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Symmetry and bifurcation of periodic solutions
in Neumann boundary value problems
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(Communicated by Carlos Rocha)

Abstract. We study a vector-valued reaction-diffusion equation with Neumann boundary
conditions ( : [0,7] — R?). Unlike what is observed for scalar equations, where no hetero-
clinic connections involving periodic solutions occur, we find that steady-state/Hopf and
Hopf/Hopf mode interactions produce heteroclinic solutions connecting at least one solu-
tion of standing wave type. This is achieved by restricting a problem with periodic bound-
ary conditions and equivariant under O(2) symmetry to a suitable fixed-point space.

For completeness, we include a description of the solutions for Hopf bifurcation and
mode interactions involving Hopf bifurcation, namely, steady-state/Hopf and Hopf/Hopf.
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1. Introduction

Consider a reaction-diffusion equation on [—x, 7] given by

) Pu
”:Da_éfz+f(”v’1)’

where u = u(uy (&), u(¢)), D is a 2 x 2 matrix, f : R* x R — R? is a nonlinear
mapping and A is the bifurcation parameter as usual. We say that this problem
has periodic boundary conditions (PBC) if u(—n) = u(n) and u'(—n) = u'(%). We
define Neumann boundary conditions (NBC) on the smaller interval [0,7] if
u'(0) =u'(n) =0.
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Crawford et al. [3] proved that a solution u : [0,7] — R to a NBC problem
can be reflected about the origin and extended periodically to produce an even
solution # to the corresponding PBC problem on [—x,7z]. This extension is done
by defining

o u(x) if x>0,
() = {u(x) if x <0.

The natural domain for these solutions is the space of 2z-periodic functions. The
converse is also trivially true, that is, the restriction of an even 2z-periodic solution
u of a PBC from [z, 7] to [0, 7] is a solution to the corresponding NBC (since u
is smooth and even, NBC are automatically satisfied on [0, 7]). Observe also that
an even solution is a solution in Fix(x) where x - x = —x, x € R. This rules out the
existence of rotating waves, and all periodic solutions are standing waves. The
natural symmetries for PBC are then those of the domain [—7, 7] which, when
the ends are identified, is a circle. See, for instance, Golubitsky and Stewart [6].
Hence, the natural setting for extracting information from a problem with PBC
to one with NBC is that of O(2) symmetry.

Several authors (see Gomes and Stewart [8], [9] and Crawford et al. [3]) have
pursued the study of bifurcation problems with boundary conditions on rectangu-
lar domains. It was shown that hidden symmetries and change of genericity in
solutions may occur. In Gomes and Stewart [8] the concern is about the solutions
arising from Hopf bifurcation, including mode interactions. In this paper, we
extend this study to Neumann boundary conditions and the case where the
problem has O(2) symmetry. This setting can explain some patterns arising in the
Taylor—Couette experiment, as remarked by Crawford et al. [3] and Golubitsky
and Stewart [6].

In the next section, we use the solutions to the PBC problem with O(2) symme-
try to swiftly obtain solutions to the NBC case. We consider single Hopf bifurca-
tion as well as mode interactions of the types Hopf/steady-state and Hopf/Hopf,
respectively, thus extending the study of reaction-diffusion equations with PBC to
those with NBC. Our results are obtained by restricting the information concern-
ing PBC to the appropriate fixed-point space and therefore proofs are omitted.
The results obtained show how boundary conditions constrain the solutions. The
use of amplitude-phase equations further simplifies the problem: the amplitude
equations are equivariant under the action of a smaller group. Solutions to the
original problem are obtained by restoring the phase. Even though the results
are obtained through what can be considered an exercise, we believe that their pre-
cise statement provides a useful reference.

The final and main section concerns the existence of heteroclinic connections
between periodic solutions. We prove the existence of connections involving at
least one standing wave in steady-state/Hopf and Hopf/Hopf mode interactions.
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This shows that the asymptotic behaviour of solutions to vector-valued reaction-
diffusion equations with NBC is richer than that observed in the scalar case. In
fact, as observed by Fiedler et al. [4], among others, in the scalar case heteroclinic
orbits can only connect equilibria when NBC are present.

