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Abstract. In this article we investigate the relationship between multilinear functionals of
Schatten class type and approximation numbers, and obtain some results that are similar
to the those we know in the linear theory.
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1. Introduction

The Schatten–von Neumann classes for linear operators were introduced in 1946

and 1948 by R. Schatten and J. von Neumann ([11], [12]). For 1a p < l and

H1, H2 Hilbert spaces, the p-th Schatten–von Neumann class SpðH1;H2Þ consists
of all linear operators T : H1 ! H2 which admit a representation of the form

Tx ¼
Xl
n¼1

lnðx j hnÞgn;

where ðlnÞn a lp and ðhnÞn and ðgnÞn are orthonormal sequences in H1 and H2, re-

spectively (for details see [4]).

For n a N, we define the n-th approximation number of T as

anðTÞ ¼ inffkT �Uk jU a LðH;GÞ; dimUðHÞ < ng:

We can show that T a SpðH1;H2Þ when
�
anðTÞ

�
n
a lp ([9], 15.5).

The multilinear mappings of Schatten class type were studied by H. A. Braunss

and H. Junek ([3]) based on ideas presented by Pietsch in [10]. The purpose of this

article is to study the relationship between multilinear functionals of Schatten class

type and approximation numbers as defined by Pietsch in [10], and to obtain



similar results to those in linear theory. We will see that the sequence formed by

the approximation numbers of a multilinear functional of Schatten class type

Sp ðpb 1) is in lp, but the converse is not true in general.

Some comments about notation are in order. Throughout this article, H, G,

Hj, Gj indicate Hilbert spaces, and E, F , Ej, Fj denote Banach spaces over K (R

or C). By E 0 we mean the topological dual space of E; LðE1; . . . ;Em;FÞ denotes
the space of m-linear continuous mappings from E1 � � � � � Em into F . In the case

E1 ¼ � � � ¼ Em ¼ E, we write LðmE;F Þ. The inner product is denoted by ð� j �Þ
and ej is the j-th vector of the l2 standard basis. The p-th Schatten class for linear

operators is denoted by SpðH;GÞ. The space formed by the m-linear absolutely

ðr; s1; . . . ; smÞ-summing mappings is denoted by Las; ðr; s1;...; smÞðE1; . . . ;Em;F Þ. In

the case of s1 ¼ � � � ¼ sm ¼ s, we write Las; ðr; sÞðE1; . . . ;Em;FÞ (see [2]). Finally,

lw;2ðEÞ denotes the space of the weakly 2-summing sequences in E.

2. Definitions, examples and properties

Definition 2.1. Let 0 < p < l. A multilinear mapping T a LðH1; . . . ;Hn;FÞ
is of Schatten class type Sp if, for each i ¼ 1; . . . ; n, there exist a Hilbert

space Ki, an operator Ti a SpðHi;KiÞ and S a LðK1; . . . ;Kn;F Þ such that

T ¼ S � ðT1; . . . ;TnÞ. We denote the space of such mappings as LðSpÞ �
ðH1; . . . ;Hn;FÞ. A norm (or

p

n
norm if p < 1) for that space is kTkSp

¼
infT¼S�ðT1;...;TnÞkSk

Qn
j¼1 spðTjÞ.

Here we will consider only the case F ¼ K. More details can be found in [6]

and [8].

Definition 2.2. A rank r is a law which associates to each m-linear functional a

non-negative integer number 0; 1; . . . ;l such that

(a) rðinÞ ¼ n, n ¼ 0; 1; 2; . . . , where in a Lðml n2 ;KÞ is defined by inðx1; . . . ; xmÞ ¼Pn
k¼1ðx1 j ekÞ . . . ðxm j ekÞ;

(b) rðS þ TÞa rðSÞ þ rðTÞ when S;T a LðE1; . . . ;Em;KÞ;
(c) r

�
S � ðT1; . . . ;TmÞ

�
a rðSÞ when S a LðF1; . . . ;Fm;KÞ, Tj a LðEj;FjÞ, j ¼

1; . . . ;m.

