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Local solutions for a Timoshenko system
in noncylindrical domains
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Abstract. In this paper we study a Timoshenko system modeling transverse vibrations of
thin elastic beams in a moving boundary domain. Existence and uniqueness of a local so-
lution is proved by using Faedo—Galerkin approximation.
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1. Introduction

Hyperbolic systems of the type

Flog|*> N 0%  ov

" —

¢ M(La &) Gt e = m
2 '

are usually called Timoshenko systems (see e.g. [10]) and describe transverse vibra-
tions of a beam when rotatory inertia and shear forces are taken into account. In
this model, the beam has a length L = f — o and its transverse vibrations at a time
t are represented by ¢ = ¢(x, 1), « < x < . The function v = v(x, 7) represents the
slope of the deformation curve ¢ due to the rotatory effect and thus producing a
shearing deformation.

The system (1.1) has been studied by several authors. For instance, the exis-
tence of local solutions was considered by Tucsnak in [9]. The problem of exact
controllability, in the n-dimensional case, with M (A1) = 1, was studied by Me-
deiros [5]. A necessary and sufficient condition for exponential stability of (1.1),
when M(A) = 1, was established by Mufoz Rivera and Racke [7]. Other related
results can be found, for instance, in [1], [3], [8].
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The objective of this work is to extend the system (1.1) to a moving boundary
context. This is done by assuming the ends «, § of the beam time dependent, and
therefore defining the system in a noncylindrical domain Q. More precisely, we
have

0= U [>x {2}
<t<T
and the lateral boundary
U (1)} x{1}.
<t<T

The noncylindrical domain  means that the beam at rest configuration is
modeled by the interval [x(0), #(0)] and its ends change in time according to the
functions o and . This situation may occur, for instance, due to the temperature
variation.

Our problem is then defined by

H_M(Ju

a(t

d>aqj+|¢|p¢+f*¢ o
n

v o
"
Y ox

=y

with initial conditions

and boundary conditions
g=v=0 onZ, (1.4)

where ’ denotes the derivative with respect to ¢.

We have added a nonlinear perturbation of the type |¢|”#, p > 0, in order to
deal with a more general model. This kind of nonlinearity is a forcing term for
the system and appears often in relativistic quantum mechanics. It has been con-
sidered by several authors in hyperbolic, parabolic and elliptic equations.

We study the existence and uniqueness of a local solution for the system (1.2)—
(1.4). The method employed here is to transform the system (1.2)—(1.4) into an
equivalent one defined in standard cylindrical domains, but with time variable co-
efficients. This is done, for instance, by following the arguments in Medeiros [6].
Then we use Faedo—Galerkin method and compactness arguments as in Lions [4].
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The article is organized as follows: introduction; notations, assumptions and
local results; approximation and estimates; proof of the theorems.

2. Notations, assumptions and local results

We obtain existence and uniqueness of solutions for the nonlinear system (1.2)—
(1.4) assuming the following hypotheses on the functions M, « and f:

Assumptions.

(M;) M e C'([0,+o[;R) and there exists my € R* such that M (1) > my for all
4 =>0.

(Hy) o,f e C*([0,+[;R) with a(r) < B(1), o/(t) <0, B'(t) >0, and y'(r) <

(”2&)1/2 for all > 0, where (1) = B(1) — a(1);

(Ha) |2"(0) + 37" (1) < {5 10'(2) + »7'(1)| for all y € [0, 1] and 1 > 0;

(Hs) there exists m; € R* such that my <1 — (o/(r) + yy’(t))2 for all y e [0,1]
and 7 > 0.

Remark 2.1. The assumptions o(¢) < 0 and £'(¢) > 0 mean that Q is strictly in-
creasing in the sense that () = f(z) — a(¢) is strictly increasing.

Remark 2.2. The assumption (H;) implies that |o' + yy’| <y’ forall 0 < y < 1.
In fact, from the signs of «’, #’ and the definition of y, we have

o+ <y <y f0<y<l,
and
oty =) =y > iy >0
Assumption (H;) also implies |o’| < y" and ' < y’. Using assumption (H,) we
conclude that
2

B

| and |B"| < —.

lo”| <
Y

Remark 2.3. To transform the noncylindrical domain @ into a cylindrical
domain Q we use a suitable change of variables established by the following appli-
cation:

mQHQ_muﬂQﬂ,(Lmqmg_C&?%d
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The application 7 transforms €, = |«(7), f(¢)| into |0, 1[. The inverse 7' : 9 — Q

is given by 7! (y,7) = (x, ¢) with x = a(¢) + y(¢)y. The applications t and 7~

C? by (H)).
Using the new variables

u(y,0) = (ot )(y,0) = d(x,1),

v(x, 1),

<
—~
=
~
—
Il
—~
<
]
F‘\
—
—~
=
~
~
Il

we have the following identities:

/

1 ou 2 ou
no__nm - 1l no_ " ma 2t s AN
¢ =u yz{ZV(a + ') = (e +yy )}ay y(a +)’V)ay

