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Abstract. We establish existence and uniqueness criteria for the periodic solutions of a first
order differential equation with piecewise constant arguments.
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1. Introduction

It is known that many pattern forming processes in biomedical models of disease
are described by delay differential equation with piecewise constant argument, a
model developed originally by Busenerg and Cooke (we refer the reader to [2]
for more details). The introductions of these equations were motivated by the
fact that they represent a hybrid of discrete and continuous dynamical systems,
so they combine the properties of both differential and differential-difference
equation. In the recent years, these kind of equations have attracted the attention
of many authors, and we refer the reader for the bibliographic references given at
the end of this paper.
In [1] the authors consider the equation

Y'(1) +ay(t) +by([]) =0, >0

where [ -] denotes the greatest-integer function. There they determine the set of all
periodic solutions of this equation.
In [12] the following more general equation is discussed:

Y'(O) +a()y(t) +b@)y([]) =0, 120 (L.1)
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where a(¢) and b(¢) are continuous real functions with positive integer period w.
Again the authors are able to identify the corresponding set of periodic solutions.
In the present paper we study the following equation

x'(0) 4+ f(t,x(t = h),x([t — k])) =0 (1.2)

where h, k are integers, f e C(R* R), and f(t+ T,u,v)= f(t,u,v) for
(t,u,v) € R>. Here the period T is assumed to be a positive integer. It is clear
that (1.2) is a more general model than (1.1).

The main aim of this paper is to establish sufficient conditions for the existence
and uniqueness of 7T-periodic solutions of (1.2). Our results are new and they also
answer, to some extent, the question of what is the set of all periodic solutions of
(1.2). An example to illustrate our theorem will be given in Section 3 below.

Definition 1.1. We will say that a function x(¢), defined on R, is a solution of
(1.2) if it satisfies the following conditions:

(i) x(7) is continuous on R;

(ii) the derivative x’(r) exists at each point z € R, with the possible exception of
the points [f] € R, where one-side derivatives must exist;

(iif) equation (1.2) is satisfied on each interval [n,n+ 1) < R with integer end-
points.

Let us recall now some basic concepts related to the Mawhin’s continuation
theorem (for more details, see [7]). Let X and Y be two Banach space and
L :dom(L) "X — Y be a Fredholm map of index zero, i.e., L is a linear mapping
such that im L is closed in Y and dim ker L = codimim L < +oco0. Then there exist
continuous projectors P: X — dom L and Q : Y — Y such that im P = ker L and
im L = ker Q =1im(/ — Q). It follows that L|y,., ; ~xerp : dom L nker P — im L is
invertible. We denote the inverse of that map by Kp. Let Q be an open bounded
subset of X and N : Q — Y be a continuous mapping. N is called L-compact on
Qif ON(Q) is bounded and Kp(I — Q)N : Q — X is compact. Note that Im Q is
isomorphic to Ker L, so we fix an isomorphism J : im Q — ker L.

Theorem 1.1. Lex X and Y be two Banach space and L:domLnX — Y be
a Frfdholm mapping of indeic zero. Suppose that Q is open bounded in X and
N :Q — Y is L-compact on Q. Furthermore, suppose that

(i) for each 2 € (0,1) and x € 0Q, Lx # ANx;
(ii) for each x € 0Q nker L, QNx # 0, and
(iii) deg(JON,Q nkerL,0) # 0.

Then Lx = Nx has at least one solution in Q n dom L.
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The following conditions will always be assumed throughout this paper.

(A) there exist constants by, by with b; + by < % such that
|f(t,ur,v1) = f(t,u2,02)| < bi|ur — ua] + bofvr — va;

(B) f(t,u,v) is either strict monotonically decreasing with respect to « and v or
strict monotonically increasing with respect to « and v.

We will also use the following conditions, where d and M are positive constants.

(Cy) f(t,u,v) >0forte Rand u,v>d
(Cy) f(t,u,v) <Oforre Randu,v>d,;
(C3) f(t,u,v) >0forte Randu,v< —d,
(Cq) f(t,u,v) <Oforte Randu,v<—d,
(Dy) f(t,u,v) = —M for (t,u,v) € R%;
(D2) f(t,u,v) < M for (t,u,v) € R*.

2. The main result
Using the Mawhin’s continuation theorem, we will prove

Theorem 2.1. If any of the following conditions are satisfied, then (1.2) has a
unique T-periodic solution:

(1) (C1), (C3) and (Dy);

(2) (C2), (Cy) and (Dy);
(3) (C1), (G3) and (Dy);
4) (C2), (Cy) and (D).

We will only give a proof of existence of a unique solution of (1.2) under con-
dition (1). The proofs assuming any of the other conditions are similar.

