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Abstract. In this article we investigate the relationship between multilinear functionals of
Schatten class type and approximation numbers, and obtain some results that are similar
to the those we know in the linear theory.
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1. Introduction

The Schatten—von Neumann classes for linear operators were introduced in 1946
and 1948 by R. Schatten and J. von Neumann ([11], [12]). For 1 < p < o and
H,, H, Hilbert spaces, the p-th Schatten—von Neumann class S,(Hy, H,) consists
of all linear operators T : H; — H, which admit a representation of the form

o0

Tx = Z/l,,(x | hn)gns

n=1

where (4,), € I, and (h,), and (g,), are orthonormal sequences in H; and H>, re-
spectively (for details see [4]).
For n € N, we define the n-th approximation number of T as

a,(T) = inf{||T — U||| U € £(H;G),dim U(H) < n}.

We can show that T € S,(H,; H,) when (a,(T)), €1, ([9], 15.5).

The multilinear mappings of Schatten class type were studied by H. A. Braunss
and H. Junek ([3]) based on ideas presented by Pietsch in [10]. The purpose of this
article is to study the relationship between multilinear functionals of Schatten class
type and approximation numbers as defined by Pietsch in [10], and to obtain
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similar results to those in linear theory. We will see that the sequence formed by
the approximation numbers of a multilinear functional of Schatten class type
S, (p=1)isin [,, but the converse is not true in general.

Some comments about notation are in order. Throughout this article, H, G,
H;, G; indicate Hilbert spaces, and E, F, E;, F; denote Banach spaces over K (R
or C). By E’ we mean the topological dual space of E; #(FE,..., E,; F) denotes
the space of m-linear continuous mappings from E; x --- x E,, into F. In the case
E =---=E,=E, we writet Z("E;F). The inner product is denoted by (-|-)
and ¢; is the j-th vector of the /, standard basis. The p-th Schatten class for linear
operators is denoted by %,(H; G). The space formed by the m-linear absolutely
(r;81,...,8n)-summing mappings is denoted by Ly (rs,.....5,) (E1, ..., En; F). In
the case of 51 = - =5, = 5, we write Ly (v o)(El, ..., Ep; F) (see [2]). Finally,
lv.2(E) denotes the space of the weakly 2-summing sequences in E.

2. Definitions, examples and properties

Definition 2.1. Let 0 < p < co. A multilinear mapping 7 € ¥ (H,,...,H,; F)
is of Schatten class type ¥, if, for each i=1,...,n, there exist a Hilbert
space K;, an operator T; € %,(H;K;) and Se Z(Ki,...,K,;F) such that
T=So(T,...,T,). We denote the space of such mappings as Z(%,)-
(Hy,...,H,;F). A norm (or 7 norm if p <1) for that space is ||T]|, =
infr_so(z,...7,) IS TTiZ) 0, (7))

Here we will consider only the case F = K. More details can be found in [6]

and [8].
Definition 2.2. A rank p is a law which associates to each m-linear functional a
non-negative integer number 0, 1,..., co such that

(@) p(in) =n,n=0,1,2,..., where i, € Z("l}; K) is defined by i,(x1,...,x,) =

D=1 (xrlen) - (o | )
®) p(S+T) <p(S)+p(T) when S, T € L(E),...,Ey; K);
) p(So(T,...,T)) <p(S) when S € Z(F,...,FuK), Tje L(E; F), j=

1,...,m.

Example 2.3. (1) Maximal rank:

v(T) :min{n|T:Zalf(~)...am,-(~),aji €E,j=1,....mi= 1,...,;1}7
i—1

T e Z(E,...,EnK).
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(2) Minimal rank:

u(T) = max{n | there exists 7; € L (I3; E;), j = 1,...,m, such that
in=To(Ty,...,Ty)}

Definition 2.4. Consider a rank p. For T € Z(E,...,E;iK)andn=1,2,...,
the n-th approximation number is defined by

a’(T) =inf{|T — U|||U e L(E, ... EnwK),p(U) <n}.

Properties 2.5. (1) | T|| = a{(T) = a5(T) = --- >0 for T € L(E,...,En; K).
2 a)  (S+T)<al(S)+a(T) for T,S € L (E,..., EnK).
() al(So(Ti,....Tw) <al(STi|l ... Tl for Ty e L(Ej;F), j=1,....,m
and S € L(F,. .., F,; K).
(4) If p(T) < n, then a’(T) = 0.

We can show that the following holds.

Proposition 2.6. Suppose that p is a rank defined for multilinear functionals
TeZE,... Ep;K). Thenp(T)<v(T).

More details about approximation numbers can be found in [10].

3. The Schatten classes and approximation numbers

Theorem 3.1. Let T € ¥(¥,)(H, ..., Hy;K), 1 < p < -+co. Then (a)(T)) €I,
for all ranks p.

Proof. Let T € £(%,)(Hi,...,Hy,;K). By definition, there exist Hilbert spaces
Ki,..., Ky, linear operators S; € 4,(H;; K;), j=1,...,m, and an m-linear appli-
cation R € Z(K,,...,Ky,;K) such that T = Ro (Sy,...,Sn).