1 / / 2627/{
+y2(<x + ") o
1 ov 2 ov’
V=" — 29 (o) + ') — (o + "V — 2 (o + ) =
y2{ (e + ) = ( Y )}(')y j)( W)ay
1 , , 2&217
+y2(0C +»7") 57
k k k Ak B[ A412 1 ("oul?
T e T R g [ P N
oxk  yk oyk’ oxk  yk Oyk 2(r) 10X yJo |0y
Moreover, we define f, g, uy, uj, vg, v; by
F0)=(pot (1) = p(x,1),
g(y, [) = (‘/j o7 1)(}1,1) = ‘//(xv Z)?
uo(y) = oo +70¥),  vo(y) = volato + 7o),
ur(y) = ¢y (a0 + 709) + (2'(0) +7'(0)y) dor (0 + 701,
vi(y) = vi(ao + 7o) + (&' (0) +7'(0)y) vox(ct0 + 70¥),

Lare

where y, = y(0), oo = 2(0) and S, = f(0). Then problem (1.2)—(1.4) is trans-

formed into a cylindrical problem with variable coefficients

1 /1 Pu 0 ou
/e - 2 vw v i
u y2M<y ||u(t)|| > 6}12 ay (a(ya t) ay)

!

du
+b(y,t) —+c(y,t
(0.0 G+ ()

du
dy

! P ov’ 0 10 .
o = 2 (00 5 600 G T S =gl Q)

1 ov
+ u|’u+-—=f(y,t) inQ,
Jul S 3 f(y,t) inQ

dy dy dy dy yoy
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with initial and boundary conditions

u(+,0) = ug, u'(-,0) = ur, v(-,0) = vo, v'(-,0) =01 in]0,1[,  (2.2)
u=v=0 onX= () {(0,7),(1,0)},
0<t<T

where the variable coefficients and function M are given as follows:

_mo Ly = 2@y
a(yat)*zyz yz(a +yy) >07 b()}vt)* y(a +yy )7
1 11
c(y,1) = —;(a” + "), d(y.t) =5 - ;(a’ +37)? >0,
M) = M) =2 = 22> 0

We have the following results.

Theorem 2.1. Suppose that M satisfies (M) and that o, f satisfy (H;)—(Hs).
Given ¢y, vy € H} (Qo) N H*(Q), ¢1,v1 € H} (Qo) and ¢, € L7 ([0, T]; Hy (L)),
there exist a positive constant Ty < T and a unique pair of functions {$,v} with
¢:0,— Randv: Q, — R, where

QO = U Q’ X {t}a

0<t<Ty
satisfying
¢,ve L”(0,To; Hy(Q) 0 H*(Q,)),
¢',v' e L7 (0, To; Hy (),

¢" V" e L7 (0, To; L*(Q)),
and it is a solution of (1.2)—(1.4) in Q.
Theorem 2.2. Suppose that the hypotheses of Theorem 2.1 hold and suppose that
f.9€L*([0,T);H}(0,1)), ug,vo € Hy(0,1) " H*(0,1) and uy,v; € H}(0,1) are

given. Then there exist a positive constant Ty < T and a unique pair of functions
{u,v} with u,v: Qy — R, where Qy =10, 1] x 10, Ty |, that satisfies the conditions

u,v e L™ (0, To; Hy (0,1) 0 H?(0,1)),
u',v' e L* (0, To; Hy (0, 1)),
u”,v" e L (0, Tp; L*(0,1)),

and is a solution of (2.1)—(2.3) in Qy.
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The proof of the theorems are given in the next two sections. We end this sec-
tion with a few notations. The scalar product and norm in L?(0, 1) are denoted by
(-,-) and | - | respectively. In H{(0,1), we use the corresponding notation ((-,-))

and || - ||. We denote by a(z,u, w) and d(z,v,w) the bilinear forms
: ou ow : ov ow
a(t,u,w) = , and d(t,v,w :Jd ) — —dy,
() = | a0 5 Sy (o) = | dlrn 5 Sy

which are continuous, symmetric and coercive in H{ (0, 1).

3. Approximations and estimates

Let {‘V/}jeN be the complete orthonormal set of 22(0, 1) given by the eigenfunc-

tions of — 45 w; = 4wy, w(0) = w(1) =0, and define
Vi = span{wy, wa, ..., Wy}

the subspace of H{ (0,1) n H?(0, 1) generated by the first m terms of {w;}.
For each m € N we construct a pair of functions u,, and v,, given by

{um(yv 1) = Z;nil gfm(t)wj(y)’
Un( ;1) = Z/ 1, (Owi (),

with y € ]0,1[ and ¢ € ]0, T),,[. The pair {g;, (), 4;,(t)} is a solution for the follow-
ing system:

1 O u, 0 ou
,,__ m. m
( > ( ol ) 5 —ay( <y,r>—ay)

0 ov o’ ov 1 du
" m m m, - Z"m . — .
(Um ay (d(y’ t) ay> +b(y7 t) 6}1 —|—C(y, t) ay + y 7W/> (t) (g(t)ij)

for all w; € V,, and with initial conditions
U, (0) = wpyy — tho, 0m(0) = vom — vo  In HOl (0,1) N HZ(O, 1),
u) (0) = upy —ur,  0,(0)=uvy, —vr  in H(0,1),

withm — oo and j=1,2,...,m.
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First estimate. Substituting w; = u,, and w; = v,, into the equations (3.1); and
(3.1), respectively, we obtain the following equations:

%%{w,;q(ofﬁﬂ(ﬂwm( O1%) + alt ) +§||um<r>||;:}
] T = PO IOl

!