It is easy to see that x(z) is a T-periodic solution of (1.2) if and only if x(7) is a
T-periodic solution of the equation

x(¢) = x(0) — J S (s, x(s = h),x([s — k])) ds. (2.1)

0

Let

Xr={xe C(R,R)|x(t+ T) = x(¢) for all t € R}
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and endowed X with the norm

X = max |x(7)|.
sl = max [x(0)

Let
Y={ye C(R,R)|y(0) =0, y(t) = at+ h(t) for some o € R, h € X7}
and endowed Y with the norm
191y = lod + [1Al;-

It is clear that both (X7, || - ||;) and (Y,]| - ||,) are Banach spaces. We define map-
pings L, N : X7 — Y by

Note that if we set

T
o= ——J £ (s, x(s —h),x([s — k])) ds

and

h(t) = — th(s,x(s —h), x([s — k])) ds — at,

0

then one can easily check that 4(¢) is a T-periodic function of ¢ for any x € X7.
This shows that N is well defined.

On the other hand, we have ker L = {x € X7 |x(¢) = x(0) for all t € R} and
imL =Y nXr. So we can also define projections P: X7 — Xrand Q: Y — Y
as follows:

Px(t) = x(0),
Oy(t)=at if y(t) = at+ h(z).
Then Xp=kerP@kerL and Y=imL@imQ. It is clear that imL =

{y € X7|y(0) =0} is closed in Y and codimim Q = 1 = dim ker L. Therefore L
is a Fredholm operator of index zero.



Existence and uniqueness of periodic solutions for a delay differential equation 5

Lemma 2.1. Let L and N be defined as above. If Q is an open bounded subset of
X7, then N is L-compact on Q.

Proof. 1t is easy to see that

ONx(1) = —%L £ (s, x(s = ), x([s — K])) ds, (22)
hence
loNx()ll, = ]HO 1 (s,x(s = 1), x(Is = K]) ] (23)

Let us denote the inverse of the map L.,/ ~ker p: dom L nker P — Y by Kp.
Then

Kp(I — Q)Nx(t) = — J;f(s,x(s —h),x([s — k])) ds

(T
+ TJO £ (s, x(s = h),x([s — k])) ds. (2.4)

From (2.3) we find that QN (Q) is bounded. Since (2.4) holds and N is a com-
pletely continuous mapping, the Ascoli—Arzela _theorem shows that Kp(I — Q)NQ
is relatively compact, thus N is L-compact on Q. O

Denote now by Ca be the set of all x(7) € X7 such that x'(¢) exists at each
t € R with the possible exception of [7], where a one-side derivative exists. Then
we have:

Lemma 2.2. Suppose that x(t) € Cp and & € [0, T]. Then
1 T
Il < ¥l +5 | 1)

Proof. Tt is clear that both x’(¢) and |x'(¢)| are integrable in any [a, 5] = R. Since
x(¢) is continuous for any ¢ € [£, & + T, we have

and
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These two equations show that for any 7 € [£, & + T,

t &+T
2x(1) = 2x() + | x'(s)ds — t x'(s) ds,
or
1 t E+T
x(t) = x(¢) + 3 { . x'(s)ds — t x'(s) ds}.

This yields

Noting that x(7) € X7, the above inequality obviously implies that

T

1
Il < @) +5 | )l O

Now we can show
Lemma 2.3. Eguation (1.2) has at most one T-periodic solution.

Proof. Suppose that x;(¢) and x,(¢) are two T-periodic solutions of (1.2). Set
z(t) = x1(t) — x»(¢z). Then we have

20+ f(t,x1(t = h),x1([t = k])) = f(t,x2(t = h), x2([t — k])) = 0. (2.5)

Therefore, z(¢) € Cao. Now we have two possibilities:

Case (i): For all t € [0, T], z(r) # 0. Without loss of generality, we may as-
sume that z(z) > 0, i.e., x1(¢) > x(¢) for all £ € [0, T']. Integrating (2.5) from 0 to
T, we find

J [f(t,x1(t = h),xi ([t — k) — f(t,x2(t — h), x2([t — k]))] dr = 0. (2.6)

0
Combining condition (B) and x;(z) > x,(¢), either
ft,xi(t=h),xi1([t = k])) — f(t,x2(t = h),x2([t — k])) >0 forallte[0,T]
or
F(txi(t=h),xi([t — k])) — f(¢,x2(t — h), x2([t — k])) <O forallze[0,T]

holds. This contradicts (2.6).
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Case (ii): There exists some ¢ € [0, 7] such that z(&) = 0. It then follows from
Lemma 2.2 that

T

T
Il <101+ | 17 6ds =5 261

On the other hand, condition (A) leads to

|2/ (O] = | (t.x1(¢ = h), xi ([t = kD) = £ (t.3x2(2 = h), xa([t = k)
< bilxi (1 =h) = x2(t = h)| + balxi ([r = k) = xa([r — KJ)
< (b1 + ba)llzll;-

Integrating both sides of the above inequality from 0 to 7', we obtain

T b b T
| E1dr< @+ boTial, < 21| 0)a
0 0

Since by + b, < %, we conclude that

T
J I2/(£)] dt = 0.

0

Therefore, we must have
Z'(ty=0 fortel0, TI\{0,1,...,T}.

Now, since z(#) is continuous, there exists a constant C such that z(¢#) = C, or
x1(t) = x2(t) + C. Thus, we deduce from (2.5) that, for z € [0, T]\{0,1,..., T},
we have

F(t,x1(t—h),xi ([t = k])) — f(2,x2(t = h),x:2([t — k])) = 0.