Example 2.3. (1) Maximal rank:

nðTÞ ¼ min
n
n jT ¼

Xn

i¼1

a1ið�Þ . . . amið�Þ; aji a E 0
j ; j ¼ 1; . . . ;m; i ¼ 1; . . . ; n

o
;

T a LðE1; . . . ;Em;KÞ:
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(2) Minimal rank:

mðTÞ ¼ maxfn j there exists Tj a Lðl n2 ;EjÞ; j ¼ 1; . . . ;m; such that

in ¼ T � ðT1; . . . ;TmÞg:

Definition 2.4. Consider a rank r. For T a LðE1; . . . ;Em;KÞ and n ¼ 1; 2; . . . ,

the n-th approximation number is defined by

ar
n ðTÞ ¼ inffkT �Uk jU a LðE1; . . . ;Em;KÞ; rðUÞ < ng:

Properties 2.5. (1) kTk ¼ a
r
1 ðTÞb a

r
2 ðTÞb � � �b 0 for T a LðE1; . . . ;Em;KÞ.

(2) ar
nþk�1ðS þ TÞa ar

n ðSÞ þ a
r
kðTÞ for T ;S a LðE1; . . . ;Em;KÞ.

(3) ar
n

�
S � ðT1; . . . ;TmÞ

�
a ar

n ðSÞkT1k . . . kTmk for Tj a LðEj;FjÞ, j ¼ 1; . . . ;m

and S a LðF1; . . . ;Fm;KÞ.
(4) If rðTÞ < n, then ar

n ðTÞ ¼ 0.

We can show that the following holds.

Proposition 2.6. Suppose that r is a rank defined for multilinear functionals

T a LðE1; . . . ;Em;KÞ. Then rðTÞa nðTÞ.

More details about approximation numbers can be found in [10].

3. The Schatten classes and approximation numbers

Theorem 3.1. Let T a LðSpÞðH1; . . . ;Hm;KÞ, 1a p < þl. Then
�
a
r
kðTÞ

�
a lp

for all ranks r.

Proof. Let T a LðSpÞðH1; . . . ;Hm;KÞ. By definition, there exist Hilbert spaces

K1; . . . ;Km, linear operators Sj a SpðHj;KjÞ, j ¼ 1; . . . ;m, and an m-linear appli-

cation R a LðK1; . . . ;Km;KÞ such that T ¼ R � ðS1; . . . ;SmÞ.
Given 0 < e < 1, for each n a N and each j ¼ 1; . . . ;m, there exists

S
ðnÞ
j a LðHj;KjÞ such that dimS

ðnÞ
j < n and kSj � S

ðnÞ
j k < anðSjÞ þ e. Let

cbmaxf2kSjk þ 1 j j ¼ 1; . . . ;mg.
If

S
ðnÞ
j ¼

Xn�1

kj¼1

ð� j hð jÞkj
Þgð jÞkj

;

where h
ð jÞ
kj

a Hj, g
ð jÞ
kj

a Kj, kj ¼ 1; . . . ; n� 1, j ¼ 1; . . . ;m, we have
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R � ðSðnÞ
1 ; . . . ;SðnÞ

m Þðx1; . . . ; xmÞ ¼ R
�Xn�1

k1¼1

ðx1 j hð1Þk1
Þgð1Þk1

; . . . ;
Xn�1

kn¼1

ðxm j hðmÞ
km

ÞgðmÞ
km

�

¼
Xn�1

k1;...;km¼1

ðx1 j hð1Þk1
Þ . . . ðxm j hðmÞ

km
Þxk1;...;km :

Here xk1;...;km ¼ Rðgð1Þk1
; . . . ; g

ðmÞ
km

Þ.
Since

r
� Xn�1

k1;...;km¼1

ð� j hð1Þk1
Þ . . . ð� j hðmÞ

km
Þxk1;...;km

�

a n
� Xn�1

k1;...;km¼1

ð� j hð1Þk1
Þ . . . ð� j hðmÞ

km
Þxk1;...;km

�
amðn� 1Þ;

and

kSðnÞ
j ka anðSjÞ þ eþ kSjk < 2kSjk þ 1; j ¼ 1; . . . ;m;

it follows that

ar
mnðTÞa kT � RðSðnÞ

1 ; . . . ;SðnÞ
m Þk

¼ sup
kxjka1
j¼1;...;m

kRðS1x1; . . .SmxmÞ � RðSðnÞ
1 x1; . . . ;S

ðnÞ
m xmÞk

a sup
kxjka1
j¼1;...;m

Xm
j¼1

kRðSðnÞ
1 x1; . . .S

ðnÞ
j�1xj�1;Sjxj � S

ðnÞ
j xj;Sjþ1xjþ1; . . . ;SmxmÞk

a sup
kxjka1
j¼1;...;m

Xm
j¼1

kRk kSðnÞ
1 x1k . . . kSðnÞ

j�1xj�1k kSjxj � S
ðnÞ
j xjk kSjþ1xjþ1k . . . kSmxmk

a
Xm
j¼1

kRkcm�1kSj � S
ðnÞ
j k

a
Xm
j¼1

kRkcm�1
�
anðSjÞ þ e

�
:

As 0 < e < 1, we have ar
mnðTÞa

Pm
j¼1 kRkcm�1anðSjÞ. Then

Xl
n¼1

�
ar
mnðTÞ

�p
a kRkp

cðm�1Þp
Xl
n¼1

�Xm
j¼1

anðSjÞ
�p

:
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We study now the convergence of the series on the right-hand side.