2. Symmetry and bifurcations

In this section we address the way symmetry affects NBC problems in what con-
cerns several types of bifurcation. This completes studies by Gomes and Stewart
[8] in that it addresses NBC, and by Armbruster and Dangelmayr [1], by consider-
ing Hopf bifurcation and mode interactions involving Hopf bifurcations. As re-
marked above, this is done by restricting previously established results by other
authors. The tables below are obtained by restricting these results to the fixed-
point space of even solutions.

The results concerning single Hopf bifurcation are obtained from chapter XVII
in Golubitsky et al. [7]. The case of steady-state/Hopf bifurcation is obtained
from chapter XX in [7] and Hill and Stewart [10]. Finally, Hopf/Hopf mode
interaction is based again on chapter XX in [7] and Melbourne et al. [11].

We consider a system of differential equations given in normal form on an
appropriate space, which we specify below in each instance,

X+ X(x,2) =0, (1)

where X is smooth and group equivariant, for the suitable action, and 4 is the
bifurcation parameter.

It is well known (see [7], for example) that either a Lyapunov—Schmidt reduc-
tion or the calculation of normal forms on a centre manifold produce natural tem-
poral symmetries where a Hopf bifurcation is concerned. Hence, the action we
want to consider is that of O(2) x S! when one Hopf mode is involved, and that
of O(2) x T? if there are two Hopf modes. It will be clear from the normal form
calculations below that the results by Chossat and Golubitsky [2] apply and either
reduction method provides the same equation up to cubic order, which is enough
for our purposes. More importantly, these results guarantee not only that the
existence of equilibrium solutions of the reduced equation correspond to solutions
of the original problem, but also that the stability and asymptotic dynamics are
preserved by the reduction (see also [6]).

2.1. The group action. We consider the restriction of problems equivariant
under the appropriate group action in each case. The occurrence of an O(2)-
equivariant Hopf bifurcation requires the group action not to be absolutely
irreducible. Therefore, we consider, for each Hopf mode, an action on the
4-dimensional space C?.
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In each case we indicate those fixed-point spaces and respective isotropy sub-
groups that are contained in the fixed-point space where even solutions to the PBC
problem exist. These are obtained by restriction of the isotropy lattice for the PBC
problem (see again the references above).

The actions and representations we use are the following.

Single Hopf. We choose coordinates on C? so that the action is given by

0(21,22) (ei()Zl,ei()Zz), 0 e Sl,

#(z1,22) = (e7z1,e"20), ¢ €80(2),
x(z1,22) = (2z2,21), x=1flipin O(2).

Solutions to the NBC problem are found in Fix(Z, @ Z5) = {(z,z) : z € C},
where Z, ® Z5 = <{x,(n,n)). In this subspace, we have only two orbit types,
namely, the trivial solution with full isotropy and periodic solutions of standing
wave type.

Steady-state/Hopf mode interactions. In this case, the action is on C* and all
eigenvalues are double. We choose coordinates so that the action of O(2) x S'!
is generated by

0

0(20,21723) = (Z(],ei Zl,eﬂ)Zz)7 0 e Sl,

#(z20,21,23) = (e”""‘zo,eil‘/ﬁzl,e*ﬂ"ﬁZg), ¢ € SO(2),

K(zo,z1,23) = (Z0, 22, 21), x = flip in O(2).

The integers / and m are the mode numbers (we follow the notation of Golubitsky
et al. [7]; Hill and Stewart [10] interchange the mode numbers and name the gen-
erators for the group action differently). The isotropy subgroups depend on these
mode numbers. We consider three cases: when both mode numbers are equal to
one, when m is odd and when m is even. In the two last instances, we assume that
[ and m are coprime. The information in Table 1 is obtained from chapter XX,
2.3, in [7] and also from results in Hill and Stewart [10].

Solutions to NBC problems are found in {(x,z,z) : x € R,z € C}. This corre-
sponds to Fix(Z,(x)) if I =m =1 or if m is odd. If m is even then it corresponds
to the fixed-point space of Z, (k) x Z,(n, Ix).