Combining condition (B) and x, () = x»(¢) + C, we conclude that C = 0.
Hence, in any case, x|(7) = x»(¢) for all 7 € [0, T], so equation (1.2) has at most
one T'-periodic solution. O

Next, in order to apply Theorem 1.1, we consider the following equation:
t

x(t) = x(0) — /lJ S (s,x(s = h),x([s — k])) ds = 0, (2.7)

0

where 4 € (0, 1).
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The following lemma is clear, so we omit its proof.

Lemma 2.4. Suppose that ¢(t) is a real bounded continuous function on [a,b) and
lim, - g(t) exists. Then there is a point & € (a,b) such that

Lemma 2.5. Suppose that (C), (C3) and (Dy) hold. Then, for any T-periodic
solution x(t) of (2.7), we have |x(t)| <d +2TM forall t € [0, T).

Proof. Let x(¢) be a T-periodic solution of (2.7). Then we have
T
J S (s,x(s = h),x([s — k])) ds = 0. (2.8)
0
We claim that there exists a ¢, € [0, 7] such that
lx(11)| < d. (2.9)

First note that, by Lemma 2.4, there exist &; € (i — 1,i) (i=1,2,...,T) such
that

T

F(s,x(s = ), x([s — k])) ds

0

O:

—

I
.M\]

J'l_lf(s, x(s—h),x([s — k])) ds

1

S (S x(& = h), x(i = 1 = k).

|
'M“}

i=1

If [x(i — 1 — k)| < d for some i, then |x(&; — /)| < d, and we are done. Otherwise,
by (C1), (C3) and the above equation, there must exist #; and #, such that
x(n,) = d and x(n,) < —d. Noting that x(z) is continuous on R, the mean value
theorem yields x(7;) such that —d < x(13) < d. Since x(¢) is periodic, there is
some ?; € [0, 7] such that |x(z;)| = |x(#3)| < d. So the claim follows.

Next, if we write

F (1) = max{f (1, x(t — h),x([t — k])),0} (2.10)
and

F_(1) = max{—f (¢,x(t — h), x([t — k])), 0}, (2.11)
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then F,(z) and F_(¢) are piecewise continuous functions on R, and we have
f(t,x(t = h),x([t — k])) = Fy.(t) — F-(1), (2.12)
and
|f(t,x(t = h),x([t = k]))| = Fy.(1) + F_(2).
In view of (D) and (2.11), the last equation yields that
|[F_()|=F_(t) <M, teR.

Therefore

T
J F_(s)ds<TM.
0

From (2.8), (2.12) and the last equation, we have
T T
J F+(s)ds:J F_(s)ds<TM.
0 0

Hence
L |f(t,x(t = h),x([t — k]))| <2TM.

The last equation combined with (2.9) shows that for any ¢ € [0, T,

t

|x(2)| = ‘x(ll) - AJ [f (s, x(s = ), x([s — k]))] ds‘

<|x(1)] + EL |/ (s, x(s = h), x([s — k])) | ds

<d+2MT.

This completes the proof of the lemma. dJ

Proof of Theorem 2.1. Tt follows from Lemma 2.3 that (1.2) has at most one 7-
periodic solution. Thus to prove Theorem 2.1, it suffices to show that (1.2) has
at least one T-periodic solution. To do this, we apply Theorem 1.1.
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We set
Q:={xe Xr||x|, < D},

where D is a fixed constant with D > d +2MT. 1t is easy to see that Q is an
open bounded subset of X7, L is a Fredholm mapping of index zero and N is
L-compact on Q. By Lemma 2.5, we have that D > d + 2MT and that

Lx # ANx  for each A € (0,1), x € 0Q.

Since ker L = {x € Xr|x(r) = x(0) for all r € R}, we see that a function x e
ker L n 0Q must be constant with either x(z) = D or x(¢) = —D. If the isomor-
phism J :im Q — ker L is defined by J(af) = o, o € R, then by (2.2), (C;) and
(C3) we get

T
JQN(x):—%J f(s,x,x)ds # 0. (2.13)
0
In particular, we see that
(" I
——J f(s,D,D)ds <0, ——J f(s,—D,—D)ds > 0,
T Jo T Jo

which shows that
deg(JON,Q nker L,0) # 0.

In this way, we conclude from Lemma 2.3 and Theorem 1.1 that (1.2) has a
unique 7-periodic solution. O

3. An example
We claim that the equation

1

+qut —k]) 2 (x(t—h) — 1) +1In(1 + 2sin’(r)) =0, (3.1)

x'(1) 5

where k and / are fixed integers, has a unique 2-periodic solution.

Proof. Note that equation (3.1) amounts to (1.2) with the choice

1 y+£(x_1)—|—ln(1+25in2(7zt)).

St %, y) = 3+cos(nt)”  Sm
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Hence, we have T =2, b, :%, by :%. It is straightforward to check that
conditions (1) in Theorem 2.1 hold. Therefore, (3.1) has a unique 2-periodic
solution. 0
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