Xl
n¼1

�Xm
j¼1

anðSjÞ
�p

¼
Xl
n¼1

�
anðS1Þ þ � � � þ anðSmÞ

�p

a

��Xl
n¼1

ap
n ðS1Þ

�1=p
þ � � � þ

�Xl
n¼1

ap
n ðSmÞ

�1=p�p

< þl

because
�
anðSjÞ

�l
n¼1

a lp, j ¼ 1; . . . ;m.

Hence Xl
n¼1

�
ar
mnðTÞ

�p
< l:

If
Pl

n¼1

�
ar
mnðTÞ

�p ¼ A, k a N, lma ka ðl þ 1Þm, and we take into account

that ar
1 ðTÞb a

r
2 ðTÞb � � �b 0, then we have

Sk ¼ jar
1 ðTÞjp þ � � � þ jar

kðTÞjpa jar
1 ðTÞjp þ � � � þ jar

m�1ðTÞjp þmA:

This means that the sequence of partial sums of
P

n jar
n ðTÞjp is bounded. Thus,P

n jar
n ðTÞjp < þl. r

The converse of the Theorem 3.1 is not true in general. Before we give some

examples, we need to prove the following result.

Proposition 3.2. Let Tl ¼ Tlðx1; . . . ; xmÞ ¼
Pl

j¼1 ljðx jejÞ . . . ðxm jejÞ a Lðml2;KÞ,
mb 2. If l ¼ ðljÞj is a non-increasing sequence of non-negative real numbers, then

an
kðTlÞa lk for all k a N.

Proof. We define

Tm : lm � � � � � lm ! K;

Tmðx1; . . . ; xmÞ ¼
Xl
i¼1

x1i . . . xmi; xj ¼ ðxjiÞi; j ¼ 1; . . . ;m:

It follows (using Hölder’s inequality) that

kTmka sup
kxjka1
j¼1;...;m

Xl
i¼1

jx1i . . . xmij

a sup
kxjka1
j¼1;...;m

�Xl
i¼1

jx1ijm
�1=m

. . .
�Xl

i¼1

jxmijm
�1=m

a 1:
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Let si ¼ l
1=m
i and s ¼ ðsiÞli¼1. Let

Dðkþ1Þ a Lðl2; lmÞ; Dðkþ1ÞðxÞ ¼
X
i>k

siðx j eiÞei; x a l2:

We have

�X
i>k

jsiðx j eiÞjm
�1=m

¼
�X

i>k

jlij jðx j eiÞjm
�1=m

a
�
sup
i>k

jlij
�1=m�X

i>k

jðx j eiÞj2
�1=2

< l:

For each k a N, we define:

Rk : l2 � � � � � l2 ! K;

Rkðx1; . . . ; xmÞ ¼
Xk

i¼1

liðx1 j eiÞ . . . ðxm j eiÞ:

Since nðRkÞa k, we can write

an
kðTlÞa kTl � Rk�1k ¼

��� X
i>k�1

lið� j eiÞ . . . ð� j eiÞ
���

¼ kTm � ðDðkÞ; . . . ;DðkÞÞk

a kTmk kDðkÞkm:

We calculate now the value of kDðkÞk. Let x ¼ ðxiÞi a l2, kxka 1. Then

kDðkÞxk ¼
�Xl

i¼k

jsixijm
�1=m

a

�Xl
i¼k

jsixij2
�1=2

a sk

�Xl
i¼k

jxij2
�1=2

askkxkask:

We conclude that

an
kðTlÞa kTmk kDðkÞkm

a kTmksm
k ¼ lk: r

As we have already pointed out, the converse of Theorem 3.1 is not true in

general. The examples below show this.

