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Quadratic forms for the Liouville equation
wtt þ l2a(t)wF 0 with applications to Kirchho¤ equation
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Abstract. We introduce a set of quadratic forms for the solutions of the Liouville
equation wtt þ l2aðtÞw ¼ 0. From these forms we derive estimates for the wave equation
utt � aðtÞDu ¼ 0 and then prove the global solvability for the Kirchho¤ equation in suitable
classes of not necessarily smooth or small initial data.
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1. Introduction

An essential step in the proof of the global solvability of the Cauchy problem for

Kirchho¤ equation is the study of the behaviour of solutions of the linear wave

equation with time depending coe‰cient,

utt � aðtÞDu ¼ 0; ðx; tÞ a Rn � ½0;TÞ; ð1:1Þ

where 0 < T aþl, aðtÞ is strictly positive and su‰ciently regular. Transforming

(1.1) into an ODE for the partial Fourier transform of u with respect to the vari-

able x a Rn, we are led to consider the Liouville equation

wtt þ l2aðtÞw ¼ 0 in ½0;TÞ; ð1:2Þ

with a parameter l > 0. Here, introducing a suitable set of quadratic forms, we

estimate the solutions of (1.2). Then we derive estimates for (1.1) and, finally,

prove the global solvability of the Kirchho¤ equation in suitable classes of non-

smooth initial data. We assume that in ½0;TÞ

aðtÞ > 0; aðtÞ a Ck with 2a k a Z: ð1:3Þ



Then, for l > 0 and wðl; tÞ a complex-valued solution of (1.2), we consider the

quadratic forms with time dependent coe‰cients

Qkðl; tÞ :¼
X

0aia½k=2��1

aiðtÞl�2i
�
aðtÞl2jwj2 þ jwtj2

�

þ
X

0aia½k=2��1

biðtÞl�2i ReðwwtÞ þ
X

0ai<k=2�1

giðtÞl�2i�2jwtj2; ð1:4Þ

where aiðtÞ, biðtÞ, giðtÞ are real-valued functions on ½0;TÞ satisfying the set of

linear conditions

g�1C 0;

ðaaiÞ0 � abi ¼ 0

a 0
i þ bi ¼ �g 0i�1;

b 0
i � 2agi ¼ 0;

8><
>: ð1:5Þ

0a ia ½k=2� � 1. Denoting with fai; bi; gig0aia½k=2��1 a generic solution

a0; b0; g0; . . . ; a½k=2��1; b½k=2��1; g½k=2��1 ð1:6Þ

of system (1.5), we have:

Theorem 1.1. Assume that aðtÞ satisfies ð1:3Þ. Then the following holds:

(1) System ð1:5Þ is solvable in ½0;TÞ. If fai; bi; gig0aia½k=2��1 is a solution, then

aiðtÞ a Ck�2i, biðtÞ a Ck�2i�1, giðtÞ a Ck�2i�2 for 0a ia k
2

� �
� 1.

(2) Let fai; bi; gig0aia½k=2��1 be any solution of ð1:5Þ. Then, for l > 0, we have

d

dt
Qkðl; tÞ ¼

b 0
½k=2��1l

�kþ2 ReðwwtÞ if k even;

g 0½k=2��1l
�kþ1jwtj2 if k odd;

(
ð1:7Þ

for every complex-valued solution wðl; tÞ of ð1:2Þ.

To describe the structure of these coe‰cients, we introduce the function

oðtÞ :¼ 1

2
ffiffiffiffiffiffiffiffi
aðtÞ

p : ð1:8Þ

Definition 1.1. Given j; lb 0 integers, we denote by P
j
l the set of the polyno-

mials P in the variables y0; . . . ; yj of the form

Pðy0; . . . ; yjÞ ¼
X

ch0;...;hj y
h0
0 ðy1Þh1 . . . ðyjÞhj ; ð1:9Þ

448 R. Manfrin



with ch0;...;hj a R and h0; . . . ; hj b 0 integers such that
P

0ahaj hha l andP
0ahaj hhha j. Besides, we say that P a H

j
l if each monomial of P satisfiesP

0ahaj hh ¼ l and
P

0ahaj hhh ¼ j. Given P a P
j
l (or H j

l ), defined as in (1.9),

and jðtÞ a Ck in ½0;TÞ with kb j, let Pj ¼
P

ch0;...;hjj
h0ðjð1ÞÞh1 . . . ðjð jÞÞhj . Fi-

nally, given an integer mb 1, we denote by PðmÞ the unique polynomial

PðmÞ a P
jþm
l (or H jþm

l ) such that

PðmÞj ¼ dm

dtm
ðPjÞ for all j a C jþm:

Then, assuming (1.3), we prove that:

Theorem 1.2. There exist polynomials Pi a H2i
2i , Qi a H2iþ1

2iþ1 for 0a ia k
2

� �
� 1,

with P0C 1, such that fai; bi; gig0aia½k=2��1 satisfies ð1:5Þ if and only if

ai ¼ o
Xi

h¼0

ci�hPho; bi ¼
Xi

h¼0

ci�hQho; gi ¼ 2o2
Xi

h¼0

ci�hQ
ð1Þ
h o ð1:10Þ

for 0a ia k
2

� �
� 1 with c0; . . . ; c½k=2��1 a R. By direct inspection of the proof, it

follows that the polynomials Pi, Qi are independent of k and o.

From (1.10) we get a0ðtÞ ¼ c0oðtÞ where c0 a R is an arbitrary constant. Thus,

taking c0 ¼ 2, the first term of Qkðl; tÞ is the energy-function

Eðl; tÞ :¼ l2
ffiffiffiffiffiffiffiffi
aðtÞ

p
jwj2 þ jwtj2ffiffiffiffiffiffiffiffi

aðtÞ
p : ð1:11Þ

Using Theorems 1.1 and 1.2, we can estimate Eðl; tÞ.

Definition 1.2. For 1a ja k and 0aT 0 < T put

FjðT 0Þ :¼ max
1ahaj

max
0ataT 0

oðtÞ1�1=hjoðhÞðtÞj1=h: ð1:12Þ

Theorem 1.3. Assume that aðtÞ satisfies ð1:3Þ. Then for all C > 1 and 0aT 0 < T

there exists L ¼ Lðk;CÞb 1 such that for lbLFk�1ðT 0Þ we have

Eðl; tÞaCEðl; 0Þ exp
n
l�kþ1

ð t
0

CkðtÞ dt
o

for all t a ½0;T 0�; ð1:13Þ

where Ck ¼ 2jQð1Þ
½k=2��1oj for k even; Ck ¼ 4o�1jðo2Q

ð1Þ
½k=2��1oÞ

0j for k odd.

By inspection of the proof, it follows that CkðtÞaCkoðtÞ�1cðtÞk where

cðtÞ ¼ max1ahak oðtÞ1�1=hjoðhÞðtÞj1=h and Ck > 0 is a constant independent of

oðtÞ.
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Remark 1.1. Estimate (1.13) improves a similar result obtained by Hirosawa in

Corollary 1.1 of [7], using a di¤erent method. Namely, assuming that aðtÞ a Ck,

a0a aðtÞa a1 for some a0; a1 > 0, in [7] the energy Eðl; tÞ was estimated by

reducing the Liouville equation (1.2) to a first order system and then applying a

refined diagonalization procedure to this system.

Considering the partial Fourier transform ûutt þ jxj2aðtÞûu ¼ 0 of the wave equa-

tion (1.1) and setting ErðtÞ :¼
Ð
jxj>r

�
aðtÞ1=2jxj2jûuj2 þ aðtÞ�1=2jûutj2

�
dx for rb 0, we

can readily derive the following from Theorem 1.3:

Corollary 1.1. Assume that ð1:3Þ holds. Let u a Ch
�
½0;TÞ;H 1�hðRnÞ

�
ðh ¼ 0; 1Þ

be a solution of ð1:1Þ. Then for all C > 1 and 0aT 0 < T there exists L ¼
Lðk;CÞb 1 such that for rbLFk�1ðT 0Þ, we have

ErðtÞaCErð0Þ exp
n
r�kþ1

ð t
0

CkðtÞ dt
o

for all t a ½0;T 0�: ð1:14Þ

Finally, we apply the quadratic forms (1.4) to the Kirchho¤ equation proving

the global solvability of the Cauchy problem:

utt �m
� ð

j‘xuj2 dx
�
Du ¼ 0; ðx; tÞ a Rn � ½0;lÞ; ð1:15Þ

uð0; xÞ ¼ u0ðxÞ; utð0; xÞ ¼ u1ðxÞ: ð1:16Þ

Here mðsÞ is a strictly positive, su‰ciently regular function in ½0;lÞ and the initial

data u0, u1 are taken in suitable classes of non-analytic functions. In this way, we

extend the class of initial data for the global solvability of (1.15), (1.16) from the

analytic classes (see [3], [4], [5], [16]) to suitable star-shaped subsets of Hs �Hs�1

for sb 3
2 . More precisely, taking account of [8], [9], we consider here the follow-

ing classes of initial data.

Definition 1.3. Given kb 1 and u0; u1 a L2ðRnÞ, we say that ðu0; u1Þ a Bk
D if there

exist h > 0 and a sequence frjgjb1 such that rj > 0, lim j!l rj ¼ þl and

sup
j

ð
jxj>rj

½jxjkþ2jûu0ðxÞj2 þ jxjkjûu1ðxÞj2�
ehr

k
j
=jxjk�1

rk
j

dx < þl: ð1:17Þ

Besides, we say that ðu0; u1Þ a ~BB1
D if for all Nb 0 there exists a sequence of posi-

tive numbers frjðNÞgjb1, rjðNÞ ! l, such that

sup
j

eNrjðNÞ
ð
jxj>rjðNÞ

½jxj3jûu0ðxÞj2 þ jxj jûu1ðxÞj2� dx < þl: ð1:18Þ
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Theorem 1.4. Let mðsÞ be of class Ck in ½0;þlÞ, with kb 1 integer. Besides, as-

sume that

either mðsÞb n > 0 or mðsÞ > 0;

ðl
0

mðsÞ ds ¼ þl: ð1:19Þ

Then the following holds:

(1) If k ¼ 1, then the Cauchy problem ð1:15Þ, ð1:16Þ has a unique global solution

uðx; tÞ a Ch
�
½0;þlÞ;H 3=2�hðRnÞ

�
ðh ¼ 0; 1Þ for all ðu0; u1Þ a ~BB1

D.

(2) If kb 2, then the Cauchy problem ð1:15Þ, ð1:16Þ has a unique global solution

uðx; tÞ a Ch
�
½0;þlÞ;H 1þk=2�hðRnÞ

�
ðh ¼ 0; 1Þ for all ðu0; u1Þ a Bk

D.