Given 0<e< 1, for each ne N and each j=1,...,m, there exists
Sj(") € #(H;;K;) such that dimS}") <n and ||S;— Sj(")” < ay(S;)+e  Let
c>max{2||S;|| +1|j=1,...,m}.

It
W)
§"=> C1hgy,
k,’=1

wherehg) e H;, g,g) eKj,ki=1,...,n—1,j=1,...,m, we have
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n—1 n—1
Ro (S, S™)(xy, ... xp) = R( A0S (v |h§;:))g,§'j))
k=1 kn=
n—1 |
= Z (xl|h/(q))~-~(xm|h/(;:’))ék1,...,km~
Koo hoy=1
1
Here &, 4, = R(g),....g\")
Since
n—1 0
lﬂ
o> GG )
Kty dom=1
n—1
<v( Y CIA) LA k) < min = 1),
Jp ooy =1
and

ISPN < an(S) + e+ IS <2SHl +1,  j=1,...,m,
it follows that

al (T) < | T —R(S\",....s0)]

mn m

= sup [|[R(Six1, .. Spxm) — R(SVx1, ..., SWx,)||

’m

m

sup ZHR 'X1,...S <)1x] 1, Spx; — Sgn)xj,SijjH,...,Smxm)H

H’C/ |<1
1

IA

IA

HSETPIZHRHHS"le S 1S5 = S 1871574111 1S
Yil=1j=1
j=1,...,m

SRS - 5|
j=1

IA

Z||R||c’” Yan(S) + ).

As0<e<1,wehavea), (T) < 37" IRl 'a,(S;). Then

mn

o0

S (@ (1) < IRPE S (San(s))
=

n=1 n=1
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We study now the convergence of the series on the right-hand side.

n=1 " j=1 n=1
< ((ila{j( 1))1/,, +o (ian(sm))l/p)p < 40
because (a,(S))), " €lp, j=1,...,m

Hence

If >, (ah, (T ))p =A,keN,Im<k<(l+1)m, and we take into account
that a}(T) > a5(T) > --- > 0, then we have

S = af(T)I" + -+ + |ag(T)|” < |aj(T))" + -+ + |y, _(T)|" + mA.

This means that the sequence of partial sums of ), [a?(T)|” is bounded. Thus,
Yonlaf (TP < +o0. O

The converse of the Theorem 3.1 is not true in general. Before we give some
examples, we need to prove the following result.

Proposition 3.2. Let T; = T;(x1,...,xn) = 22 Ai(x|€) ... (xm|ej) € L("h; ),
m > 2. If A= (4); is a non-increasing sequence of non-negative real numbers, then
a)(T;) < 2k for all k e N.

Proof. We define

T" Ly X - X [, — K,

T (X1 ey Xm) :le,-...xm,-, xj=(xp);, j=1,...,m.

It follows (using Holder’s inequality) that

”TmH < sup Z |x1l xmi|

lll<1 7
Jj=l,...,m
* 1/m l/m
< s (S (Shen) " =
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I/m

Leto; = 4;/" and o = (0;)2,. Let

D(k+1) c 3(123 lm)’ D(k+1)(x) = Zo'j(x | ei)e[, X € 12.

i>k

We have

(Stetxleo)” = (X rlicxlear)

i>k i>k

sup|A| l/m(z| )1/2 .

i>k

For each k € N, we define:

RkZZQX-“XIQ—)K,
k

Ri(x1,...,xm) = Z/If(xl le) ... (xm|er).

i=1

Since v(Ry) < k, we can write

aG(T) < T = Rall = || D2 aitclen.. (e
i>k—1

— ”Tm o (D(k)

DY)

PRI

< | T"|HIDO)".

We calculate now the value of | D®)||. Let x = (&), € b, ||x|| < 1. Then

) S " 1/m S 2 1/2 S 5 1/2
D0 = (Y lcl”) " < (D lec) T < (D 1aP) T <anlxl <o
i=k i=k i=k

We conclude that
a (T;) < ||IT"| PP < | T™ o7 = . O

As we have already pointed out, the converse of Theorem 3.1 is not true in
general. The examples below show this.
n/2

Example 3.3. Let T e #("h; K), T(x1,...,x%m) = Y7 (}) (x1]e) .. (x| e)),
m > 3. Suppose that T € L(9))("h; K) =« (%) ("h; K). As L(F)("h; K) =
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Las, 2ym;2)("h; ) (see [8], 3.6), we have T € Ly (2/m2)("h;K). In view of
(¢j); € l 2(h), we have

1 m/2

G)

which is a contradiction. Hence, T ¢ Z(%1)("h;K). As a}(T) < A = (%)m/2
(using Proposition 3.2), we have

© 2/m

Z (ej,...,e 2/'”:2

j=1 J=1

m/2
< +00.

o0

1

k=1 k=1
In other words, (a)(T)), € I.