%a(r, U ) +%|u:n<r>|2

! ouy, v
[t gL [ T
Jg (1) dy 4 vJo Oy

1 2 1
w3 [ poomtn (G2) dv | oo (3.3)

~

0

1 d ! !
2 (O (o)} 20,0 ) + 721, 0

! vy, 1('ou
=—| ey, 0)="0) d ——J —v! d
L@)W )y

1(! vy, 2 ! ,
+3 b(y,z>h<y,z>< )dy+j g1ty dy, (3.4)
2 Jo 9)’ 0

where p = p + 2 and the functions M (1) and / are given by

A I

()= | Fs)ds and h(no) = %( ) =T+ ),

Summing up the equations in (3.3)—(3.4), we estimate the terms on the right-
hand side using assumptions (H;) and (H,), Remark 2.2 and Young’s inequality.
Thus we have

A

! ou ! ov
I =— Jc ) ——u d +Jc ) —=——v)d
1 (0@)@, y+] D07 ﬁ

11 " Vi m I 11 Y 1 av’n /!

< %a+w|—ﬂ%w% 4a+w|74mw
07 07 y
|

< | S Sl \dy+j | dy
07 J/

<m72<|u;n<z>| +|v:n<z>| (O] + o (1)]7):
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By Young’s inequality, we get

oy, ! 1 (! ouy, ,
Iz__( J ay dy+?Jo dy U’”dy)

= % (D1 + 1o, (O + Nt (DI + [[om(D]17).
Y0

Using hypothesis (H;) and (H;), we obtain

§ —ljlb( iy, 1) (L v
3—2 0 ) Vs ay 'y

"1 / N //) yl( / /)2 Oty :
< — (@ + )"+ yy") — = (o + yy dy
Jo yz( i y3 ay
1 / 2
1 ou
< J [—zlfl”rw’lOf”+yy”|+y—3|0<’+yy’|2] —| dy
oly y dy

N3 3/2
sz(y) <2(’”°) e (]|
Y ¥ \ 2

Using similar arguments it follows that

1! v\ 2 (m\"? 2

By Young’s inequality, we have

0

1 1
Is = j (0l (1) dy + j g(1)o), (1) dy
< 2 (7P + 1P + O + 10,0,

By integration from 0 to ¢, t < T}, and using estimates Iy, ..., I5 we come to
the inequality

1 1 1
5{“' OF +1e, 0 +2 81 (S lan 01 ) + att. 0

2
- d(t vms o)+ IIMm(t)II,’Z}

" Lzy_szG )1 )+ 5 37 (2 91 ) )12 s
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/!

t
+J }; (a(s ”rm”m) + d(S Um,s Um) + |um( )lz + |vr/n(s)|2) ds
0

1 T 2 1 T 2 1 2 2
<3 |f(S)| ds + = |g(S)| ds + = ‘u1m| +|Ulm|
2J, 2J, 2
1. /1 5
+ V_M ;H”Om” + a(O, Uom, MOm) + d(O, Vom, vOm)
0

Ko [ + W OF + )1 + 10 d (35)

— my 12 (mg)\3/2 1
whereKo—max{‘wg,zyo,yg(z) s

Under the hypotheses on the functions f, g and convergences (3.2) we have

1 r 2 1 g 2 2 2
39 | 1P s+ 3| o) s+ o+ o

1
+— " M( Hu()m” > + aZ(O,MOmaMOmI) +d(071)0n1300m)} < K.

Some terms in (3.5) are in fact non-negatives as we can see:

J;;;ZMCIIM( )l ) ds +M(;||um(s)||2> [t (5)]|* ds = 0,

t,
J y;(a(sﬂ um; um) + d(s7 Unu Uﬂ’l) + |u}{n(s)|2 + |U}/11(S)|2) ds Z 07
0

/1 /Pl mo
(2 0l = | H(s) ds = 2 (1)
14 0 71

1

d(l‘,l)m,l)m) :J d y,
0

—\ dy = " o ()]
Vl

a(t, ty, upy) >0,

where y; = supy,7 (7).
o1 omy om .
Let K, = mm{i,w,ﬁ}. In view of (3.5) we get
2 2 2 2
|0 (D17 + [0, (D17 + w7 + [lom (D)

gﬁ+ﬁzj (e () + [0 () + (I + lom()]) s, (3.6)

K K
where %, K, are constants which not depend on m.
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By (3.6) and Gronwall’s lemma, we obtain that

Jup, (DI + [, (O + (DI + [lom(D)]|* < K5 on [0, 77, (3.7)
where K3 = Kz e Ko/K)T

a ll

Second estimate. In the first approximate equation of (3.1) we take w; = ay;” .
This gives
2 2
1d , 2 1 —/1 2 d ou’
= — t — M | = ||u (1 — = ty Uy, — ——
3 @O + 55 (ynu OF) G e] +al =5

ou,  *u, ou,  0*u, » *u!,
+<b(ya[) ay T ayz ) + (c(yvl)ayv_ 6}12 ) + ('um| umv_ﬁ

In the identity (3.8), we have

2 b 2
1 — | d |1 (1 2\ | 07Uy,
o 1 (Lt & 2 —Ek;Mgwmw)aﬁ:
2
1 /1 N\ 6%,
- )| |5 69
and
0%’
a\ t,um, — 2
2 2
1d (! uy, (', uy,
—EELG(J’J)<W> dy—zjoa(y,l‘) 2 dy
Lo [8(1 6um} ou! oa duy, o', |
B B L ey L 3.10
Joﬁy@y@y ov Yoy oy oy | (310