The isotropy subgroup Z,(x) x S! corresponds to a branch of steady-states
and Z,(x) @ Z5 to a branch of periodic solutions. As in the single mode case,
these periodic solutions are standing waves. There may also be a mixed-mode
branch with isotropy Z;(ic).
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Table 1. Isotropy subgroups and fixed-point spaces for the action of O(2) x S! on C.
The isotropy subgroup X is Z(x) x S, Zy(k) + Z> (3, ), or Z5(k) + Z5(2,0) x S' x

Z5(m, In) depending on whether / =m =1, m is odd or m is even, respecti’\’;ely. Analo-
gously, % is Zx(x) @ 75, Z5(x) + Z>(%,7) or Zs(k)+ Z5(3,7) x Z»(x,In) and 23 is

Z5(x), Zs(k) or Zs(x) x Zs(m,Im). We use + to represent the semi-direct product.

Isotropy subgroup X Fix(X)
0(2) x S! {(0,0,0)}
% {(x,0,0): x € R}
% {(0,z,z) : z e C}
P {(x,z,z) : x e R,z e C}

Hopf/Hopf mode interactions. We consider two representations for the action
of O(2) x T2, one on C* and the other on C*. In the latter representation both
eigenvalues are double. Coordinates are chosen so that the action is given by

$(z0,21,22) = (z0,€"z1,67%25), ¢ € SO(2),

(20, 21,22) = (20, 22, 21), x = flip in O(2),

(0,9)(z0,21,22) = (€"z0,€"z1,€" 1), (0,9) € T?,
in the 6-dimensional case. In the 8-dimensional case, we have

¢(Z] y 22,23, 24) = (ei1¢zl ) e_il¢227 ei’n¢z37 e_im¢24)7 ¢ € So(z)a
k(z1,22,23,24) = (22,21, 24, 23), r = flip in O(2),

(Ha lp)(zl y 22,23, 24) = (eigzl ) ei022; eil//Z.’n ei‘//z4)’ (03 lp) € —ﬂ—z'

We factor out the kernel of the action of O(2) on C* and assume that / and m are
coprime.

The 6-dimensional case. In this case the symmetry is such that a decomposition
into amplitude-phase equations, from the start, very much simplifies the study of
the mode interaction. Defining r; = |z;|, the amplitude equations produce an ordi-
nary differential equation on R® whose zeros are in one-to-one correspondence
with the periodic solutions of the original mode interaction problem. This equa-
tion is defined by a 7, x D4-equivariant map, where Z, is generated by o and Dy
is generated by three other elements of order two as follows:
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Table 2. Isotropy subgroups and fixed-point spaces for each group action in Hopf/Hopf
mode interaction. The first half concerns the symmetry group of the amplitude equations
for the 6-dimensional representation. The second half describes the isotropy subgroups

and their fixed-point spaces for the 6-dimensional representation.

8-dimensional

Representation Isotropy subgroup X Fix(%)
77 x Dy {(0,0,0)}
6-dimensional D4 {(0,0,0) : 1o € R}
Z (ko) x Z(rc) {0,r1,r1) i 11 € R}
Z>(x) {(ro,r1,11) : 10,11 € R}
0(2) x T? {(0,0,0)}

S5(0,0,1) x Zy(x) x Z(n/l,7,0)

{(21,21,0,0) : z; e C}

S(0,1,0) x Z(x) x Z(n/m,0, n)

{(0,0,z3,23) : z3 € C}

Z5(x) X Z(m,In, mm)

{(21721,23723) 1 Z1,Z3 € (I:}

Ko(ro, r1,12) = (ro,r1,72),

K1 (ro,r1,12) = (—=ro, —r1,—12),
K2 (ro, r1,12) = (ro, 11, —12),
k(ro,r1,12) = (ro,r2,71)

Solutions to the NBC problem belong to Fix(Z>(x)) = {(ro,r1,11) : ro, 11 € R}.
Table 2 contains information about isotropy subgroups and fixed-point spaces
obtained from data in [7], chapter XX.

The  8-dimensional case. We are interested in  solutions in
{(z1,21,23,23) : 21,23 € C}. We therefore restrict the information provided by
Golubitsky et al. [7] and Melbourne et al. [11] to this space to obtain the corre-
sponding information contained in Table 2. We use the notation of [7] for the iso-
tropy subgroups, that is, Z(¢,0,y) = {(¢,0,¥)> = SO(2) x T? and S(k,I,m) =
{(k0,10,m0) : 0 € S'}.