Remark 1.2. Theorem 1.4 was already proved in [9] for k ¼ 2; 3. Afterwards, the

global solvability was proved in [7] for kb 2, mðsÞ ¼ 1þ s and ðu0; u1Þ a Bk
D, by

applying the already mentioned diagonalization procedure to the first order sys-

tem derived from the linearized equation utt � aðtÞDu ¼ 0.

Remark 1.3. When mðsÞ ¼ ðaþ bsÞ�2 with a; b > 0, Pohožaev [17] proved the

global solvability of (1.15), (1.16) for all ðu0; u1Þ a H 2 �H 1. In this case he

succeeded to find a second order conservation law. See also [15]. For general

mðsÞ a C1, mðsÞb d > 0, the first result of global solvability was established in

one space dimension by Bernstein [4] for real analytic initial data. This result

was extended in [16] to the case n > 1; in [3], [5], for real analytic data, the global

solvability was proved even in the weakly hyperbolic case, i.e., when mðsÞ a C0,

mðsÞb 0. For small and su‰ciently regular ðClÞ data the global solvability was

proved by Greenberg and Hu [6]. Finally, let us recall that the global solvability

for quasi-analytic data was proved by Nishihara in [11], [12]. r

Remark 1.4. ~BB1
D, B

k
D ðkb 1Þ do not contain compactly supported functions. It is

possible to see this by applying a theorem of Paley and Wiener [13]. In the case

n ¼ 1, this fact is proved in [8]. Moreover, it is easy to show that for kb 1 the

spaces Bk
D satisfy the following properties:

• Bk
D þ Bk

D ¼ H 1þk=2 �Hk=2,

• Bk
DB ðH 1þðkþ1Þ=2 �Hðkþ1Þ=2ÞYBkþ1

D ,

• AL2 �AL2 YBk
D;

see [8], [9]. For ~BB1
D and B1

D we have:

• ~BB1
D YB1

D,
~BB1
D þ ~BB1

D ¼ H 3=2 �H 1=2,

• AL2 �AL2 Q ~BB1
D and AL2 �AL2 YB1

D.

451Quadratic forms for Liouville and Kirchho¤ equations



Let us show that ~BB1
D þ ~BB1

D ¼ H 3=2 �H 1=2. Given an element ðu0; u1Þ a
H 3=2 �H 1=2, we take the following sequence: fix r1 ¼ 1, for jb 1 we inductively

select rjþ1b rj þ 1 such thatð
jxj>rjþ1

½jxj3jûu0ðxÞj2 þ jxj jûu1ðxÞj2�e jrj dxa 1: ð1:20Þ

Then, considering the characteristic function

wðxÞ :¼ 1 if r2j a jxja r2jþ1 for some jb 1;

0 otherwise;

�
ð1:21Þ

we define viðxÞ, wiðxÞ by setting

v̂viðxÞ ¼ wðxÞûuiðxÞ; ŵwiðxÞ ¼
�
1� wðxÞ

�
ûuiðxÞ ð1:22Þ

for i ¼ 0; 1. Clearly, we have ðv0; v1Þ þ ðw0;w1Þ ¼ ðu0; u1Þ. Now using (1.20)–

(1.22), it is easy to see that ðv0; v1Þ satisfies condition (1.18) of Definition 1.3 for

all Nb 0 if we define rjðNÞ :¼ r2jþ1 for jb 1; ðw0;w1Þ satisfies condition (1.18)

for all Nb 0 if we take the sequence rjðNÞ :¼ r2j for jb 1.

2. Quadratic forms for Liouville equation

Assume that (1.3) holds with kb 2 integer. Let wðl; tÞ be a solution in ½0;TÞ of
equation (1.2). Denoting by k

2

� �
the greatest integera k

2 , we define:

Definition 2.1. For l > 0 and 0a ia k
2

� �
� 1 put

eiðl; tÞ :¼ aiðtÞl�2i
�
aðtÞl2jwj2 þ jwtj2

�
;

fiðl; tÞ :¼ biðtÞl�2i ReðwwtÞ;

giðl; tÞ :¼ giðtÞl�2i�2jwtj2;

ð2:1Þ

where aiðtÞ, biðtÞ, giðtÞ are suitable real-valued functions on ½0;TÞ.
To choose ai, bi, gi, we observe that if wðl; tÞ is a complex-valued solution of

(1.2) and ai, bi, gi are di¤erentiable, we easily find that

d

dt
ðei þ fi þ giÞðl; tÞ ¼

��
aðtÞaiðtÞ

� 0 � aðtÞbiðtÞ
�
l�2iþ2jwj2

þ ½a 0
i ðtÞ þ biðtÞ�l�2ijwtj2

þ ½b 0
i ðtÞ � 2aðtÞgiðtÞ�l�2i ReðwwtÞ

þ g 0i ðtÞl
�2i�2jwtj2: ð2:2Þ
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Then, considering the derivative

d

dt

X½k=2��1

i¼0

ðei þ fi þ giÞ; ð2:3Þ

we determine ai, bi, gi by equating successively powers of l to zero. In detail, we

start by requiring that a0, b0, g0 satisfy the linear system

ðaa0Þ0 � ab0 ¼ 0;

a 0
0 þ b0 ¼ 0;

b 0
0 � 2ag0 ¼ 0:

8><
>: ð2:4Þ

Solving (2.4), we obtain that a0 ¼ a0ðt; c0Þ, b0 ¼ b0ðt; c0Þ, g0 ¼ g0ðt; c0Þ linearly

dependent upon an arbitrary constant c0 a R. Besides, a0 a Ck, b0 a Ck�1,

g0 a Ck�2. When aðtÞ a Ck with kb 4 we continue this process: having deter-

mined, for some 1a ia k
2

� �
� 1, the functions a0ðt; c0Þ; b0ðt; c0Þ; g0ðt; c0Þ; . . . ;

ai�1ðt; c0; . . . ; ci�1Þ; bi�1ðc0; . . . ; ci�1Þ; gi�1ðt; c0; . . . ; ci�1Þ linearly dependent upon i

arbitrary constants of integration c0; . . . ; ci�1 a R, we determine the functions ai,

bi, gi by requiring that they satisfy the relations

ðaaiÞ0 � abi ¼ 0;

a 0
i þ bi ¼ �g 0i�1;

b 0
i � 2agi ¼ 0;

8><
>: ð2:5Þ

1a ia ½k=2� � 1. Introducing gi�1 ¼ gi�1ðt; c0; . . . ; ci�1Þ and solving (2.5), we find

the functions ai ¼ aiðt; c0; . . . ; ciÞ, bi ¼ biðt; c0; . . . ; ciÞ, gi ¼ giðt; c0; . . . ; ciÞ linearly
dependent upon the i þ 1 arbitrary constants c0; . . . ; ci�1 and ci a R. In this way,

we recursively obtain the functions ai, bi, gi for 0a ia k
2

� �
� 1. Indeed, it is im-

mediate to observe that if gi�1 a Cr for some integer r, 2a ra k, then ai a Cr,

bi a Cr�1 and gi a Cr�2. Thus, starting from g0 a Ck�2, we can recursively define

the functions ai, bi, gi as long as ia k
2

� �
� 1. It turns out that ai a Ck�2i,

bi a Ck�2i�1, gj a Ck�2i�2 for 0a ia k
2

� �
� 1. In particular, if kb 2 is even,

g½k=2��1 is merely continuous; when kb 2 is odd, g½k=2��1 is continuously di¤er-

entiable and formula (2.2) holds for 0a ia k
2

� �
� 1. This shows that (1) of

Theorem 1.1 holds.

Now we can introduce the quadratic forms for the solutions of (1.2). Follow-

ing the recursive procedure described above, we solve the linear systems (2.4), (2.5)

(i.e., system (1.5)) determining the general solution

ðai; bi; giÞ ¼ ðai; bi; giÞðt; c0; . . . ; ciÞ ð0a ia ½k=2� � 1Þ ð2:6Þ

linearly dependent upon k
2

� �
arbitrary constants c0; . . . ; c½k=2��1 a R.
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Definition 2.2. Given a solution fai; bi; gig0aia½k=2��1 of (1.5), for l > 0 we define

the quadratic form Qk ¼ Qkðl; t; ai; bi; giÞ by setting

Qk :¼
X

0aia½k=2��1

ðei þ fiÞ þ
X

i<k=2�1

gi: ð2:7Þ

Remark 2.1. This means that Q2 ¼ e0 þ f0, Qk ¼
P½k=2��1

i¼0 ðei þ fi þ giÞ for kb 3

odd, and Qk ¼
P½k=2��2

i¼0 ðei þ fi þ giÞ þ e½k=2��1 þ f½k=2��1 for kb 4 even.

Using Definition 2.2 and the relations of systems (2.4)–(2.5), we may conclude

the proof of Theorem 1.1, i.e., we can show that (2) holds.

Proof of (1.7). Let us prove formula (1.7) for kb 2 odd. In this case

Qk ¼
X½k=2��1

i¼0

ðei þ fi þ giÞ ð2:8Þ

and ai, bi, gi, for 0a ia k
2

� �
� 1, are C1 functions satisfying (2.4)–(2.5). Thus,

given wðl; tÞ a solution of (1.2), we can di¤erentiate Qkðl; tÞ with respect to t.

For k ¼ 3 we have Q3 ¼ e0 þ f0 þ g0 and the statement follows from (2.2) since

a0, b0, g0 satisfy (2.4). Now let us suppose k > 3 odd. Since ai, bi, gi satisfy the

systems (2.4) and (2.5), it follows that

d

dt
ðe0 þ f0 þ g0Þ ¼ g 00l

�2jwtj2;

d

dt
ðei þ fi þ giÞ ¼ �g 0i�1l

�2ijwtj2 þ g 0il
�2i�2jwtj2 ð1a ia ½k=2� � 1Þ:

ð2:9Þ

Thus, if we sum all the terms in (2.9), we obtain that

d

dt

X½k=2��1

i¼0

ðei þ fi þ giÞ ¼ g 0½k=2��1l
�kþ1jwtj2 ð2:10Þ

because 2 k
2

� �
¼ k � 1 for k odd. The proof of (1.7) for kb 2 even is similar. r

3. Computation of ai, bi, gi

Before proving Theorem 1.2 in this section we show that it holds for ka 7 by

computing explicitly ai, bi, gi for 0a ia 2. In formulae (3.2), (3.6), (3.10) below

we also define, implicitly, the polynomials Pi a H2i
2i and Qi a H2iþ1

2iþ1 for 0a ia 2.