Integrating by parts and using that b(y, ) = —2 (oc’ + »y'), we get

1

ou u, ob (o, 1 oul,\’
<b(y’t) ay 5y2> J 6y<5 > dy_2b(y’t)(5y> 0

_F @“y (1, z))z—“;@”y (0, z)>2 (3.11)
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which is positive by the hypothesis o' <0 and B’ >0 on the increasing

boundary.
We rewrite the other terms of equation (3.8) as

ou,  u, 1o Ou) O, Oty O,
<c<y,z> - >=[—[< 05| Gy - et G

ay? 00y dy

o*u!, 1o ou',
<|um|pum,_ ay2> _Joayuumlpum] a dy,

1 v _52u,’n B 1 v, 0ul, |
y oy 0y? y 0y 0y |

2/ 1 /
f_& _Jgau,nd
00y 0y

ljl 0%v,, Ou,
0 Oy* 0y

)

0

Substituting (3.9)—(3.15) into (3.8), we obtain the following identity:

1d / 2
E E Hum(t)H +

1d
2 di

(- (o) )\a

|

]
2dt), V62

da) Ouy, ou),
~[c0 -]

8_y aJ’Eo
62u2

B

1("ob (oul\* 1,
sl (5) @zl

1 1

1 0vy, Ouy,
7y dy o

0*u :
(32

dy

1o K aa) ou }au 0%v,, ou’
— | = |(ert m d ——J m m g
Jo dy (r:1) = ) oy o P Ty e

1 i 1 I
_J i P aunzdy+J qaumdy

ul‘l‘l ul‘H
oé‘y(l | )5y 00y 0y

ay 00y

/ ’ 2 / ’
+£ (%(Lt)) _x (a”_m
7 \ 0y 7 \ 0y

o, z>)2

2t (0) :Jli((l ) aum(y)> dy:JI(l ) GQZ;EJ’)dy—J Zm7)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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we have

Oum(0)
dy

62um(t)
0y?

Oty (1)
ay

£2(0,1)

R 12(0,1)

By the Poincaré inequality, since A; = 7%, we obtain that

<1+n>
<
R n

Oy, (0)
ay

ézum(t)
oy?

L2(0,1)

In the same way we use

vy Jooy\" oy 0y? dy
to obtain
Oty (1) - (1 —I—n) (1)
6}/ R B T 6)/2 L2(071).

Note that the first term on the right-hand side of the equation (3.16) can be
written as

1

(5.1 dal Ou,y, Ou,),
C —_—
s dy| oy oy

1 2y’
= [— > (" + yy") + o7 (o + yy’)}

0

1
/
Ouy, Ouy,

dy dy

0

B 2y’ﬂ'} Oty ou’
S lvt m
[ Y (.9 dy

!
du,,

dy

(1,9

A (05 t)

(0,1). (3.17)
Using assumptions (H;) and (H;), we have

" 1! n1/2 73/2 npl/2
S|ﬁ|+2y|ﬁlg[lﬁl] lw el ]

» yz 7 y3/2 y3/z

SEREON]

~
y 7

‘_ﬂ” 2'f
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Thus by Young’s inequality we get

H—%”*if]aé‘” e >\

dy
171/2 /
3 / oy
B 3/4 aum 1B 614,’”(1 )
- %/2 2y oy ’
9 (mo\?|ouy, 21 p e 2
< 2 (2 Z¥m L Uy, )
<3 < 2) 3y (1,7) +3 > [y (1,t) (3.18)
3/2|Ou ? . :
The term % (@) Ot (1,#)| can be estimated as in Remark 3.1:
y3\2 dy
9 <@>3” LT (@)3/2< ) et ’
yg 2 6)/ ’ B yg 2 n+1 5y2 LZ(O,I).

N - ou'’
— ﬂ} “ il (0,¢) we obtain that

o
- =0, 1
Y y? 6y( )y

0.0)

Oy (1) 2+1 o] |0
0y? 4 v

[oc” 2}/0(/] O,

PR .9

1(3) ()
S — | —
o\ 2 n+1

Therefore, substituting (3.18), (3.19) into (3.17), we can estimate the first term
on the right-hand side of the equation (3.16) as follows:

2

— l‘l’l (0 t)

o (3.19)

oa| Ouyy, Ou,,
=[5 e |
2 A 2 3/2 2142 2
<1 /)’ ouy, m(1,0) o' |Ouy, 0,7) +§ o T O~ (1) .
4 oy oy e\ 2 n+1 0y?
o 2 2
The term [% %(171)) — o |0 (0 1)‘ ] on the left-hand side of equation

! 0 2 . . ..
3.16) is compensated with B (0 1,t)) —%(%2(0,7)) , which gives a positive
Y } 7 ay
contribution to the left side of equation (3.16).