2.2. Invariant theory and normal forms. We present a sequence of lemmas
which provide the necessary information for the construction of normal forms
for X in (1). In the mode interaction cases, we use A to denote the bifurcation
parameter and any necessary unfolding parameters. Hence, 4 may be multi-
dimensional. As before, these results are obtained by restricting results in Golubit-
sky et al. [7] and Hill and Stewart [10] to the appropriate space. Specific references
are provided for each lemma.
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Lemma 2.1 ([7], Proposition XVII, 2.1). In the case of single mode Hopf bifurca-
tion,

(a) every O(2) x S'-invariant germ f has the form f(z,z) = P(N), where
N =2|z|*, and

(b) every O(2) x S'-equivariant vector field X has the form

X(Zv Z )”) = (P + iQ>(Za Z)Ta

where p and q are O(2) x S'-invariant germs, depending on A, and the superscript T
denotes the transpose.

For the steady-state/Hopf mode interaction we have the following result which
puts together, and restricts, several results in [10].

Lemma 2.2 (Hill and Stewart [10]). (a) 4 basis for the O(2) x S'-invariant is given
by No = x%, Ny =2|z|* and T = x*|z|”, where o = 21 and = m when m is odd,
while o. = I and = m/2 when m is even.

(b) Every O(2) x S'-equivariant vector field has the form

X(x,2,4) = c1(x,0,0) 4+ e3(x* ! |z|7)
+ (p1+iq1)(0,2,2) + (p3 + ig3) (0, x*|z| 2! x#|z P27,
where ¢;, p1 and q; depend on the invariants and the bifurcation parameters.

For the 6-dimensional Hopf/Hopf mode interaction, we have

Lemma 2.3 ([7], Theorem XX, 3.1). Vector fields commuting with O(2) x T? have
the form

X (20,21,21,4) = (po + iq0)(20,0,0) " + (p1 + iq1)(0,21,21) ",
where p; and q; are functions of the parameters and of p = |zo|* and N = 2|z, |

Finally, the invariant theory for the 8-dimensional Hopf/Hopf mode interac-
tion is given in

Lemma 2.4 ([7], Theorem XX, 3.2). Any O(2) x T>-equivariant vector field X has
normal form given by

X(Zl,Zl,Z3,Z3,l) = ( p1+Hiq)z + (r +isy |Zl|2mZ_1_1|Z3|21,

1

( )21+ ( )
(p1+ ign)z1 + (11 + isy) 21|52,
(p3 + iqa)zs + (r3 + is3)|z1 ||z 57,
( )23+ ( )

P3 +iq3)zz + (13 + is3 |Zl|2m|23|2lZ_3_1)»
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where pi, q;, i and s; are functions of the parameters and of N; = 2|zi\2 and
2m 2/
B =1z "zl

2.3. Bifurcations. Using the Birkhoff normal form of the vector field X obtained
in the previous subsection, we state conditions on the coefficients that guarantee
that the required Hopf bifurcations occur. Similarly to the 6-dimensional Hopf/
Hopf mode interaction, we shall use amplitude-phase equations to further simplify
the normal forms. The amplitude equations are equivariant under the action
of groups smaller than the original one. The study of the amplitude equations
provides a lower-dimensional setting for the problem and reduces its bifurcation
analysis, including bifurcation diagrams, to previously studied problems. Results
for the original problem are obtained by restoring the phase as described below.

Single Hopf. We assume that p(0) =0, ¢(0) =1 and p;(0) # 0 to ensure ge-
nericity of the bifurcation. The branch of standing waves is given by

2pn(0)
p:(0)
where the subscripts indicate derivatives and a € R refers to the orbit representa-

tive for standing-waves which is (a,a). Writing z = xe™, where x € R is the am-
plitude and  the phase, we obtain the following amplitude-phase equations

A=— a® + higher-order terms,

X+ h(x, )
¥+ q(x, 2)

with A(x,A) = p(x,2)x. Up to degree two, we have dh = 2py(0)x?, meaning that
the stability of the branch of standing waves is uniquely determined by the sign of
pn(0) (pa(0) > 0 corresponds to a supercritical stable branch and py(0) < 0 to a
subcritical unstable one). This is all the information required to draw the bifurca-
tion diagram in the non-degenerate case.