Example 3.4. Let 1 < p<2e m=2 Consider T e £("h;K) defined by
T(X1yeeoyXm) = Z] 15 Lixi]¢)...(xn|e). We have that T ¢ L(95)("h;K) =

Las, 2m;2) (" ).
In fact, we can see that

o0

z@: T(ej,...,e 2/'"22

J=1

J

with (¢); € Ly,2(h). Then T ¢ L(,)("h; ) = Z(92)("h; K).
Now, since /1 = (%) is a non-increasing sequence, we have a}(T) </ for all

k e N. We note that 2 = (4) = (+) € [, forall 1 < p <2. Hence

o0 o0
Dol (TP < Y |al” < +oo.
k=1 k=1
To produce an example for p > 2, we need the next proposition. Its proof is
simple and uses the theorem below ([9], 17.5.3).
Theorem 3.5. For all r > 2, we have %y (1.2 (H; G) = S(H; G).

Proposition 3.6. Suppose that p>2. If Te %(%,)(Hi,...,HyK), then
Te gas,(p/m;Z)(H]a cee 7Hm; K)

Proof. Let T € ¥(%,)(H\,...,Hy;K). By definition, there exist Hilbert spaces
Ki,...,K,, operators S; € 4,(H;;K;), j=1,...,m, and Re Z(K,,...,Ky; K)
such that 7= Ro (Sy,...,Su).
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Let xik),...,xgk) e H,k=1,...,m. Then
- M (m)y pfm ™/
(Do 1m G, e
Jj=1

S

:(Z|R(Slx;l) S )W’") "

J=1

. 1 m m m m/p
< RIS IS 7™ s 1)
j=1

< ||R||(Z |‘S1x](1)||p)1/P o (Z ||Smxj(in)‘|p)l/P
=1 =

< IR |IS) cSillas, (p D s - ™) -

Therefore, T € Las, (pm2)(Hi, - .., Hy; K). O

Example 3.7. Let p > 2 and m > 2. We define

TeP("h;K), T(x1,...,%n) Z/lj xile) ... (xm|e)
Jj=1
where (;); € [\l,/m, (4;); is non-increasing and ; > 0 for all j € N (for example,
ji witha:lJre 0<£<’"le).
J
If T e £(4,)("h; K), by Proposition 3.6 we would have
Te gas,(p/mﬂ) (mIZ; K)

But

Z e )" = 3 I = oo,

J=1

where (¢;); € Iy, 2(l). Therefore, T is not in £ (},)("h; ). On the other hand, T
is such that (@), € [,—use Proposition 3.2 and the fact that (i), € /.

A question one could ask here is the following: is the converse of Theorem 3.1
true for any rank p? The answer is no. In fact, suppose that the converse is true
for some rank p. Let v be the maximal rank. Then

(a(T)) el, = (a(T)) €el, = T e L(%)(H,...,Hn K),

which is not true in general.
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4. The Schatten classes and nuclear applications

In the linear case, the space of nuclear operators N(H,, H,) coincides with the
space %1 (Hy, H>). We now investigate the relation between the multilinear func-
tionals of nuclear type (see [1]) and the Schatten classes.

Definition 4.1. Let T € L(Ey,...,E,; F). T is nuclear if there are sequences

(gof/))f:] in E/, j=1,...,m, and a sequence (c,),_, in F such that

o0
T(x17 e 7xm) = wazl)(xl) e (pf(1M)(xm)cn
n=1

. 1
with 352 (1o - [l | lleall < +o0.
We denote the space of all m-linear nuclear mappings by ¥y (Ey, ..., E; F),
endowed with the norm

o0
1Ty = inf > lloiV 11 oy 1 eall,
n=1
where the infimum is taken over all sequences (g}’ ))nj; »Jj=1,...,n,and (¢,),2,
which satisfy the definition.
Proposition 4.2. If T € ¥ (%1)(H),. .., Hy; K), then T is nuclear.
Proof. Let T € £ (%)(Hy,...,Hy; ). Then T =So(Si,...,S,), where S; €

S1(H;Gy), j=1,...,m,and S € £(Gy,...,Gu; K). Foreach j=1,...,m, we
can write

o0
Ay W (x| A
n=1
where (iﬁ,j))n el (h,(/))n and (g,(/))n, j=1,...,m, are orthonormal sequences in
H; and Gj, respectively, j=1,...,m.

Then

T(X1y oy Xm) =S o (Sty ooy Sp) (X1, oy Xim)

o0

(Z /1)1] q;q] 9" ’ Z /L‘;(r:::l xﬂ’l |h q"[m )

n= ny=1

o0 o0
:Z Z A ey [RYY (e | BIMYS (gD, i),
}11:1

=1
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Moreover,
- 1)
N I R ol B [ A N N b
n1:1 n,,,:l
o0 o0
< D2 I BIS) < oo
ni=1 ny=1
Therefore, T € ¥y(H, ..., Hy; K). O

The converse is not true in general, as the following example shows.

) m/2
Example 4.3. Let T € £("h; K), T(x1,...,xm) = 272, G) (x1]e)...(xmle),
m >3. We have T € ¥y ("h; K) because

o0

1
2]

But 7 is not in £ (%)("h; K); see Example 3.3.

m/2
< 400.

m/2 0

el lleill < D

J=1

1

J
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