Example 3.3. Let T a Lðml2;KÞ, Tðx1; . . . ; xmÞ ¼
Pl

j¼1
1
j

� �m=2

ðx1 j ejÞ . . . ðxm j ejÞ,
mb 3. Suppose that T a LðS1Þðml2;KÞHLðS2Þðml2;KÞ. As LðS2Þðml2;KÞ ¼
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Las; ð2=m;2Þðml2;KÞ (see [8], 3.6), we have T a Las; ð2=m;2Þðml2;KÞ. In view of

ðejÞj a lw;2ðl2Þ, we have

Xl
j¼1

jTðej ; . . . ; ejÞj2=m ¼
Xl
j¼1

1

j

� �m=2
�����

�����
2=m

¼
Xl
j¼1

1

j

����
���� ¼ þl;

which is a contradiction. Hence, T B LðS1Þðml2;KÞ. As an
kðTÞa lk ¼ 1

k

� �m=2

(using Proposition 3.2), we have

Xl
k¼1

jan
kðTÞja

Xl
k¼1

1

k

����
����
m=2

< þl:

In other words,
�
an
kðTÞ

�
k
a l1.

Example 3.4. Let 1 < pa 2 e mb 2. Consider T a Lðml2;KÞ defined by

Tðx1; . . . ; xmÞ ¼
Pl

j¼1
1
j
ðx1 j ejÞ . . . ðxm j ejÞ. We have that T B LðS2Þðml2;KÞ ¼

Las; ð2=m;2Þðml2;KÞ.
In fact, we can see that

Xl
j¼1

jTðej; . . . ; ejÞj2=m ¼
Xl
j¼1

1

j

����
����
2=m

¼ þl;

with ðejÞj a lw;2ðl2Þ. Then T B LðSpÞðml2;KÞHLðS2Þðml2;KÞ.
Now, since l ¼ 1

k

� �
is a non-increasing sequence, we have an

kðTÞa lk for all

k a N. We note that l ¼ ðlkÞ ¼ 1
k

� �
a lp for all 1 < pa 2. Hence

Xl
k¼1

jan
kðTÞjpa

Xl
k¼1

jlkjp < þl:

To produce an example for p > 2, we need the next proposition. Its proof is

simple and uses the theorem below ([9], 17.5.3).

Theorem 3.5. For all rb 2, we have Las; ðr;2ÞðH;GÞ ¼ SrðH;GÞ.

Proposition 3.6. Suppose that pb 2. If T a LðSpÞðH1; . . . ;Hm;KÞ, then

T a Las; ðp=m;2ÞðH1; . . . ;Hm;KÞ.

Proof. Let T a LðSpÞðH1; . . . ;Hm;KÞ. By definition, there exist Hilbert spaces

K1; . . . ;Km, operators Sj a SpðHj;KjÞ, j ¼ 1; . . . ;m, and R a LðK1; . . . ;Km;KÞ
such that T ¼ R � ðS1; . . . ;SmÞ.
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Let x
ðkÞ
1 ; . . . ; x

ðkÞ
s a Hk, k ¼ 1; . . . ;m. Then

�Xs

j¼1

jTðxð1Þj ; . . . ; x
ðmÞ
j Þjp=m

�m=p

¼
�Xs

j¼1

jRðS1x
ð1Þ
j ; . . . ;Smx

ðmÞ
j Þjp=m

�m=p

a kRk
�Xs

j¼1

kS1x
ð1Þ
j kp=m . . . kSmx

ðmÞ
j kp=m

�m=p

a kRk
�Xs

j¼1

kS1x
ð1Þ
j kp

�1=p
. . .

�Xs

j¼1

kSmx
ðmÞ
j kp

�1=p

a kRk kS1kas; ðp;2Þ . . . kSmkas; ðp;2Þkðx
ð1Þ
j Þsj¼1kw;2 . . . kðx

ðmÞ
j Þsj¼1kw;2:

Therefore, T a Las; ðp=m;2ÞðH1; . . . ;Hm;KÞ. r

Example 3.7. Let p > 2 and mb 2. We define

T a Lðml2;KÞ; Tðx1; . . . ; xmÞ ¼
Xl
j¼1

ljðx1 j ejÞ . . . ðxm j ejÞ

where ðljÞj a lpnlp=m, ðljÞj is non-increasing and lj b 0 for all j a N (for example,
1
j a

� �
j
, with a ¼ 1

p
þ e, 0 < e < m�1

p
).

