

þ dðt; z; zÞ
�
þ
ð t
0

g 0ðsÞ
gðsÞ ½jw

0ðsÞj2 þ jz 0ðsÞj2 þ aðs;w;wÞ þ dðs; z; zÞ� ds

aK12

ð t
0

½jw 0ðsÞj2 þ jz 0ðsÞj2 þ kwðsÞk2 þ kzðsÞk2� ds: ð4:15Þ

From the next inequalities

ð t
0

g 0ðsÞ
gðsÞ ½jw

0ðsÞj2 þ jz 0ðsÞj2 þ aðs;w;wÞ þ dðs; z; zÞ� dsb 0;

1

g2
M

1

g
kuðtÞk2

� �
kwðtÞk2b m0

2g21
kwðtÞk2;

aðt;w;wÞb 0 and dðt; z; zÞb m1

g1
kzðtÞk2;

turning back to (4.15) we obtain that

jw 0ðtÞj2 þ jz 0ðtÞj2 þ kwðtÞk2 þ kzðtÞk2

aK13

ð t
0

½jw 0ðsÞj2 þ jz 0ðsÞj2 þ kwðsÞk2 þ kzðsÞk2� ds:

Finally Gronwall’s lemma assures that wðtÞ ¼ zðtÞ ¼ 0 in H 1
0 ð0; 1Þ for all

t a ½0;T0�. This proves Theorem 2.2.
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Proof of Theorem 2.1. Let fu; vg be a solution of Theorem 2.2. We consider the

functions fðx; tÞ ¼ uðy; tÞ and cðx; tÞ ¼ vðy; tÞ, where x ¼ aðtÞ þ ygðtÞ with initial

data is given by the functions

u0 ¼ fðx; 0Þ ¼ f0
�
að0Þ þ gð0Þy

�
; v0 ¼ nðx; 0Þ ¼ n0

�
að0Þ þ gð0Þy

�
;

u1 ¼ f 0ðx; 0Þ ¼ f1
�
að0Þ þ gð0Þy

�
þ
�
a 0ð0Þ þ g 0ð0Þy

�
f0x
�
að0Þ þ gð0Þy

�
;

v1 ¼ n 0ðx; 0Þ ¼ n1
�
að0Þ þ gð0Þy

�
þ
�
a 0ð0Þ þ g 0ð0Þy

�
n0x
�
að0Þ þ gð0Þy

�
;

g0 ¼ gð0Þ; a0 ¼ að0Þ and b0 ¼ bð0Þ;

and

f ðy; tÞ ¼ jðaþ yg; tÞ; gðy; tÞ ¼ cðaþ yg; tÞ:

To verify that fðx; tÞ and nðx; tÞ are solutions of Theorem 1.1, it is su‰cient

to observe that the mapping t : ðx; tÞ 7! x�a
g
; t

� �
of the domain Q̂Q0 into

Q0 ¼ �0; 1½ � �0;T0½ is of class C2 and from (2.1)–(2.3) we also have that ff; ng
satisfies the (1.2)–(1.4). The regularity of fu; vg given by Theorem 2.2 implies

the regularity of ff; ng in Theorem 2.1. Thus the uniqueness of the solution of

(1.2)–(1.4) is a direct consequence of the uniqueness of (2.1)–(2.3).
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