Finally, we give the general recursive relations for ai, bi, gi.
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As we shall see in the sequel, it is convenient to rewrite the systems (2.4), (2.5)

using the function oðtÞ defined in (1.8). Then system (2.4) becomes

a0

o

	 
0
¼ 0;

b0 ¼ �a 0
0;

g0 ¼ 2o2b 0
0:

8>>><
>>>:

ð3:1Þ

Since o a Ck, with kb 2, we can immediately write the general solution:

a0 ¼ c0o :¼ oc0P0o;

b0 ¼ �c0o
0 :¼ c0Q0o;

g0 ¼ �2c0o
2o 00 ¼ 2o2c0Q

ð1Þ
0 o;

ð3:2Þ

where c0 a R is an arbitrary constant. Hence P0C 1, Q0o ¼ �o 0. Next if kb 4,

we compute a1, b1, g1. By (2.5) a1, b1, g1 must satisfy the system

a1

o

	 
0
¼ � g 00

2o
;

b1 ¼ �g 00 � a 0
1;

g1 ¼ 2o2b 0
1:

8>>><
>>>:

ð3:3Þ

From the first row of system (3.3) we find that

a1 ¼ �o

2

ð
g 00
o
dt: ð3:4Þ

Then, introducing the expression g0 ¼ �2c0o
2o 00 into (3.4), we have

a1 ¼ o

ð
c0
�
2o 0o 00 þ oo 000Þ dt ¼ c1oþ c0o

o 02

2
þ oo 00

	 

; ð3:5Þ

where c1 a R is arbitrary. Thus, from (3.2)–(3.5) we obtain the general solu-

tion

a1 ¼ c1oþ c0o
o 02

2
þ oo 00

	 

:¼ oðc1P0oþ c0P1oÞ

b1 ¼ � c1oþ c0o
o 02

2
� oo 00

	 
� � 0
:¼ c1Q0oþ c0Q1o

g1 ¼ 2o2ðc1Qð1Þ
0 oþ c0Q

ð1Þ
1 oÞ

ð3:6Þ
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Finally, if kb 6, we can also compute a2, b2, g2. They must satisfy the system

a2

o

	 
0
¼ � g 01

2o
;

b2 ¼ �g 01 � a 0
2;

g2 ¼ 2o2b 0
2:

8>>><
>>>:

ð3:7Þ

Hence

a2 ¼ �o

2

ð
g 01
o
dt ¼ o

ð
c1ð2o 0o 00 þ oo 000Þ dt

þ o

2

ð
c0

o
½o2ðoo 02 � 2o2o 00Þ 00� 0 dt: ð3:8Þ

Now the computation of the second indefinite integral gives

ð
o�1½o2ðoo 02 � 2o2o 00Þ 00� 0 dt

¼ oðoo 02 � 2o2o 00Þ 00 þ o 0ðoo 02 � 2o2o 00Þ 0 �
ð
ðoo 02 � 2o2o 00Þ 0o 00 dt

¼ ½oðoo 02 � 2o2o 00Þ 0� 0 � o 04

4
þ o2o 002 þ C: ð3:9Þ

Whence, recalling (3.6) we deduce the general solution

a2 ¼ oðc2P0oþ c1P1oÞ þ c0o o
oo 02

2
� o2o 00

	 
 0" # 0

� o 04

8
þ o2o 002

2

( )

:¼ oðc2P0oþ c1P1oþ c0P2oÞ;

b2 ¼ c2Q0oþ c1Q1oþ c0

(
o2

2
ðoo 02 � 2o2o 00Þ 00

� oo 0

2
ðoo 02 � 2o2o 00Þ0 þ oo 04

8
� o3o 002

2

)0

:¼ c2Q0oþ c1Q1oþ c0Q2o;

g2 ¼ 2o2ðc2Qð1Þ
0 oþ c1Q

ð1Þ
1 oþ c0Q

ð1Þ
2 oÞ;

ð3:10Þ

where c2 2 R is an arbitrary constant.

To conclude, let us come to the general case. We rewrite systems (2.4) and

(2.5) in the equivalent form
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g�1C 0;

ai

o

	 
0
¼ � g 0i�1

2o
;

bi ¼ �g 0i�1 � a 0
i ;

gi ¼ 2o2b 0
i

8>>><
>>>:

ð3:11Þ

for 0a ia ½k=2� � 1. Assuming that, for some 1a ia k
2

� �
� 1, the general solu-

tions

ða0; b0; g0Þ; . . . ; ðai�1; bi�1; gi�1Þ;

with aj, bj, gj linearly dependent upon j þ 1 arbitrary constants c0; . . . ; cj a R for

0a ja i � 1, are determined, we can write (with a slight abuse of notation) the

general solution of ðai; bi; giÞ in the form

ai ¼ �o

2

ð
g 0i�1

o
dt;

bi ¼ � gi�1 �
o

2

ð
g 0i�1

o
dt

	 
0
;

gi ¼ �2o2 gi�1 �
o

2

ð
g 0i�1

o
dt

	 
00
:

8>>>>>>><
>>>>>>>:

ð3:12Þ

Namely, given gi�1, a particular solution ð~aai; ~bbi; ~ggiÞ can be obtained by selecting a

primitive, say ~ppi, from the indefinite integral
Ð g 0

i�1

o
dt and then setting ~aai ¼ � o

2
~ppi,

~bbi ¼ � gi�1 � o
2
~ppi

� � 0
, ~ggi ¼ �2o2 gi�1 � o

2
~ppiÞ

00�
.

4. Polynomial structure of ai, bi, gi

To simplify the recursive formula for the coe‰cients ai, bi, gi, we set

G�1C 0; Gi :¼
gi
2o2

; 0a ia ½k=2� � 1: ð4:1Þ

Integrating by parts, we find the identity between indefinite integrals

ð
oG 0

i�1 dt ¼
gi�1

o
� 1

2

ð
g 0i�1

o
dt: ð4:2Þ

Then, substituting (4.1), (4.2) in the last equation of (3.12), we find that the func-

tions Gi must satisfy the recursive relations

G�1C 0; Gi a �
�
o

ð
oG 0

i�1 dt
� 00

for 0a ia ½k=2� � 1: ð4:3Þ
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This means that, starting with G�1C 0, every particular sequence of coe‰cients

fai; bi; gig0aia½k=2��1 satisfying (3.11) can be obtained from the recursive relation

(4.3) by selecting, at each step, a particular primitive

pi a

ð
oG 0

i�1 dt ð4:4Þ

and then setting

Gi ¼ �ðopiÞ00;
ai ¼ opi � 2o2Gi�1

bi ¼ �ðopiÞ0

gi ¼ 2o2Gi

8><
>: ð4:5Þ

for 0a ia k
2

� �
� 1. We claim that the primitives pi are always polynomials

in o and its derivatives oðhÞ are of order 1a ha 2i. Before proving this, recalling

Definition 1.1, we note the following simple facts about the polynomials of P j
l .

Remark 4.1. Given ja; la; jb; lbb 0 and mb 1 integers, it follows that

P a P
ja
la
; Pj ¼ 0 for all j a C ja , PC 0;

P a H
ja
la

) PðmÞ a H
jaþm
la

:

Besides, given Pa a P
ja
la
, Pb a P

jb
lb

let PaPb be their product as polynomials in the

variables y0; . . . ; yja4jb . Then we can easily see that

Pa a P
ja
la
; Pb a P

jb
lb

) PaPb a P
jaþjb
laþlb

;

ðPajÞðPbjÞ ¼ ðPaPbÞj for all j a C ja4jb ;

(

Pa a H
ja
la
; Pb a H

jb
lb

) PaPb a H
jaþjb
lbþlb

:

ð4:6Þ

We are now in position to prove:

Lemma 4.1. There exists a unique sequence of polynomials P�1;P0; . . . ;P½k=2��1

such that P�1C 0, P0C 1, Pi a H2i
2i for ib 0, and

Pij a �
ð
jðjPi�1jÞ000 dt ð4:7Þ

for all j a Ck and 0a ia k
2

� �
� 1.

Proof. Since P�1jC 0, P0jC 1 for all j, it is clear that relation (4.7) holds for

i ¼ 0. Besides, for j a C3 we have

�
ð
jðjP0jÞ000 dt ¼ �

ð
jj 000 dt ¼ �jj 00 þ 1

2
ðj 0Þ2 þ C; ð4:8Þ
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where C a R is an arbitrary constant. Thus, when kb 4, we must define P1 as the

unique polynomial of H2
2 such that

P1j ¼ �jj 00 þ 1

2
ðj 0Þ2 ð4:9Þ

for all j a Ck. Clearly, this means that P1ðy0; y1; y2Þ :¼ �y0y2 þ 1
2 y

2
1 .

Having determined P1 a H2
2 , we now proceed by induction. Fixed an integer

i, 1a ia k
2

� �
� 2, let us suppose that the polynomials

P� 1C 0; P0C 1 a H0
0 ; P1 a H2

2 ; . . . ;Pi a H2i
2i ð4:10Þ

satisfy condition (4.7), i.e., ðPhjÞ0 ¼ �jðjPh�1jÞ000 for 0a ha i. Then we want

show that there exists a unique Piþ1 a H2iþ2
2iþ2 such that

Piþ1j a �
ð
jðjPijÞ000 dt ð4:11Þ

for all j a Ck. Integrating by parts, we obtain that

�
ð
jðjPijÞ000 dt ¼ �jðjPijÞ00 þ j 0ðjPijÞ0 � j 00ðjPijÞ

þ
ð
j 000ðjPijÞ dt: ð4:12Þ

By induction, it is easy to see that

�jðjPijÞ00 þ j 0ðjPijÞ0 � j 00ðjPijÞ

¼ �jðj 00Pijþ 2j 0P
ð1Þ
i jþ jP

ð2Þ
i jÞ þ j 0ðj 0Pijþ jP

ð1Þ
i jÞ � j 00ðjPijÞ

¼: Uiþ1j ð4:13Þ

for all j a Ck and for a unique Uiþ1 a H2iþ2
2iþ2 . Thus we find

�
ð
jðjPijÞ000 dt ¼ Uiþ1jþ

ð
ðjj 000ÞPij dt

¼ Uiþ1j�
ð
ðP1jÞ0Pij dt: ð4:14Þ

Now if i ¼ 1, then we conclude that, for all j a Ck,

�
ð
jðjP1jÞ000 dt ¼ U2j� 1

2
ðP1jÞ2 þ C; ð4:15Þ
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with C a R an arbitrary constant. Since P2
1 a H4