If T a LðSpÞðml2;KÞ, by Proposition 3.6 we would have

T a Las; ðp=m;2Þðml2;KÞ:

But

Xl
j¼1

jTðej; . . . ; ejÞjp=m ¼
Xl
j¼1

jljjp=m ¼ þl;

where ðejÞj a lw;2ðl2Þ. Therefore, T is not in LðSpÞðml2;KÞ. On the other hand, T

is such that ðan
kÞk a lp—use Proposition 3.2 and the fact that ðlkÞk a lp.

A question one could ask here is the following: is the converse of Theorem 3.1

true for any rank r? The answer is no. In fact, suppose that the converse is true

for some rank r. Let n be the maximal rank. Then

�
an
kðTÞ

�
a lp ¼)

�
a
r
kðTÞ

�
a lp ¼) T a LðSpÞðH1; . . . ;Hm;KÞ;

which is not true in general.
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4. The Schatten classes and nuclear applications

In the linear case, the space of nuclear operators NðH1;H2Þ coincides with the

space S1ðH1;H2Þ. We now investigate the relation between the multilinear func-

tionals of nuclear type (see [1]) and the Schatten classes.

Definition 4.1. Let T a LðE1; . . . ;Em;F Þ. T is nuclear if there are sequences

ðjð jÞn Þln¼1 in E 0
j , j ¼ 1; . . . ;m, and a sequence ðcnÞln¼1 in F such that

Tðx1; . . . ; xmÞ ¼
Xl
n¼1

jð1Þn ðx1Þ . . . jðmÞ
n ðxmÞcn

with
Pl

n¼1 kj
ð1Þ
n k . . . kjðmÞ

n k kcnk < þl.

We denote the space of all m-linear nuclear mappings by LNðE1; . . . ;Em;FÞ,
endowed with the norm

kTkN ¼ inf
Xl
n¼1

kjð1Þn k . . . kjðmÞ
n k kcnk;

where the infimum is taken over all sequences ðjð jÞn Þln¼1, j ¼ 1; . . . ; n, and ðcnÞln¼1

which satisfy the definition.

Proposition 4.2. If T a LðS1ÞðH1; . . . ;Hm;KÞ, then T is nuclear.

Proof. Let T a LðS1ÞðH1; . . . ;Hm;KÞ. Then T ¼ S � ðS1; . . . ;SmÞ, where Sj a
S1ðHj;GjÞ, j ¼ 1; . . . ;m, and S a LðG1; . . . ;Gm;KÞ. For each j ¼ 1; . . . ;m, we

can write

SjðxÞ ¼
Xl
n¼1

lð jÞn ðx j hð jÞn Þgð jÞn ;

where ðlð jÞn Þn a l1, ðhð jÞn Þn and ðgð jÞn Þn, j ¼ 1; . . . ;m, are orthonormal sequences in

Hj and Gj , respectively, j ¼ 1; . . . ;m.

Then

Tðx1; . . . ; xmÞ ¼ S � ðS1; . . . ;SmÞðx1; . . . ; xmÞ

¼ S
�Xl

n1¼1

lð1Þn1
ðx1 j hð1Þn1

Þgð1Þn1
; . . . ;

Xl
nm¼1

lðmÞ
nm

ðxm j hðmÞ
nm

ÞgðmÞ
nm

�

¼
Xl
n1¼1

. . .
Xl
nm¼1

lð1Þn1
. . . lðmÞ

nm
ðx1 j hð1Þn1

Þ . . . ðxm j hðmÞ
nm

ÞSðgð1Þn1
; . . . ; gðmÞ

nm
Þ:
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Moreover,

Xl
n1¼1

. . .
Xl
nm¼1

jlð1Þn1
j . . . jlðmÞ

nm
j khð1Þn1

k . . . khðmÞ
nm

k kSðgð1Þn1
; . . . ; gðmÞ

nm
Þk

a
Xl
n1¼1

. . .
Xl
nm¼1

jlð1Þn1
j . . . jlðmÞ

nm
j kSk < þl:

Therefore, T a LNðH1; . . . ;Hm;KÞ. r

The converse is not true in general, as the following example shows.

Example 4.3. Let T a Lðml2;KÞ, Tðx1; . . . ; xmÞ ¼
Pl

j¼1
1
j

� �m=2

ðx1 j ejÞ . . . ðxm j ejÞ,
mb 3. We have T a LNðml2;KÞ because

Xl
j¼1

1

j

����
����
m=2

kejk . . . kejka
Xl
j¼1

1

j

����
����
m=2

< þl:

But T is not in LðS1Þðml2;KÞ; see Example 3.3.
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