Furthermore, we can study the degenerate case by observing that the ampli-
tude equation possesses symmetry Z, and thus the solutions are those of the
Z,-symmetric problems presented by Golubitsky and Schaeffer in [5], chapter VI.
Note that the branches of solutions are to be interpreted as branches of periodic
solutions, after having restored the phase.

0,
0,

Steady-state/Hopf mode interaction. The Birkhoff normal form, as remarked
above, depends on the mode numbers / and m. We assume that ¢;(0) =0,
p1(0) =0 and ¢;(0) = 1. Nondegeneracy conditions can be found in Table XX,
2.6 of Golubitsky et al. [7]. We divide this section according to the mode numbers
as before.
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Mode numbers / = m = 1. If we write xo = x and xje”¥ = z, where x; is the am-
plitude and / the phase, we obtain the following amplitude-phase equations

%o + (€1 + e3xi)xo = 0,
%1+ (p1 + p3xg)xi =0,
lp+f]1 +f]3X§ =0.

The above amplitude equations have Z, @ Z, symmetry. The study of problems
equivariant under this group is the content of chapter X in Golubitsky and
Schaeffer [5]. When interpreting the solutions obtained by Golubitsky and
Schaeffer, the phase needs to be restored. We remark that even the most generic
normal form possesses modal parameters which condition the bifurcation
diagrams. For all parameter values, both a branch of steady-state solutions and
a branch of periodic, standing wave solutions are present. For certain regions in
modal parameter space, mixed-mode branches can be found and a secondary
Hopf bifurcation may take place along the mixed-mode branch.

Mode numbers m and / coprime. If 7 is odd then the amplitude equations again
have 7, @ 7, symmetry. This case is therefore analogous to the previous one,
with mode numbers both equal to unity. If m is even, the amplitude equations are

X+ p1x+p3x’_1y’” =0,
J+aqiy+gx'ym Tt =0.

These equations are Z, ® Z, symmetric with additional symmetry-breaking terms
given by p3x/~1y™ and g3x’y”~!. Such problems have been studied by Armbrus-
ter and Dangelmayr in [1], with the mode numbers interchanged. Here, again,
modal parameters appear in the least degenerate normal form producing a rich
variety of bifurcation diagrams.

We finish what concerns steady-state/Hopf mode interactions with the obser-
vation, made by Hill and Stewart [10], that if the mode numbers are (m,/) =
(2,1) there is a tertiary Hopf bifurcation from the branch of standing waves, for
some values of the unfolding parameter. This is preserved under the restriction on
the boundary.

Hopf/Hopf mode interactions. We divide this paragraph according to the di-
mension of the representation for the group action. We assume non-resonance
of the eigenvalues + iwy and + iw), that is, we assume that wg/w; is irrational.

The 6-dimensional case. In order to guarantee the occurrence of the Hopf/Hopf
mode interaction, we assume py(0) =0, p;(0) =0, ¢o(0) = wy and ¢,(0) = wy.
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Writing zo = xe’s and z; = ye™, we obtain the following amplitude-phase equa-
tions

X+ pox =0,
y+py=0,
E+qo=0,
{+qi=0.

The amplitude equations possess 7, @ Z, symmetry and can be studied from
Chapter X in [5]. Note that the mixed-mode solutions correspond to motion on
a 2-torus.

The 8-dimensional case. Changing to amplitude-phase equations, by writing
71 = xe' and z3 = ye™, we obtain
X+ (pr+nx7y)x =0,

Y+ (p3 +rx?my? )y =

0
0
Etqi+six? P =0
0

é+ 93 +S3x2my2[72 —

These amplitude equations again have 7, @ 7, symmetry.