Remark 3.2. Using that /(¢) < 0 and p’(z) > 0 for all z > 0, it follows that there
are constants ¢ and 6 with 0 < ¢ < () and 0 < 6 < —a/(z) for all ¢ € [0, T].
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Then second term on the right-hand side of the equation (3.16) can be written

as follows:

16v, o |' 1 <61)m ou' v Ou! )

- = m(1,t 0,1) ).
yﬁy@yoyﬁyﬁy() ﬁyﬁ()

By Young’s inequality, we have

1 Ov,, ou’ ‘ 1 |ov,, ’ ou!, ’
— (1| < —|—(1,¢ 1,t¢
‘Vﬁy 0y( ) yay( )ﬁy( )
2\ |av,, 12\~ 1
“3(2) 12| (£) 2
&y ay 2y ay
1 | 0o, > lelou, :
— 1 1 2
=l 50 |%m (3:20)
Using Remarks 3.1 and 3.2 we obtain from 3.20 that
1 dvy, ut 1/ 7 NP 1810 2
-— < — - — .
‘y dy oy (I’Z)‘ T e <n+1) ay? 4y (l’t) (321
Proceeding analogously, we have
1 dvy, oul | 7\ |0%um(?) ! (—o') |ou ?
z m < - m 22
’V oy dy (O’Z)' ~ o <7Z+ 1) dy? ’ 4y oy @.0), 6.2

where 0 > 0 is given by Remark 3.2.
From inequalities (3.21) and (3.22) we have the following estimate for the sec-
ond term on the right-hand side of (3.16):

_ L vy auy, |
7 0y 0y |
/ / 2 / / 2 2142 2
lﬁ_aum(l’t) _* %(07[) + l+l l n avm(l)
41y | oy y | dy e O]y \m+1 0y?

From the first estimate, hypothesis H; and the equality

L; <y Jun (0] )}/—;—31\7 <%|um(l)||2) (0 1)
= LB (SO )l 017 = 23 (2 0.
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the third term on the right-hand side of equation (3.16) can be estimated as

follows:
GG 5

1 <m0>1/2 1 <m0>1/2
|5 MiKi+— My
25\ 2 %\ 2

1 1/2
MK ||\

0

where My = maxg<;<x,, {|M(2)|} and M, = maxo<;<x,,, {|M'(2)|}.
From assumption H; we obtain as estimate for the fourth term on the right-

hand side of the equation (3.16)
2 1/2
my 1 2
dy < (—) — Ju, ()]
3) ool

2
qum

(1)
0y?

8um

)

I
m

dy:_V_'JIOL
7 Jo

dy

6u
6y

1('ab
J —
e J oy
Using hypotheses (H;) and (H;), the first estimate and Young’s inequality, we
obtain for the fifth term of (3.16)

Lo oa\ ou,,| ou’
Js=—| S\ (e(y, ) — L) Lm| Dy
s oayK ) ay> ay] oY

B 2 " I
y’> y"| Oy, Ou
2= +& "d
I (V y] dy dy

I
f=} —_

o2y 1 %uy, Ou’
+ 2 (o + yy/ (o + )/V” :| m qm
0{ »? ( ) V( ) oy? dy
1 1 1 N 2 N2 2 /
P\ | Ot | |Ou;, y y 0y, | |Ou
S BIEE S ORGI
o\ o e |7 ) |7\ v/ |l oy* || oy
3mOK1/2 3myg |0 up, (1)

< TH%(I)H +

2—73 ayz ‘ ||um

2
IM3K; 9m3 | 0%y (1)
< —_— .
< 200 1 ol + e o

An estimate for the sixth term on the right-hand side of the equation (3.16)
follows from hypotheses (H;) and (H,):

2
0 Uy,

0y? dy

1 1
J6 ZEJ al(yal)
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B moyJ 62um2
= e

1 / 2.2
+J - OC/ + yy/ <_ OC/ + J}y/ _ OCll + yy// ) _ "m dy
. y( ) 2 ( ) y( ) P

o () o o) (2 e
T\ 2 6)/ ol \7 v/ || 0y?

4 < )3/2 aZUm( )’2
<= .

7% \ 2 0y?

Using Holder’s inequality and the continuous embedding H'(0,1) — L”(0,1)
1 < p < o0, we have

1 A / 1 l

J7 = J 00 (|4 um)ag; dy=(p+1) Jo |th|” 65;,;, aau—;“

Oty (1)
ay

Oty (1)
oy

< (p+ Dlum(1)l} (ol

r

(ol

r

< (p+ Dlum()l”

Oty (1)

<(p+1 K”/2
<(p+1) 3y

a3, (1]

r

Sobolev’s inequality gives

Oty (1)
ay

< Cillum ()] 2

r

and the regularity theory for elliptic equations ensures that

(1)
0y?

()2 < C

L

Therefore, from Young’s inequality we obtain the following estimate for the
seventh term on the right-hand side of (3.16):

, O un(t
Jr < (p+ 1)K§/zclcz’”—()

oz |l 0)

%((P-F I)Kﬁ/ Clcz) H” ()H 4 ‘@ U (1)

0y?

i
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For the remaining terms on the right-hand side of (3.16) we obtain

1 (' 6%, ou' 1 620”,(1) ? 1, , )
= - —_m < — -
|, G Gy < | -l
_ af 5“ R, 2
to= [ L %oy < Lirlf + o’

Now, taking w; = _(ﬁ; in second equation of (3.1) and using the same

arguments as in (3.8), we obtain

o 0, \ ob (3!, od 1 ov,, v’ |!
_ ! —m _ i ““m e Wl_m
_ZJod(y’l)<5y2>dy J6y<0y)dy+{(y’) 5y] dy oy o

1o K ad)a } o' 1 duy, dv)

_ . c(y,t —_m ““m

Jo dy .0 = dy) dy | dy a y 0y 0y

1 (' 0%, ov, dg ov,,
§Jo o o J v ? 3:23)

21

/
m

ay

ld, , ., 1
5@”%0)” +§z .