4 , it is clear that we must take

P2 :¼ U2 �
1

2
P2
1 a H4

4 : ð4:16Þ

If ib 2, we continue integrating by parts. From (4.14) we have

�
ð
jðjPijÞ000 dt ¼ Uiþ1j� P1jPijþ

ð
P1jðPijÞ0 dt

¼ Uiþ1j� ðP1PiÞj�
ð
jP1jðjPi�1jÞ000 dt: ð4:17Þ

Thus, if i ¼ 2, we find that

�
ð
jðjP2jÞ000 dt ¼ U3j� ðP1P2Þj�

ð
jP1jðjP1jÞ000 dt ð4:18Þ

and

�
ð
jðjP2jÞ000 dt ¼ U3j� ðP1P2Þj� jP1jðjP1jÞ00 �

1

2
ðjP1jÞ02

� �
þ C; ð4:19Þ

where C a R is an arbitrary constant. By induction again, it follows that

�ðP1P2Þj� jP1jðjP1jÞ00 þ
1

2
ðjP1jÞ02 ¼ V3j ð4:20Þ

for all j a Ck and for a unique V3 a H6
6 . Hence, we are led to set

P3 :¼ U3 þ V3: ð4:21Þ

Otherwise, if ib 3, we continue integrating by parts the last integral of (4.17). We

obtain that

�
ð
jðjPijÞ000 dt ¼ Uiþ1j� ðP1PiÞj� jP1jðjPi�1jÞ00

þ ðjP1jÞ0ðjPi�1jÞ0 � ðjP1jÞ00ðjPi�1jÞ

þ
ð
ðjP1jÞ000ðjPi�1jÞ dt: ð4:22Þ

As above, we find that

Uiþ1j� ðP1PiÞj� jP1jðjPi�1jÞ00 þ ðjP1jÞ0ðjPi�1jÞ0

� ðjP1jÞ00ðjPi�1jÞ ¼ ~UUiþ1j ð4:23Þ
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for all j a Ck and for a unique polynomial ~UUiþ1 a H2iþ2
2iþ2 . Whence, we deduce

that

�
ð
jðjPijÞ000 dt ¼ ~UUiþ1jþ

ð
jðjP1jÞ000Pi�1j dt

¼ ~UUiþ1j�
ð
ðP2jÞ0Pi�1j dt: ð4:24Þ

Thus, if i ¼ 3, we can easily obtain P4.

Remark 4.2. Now in view of (4.14) and (4.24) it is natural to expect that

�
ð
jðjPijÞ000 dt ¼ Uiþ1;hj�

ð
ðPhjÞ0Pi�hþ1j dt ð4:25Þ

for 1a ha i, with Uiþ1;h a H2iþ2
2iþ2 a suitable polynomial. To prove this, let us

suppose that (4.25) holds for some h with 1a h < i � 1. Then, using (4.7), (4.10)

and integrating by parts, we easily find the equalities

�
ð
jðjPijÞ000 dt ¼ Uiþ1;hj� PhjPi�hþ1jþ

ð
PhjðPi�hþ1jÞ0 dt

¼ Uiþ1;hj� ðPhPi�hþ1Þj�
ð
jPhjðjPi�hjÞ000 dt

¼ Uiþ1;hþ1jþ
ð
ðjPhjÞ000jPi�hj dt

¼ Uiþ1;hþ1j�
ð
ðPhþ1jÞ0Pi�hj dt ð4:26Þ

for a suitable polynomial Uiþ1;hþ1 a H2iþ2
2iþ2 . Hence, (4.25) holds for hþ 1.

Taking into account Remark 4.2, by repeated integration by parts, it is clear

that we finally obtain:

(1) if i ¼ 2h� 1 for some integer hb 1, then

�
ð
jðjPijÞ000 dt ¼ Uiþ1;hj�

ð
ðPhjÞ0Phj dt; ð4:27aÞ

(2) if i ¼ 2h for some integer hb 1, then

�
ð
jðjPijÞ000 dt ¼ Uiþ1;hj�

ð
ðPhjÞ0Phþ1j dt; ð4:27bÞ
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with Uiþ1;h a H2iþ2
2iþ2 . In the first case we immediately deduce that

�
ð
jðjPijÞ000 dt ¼ Uiþ1;hj� 1

2
ðPhjÞ2 þ C; ð4:28Þ

with C a R an arbitrary constant. Since P2
h a H2iþ2

2iþ2 , by the inductive hypothesis,

we are forced to define the polynomial Piþ1 as

Piþ1 :¼ Uiþ1;h �
1

2
P2
h : ð4:29Þ

In the second case, integrating by parts once again, from (4.27b) we have

�
ð
jðjPijÞ000 dt ¼ Uiþ1;hj� ðPhPhþ1Þjþ

ð
PhjðPhþ1jÞ0 dt

¼ Uiþ1;hj� ðPhPhþ1Þj�
ð
jPhjðjPhjÞ000 dt: ð4:30Þ

Hence, we finally obtain

�
ð
jðjPijÞ000 dt ¼ Uiþ1;hj� ðPhPhþ1Þj

� jPhjðjPhjÞ00 �
1

2
ðjPhjÞ02

� �
þ C; ð4:31Þ

with C a R an arbitrary constant. Since 2hþ 1 ¼ i þ 1, by the inductive

hypothesis

�ðPhPhþ1Þj� jPhjðjPhjÞ00 þ
1

2
ðjPhjÞ02 ¼ Viþ1j ð4:32Þ

for a unique Viþ1 a H2iþ2
2iþ2 . Hence we set

Piþ1 :¼ Uiþ1;h þ Viþ1: ð4:33Þ

This completes the proof. r

Lemma 4.2. Given j a Ck with kb 2, let W0;W1; . . . ;W½k=2��1 be a sequence of

real-valued functions such that

W0C const:; Wi a �
ð
jðjWi�1Þ000 dt ð4:34Þ
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for 1a ia k
2

� �
� 1. Then there exists a unique sequence of real constants

C0; . . . ;C½k=2��1 such that

Wi ¼
Xi

h¼0

Ci�hPhj for 0a ia ½k=2� � 1: ð4:35Þ

Proof. First of all since W0C const: and P0C 1, we have

W0 ¼ C0 ¼ C0P0j; ð4:36Þ

for a suitable C0 a R. Moreover, assuming kb 4, we find that

�
ð
jðjW0Þ000 dt ¼ �C0

ð
jj 000 dt ¼ �C0 jj 00 � 1

2
ðj 0Þ2

� �
þ C; ð4:37Þ

where C a R is an arbitrary constant. Hence, by (4.9) and (4.34), we find

W1 ¼ �C0 jj 00 � 1

2
j 02

	 

þ C1 ¼ C0P1jþ C1P0j ð4:38Þ

for a suitable C1 a R. This means that formula (4.35) holds for i ¼ 0; 1. Now

we proceed by induction assuming that (4.35) holds for some integer i with

1a ia k
2

� �
� 2. Then, recalling (4.7), we have

�
ð
jðjWiÞ000 dt ¼ �

ð
j
�
j
Xi

h¼0

Ci�hPhj
� 000

dt

¼ �
Xi

h¼0

Ci�h

ð
jðjPhjÞ000 dt ¼

Xi

h¼0

Ci�hPhþ1jþ C ð4:39Þ

with C a R an arbitrary constant. Thus, from the recursive relation (4.34), we ob-

tain that

Wiþ1 ¼
Xi

h¼0

Ci�hPhþ1jþ Ciþ1 ð4:40Þ

with Ciþ1 a R a suitable constant. Now since P0C 1, we may write

Wiþ1 ¼
Xi

h¼0

Ci�hPhþ1jþ Ciþ1P0j ¼
Xiþ1

h¼0

Ciþ1�hPhj: ð4:41Þ

This proves (4.35) for i þ 1. By direct inspection of the proof, we can see that the

constants C0; . . . ;C½k=2��1 are uniquely determined. r
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Conclusion of the proof of Theorem 1.2

By (4.4)–(4.5) every particular sequence fai; bi; gig0aia½k=2��1 satisfying (3.11) has

the form

ai ¼ opi � 2o2Gi�1; bi ¼ �ðopiÞ0; gi ¼ 2o2Gi; ð4:42Þ

where G0; . . . ;G½k=2��1 is a finite sequence obtained from the recursive relation (4.3)

by selecting, at each step, a suitable primitive

pi a

ð
oG 0

i�1 dt; 0a ia ½k=2� � 1; ð4:43Þ

and then setting Gi ¼ �ðopiÞ00. Having G�1C 0, the primitives pi satisfy the re-

cursive relation

p0C const:; pi a �
ð
jðjpi�1Þ000 dt ð4:44Þ

for 1a ia k
2

� �
� 1. Hence, by Lemma 4.2, there exist constants c0; . . . ; c½k=2��1 a

R such that

pi ¼
Xi

h¼0

ci�hPho for 0a ia ½k=2� � 1: ð4:45Þ

Then, by the first equation of (4.42), we easily have a0 ¼ oc0P0 and, for ib 1,

ai ¼ o
Xi

h¼0

ci�hPhoþ 2o2
Xi�1

h¼0

ci�1�hðoPhoÞ00

¼ o
Xi

h¼0

ci�hPhoþ o
Xi

h¼1

ci�h½2oðoPh�1oÞ00�: ð4:46Þ

Thus, ai ¼ o
P i

h¼0 ci�hPho for 0a ia k
2

� �
� 1 if we define P0 :¼ P0C 1 and

Pi a H2i
2i such that

Pij :¼ Pijþ 2jðjPi�1jÞ00 ð4:47Þ

for all j a Ck , when 1a ia k
2

� �
� 1. For the coe‰cients bi from (4.45) we have

bi ¼ �ðopiÞ0 ¼ �
Xi

h¼0

ci�hðoPhoÞ0 ¼
Xi

h¼0

ci�hQho; ð4:48Þ
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where, for 0a ia k
2

� �
� 1, the polynomials Qi are defined by

Qij :¼ �ðjPijÞ0 ð4:49Þ

for all j a Ck. Since Pi a H2i
2i , we clearly have Pi a H2i

2i , Qi a H2iþ1
2iþ1 . This

proves that every solution fai; bi; gig0aia½k=2��1 of (1.5) satisfies (1.10). Conversely,

using the definitions (4.47), (4.49) and Lemma 4.1 it is easy to see that (1.10) gives

a solution of (1.5) for every finite sequence c0; . . . ; c½k=2��1 a R.