3. Heteroclinic connections

This section addresses the existence of heteroclinic connections between two pe-
riodic solutions or between a periodic solution and an equilibrium. We stress
that neither type of heteroclinic connection is possible in scalar problems with
NBC (see Fiedler et al. [4] who address this type of connection between rotat-
ing waves in PBC problems). We prove the existence of heteroclinic connections
involving periodic solutions in steady-state/Hopf mode interactions with both
mode numbers equal to unity and in Hopf/Hopf mode interactions. Recall that
reducing to amplitude-phase equations leads to a Z, @ Z,-equivariant bifurcation
problem for the amplitude equations. We use the approach of Melbourne et al.
[11].

Theorem 3.1. For the NBC problems described above, there exists an open set of
values for the coefficients in the normal form of X, such that the asymptotic behav-
iour of solutions is described by a heteroclinic connection between
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e « standing wave and a steady-state in the case of a steady-state/Hopf mode
interaction;

e two standing waves in the case of a Hopf/Hopf mode interaction.

Proof. According to Theorem X, 2.4 in Golubitsky and Schaeffer [5], the non-
degenerate normal form for a Z, @ Z,-equivariant problem is

X = (e22 +my? + &1x%)x,
¥ = (e42 + &39% + nx?)y,

where m and n are modal parameters, ¢&; = +1 and the mode interaction may be
unfolded by adding e40y to the second equation and small perturbations to the
modal parameters. The equilibria for this normal form are the origin, one equilib-
rium on the horizontal axis, one on the vertical axis and, for certain parameter
values, equilibria outside the axes corresponding to mixed-mode solutions.

In these coordinates, the fixed-point spaces of the two non-trivial isotropy
subgroups of Z, @ 7, are the coordinate axes. For parameter values such that
there are no mixed-mode branches, these axes are adjacent (i.e., there is no other
invariant line in a wedge region defined by them; see Definition 2.2 in [11]) and
there are no equilibria outside of them. Then, provided that the origin is unstable
and solutions remain bounded inside the region defined by the fixed-point spaces,
the Poincaré—Bendixson Theorem guarantees the existence of a connection from
the equilibrium in one axis to the equilibrium in the other.

In order to prove boundedness of solutions, we use Proposition 2.6 in
Melbourne et al. [11]. Note that, due to the different way in which differential
equations are written by Golubitsky and Schaeffer [5] (using x + f(x, 1) = 0) and
Melbourne et al. [11] (using x = f(x, 4)), the correspondence between the coeffi-
cients used in Proposition 2.6 in [11] and the normal form in [5] is as follows:
a; = —&, by = —¢1, ¢y = —m, ay = —é&4, by = —&3 and ¢; = —n. Thus, case A in
[5] considers values for the coefficients so that Proposition 2.6 in [11] applies and
solutions are bounded provided m + n > —2. This defines an open set of parame-
ters in the modal plane in which a heteroclinic trajectory connects those solutions
(saddle-sink connection) that correspond to the non-trivial equilibria on the coor-
dinate axes. After restoring the phase, these solutions are steady-states on the hor-
izontal axis and standing waves on the vertical axes, in the steady-state/Hopf
mode interaction, and two standing waves in either instance of the Hopf/Hopf
mode interaction.

The heteroclinic connections just described exist in the original PDE. In fact,
they are structurally stable connections taking place inside a (invariant) fixed-
point space and therefore they persist under transformations which preserve the
symmetry. O
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We do not address the existence of connections involving mixed-mode solu-
tions or secondary branches. Also notice that the heteroclinic cycles found by
Melbourne et al. [11] do not occur in NBC problems due to the simplicity of the
isotropy lattice. Nevertheless, the theorem above shows how differently solutions
to NBC problems behave when going from the scalar to the simplest vector-valued
case.

Acknowledgements. I am grateful to C. Rocha for a fruitful discussion of a pre-
liminary version of this work.