To estimate (3.23) we proceed analogously:

1, 621),,,2 1 [(mg 123 my 32 821),1,(t)2
= — < J— _ I _
T 2Jod(y’l) 0y? = y8<2> +y8(2> oy |’
1 (' ob|ov |2 mo\"*1 ., >
= — —_— m < — i
e L R PRI
od dvy ov’, | B |ov! 2 oo 2
Jp=lcy,t) —— | — =2 < 1,1)] ——|—=2(0,¢
o= et -5| 50 %) 4[ 210 2150,
I8 (NP (w0
7w\ 2 n+1 o |’

L ad\ dv,,) ov!, Ime K, a2
to==[ £ | (c0n-5) 5o Frar = 2224 10

00y dy
9m [%vn(1)|”
8yg | |7
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1 ou,, ov'. |" B |ov! ’2 o |ov! 2
= - Zim P Lol =2 Em0,
Ty vy l S B Fa
1 1]1 7z 2azum(t) ?
+ =4+ = s
e 0|y \m+1 oy
1 (' 0%u, ov 1 {0%u,(1) 2 , )
= — _ m < — R
h=| G s 5 3 IOl

0y?

169 61)/ 1 2 1 , 2
= | = Ldy< - = .
Ja= | 2 Gmdy < Sl + 5 15,0

Let us define the functional

8214,,,( 0|’
y

F (), v(0) =§{|u;n<r>||2 IO + 2577 (S w0 ) 5

! o%u ’ ! 0% ’
+ | a(y,t 2 d +J d(y,t 2 dy .
JO (y )<6y ) y (y )(6y2> y}

Summing up the equations (3.16) and (3.23) and using estimates Jy, ..., Ji,
we obtain

)3 (o]
(EBEE)

< Ki+3 [Hf( OI” + llg(0)1%] + Ks{llufn(f)l2 + o ()1

2
}. (3.24)

!

azum
ay?

um 61),,,
] I, |+\ 10

where K4, K5 are constants which do not depend on m.

Since
B’ <0u’ )2 o <6u’ )2
— (1, t - — 0,¢ > 0,
5 (1,7) ; ay( )
B
y
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we get from (3.24)

d

%F(um(t), on(f)) < 2Ka + [I£ (017 + lg(0]>

+ Ko {F (ttn(0), 0m(1) > + F(un(0),vm(0) }. - (3.25)

The following Gronwall type lemma is essential for estimating the functional
F (un17 Um)-

Lemma 3.1. Let u be a positive and differentiable function such that

w (1) < 0(1) + reu(t) + op (1)

where 0(t) is a positive function, 0 € L'(0,T), , o and J are positive constants and
A > 1. Then there exists Ty € (0, T) such that u is bounded on [0, Ty).

Proof. See [2]. O
Using 3.25 and Lemma 3.1, there exists 7 > 0 such that
F(un(1),vm(t)) < K7  forall0 <7< Ty.

Therefore

2 2
ag;”z(t)’ <Ks forallze[0,Tp.  (3.26)

ﬁzum(t) :
0y?

|%Uwﬂwwﬁﬂ

Third estimate. Substituting w; = u,,(¢) and w; = v, (¢) into first and second
equations of system (3.1), respectively, we obtain the following equalities:

1 azun/] ! a aum
0 =571 (w17 [ St s [ £ (atr0 2

1 611 1 a 1
—| by, ) Z2u’ d J , U i d J |ttt} d
L (y)ay ly — (y)ay ly — O| |” ly

1
_lJ O u;,;dy+J ful" dy, (3.27)
7Jo Oy

'o Oy 1 ov’
|UI,1{1([)|2 = Jo@ (d(y, Z)E)U;dy—J b(y,1) aJr}n 0" dy

1
Uy o J Ol o J
— | e(y,t "dy+ | gud 3.28
L (v )Oy =), 5 y. (3.28)
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Taking into account the hypotheses (M) and (H;)—(H3), we obtain the follow-
ing estimates:

M 82um(1)‘ ny
u' (1)) < = ()| + =5 [ (0)|] |4, (¢
|t (1) 2 | 52 |u4,, (1) 72 (et (D] 11, (2)]
my azum([) " 2 (m0>1/2 / "
— w0+ = (=) (@) |ul (¢
7| a2 |t (1) w2 24y, (O] 21, (2)]
my D
+53 ([t ()] |“r,y,:(t)| + ‘”m(t)|/2;;1.~.1)‘“”(t)|
2y5
1 .
+%Hv(l)|| " ()| + [ £ ()] [ (D)], (3.29)
1 m ?0,(1)
o (D2 < ™ om0 0" (¢ +—[1+<—°>H m ’u,;;z
0 < R @01+ 5 |1+ () || ol

2 m())l/z / " my "
+— = v, (O] |0, ()] + == [lvm(2)]] |0, (2
70(2 [0 (D] [0, (D)] 2y§” (D] v, (2)]
1
+%||um(l)|| o ()] + 19 ()| |0, (1)]- (3.30)

By Sobolev’s embedding theorem, we know that H}(0,1) < L2»*1(0,1).
Therefore, using the first and second estimates we obtain from (3.29) and (3.30)
that

lu! ()| <Ky and |v) (1) < Ko on ][0, Ty (3.31)