5. Proof of Theorem 1.3

We give here the proof of Theorem 1.3 for kb 2 even. For kb 2 odd, the proof is

similar. To show that (1.13) holds, first of all we choose a particular sequence of

coe‰cients fai; bi; gig0aia½k=2��1 using formulae (1.10) with constants

c0 ¼ 2; ci ¼ 0 for ib 1: ð5:1Þ

It follows that, for 0a ia k
2

� �
� 1,

ai ¼ 2oPio; bi ¼ 2Qio; gi ¼ 4o2Q
ð1Þ
i o ð5:2Þ

where Pi a H2i
2i and Qi a H2iþ1

2iþ1 . Since P0C 1, we have a0 ¼ 2o. Hence, as re-

marked before the Definition (1.11),

e0ðl; tÞ ¼ l2
ffiffiffiffiffiffiffiffi
aðtÞ

p
jwj2 þ jwtj2ffiffiffiffiffiffiffiffi

aðtÞ
p ¼ Eðl; tÞ: ð5:3Þ

Then we apply the identity (1.7) with kb 2 even. For l > 0 we find that

Eðl; tÞ ¼ Eðl; 0Þ � ½Rk� t0 þ
ð t
0

l�kþ2b 0
½k=2��1 ReðwwtÞ dt ð5:4Þ

for all t a ½0;TÞ, where
Rk :¼ Qk � e0: ð5:5Þ

To continue, we now estimate the terms ei, fi, gi of Rk. For this purpose, by (5.2),

it su‰ces to estimate the norms of Pio, Qio, Q
ð1Þ
i o.

i) Estimates of Pio for 1a ia ½k=2� � 1.

Since Pi a H2i
2i , we have

Pio ¼
X

cih0;...;h2io
h0ðoð1ÞÞh1 . . . ðoð2iÞÞh2i ; ð5:6Þ
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with cih0;...;h2i a R and h0; . . . ; h2i b 0 integers such that
P

0aha2i hh ¼ 2i andP
0aha2i hhh ¼ 2i. Noting that h0 ¼

P2i
h¼1ðh� 1Þhh, we can write

Pio ¼
X

cih0;...;h2i

Y2i
h¼1

ðoh�1oðhÞÞhh : ð5:7Þ

Besides, given 0aT 0 < T and 1a ha 2i, from Definition 1.2 we deduce that

oðtÞðh�1Þhh joðhÞðtÞjhh aF2iðT 0Þhhh for t a ½0;T 0�: ð5:8Þ

Hence, for 1a ia ½k=2� � 1 and k even, we easily obtain that

jPiojaFk�2ðT 0Þ2i
X

jcih0;...;h2i jaEFk�2ðT 0Þ2i for t a ½0;T 0� ð5:9Þ

with E > 0 a suitable constant independent of o.

ii) Estimates of Qio for 0a ia ½k=2� � 1.

In this case we have Qi a H2iþ1
2iþ1 , with 1a 2i þ 1a k � 1. By continuing the

reasoning used above, for 0a ia ½k=2� � 1 and k even, we obtain that

jQiojaFFk�1ðT 0Þ2iþ1 in ½0;T 0�; ð5:10Þ

with F > 0 a suitable constant independent of o.

iii) Estimates of Q
ð1Þ
i o for 0a i < k

2 � 1.

We note that Q
ð1Þ
i a H2iþ2

2iþ1 with 2a 2i þ 2a k � 2 because k is even. Thus,

we obtain that

jQð1Þ
i ojao�1GFk�2ðT 0Þ2iþ2 in ½0;T 0�; ð5:11Þ

with G > 0 a suitable constant independent of o.

Summarizing the estimates (5.9)–(5.11), the terms ei, fi, gi of Rk satisfy the in-

equalities

jeiðl; tÞj ¼ l�2ijPioje0ðl; tÞaE
�
l�1Fk�2ðT 0Þ

�2i
Eðl; tÞ;

j fiðl; tÞj ¼ 2l�2ijQioj jReðwwtÞjaF
�
l�1Fk�1ðT 0Þ

�2iþ1
Eðl; tÞ;

jgiðl; tÞj ¼ 4l�2i�2o2jQð1Þ
i oj jwtj2a 2G

�
l�1Fk�2ðT 0Þ

�2iþ2
Eðl; tÞ

ð5:12Þ

for l > 0 and t a ½0;T 0�. Therefore, assuming

lbLFk�1ðT 0Þ ð5:13Þ
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for some Lb 1 and setting R ¼ 2maxfE;F ;Gg, we have

jRkðl; tÞjaR
Xk�1

i¼1

�
l�1Fk�1ðT 0Þ

� i
Eðl; tÞa kR

L
Eðl; tÞ: ð5:14Þ

Introducing this estimate into formula (5.4), for t a ½0;T 0� we have

Eðl; tÞa Lþ kR

L� kR
Eðl; 0Þ þ L

L� kR

l�kþ1

2

ð t
0

jb 0
½k=2��1jEðl; tÞ dt; ð5:15Þ

provided that L > maxfkR; 1g and lbLFk�1ðT 0Þ. Now it is easy to obtain the

estimate (1.11). Given C > 1 we can find Lðk;CÞ > maxfkR; 1g such that

Lþ kR

L� kR
aminf2;Cg; ð5:16Þ

provided that LbLðk;CÞ. Hence, for lbLðk;CÞFk�1ðT 0Þ and t a ½0;T 0�, we
find that

Eðl; tÞaCEðl; 0Þ þ l�kþ1

ð t
0

jb 0
½k=2��1ðtÞjEðl; tÞ dt: ð5:17Þ

Finally, by (5.2), b½k=2��1 ¼ 2Q½k=2��1o. Thus, applying Gronwall’s lemma, we ob-

tain the estimate (1.13), which proves Theorem 1.3.

We conclude this section with a simple application of Theorem 1.3.

Corollary 5.1. Assume that ð1:3Þ holds with k ¼ 2 and 0 < T < þl. Then, for all

e a ð0;T � and for all C > 1, there exists r ¼ rðe;CÞ > 0 such that for lb rðe;CÞ

Eðl; 0Þ
C

aEðl; tÞaCEðl; 0Þ for all t a ½0;T � e�: ð5:18Þ

Proof. To prove the second inequality of (5.18), i.e., Eðl; tÞaCEðl; 0Þ in the in-

terval ½0;T � e�, we apply (1.13) with k ¼ 2. More precisely, we set

a0 ¼ 2oP0o; b0 ¼ 2Q0o: ð5:19Þ

Then, for every C > 1, taking

lbLð2;
ffiffiffiffi
C

p
ÞF1ðT � eÞ; ð5:20Þ

we have

Eðl; tÞa
ffiffiffiffi
C

p
Eðl; 0Þ exp 2

ðT � eÞ
l

max
t A ½T�e�

jQð1Þ
0 oj

� 
ð5:21Þ

467Quadratic forms for Liouville and Kirchho¤ equations



for all t a ½0;T � e�. Then, to obtain the second inequality of (5.18), it is enough

to take l su‰ciently large, i.e., such that lbLð2;
ffiffiffiffi
C

p
ÞF1ðT � eÞ and

ðT � eÞ
l

max
t A ½T�e�

jQð1Þ
0 oja lnC

4
: ð5:22Þ

Finally, for fixed t a ð0;T � e�, to prove the first inequality of (5.18) it su‰ces to

apply the second one to the function ~wwðl; tÞ ¼ wðl; t� tÞ for t a ½0; t�. r

6. Preliminary estimates for Kirchho¤ equation

Let us consider the Kirchho¤ equation (1.15). By partial Fourier transform, we

are led to the ordinary problem:

ûutt þm
�
sðtÞ
�
jxj2ûu ¼ 0 with sðtÞ :¼

ð
jxj2jûuj2 dx; ð6:1Þ

ûuð0; xÞ ¼ ûu0ðxÞ; ûutð0; xÞ ¼ ûu1ðxÞ ð6:2Þ

for x a Rn, t a ½0;þlÞ. In this section, we suppose that

uðx; tÞ a Ch
�
½0;TÞ;H 1þk=2�hðRnÞ

�
ðh ¼ 0; 1Þ ð6:3Þ

is a given solution of (1.15) with kb 0 and 0 < Taþl. Then, defining a suit-

able micro-energy, we prove some a priori estimates. To begin with, we state:

Lemma 6.1. Assume that ð6:3Þ holds with kb 1 integer, mðsÞ a Ck�2ð½0;þlÞÞ
if kb 2. Given g a C lð½0;þlÞÞ with 1a la k integer, then g

�
sðtÞ
�
a C lð½0;TÞÞ

and its l-th order derivative is a finite sum of products of the form

gðhÞ
�
sðtÞ
�
� P �

Y�ð
jxj2ki ReðûuûutÞ dx

�pi

�
Y�ð

jxj2li jûutj2 dx
�qi

�
Y�ð

jxj2mi jûuj2 dx
�ri

; ð6:4Þ

where 1a ha l, P is a polynomial in mCmð0Þ; . . . ;mðl�2Þ for lb 2, while PC 1

for l ¼ 1; finally, ki; li b 1, mi b 2 and pi; qi; ri b 0 are integers such that

X
i

ð2ki � 1Þpi þ
X
i

2liqi þ
X
i

2ðmi � 1Þri ¼ l: ð6:5Þ

Proof. First of all observe that

ûuðx; tÞ a Ch
�
½0;TÞ;L2ðRn

x ; dxhÞ
�

for h ¼ 0; 1; ð6:6Þ
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where dxh is the measure defined by dxh ¼ ð1þ jxj2Þ1þk=2�h
dx. From this it im-

mediately follows that sðtÞ a C1, because kb 1, and

d

dt
g
�
sðtÞ
�
¼ 2gð1Þ

�
sðtÞ
� ð

jxj2 ReðûuûutÞ dx ð6:7Þ

if g a C1ð½0;þlÞÞ. Hence, for l ¼ k ¼ 1 the statement is true. Then we proceed

by induction. Assuming kb 2, let us suppose that Lemma 6.1 holds for some in-

teger l with 1a la k � 1. Given g a C lþ1ð½0;þlÞÞ, we must show that each

factor in (6.4) is at least of class C1 and that deriving with respect to t the product

(6.4) we obtain is a finite sum of products of the same form. Namely we get

gðh
0Þ � ~PP �

Y�ð
jxj2k

0
i ReðûuûutÞ dx

�p 0
i

�
Y�ð

jxj2l
0
i jûutj2 dx

�q 0
i �
Y�ð

jxj2m
0
i jûuj2 dx

�r 0i
; ð6:8Þ

where 1a h 0a lþ 1, ~PP is suitable a polynomial in mCmð0Þ; . . . ;mðl�1Þ; the inte-
gers k 0

i ; l
0
i b 1, m 0

i b 2 and p 0
i ; q

0
i ; r

0
i b 0 satisfy the relation

X
i

ð2k 0
i � 1Þp 0

i þ
X
i

2l 0i q
0
i þ
X
i

2ðm 0
i � 1Þr 0i ¼ lþ 1: ð6:9Þ

We start by noting that condition (6.5) with la k � 1 implies that 2ki a k,

2li a k � 1, and 2mi a k þ 1. Besides, since we assume mðsÞ a Ck�2 for kb 2, it

follows that (6.6) holds also for h ¼ 2. Then, provided that (6.5) holds with

la k � 1, it is easy to deduce that

� ð
jxj2ki ReðûuûutÞ dx

� 0
¼
ð
jxj2ki jûutj2 dxþ

ð
jxj2ki ReðûuûuttÞ dx; ð6:10aÞ

� ð
jxj2li jûutj2 dx

�0
¼ 2

ð
jxj2li ReðûuttûutÞ; ð6:10bÞ

� ð
jxj2mi jûuj2 dx

�0
¼ 2

ð
jxj2mi ReðûuûutÞ dx ð6:10cÞ

where the right-hand sides of (6.10a)–(6.10c) are continuous functions on ½0;TÞ.
Hence, (6.4) represents a C1 function. Moreover, di¤erentiating (6.4) and replac-

ing ûutt by

�m
�
sðtÞ
�
jxj2ûu; ð6:11Þ

we find a finite sum of the following products:

469Quadratic forms for Liouville and Kirchho¤ equations



(1) products containing the element 2gðhþ1Þ Ð jxj2 ReðûuûutÞ dx instead of gðhÞ, with
1a ha l a suitable integer;

(2) products with 2 qP
qmðhÞ m

ðhþ1Þ Ð jxj2 ReðûuûutÞ dx instead of P, with 0a ha l� 2 a

suitable integer;

(3) products with a factor of type
Ð
jxj2kiðjûutj2 �mjxj2jûuj2Þ dx instead of a factor

of the form
Ð
jxj2ki ReðûuûutÞ dx;

(4) products with a factor of type �2m
Ð
jxj2liþ2 ReðûuûutÞ dx instead of a termÐ

jxj2li jûutj2 dx;
(5) products with a factor 2

Ð
jxj2mi ReðûuûutÞ dx instead of

Ð
jxj2mi jûuj2 dx.

In either case, after performing these substitutions, we obtain products of the

form (6.8). Besides, it can be easily verified that the corresponding exponents k 0
i ,

l 0i , m
0
i and p 0

i , q
0
i , r

0
i satisfy (6.9). This completes the proof. r

To continue, let us recall that the Kirchho¤ equation (1.15) is of variational

type. Assuming that (6.3) holds with kb 1, we have the equality

kûutk2L2 þMðk jxjûuk2L2Þ ¼ kûu1k2L2 þMðk jxjûu0k2L2Þ :¼ K ð6:12Þ

for all t a ½0;TÞ, where MðsÞ :¼
Ð s
0 mðyÞ dy. From (6.12), in both cases of (1.19)

we derive that

damðsÞam; s a ½0;M�1ðKÞ�; ð6:13Þ

for suitable d; m > 0. Thus, assuming from now on that (1.19) holds, we have the

following a-priori estimates:

ð
jûutj2 dxþ d

ð
jxj2jûuj2 dxaK ;

0 < dam
�
sðtÞ
�
a m

8><
>: ð6:14Þ

for t a ½0;TÞ. To obtain more refined estimates, we introduce the following micro-

energies:

Definition 6.1. For kb 0, r > 0, we define

Ekðx; tÞ :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m
�
sðtÞ
�q
jxjkþ2jûuj2 þ jxjkjûutj2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m
�
sðtÞ
�q ; ð6:15Þ

E
r
kðtÞ :¼

1

rk

ð
jxj>r

Ekðx; tÞ dx: ð6:16Þ

From (6.14) and the definition above, we have:
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Lemma 6.2. Assume that ð6:3Þ holds with kb 1. Then for all t a ½0;TÞ and for all

rb 0 the Fourier transform ûuðx; tÞ satisfies the a priori estimates

ð
jxj l jûuj jûutj dxa

r l�1K

2
ffiffiffi
d

p þ 1

2

ð
jxj>r

Ekðx; tÞ
jxjkþ1�l

dx; lb 1; ð6:17Þ
ð
jxj l jûutj2 dxa r lK þ ffiffiffi

m
p ð

jxj>r

Ekðx; tÞ
jxjk�l

dx; lb 0; ð6:18Þ

ð
jxj l jûuj2 dxa r l�2K

d
þ 1ffiffiffi

d
p
ð
jxj>r

Ekðx; tÞ
jxjkþ2�l

dx; lb 2: ð6:19Þ

Proof. Let us prove (6.17). To begin with, for 0a t < T the following inequal-

ities hold:

a) for all lb 1 and rb 0 we have

jxj l jûuj jûutja
r l�1

2
ffiffiffi
d

p ðjûutj2 þ djxj2jûuj2Þ for jxja r; ð6:20Þ

b) from the definition of Ekðx; tÞ we have

jxj l jûuðx; tÞj jûutðx; tÞja
1

2

Ekðx; tÞ
jxjkþ1�l

for jxj > 0: ð6:21Þ

Then, applying a) and (6.14) for jxja r, and b) for jxj > r, we can estimate the

left-hand side of (6.17). For all rb 0 and t a ½0;TÞ we easily haveð
jxj l jûuj jûutj dx ¼

ð
jxjar

jxj l jûuj jûutj dxþ
ð
jxj>r

jxj l jûuj jûutj dx

a
r l�1K

2
ffiffiffi
d

p þ 1

2

ð
jxj>r

Ekðx; tÞ
jxjkþ1�l

dx; ð6:22Þ

provided that lb 1. By similar arguments we deduce (6.18) and (6.19). r

Having proved Lemmas 6.1 and 6.2, assuming (6.14) we are in a position to

estimate the sup-norm of the l-th order derivatives of g
�
sðtÞ
�
in ½0;TÞ.

Lemma 6.3. Assume ð6:3Þ with kb 1 integer, mðsÞ a Ck�2 if kb 2. Then, given

g a C lð½0;þlÞÞ with 1a la k, for every r > 0 we have

d l

dtl
g
�
sðtÞ
�����
����aClr

l
��
K þ E

r
kðtÞ

�
þ
�
K þ E

r
kðtÞ

�l�
; ð6:23Þ

where Cl ¼ CðK ; l; d; m;m; gÞ is a suitable positive constant.
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Proof. By Lemma 6.2, for every r > 0 we haveð
jxj l jûuj jûutj dxaCr l�1

�
K þ E

r
kðtÞ

�
; 1a la k þ 1; ð6:24Þð

jxj l jûutj2 dxaCr l
�
K þ E

r
kðtÞ

�
; 0a la k; ð6:25Þð

jxj l jûuj2 dxaCr l�2
�
K þ E

r
kðtÞ

�
; 2a la k þ 2; ð6:26Þ

where C ¼ Cðd; mÞ > 0 is a suitable constant. Using these a priori bounds, we

can now estimate the general term (6.4) of the l-th derivative of g
�
sðtÞ
�
when

1a la k. In fact, from (6.24) we easily see that

���Y
i

� ð
jxj2ki ReðûuûutÞ dx

�pi
���aCTpirTð2ki�1Þpi

�
K þ E

r
kðtÞ

�Tpi ; ð6:27Þ

because we know that ki b 1 and 2ki � 1a l, hence 2a 2ki a k þ 1. Using

(6.25), (6.26) we find similar estimates for the other types of products in (6.4).

From this, recalling (6.14), we deduce that a generic term of the form (6.4) can

be estimated by

~CCrl
�
C
�
K þ E

r
kðtÞ

��TpiþTqiþT ri ð6:28Þ

where

~CC ¼ max
0asaK=d

��gðhÞðsÞP�mðsÞ; . . . ;mðl�2ÞðsÞ
���: ð6:29Þ

Finally, noting that 1a
P

pi þ
P

qi þ
P

ri a l, we readily deduce (6.23). r

7. Micro-quadratic forms for Kirchho¤ equation

Setting l ¼ jxj, w ¼ ûu and aðtÞ ¼ m
�
sðtÞ
�
, we are now in a position to apply The-

orems 1.1 and 1.2 to the Kirchho¤ equation, namely to the ODE with parameter

ûutt þm
�
sðtÞ
�
jxj2ûu ¼ 0: ð7:1Þ

To this end, in the following we assume (6.3) and mðsÞ a Ck with kb 2 an integer.

Besides, we suppose that (6.14) holds. Then, for jxj > 0 we consider the micro-

quadratic forms

Qkðx; tÞ :¼
X

0aia½k=2��1

ðei þ fiÞ þ
X

i<k=2�1

gi; ð7:2Þ
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where

eiðx; tÞ ¼ aiðtÞjxj�2i�
m
�
sðtÞ
�
jxj2jûuj2 þ jûutj2

�
;

fiðx; tÞ ¼ biðtÞjxj
�2i ReðûuûutÞ;

giðx; tÞ ¼ giðtÞjxj
�2i�2jûutj2:

ð7:3Þ

According to Theorem 1.2, setting c0 ¼ 2 and ci ¼ 0 for 1a ia k
2

� �
� 1, we

find

ai ¼ 2oPio; bi ¼ 2Qio; gi ¼ 4o2Q
ð1Þ
i o; ð7:4Þ

where Pi a H2i
2i , Qi a H2iþ1

2iþ1 for 0a ia k
2

� �
� 1 and

oðtÞ :¼ 1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m
�
sðtÞ
�q : ð7:5Þ

From now on we assume that (7.4) and (7.5) hold. In order to use the forms (7.2)

in the proof of the global solvability of Kirchho¤ equation, we need to estimate

the coe‰cients ai, bi, gi. To simplify the following statements, we introduce the

functions

fjðrÞ :¼ rþ r j: ð7:6Þ

Lemma 7.1. Assume ð6:3Þ and mðsÞ a Ck for some integer kb 2. Then, for any

r > 0, we have the following estimates:

(1) jaijaCr2if2i
�
K þ E

r
kðtÞ

�
, 1a ia k

2

� �
� 1,

(2) jbijaCr2iþ1f2iþ1

�
K þ E

r
kðtÞ

�
, 0a ia k

2

� �
� 1,

(3) jgijaCr2iþ2f2iþ2

�
K þ E

r
kðtÞ

�
, 0a ia k

2

� �
� 1,

where C ¼ CðK ; k; d; m;mÞ is a suitable positive constant.

Proof. Let us prove the estimate (1). By Theorem 1.2 and (7.4), for 1a ia
k
2

� �
� 1 the functions ai are polynomials of the form

ai ¼ o
X

a i
h0;...;h2i

oh0ðoð1ÞÞh1 . . . ðoð2iÞÞh2i ; ð7:7Þ

where a i
h0;...;h2i

a R, h0; . . . ; h2i b 0 are integers such that
P

hh ¼ 2i,
P

hhh ¼ 2i.