References

[1] D. Armbruster and G. Dangelmayr, Coupled stationary bifurcations in nonflux
boundary value problems. Math. Proc. Cambridge Philos. Soc. 101 (1987), 167-192.
Zbl 0633.58011 MR 877710

[2] P. Chossat and M. Golubitsky, Hopf bifurcation in the presence of symmetry, center
manifold and Liapunov-Schmidt reduction. In Oscillations, bifurcation and chaos
(Toronto, Ont., 1986), CMS Conf. Proc. 8, Amer. Math. Soc., Providence, RI, 1987,
343-352. Zbl 0631.58021 MR 0909923

[3] J. D. Crawford, M. Golubitsky, M. G. M. Gomes, E. Knobloch, and I. N. Stewart,
Boundary conditions as symmetry constraints. In Singularity theory and its applica-
tions, Part II (Coventry, 1988/1989), Lecture Notes in Math. 1463, Springer, Berlin
1991, 63-79. Zbl 0735.35007 MR 1129048

[4] B. Fiedler, C. Rocha, and M. Wolfrum, Heteroclinic orbits between rotating waves
of semilinear parabolic equations on the circle. J. Differential Equations 201 (2004),
99-138. Zbl 1064.35076 MR 2057540

[5] M. Golubitsky and D. G. Schaeffer, Singularities and groups in bifurcation theory. Vol.
I, Appl. Math. Sci. 51, Springer-Verlag, New York 1985. Zbl 0607.35004 MR 0771477

[6] M. Golubitsky and 1. Stewart, The symmetry perspective. Progr. Math. 200,
Birkhduser Verlag, Basel 2002. Zbl 1031.37001 MR 1891106

[7] M. Golubitsky, I. Stewart, and D. G. Schaeffer, Singularities and groups in bifurcation
theory. Vol. 11, Appl. Math. Sci. 69, Springer-Verlag, New York 1988. Zbl 0691.58003
MR 0950168

[8] G. Gomes and I. Stewart, Hopf bifurcations on generalized rectangles with Neumann
boundary conditions. In Dynamics, bifurcation and symmetry (Cargese, 1993), NATO
Adv. Sci. Inst. Ser. C Math. Phys. Sci. 437, Kluwer Acad. Publ., Dordrecht 1994,
139-158. Zbl 0815.58026 MR 1305374

[9] M. G. M. Gomes and I. N. Stewart, Steady PDEs on generalized rectangles: a change
of genericity in mode interactions. Nonlinearity 7 (1994), 253-272. Zbl 0836.35018
MR 1260141

[10] A. Hill and I. Stewart, Hopf-steady-state mode interactions with O(2) symmetry.
Dynam. Stability Systems 6 (1991), 149-171. Zbl 0826.34036 MR 1113115


http://www.emis.de/MATH-item?0633.58011
http://www.ams.org/mathscinet-getitem?mr=877710
http://www.emis.de/MATH-item?0631.58021
http://www.ams.org/mathscinet-getitem?mr=0909923
http://www.emis.de/MATH-item?0735.35007
http://www.ams.org/mathscinet-getitem?mr=1129048
http://www.emis.de/MATH-item?1064.35076
http://www.ams.org/mathscinet-getitem?mr=2057540
http://www.emis.de/MATH-item?0607.35004
http://www.ams.org/mathscinet-getitem?mr=0771477
http://www.emis.de/MATH-item?1031.37001
http://www.ams.org/mathscinet-getitem?mr=1891106
http://www.emis.de/MATH-item?0691.58003
http://www.ams.org/mathscinet-getitem?mr=0950168
http://www.emis.de/MATH-item?0815.58026
http://www.ams.org/mathscinet-getitem?mr=1305374
http://www.emis.de/MATH-item?0836.35018
http://www.ams.org/mathscinet-getitem?mr=1260141
http://www.emis.de/MATH-item?0826.34036
http://www.ams.org/mathscinet-getitem?mr=1113115

Symmetry and bifurcation of periodic solutions 385

[11] I. Melbourne, P. Chossat, and M. Golubitsky, Heteroclinic cycles involving periodic
solutions in mode interactions with O(2) symmetry. Proc. Roy. Soc. Edinburgh Sect.
A 113 (1989), 315-345. Zbl 0737.58042 MR 1037736

Received May 8, 2007; revised December 12, 2007

S. B. S. D. Castro, Faculdade de Economia and Centro de Matematica, Universidade do
Porto, Rua Dr. Roberto Frias, 4200-464 Porto, Portugal

E-mail: sdcastro@fep.up.pt


http://www.emis.de/MATH-item?0737.58042
http://www.ams.org/mathscinet-getitem?mr=1037736