4. Proof of theorems

Proof of Theorem 2.2. Estimates (3.7), (3.26) and (3.31) assure the existence of a
subsequence {uy, v}y of sequence {uy,, v}, cn and a pair {u, v} such that the
following convergences:

U — u, ve — v weak starin L* (0, To; Hy (0,1) n H*(0,1)),  (4.1)

w, —u', v, —v  weak starin L (0, To; Hy (0, 1)), (4.2)
wl —u”, vl —v"  weak star in L (0, To; L*(0, 1)). (4.3)

Using compact embedding from H}(0,1)nH?*(0,1) — H}(0,1) and
H}(0,1) — L?(0,1), by the compactness theorem of Aubin-Lions [4] we can con-
clude that exists a subsequence, still denoted by {u, vx }4 ., such that
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up —u  strong in L*(0, To; Hy (0,1)), (4.4)
u, —u'  strong in L*(0, Tp; L*(0,1)). (4.5)

From (4.3) we have for all w e L*(0,1)
(u,w) — (u",w)  weak star in L~ (0, Ty), (4.6)

which implies weak convergence in L?(0, Tp).
Analogously, we obtain

(v, w) — (", w)  weak in L*(0, Ty). (4.7)

From the second estimate we have

2 2
% — % weak star in L* (0, To; L?(0, 1)).
Then
0%uy *u o
(W , w> (W’ w weak star in L™ (0, Tj). (4.8)

Let us denote 7,(1) = yl—z]l?(% ||uk(t)||2> and (1) = /%]VIG ||u(t)||2> Then, tak-
ing into account the convergence (4.4) and hypothesis (H,) on M (1), we obtain

Ty

|0y = o < Ko | 012 = ]
0 0

Ty
< Kn L e (2) = w(@) | {[[oare (D) | + [|e(2) 1] .
Using convergence (4.4), since [||ux(?)|| + ||u(?)||] is bounded, we get
n(t) — n(0)  in L*(0, T).

From weak convergences a(t,u,w) — a(t,u,w), d(t,vp,w) — d(t,o,w) in
L?(0, Tp) for all w e H}(0,1), and integration by parts we obtain that

(£ (a0 FE)ow) = (5 (a0 ) o) weakin 220,70
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Analogously, we have

- (% <d(y7 ) %‘) , w> —— <% (d(y, ) 2-)”/) , w> weak in L2(0, Tp).

Using the same arguments as above, we have for all w e L?(0, 1)

a !/ !/
(b(y7 t)%,w) — (b(y, t)%,w) weak in LZ(O7 To),

vy, o’

(b(y, 1) av ,W) — (b(y, l)%,w) weak in L*(0, Tp),
Ouly, u .o
c(y,l)g,w — c(y,l)a,w weak in L°(0, Tj),
Ovk ov .o
c(y, I)E,w — | c(y, t)@,w weak in L-(0, Tp),

1 Ouy 1 ou .o
S ) = (-2 k in L2(0, T,
(y ay’ ) (y 6y’w) weak in L3(0, To),
1 dvy 1 ov .y
(; B w) <; ' w) weak in L°(0, Tp).

Convergence (4.4) assures that there exists a subsequence, still denoted by
(Ux )y <y such that

luk|"ur — |u|’u  in )0, 1] x ]0, Tp[ almost everywhere. (4.9)

Using the embedding H;(0, 1) < L>*2(0, 1) and the first estimate, we obtain

1 1
2 242 242 242 !
Jo | fure| |~ dy = L |2 dy = w313 < C||Uk|‘}£ﬂ0,l> < cK{™. (4.10)

Thus
|ux|”uxc is bounded in L* (0, Ty; L*(0,1)).
From (4.9) and (4.10) and Lions’ lemma [4] we obtain
| we — |ul’u  in L*(0, To; L*(0,1)).
Therefore, we have for all w e L*(0,1)

(|| g, w) dt — (|u|’u,w) — weak in L*(0, Tp).
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Using these convergences we can pass to the limit in the approximated system
(3.1) for the subsequence {uy, vk}, ., Which proves the existence of a solution
{u, v} to the cylindrical problem (2.1) in L?(0, To; L*(0, 1)).

From (4.1), (4.2) and (4.3), we have

u(0) =up, v(0)=wvy, '(0)=wu; and v'(0)=rv.

Uniqueness. Let {u,v} and {i, 0} be solutions of (3.1) under the conditions of
Theorem 2.2. Let w=u — and z = v — 0. Then {w, z} satisfies

v~ o) 3 - [ (o) - 7 (o) 2%

0 ow ow'’ ow 1 0z
, b0 e L g — |+~ E =0, (411
o (a0 5 ) b0 T e Sl a0, (4
0 0z 0z’ oz 1 ow
n_2 sl e - 4.12
z 5 (d(y,t)ay>+b(y,t) ay+c( )(’3 +y 3 0, (4.12)

with initial data and boundary conditions
w(0) =z(0) =w'(0) =z'(0) =0, w(0,7) =w(1,¢) =z(0,7) =z(1,7) =0

for all ¢ € ]0, Ty|.
Multiplying (4.11) and (4.12) by w’ and z’, respectively, we obtain

%%{w'(mz +%M( )1 ) I I + e, w)} +Lattwon) + L0
2

u ——w'dy
ay?