By Lemma 6.3, we know that oðlÞ satisfies the estimate

joðlÞðtÞjaClr
lfl
�
K þ E

r
kðtÞ

�
; 1a la k; ð7:8Þ
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where Cl ¼ CðK ; l; d; m;mÞ is a suitable positive constant. Then,

jaija
X

ja i
h0;...;h2i

joh0þ1
Y2i
h¼1

�
Chr

hfh
�
K þ E

r
kðtÞ

��hh : ð7:9Þ

Hence, noting that

fjðrÞflðrÞaCð j; lÞfjþlðrÞ for all j; lb 1 and all rb 0; ð7:10Þ

from (6.14), (7.5), (7.9) we immediately see that (1) holds. The proof of the esti-

mates (2), (3) for bi and gi is similar. r

Finally, the terms b 0
i and g 0i satisfy the following:

Lemma 7.2. Assume ð6:3Þ and mðsÞ a Ck for some integer kb 2. Then, for any

r > 0, the following estimates hold:

i) jb 0
i jaCr2iþ2f2iþ2

�
K þ E

r
kðtÞ

�
, 0a ia k

2

� �
� 1,

ii) jg 0i jaCr2iþ3f2iþ3

�
K þ E

r
kðtÞ

�
, 0a i < k

2 � 1,

where C ¼ CðK ; k; d; m;mÞ is a suitable positive constant.

Proof. Let us prove the estimate i) for b 0
i . By Theorem 1.2 and (7.4), we have

bi ¼
X

b i
h0;...;h2iþ1

oh0ðoð1ÞÞh1 . . . ðoð2iþ1ÞÞh2iþ1 ð7:11Þ

where b i
h0;...;h2iþ1

a R, h0; . . . ; h2iþ1b 0 are integers such that
P

hh ¼ 2i þ 1,P
hhh ¼ 2i þ 1. Since 2i þ 2a k, we see that each term in (7.11) is continuously

di¤erentiable. This means that b 0
i has the form

b 0
i ¼

X
~bb i
h0;...;h2iþ2

oh0ðoð1ÞÞh1 . . . ðoð2iþ2ÞÞh2iþ2 ; ð7:12Þ

where ~bb i
h0;...;h2iþ2

a R are suitable constants, h0; . . . ; h2iþ2b 0 are integers such thatP
hh ¼ 2i þ 1 and

P
hhh ¼ 2i þ 2. Now, applying (7.8) and (7.10) as above, we

can easily verify that i) holds. Finally, to prove ii), it su‰ces to observe that

gi ¼ o2
X
h

g ih0;...;h2iþ2
oh0ðoð1ÞÞh1 . . . ðoð2iþ2ÞÞh2iþ2 ; ð7:13Þ

where g ih0;...;h2iþ2
a R, h0; . . . ; h2iþ2b 0 are integers such that

P
hh ¼ 2i þ 1,P

hhh ¼ 2i þ 2. Having 2ia k � 3, it follows that each term in the expression
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(7.13) of gi is continuously di¤erentiable. Then, di¤erentiating (7.13) and applying

the estimate (7.8) as above, we obtain ii). r

Remark 7.1. Note that k
2

� �
¼ k�1

2 for k odd. Hence, in this case, we can estimate

the quantity g 0½k=2��1.

We now come to the estimates of the micro-energy Ekðx; tÞ, with kb 2. By the

choice made in (7.4) we have

Ekðx; tÞ ¼ jxjke0ðx; tÞ: ð7:14Þ
Then, setting

Rkðx; tÞ :¼ Qkðx; tÞ � e0ðx; tÞ ð7:15Þ

and applying Theorem 1.1, for jxj > 0 and 0a t0a t < T we obtain the identities:

(1) for kb 2 even,

Ekðx; tÞ ¼ Ekðx; t0Þ � jxjk½Rk� tt0 þ
ð t
t0

jxj2b 0
½k=2��1 ReðûuûutÞ dt; ð7:16Þ

(2) for kb 2 odd,

Ekðx; tÞ ¼ Ekðx; t0Þ � jxjk½Rk� tt0 þ
ð t
t0

jxjg 0½k=2��1jûutj
2
dt: ð7:17Þ

Now we estimate the right-hand side of (7.16), (7.17). Considering the terms in

jxjkRkðx; tÞ, and applying (6.14) and Lemma 7.1 we have

jxjkjeij ¼ jxj�2ijaij
ffiffiffiffi
m

p ffiffiffiffi
m

p
jxjkþ2jûuj2 þ jxjkjûutj2ffiffiffiffi

m
p

 !

¼ jxj�2ijaij
ffiffiffiffi
m

p
Ekðx; tÞ

aC
r2i

jxj2i
ffiffiffiffi
m

p
f2i
�
K þ E

r
kðtÞ

�
Ekðx; tÞ ð7:18Þ

for jxj; r > 0 and 1a ia k
2

� �
� 1; besides

jxjkj fij ¼ jxjk�2ijbij jReðûuûutÞj

a
1

2jxj2iþ1
jbijEkðx; tÞ

aC
r2iþ1

2jxj2iþ1
f2iþ1

�
K þ E

r
kðtÞ

�
Ekðx; tÞ; ð7:19Þ
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jxjkjgij ¼ jxjk�2i�2jgij jûutj
2

a

ffiffiffiffi
m

p

jxj2iþ2
jgijEkðx; tÞ

aC
r2iþ2

jxj2iþ2
f2iþ2

�
K þ E

r
kðtÞ

�
Ekðx; tÞ ð7:20Þ

for jxj; r > 0 and 0a ia k
2

� �
� 1. Finally we have to consider jxj2b 0

½k=2��1 ReðûuûutÞ
for k even, and jxjg 0½k=2��1jûutj

2 for k odd. From Lemma 7.2 we obtain

jxj2jb 0
½k=2��1j jReðûuûutÞja

1

2jxjk�1
jb 0

½k=2��1jEkðx; tÞ

aC
rk

jxjk�1
fk
�
K þ E

r
kðtÞ

�
Ekðx; tÞ ð7:21Þ

for jxj; r > 0 and k even, and

jxj jg 0½k=2��1j jûutj
2
a

ffiffiffiffi
m

p

jxjk�1
jg 0½k=2��1jEkðx; tÞ

aC
rk

jxjk�1
fk
�
K þ E

r
kðtÞ

�
Ekðx; tÞ ð7:22Þ

for jxj; r > 0 and k odd. Now noting that for 1a ia j,

fiðrÞa 2fjðrÞ for all rb 0; ð7:23Þ

and taking into account Definition (7.15) of Rkðx; tÞ, we can summarize the esti-

mates above as follows. For a suitable constant

Ck ¼ CkðK ; k; d; m;mÞ > 0 ð7:24Þ
we have:

i) for jxjb r > 0 and for all kb 2 the quantity jxjkRkðx; tÞ satisfies

jxjkjRkðx; tÞjaCk
r

jxj fk�1

�
K þ E

r
kðtÞ

�
Ekðx; tÞ; ð7:25Þ

ii) for jxj; r > 0 the quantities jxj2jb 0
½k=2��1 ReðûuûutÞj and jxj jg 0½k=2��1j jûutj

2, for

kb 2 even and for kb 2 odd respectively, are bounded by

Ck

rk

jxjk�1
fk
�
K þ E

r
kðtÞ

�
Ekðx; tÞ: ð7:26Þ
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Assuming (6.14) and introducing the estimates (7.25), (7.26) in (7.16) and (7.17),

we have proved the following result.

Proposition 7.1. Assume ð6:3Þ and mðsÞ a Ck for some integer kb 2. Then, for

any r > 0, jxjbLr with Lb 1, 0a t0a t < T, the following estimate holds:

Ekðx; tÞDr
kðtÞaEkðx; t0Þ

�
2�D

r
kðt0Þ

�
þ Ckr

k

jxjk�1

ð t
t0

fk
�
K þ E

r
kðtÞ

�
Ekðx; tÞ dt; ð7:27Þ

where D
r
kðtÞ :¼ 1� Ck

L
fk�1

�
K þ E

r
kðtÞ

�
.

8. Proof of Theorem 1.4

As is known, assuming (1.19) and mðsÞ a C1, problem (1.15), (1.16) is locally well

posed in Hs �Hs�1 for sb 3
2 . See [1], [2], [10], [18], [19], [20]. More precisely,

given ðu0; u1Þ a Hs �Hs�1 with sb 3
2 , it was proved that there exists a unique

local solution uðx; tÞ a Ch
�
½0;TÞ;Hs�hðRnÞ

�
ðh ¼ 0; 1Þ with T bounded from

below by

T bTðku0kH 3=2 ; ku1kH 1=2Þ; ð8:1Þ

where T : ½0;lÞ � ½0;lÞ ! ð0;lÞ is strictly positive and continuous. From this

result, assuming (1.19), mðsÞ a C1 and recalling Definition 6.1, we readily deduce

the following fact:

Proposition 8.1. Given ðu0; u1Þ a Hs �Hs�1 with sb 3
2 , let ½0;TÞ be the maximal

interval of existence of the solution uðx; tÞ a Ch
�
½0;TÞ;Hs�hðRnÞ

�
ðh ¼ 0; 1Þ of

problem ð1:15Þ, ð1:16Þ. Then

T < þl ) lim
t!T�0

ð
E2s�2ðx; tÞ dx ¼ þl: ð8:2Þ

Taking account these considerations and having

~BB1
D HH 3=2 �H 1=2; Bk

D HH 1þk=2 �Hk=2 for kb 1; ð8:3Þ

in the case of Theorem 1.4 we will prove the global solvability by showing that

ðu0; u1Þ a Bk
D ð ~BB1

D if k ¼ 1Þ ) sup
t A ½0;TÞ

ð
Ekðx; tÞ dx < þl; ð8:4Þ

independently of T a ð0;þlÞ.
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Case kb 2. Assume that ðu0; u1Þ a Bk
D. As remarked above, problem (1.15),

(1.16) has a unique local solution uðx; tÞ a Ch
�
½0;TÞ;Hk=2þ1�hðRnÞ

�
ðh ¼ 0; 1Þ

for some T > 0. Besides, by Definition 1.3 there exist a sequence frjgjb1, rj !
þl, and constants h; J > 0 such that

ð
jxj>rj

Ekðx; 0Þ
ehr

k
j
=jxjk�1

rk
j

dx < J ð8:5Þ

for all jb 1. In the following, using the estimates of Section 7, we will prove (8.4).