= [STOIOR) - S F o] [ 2
o1 lut ||2){ ——||u<>||]||w<>||

- L1 (ol ) ol + | <y,z>h<y,z>(2—j)2dy

! aw 0z
—| e(y,t)=—w'd J ul’u — |a|’aw’ d f—J —w'dy, 4.13
R N e @13)

1d ! 2 yl / 2
5 0P + (0} + a2+ L)

=3[ stnr0(Z)

2

! oz 1("ow
dyfj c(y,t —z'dyf—J — ' dy. 4.14
0 ( )0y 7)o Oy *19)
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We estimate (4.13) step by step

Ti = — - [ (u)?) - HOla)|)] Jlazaw’dy
! p2 LV 4 0 0y?
1 o eta@]|,
< O luto)] + ””(’)'”’W w!(0)

1 12 172
_c1<3/ KTIw@))? + ' (0],

|/\

12 = (SR ) | () = Z o I

14
- iMlKl/z K1/2+l<@>1/2 12 (o))
yS 3 8 70 \ 2
12
PO ) wor < (7). o
T3 =~ w(t)||” < —M, w(r)|”.
3=7 (Ol ) Ihw()]1> 5 Mo\ 3 W]

Let F:R— R, F e CY(R), given by F(1) = |A|’4. Tt is clear that F'(1) =
(p+1)|A|”. Therefore given &1, &, € R, by the mean-value theorem, there exists

E=¢& +0(& — &), 0€]0,1], such that

|F(&) — F(E)| < F'(&)||& = &1l = ||&17E — 1&17a] < (p+ 1)[E)1)& = &
= ||&)7& — &) a] < (p+ D&+ (& — NP |E — &

In particular, if &;(y, 1) = u(y,t) and & (y, 1) = a(y, 1), we have

[ "~ "] < (p+ Dl + (@ = w0 it~
< (p -+ D{Jul + Jal + [} vl < (p+ D){2lu] + 2}
< (p+ D2 {Jul + 1@} ] < (p + 12227 {Jul” + |} ]

Using Holder’s inequality and Sobolev’s embedding theorem we obtain
that

1
Ty — j (ul?u — i "o}’ dy
0

<(p+ >22Pj {?” + 1y || dy

< (p+ D22 {Ju(n)ly, + la(0)|,}w()] [w' ()]
< Kia[w(0)| + W' (0))-
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The other terms on the right-hand side of (4.13) are estimated using the hy-

potheses (H;) and (H,) as follows:
1! ow|? 2 (mo\?
To=3 ], b0 @< % (%) Iwtol
70

0 dy

From the Young inequality we get

! ow mo
Te=—| c(y,0)—w'dy < —[[lw(D)||* + |w'(1)|?],
o= | o Gwrar< PO + o)

1('oz 1
T= 3], g s g IO + WO
0 0

In the analogous way we estimate the terms on the right-hand side of equation
(4.14). Summing up the equations (4.13) and (4.14), integrating from 0 to ¢ we
obtain that

{0 OF + 1 OR + I + 3 (2 )12 )P +alr )

rd(1,z, z)} + L Vy'g)) (1w ()2 + |2/(s) > + als, w, w) + d(s, z,2)] ds
< Kn JO[IW’(S)I2 + 12/ $)) + w(s)]I” + [|2(s)]|] ds. (4.15)

From the next inequalities

Jo );/@ ”W/(S)|2 + |z'(s)|2 +a(s,w,w)+d(s,z,z)]ds > 0,

1 /1 2 2 Mo 2
2 (SO )OI = 2% (o)

alt,w,w) >0 and  d(1,z,2) = =03,
turning back to (4.15) we obtain that
W' (01 + |2 ()1 + [w(@)]|* + 112(2)]|?

< Ki3 L[IW'(S)I2 + 2 G+ ()17 + 1211 ds.

Finally Gronwall’s lemma assures that w(7) =z(z) =0 in Hj(0,1) for all
t € [0, Tp]. This proves Theorem 2.2.
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Proof of Theorem 2.1. Let {u, v} be a solution of Theorem 2.2. We consider the
functions ¢(x, 1) = u(y,t) and y(x, 1) = v(y, ), where x = «(z) + yy(¢) with initial
data is given by the functions

ug = P(x,0) = ¢y (2(0) + 7(0)y),  vo = v(x,0) = v (a(0) + (0)y),
uy = ¢'(x,0) = ¢ (2(0) + 7(0)y) + («'(0) + 7' (0)y) do, (x(0) + 7(0)y),
o1 = v'(x,0) = vy (2(0) + (0)y) + (&' (0) + 7"(0)y) vox (2(0) + (0)y),

70 =70), 2 =a0) and S =p0),

and

Sty =+ 0,  gy,t)=(e+ yy1).

To verify that ¢(x,¢) and v(x, ) are solutions of Theorem 1.1, it is sufficient
to observe that the mapping t: (x,7) — %,t of the domain QO into
Qo =10,1[ x |0, Ty[ is of class C? and from (2.1)—(2.3) we also have that {¢, v}
satisfies the (1.2)—(1.4). The regularity of {u,v} given by Theorem 2.2 implies
the regularity of {¢,v} in Theorem 2.1. Thus the uniqueness of the solution of
(1.2)—(1.4) is a direct consequence of the uniqueness of (2.1)—(2.3).

Acknowledgment. The authors are grateful to Professor L. A. Medeiros for his
valuable suggestions and support.
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