To begin with, let us consider the inequality (7.27) with t0 ¼ T � ea t < T , where

e > 0 will be fixed below. Assuming in Definition (6.12) K > 0 (if K ¼ 0 then

uðx; tÞC 0), we set

L :¼ 4Ckfk�1ð2KÞ þ 1: ð8:6Þ

Besides, taking account of Definition 6.1, we may write

E
r
kðtÞ ¼ GLr

r ðtÞ þLkE
Lr
k ðtÞ; ð8:7Þ

where

GLr
r ðtÞ :¼ 1

rk

ð
r<jxjaLr

Ekðx; tÞ dx: ð8:8Þ

Then, from (8.6), (8.7), we have

D
r
kðtÞ ¼ 1� Ck

L
fk�1

�
K þ E

r
kðtÞ

�
>

1

2
ð8:9Þ

for t a ½T � e;TÞ and r > 0 such that the quantities GLr
r ðtÞ, LkE

Lr
k ðtÞ satisfy

GLr
r ðtÞ < K

2
; ð8:10Þ

LkE
Lr
k ðtÞ < K

2
: ð8:11Þ

Now we choose e > 0 and rab 1 such that

rm1
2d

Kffiffiffi
d

p þ K

	 

eþ ln

4J þ 1

K

	 

a

hr

Lk�1
ð8:12Þ

for all rb ra, and

Ckfkð2KÞa h

4e
; ð8:13Þ
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where m1 :¼ maxjm 0ðsÞj for s a ½0;K=d�. Besides, noting that E
r
kðT � eÞ ! 0 as

r ! þl, we may also suppose that

GLr
r ðT � eÞa K

4
; LkE

Lr
k ðT � eÞa K

4
ð8:14Þ

for all rb ra. Due to (8.14), for every rb ra the conditions (8.10), (8.11) are sat-

isfied in some maximal right neighborhood of T � e, say ½T � e; ~TTðrÞÞ, with

~TTðrÞ :¼ supft : T � ea t < T ; ð8:10Þ; ð8:11Þ hold for all t a ½T � e; tÞg: ð8:15Þ

Clearly, for all rb ra we have T � e < ~TTðrÞaT . In the sequel we will prove

that, if Ekðx; 0Þ satisfies (8.5), then ~TTðrjÞ ¼ T provided rj is su‰ciently large. To

this end, we now estimate separately GLr
r ðtÞ and LkE

Lr
k ðtÞ.

Estimate of GLr
r ðtÞ. We observe that d

dt
Ekðx; tÞ satisfies the elementary inequality

d

dt
Ekðx; tÞ

����
����a 1

2

jm 0ðsÞj
mðsÞ js 0ðtÞjEkðx; tÞa

m1
2d

js 0ðtÞjEkðx; tÞ: ð8:16Þ

Since Ek ¼ jxjke0, from Corollary 5.1 we know that

Ekðx; 0Þ
2

aEkðx; tÞa 2Ekðx; 0Þ in ½0;T � e�; ð8:17Þ

provided that jxjb rðe; 2Þ. Hence, for jxjb rðe; 2Þ we have

Ekðx;T � eÞa 2Ekðx; 0Þ; ð8:18Þ

and by (8.16) and Gromwall’s Lemma it follows that

Ekðx; tÞa 2Ekðx; 0Þ exp
n m1
2d

ð t
T�e

js 0ðtÞj dt
o

ð8:19Þ

for all t a ½T � e;TÞ. Now, by Definition (8.15), for rb ra we have E
r
kðtÞaK in

½T � e; ~TTðrÞÞ. Whence, using (6.17) with l ¼ 2, for rb ra we find that

ð t
T�e

js 0ðtÞj dta r
Kffiffiffi
d

p þ K

	 

e for t a ½T � e; ~TTðrÞÞ: ð8:20Þ

Thus, setting rb :¼ maxfra; rðe; 2Þg and taking r ¼ rj with rj b rb, from (8.5),

(8.12), (8.19), (8.20), we have
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G
Lrj
rj ðtÞa 1

rk
j

ð
rj<jxjaLrj

2Ekðx; 0Þ exp
rjm1

2d

Kffiffiffi
d

p þ K

	 

e

� 
dx

a
K

4J þ 1

ð
rj<jxjaLrj

2Ekðx; 0Þ
ehr

k
j
=jxjk�1

rk
j

dx

aK
2J

4J þ 1
<

K

2
ð8:21Þ

for all t a ½T � e; ~TTðrjÞÞ. The estimate (8.21) means that, taking r ¼ rj with

rj b rb, condition (8.10) is always satisfied as long as (8.11) holds. Thus, it re-

mains to prove that for r ¼ rj su‰ciently large (8.11) holds for all t a ½T � e;TÞ.

Estimate of LkE
Lr
k ðtÞ. Let us consider (7.27) with L given by (8.6), t0 ¼

T � ea t < T and r ¼ rj b rb. Then, as long as the conditions (8.10), (8.11) are

satisfied for tbT � e, due to (8.9) and (8.13) we find the inequality

Ekðx; tÞa 3Ekðx;T � eÞ þ h

2e

rk
j

jxjk�1

ð t
T�e

Ekðx; tÞ dt ð8:22Þ

for all jxjbLrj. Hence, using (8.18) and applying Gronwall’s Lemma to (8.22),

for rj b rb and t a ½T � e; ~TTðrjÞÞ we find the estimate

Ekðx; tÞa 3Ekðx;T � eÞ exp
hrk

j

2jxjk�1

t� T þ e

e

( )
for jxjbLrj: ð8:23Þ

Thus, in order to show that (8.11) holds for all t a ½T � e;TÞ it will be su‰cient to

choose rcb rb such thatð
jxj>Lrj

Ekðx;T � eÞ e
hrk

j
=2jxjk�1

rk
j

dx <
K

6
for rj b rc: ð8:24Þ

To this end, let us take g > 0 such that e�gh=2Ja K
24 . Then, setting

Aj ¼ jxj > Lrj;
rk
j

jxjk�1
b g

( )
and Bj ¼ jxj > Lrj;

rk
j

jxjk�1
< g

( )
; ð8:25Þ

due to (8.18) and (8.25) for rj b rb we have

ð
jxj>Lrj

Ekðx;T � eÞ e
hrk

j
=2jxjk�1

rk
j

dx

a

ð
Aj

2Ekðx; 0Þ
ehr

k
j
=2jxjk�1

rk
j

dxþ
ð
Bj

2Ekðx; 0Þ
ehr

k
j
=2jxjk�1

rk
j

dx
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a e�gh=2

ð
Aj

2Ekðx; 0Þ
ehr

k
j
=jxjk�1

rk
j

dxþ
ð
Bj

2Ekðx; 0Þ
egh=2

rk
j

dx

a
K

12
þ
ð
jxj>Lrj

2Ekðx; 0Þ
egh=2

rk
j

dx: ð8:26Þ

The last integral in (8.26) tends to 0 as rj ! þl. Hence, it is clear that condition

(8.24) is satisfied, provided that we take rcb rb su‰ciently large.

This means that for j0b 1 such that rj0 b rc, we have ~TTðrj0Þ ¼ T , i.e., (8.10)

and (8.11) are satisfied in the whole interval ½T � e;TÞ by taking r ¼ rj0 . In par-

ticular, by (8.7) we have E
rj0
k ðtÞaK in ½T � e;TÞ. Thus, using the a priori esti-

mate (6.14), we finally obtain thatð
Ekðx; tÞ dxa rk

j0
K

1ffiffiffi
d

p þ
ffiffiffi
m

p

d
þ 1

	 

; ð8:27Þ

for all t a ½T � e;TÞ. This concludes the proof of Theorem 1.4 in the case kb 2.

Case k ¼ 1. Let us suppose that ðu0; u1Þ a ~BB1
D. As remarked above, problem

(1.15), (1.16) has a unique local solution uðx; tÞ a Ch
�
½0;TÞ;H 3=2�hðRnÞ

�
ðh ¼ 0; 1Þ for some T > 0. Assuming in (6.12) K > 0, we set

N :¼ 2
Km1

d3=2
T ; ð8:28Þ

where m1 :¼ maxjm 0ðsÞj for s a ½0;K=d�. By the Definition 1.3 of ~BB1
D there exists a

sequence frjðNÞgjb1, rjðNÞ ! þl, such that

sup
jb1

eNrjðNÞ
ð
jxj>rjðNÞ

E1ðx; 0Þ dx < þl: ð8:29Þ

Now we consider the micro-energy E1ðx; tÞ. By (8.16), with k ¼ 1, we find that

d

dt
E1ðx; tÞ

����
����a m1

2d
js 0ðtÞjE1ðx; tÞ; ð8:30Þ

where, by (6.17) with k ¼ 1, l ¼ 2,

js 0ðtÞja rKffiffiffi
d

p þ
ð
jxj>r

E1ðx; tÞ dx ð8:31Þ

for all rb 0. Hence,

d

dt
E1a

rm1
2d

Kffiffiffi
d

p þ E
r
1 ðtÞ

	 

E1 ð8:32Þ
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for all r > 0. Now, having K > 0, we define

T̂TðrÞ :¼ sup 0a t < T : Er
1 ðtÞa

Kffiffiffi
d

p for all t a ½0; tÞ
� 

: ð8:33Þ

It is clear that T̂TðrÞ > 0 provided that r > 0 is large enough. Moreover, in

½0; T̂TðrÞÞ we have the estimate E1ðx; tÞaE1ðx; 0Þ exp Km1

d3=2
rt

n o
. From this, by

(8.28), we obtain that

E
r
1 ðtÞa

eðN=2Þr

r

ð
jxj>r

E1ðx; 0Þ dx in ½0; T̂TðrÞÞ ð8:34Þ

for all r > 0 large enough. Finally, let us observe that (8.29) implies that

lim
j!þl

eðN=2ÞrjðNÞ
ð
jxj>rjðNÞ

E1ðx; 0Þ dx ¼ 0 ð8:35Þ

because rjðNÞ ! þl. Therefore, there exists an integer j0b 1 such that

eðN=2ÞrjðNÞ

rjðNÞ

ð
jxj>rjðNÞ

E1ðx; 0Þ dxa
K

2
ffiffiffi
d

p ð8:36Þ

for all jb j0. This means that, taking r ¼ rjðNÞ with jb j0, we have

E
rjðNÞ
1 ðtÞa K

2
ffiffiffi
d

p ð8:37Þ

for all t a
�
0; T̂T

�
rjðNÞ

��
. From Definition (8.33) of T̂TðrÞ it follows that T̂TðrjÞ ¼ T

when jb j0. Hence, we obtain thatð
E1ðx; tÞ dx ¼

ð
jxjarjðNÞ

E1ðx; tÞ dxþ
ð
jxj>rjðNÞ

E1ðx; tÞ dx

a rjðNÞK 2ffiffiffi
d

p þ
ffiffiffi
m

p

d

	 

ð8:38Þ

in ½0;TÞ for all jb j0. This completes the proof.
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