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1. Introduction

The notion of n-Lie superalgebra was presented by Daletskii and Kushnirevich in

[1] as a natural generalization of a notion of n-Lie algebra introduced by Filippov

in 1985 (cf. [2]). Following [3] and [7], we use the terms Filippov superalgebra and

Filippov algebra instead of n-Lie superalgebra and n-Lie algebra, respectively.

Filippov algebras were also known before under the names of Nambu Lie algebras

and Nambu algebras. We may also remark that Filippov algebras are a particular

case of n-ary Malcev algebras (see, for example, [10]).

This work is one of the first steps on the way of the classification of finite-

dimensional simple Filippov superalgebras over an algebraically closed field of

characteristic 0. In [8], finite-dimensional commutative n-ary Leibniz algebras

over a field of characteristic 0 were studied by the first author. There it was

shown that there exist no simple ones. The finite-dimensional simple Filippov

algebras over an algebraically closed field of characteristic 0 were classified earlier

by Wuxue in [11]. Notice that an n-ary Leibniz algebra is exactly a Filippov

superalgebra with trivial even part, and a Filippov algebra is exactly a Filippov
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decree N29 of 26/01/2006) and Complex Integration Projects 2006.1.9. The work of the second author
was supported by CMUC/FCT.



superalgebra with trivial odd part. Bearing in mind these facts, in this article

we consider the n-ary Filippov superalgebras with nb 3 and with nonzero even

and odd parts. In [9], it was proved that there are no simple finite-dimensional

Filippov superalgebras with multiplication Lie superalgebra isomorphic to

Bð0; nÞ under the assumption that a generator of a module over Bð0; nÞ is even.

The case of odd generator requires techniques di¤erent from the one that was

used in the even case. In the present work we eliminate the assumption for the

generator to be even, and prove a theorem (analogous to the main theorem of

[9]) for the general case.

We start recalling some definitions. An W-algebra over a field k is a linear

space over k equipped with a system of multilinear algebraic operations W ¼
foi j joij ¼ ni a N; i a Ig, where joij denotes the arity of oi.

An n-ary Leibniz algebra over a field k is an W-algebra L over k with one n-ary

operation ðx1; . . . ; xnÞ satisfying the identity

�
ðx1; . . . ; xnÞ; y2; . . . ; yn

�
¼

Xn

i¼1

�
x1; . . . ; ðxi; y2; . . . ; ynÞ; . . . ; xn

�
:

If this operation is anticommutative, we obtain a definition of Filippov (n-Lie)

algebra over a field.

An n-ary superalgebra over a field k is a Z2-graded n-ary algebra L ¼ L0aL1

over k, that is, if xi a Lai , ai a Z2, then ðx1; . . . ; xnÞ a La1þ���þan . An n-ary Filippov

superalgebra over k is an n-ary superalgebra F ¼ F0aF1 over k with one n-ary

operation ½x1; . . . ; xn� satisfying the identities

½x1; . . . ; xi�1; xi; . . . ; xn� ¼ �ð�1Þpðxi�1ÞpðxiÞ½x1; . . . ; xi; xi�1; . . . ; xn�; ð1Þ

½½x1; . . . ; xn�; y2; . . . ; yn� ¼
Xn

i¼1

ð�1Þpqi ½x1; . . . ; ½xi; y2; . . . ; yn�; . . . ; xn�; ð2Þ

where pðxÞ ¼ l means that x a F
l
, p ¼

Pn
i¼2 pðyiÞ, qi ¼

Pn
j¼iþ1 pðxjÞ, qn ¼ 0.

The identities (1) and (2) are called the anticommutativity and the generalized

Jacobi identity, respectively. By (1), we can rewrite (2) as

½y2; . . . ; yn; ½x1; . . . ; xn�� ¼
Xn

i¼1

ð�1Þpqi ½x1; . . . ; ½y2; . . . ; yn; xi�; . . . ; xn�; ð3Þ

where qi ¼
P i�1

j¼1 pðxjÞ, q1 ¼ 0. (Sometimes instead of using the long term ‘‘n-ary

superalgebra’’ we simply say for short ‘‘superalgebra’’.) If we denote by Lx ¼
Lðx1; . . . ; xn�1Þ the operator of left multiplication Lxy ¼ ½x1; . . . ; xn�1; y�, then,

by (3), we get
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½Ly;Lx� ¼
Xn�1

i¼1

ð�1ÞpqiLðx1; . . . ;Lyxi; . . . ; xn�1Þ; ð4Þ

where Ly is an operator of left multiplication and p is its parity. (Here and after-

wards, we denote by ½ ; � the supercommutator.)

Let L ¼ L0aL1 be an n-ary anticommutative superalgebra. A subalgebra

B ¼ B0aB1 of the superalgebra L, Bi JLi, is a Z2-graded vector subspace of L

which is a superalgebra. A subalgebra I of L is called an ideal if ½I ;L; . . . ;L�J I .

The subalgebra (in fact, an ideal) Lð1Þ ¼ ½L; . . . ;L� of L is called the derived alge-

bra of L. Put LðiÞ ¼ ½Lði�1Þ; . . . ;Lði�1Þ�, i a N, i > 1. The superalgebra L is called

solvable if LðkÞ ¼ 0 for some k. Denote by RðLÞ the maximal solvable ideal of L

(if exists). If RðLÞ ¼ 0, then the superalgebra L is called semisimple. The super-

algebra L is called simple if Lð1ÞA 0 and L lacks ideals other than 0 or L.

The article is organized as follows. In the second section, we recall how to re-

duce the classification problem of the simple Filippov superalgebras to some ques-

tion about Lie superalgebras, using the same ideas as in [11]. We reduce this

question to an existence problem for some skew-symmetric homomorphisms of

semisimple Lie superalgebras and their faithful irreducible modules.

In the last section, we restrict our attention to the case of the Lie superalgebra

Bð0; nÞ (and an odd generator of a module over Bð0; nÞ) and solve the existence

problem of these skew-symmetric homomorphisms in this case. It turns out that

the required homomorphisms do not exist. Therefore, there are no simple Filip-

pov superalgebras of type Bð0; nÞ over an algebraically closed field of characteris-

tic 0, as stated in the main result of this article (Theorem 3.1).

In what follows, by F we denote an algebraically closed field of characteristic

0, by F a field of characteristic 0, by k a field and by 3wu; u a 14 a linear space

over a field (the field is clear from the context) generated by the family of vectors

fwu; u a 1g.

2. Reduction to Lie superalgebras

Let F be a Filippov superalgebra over k. Denote by F��LðFÞ
�
the associative

(Lie) superalgebra generated by the operators Lðx1; . . . ; xn�1Þ, xi a F. The alge-

bra LðFÞ is called the algebra of multiplications of F.

Lemma 2.1 ([9]). Given F ¼ F0aF1 a simple finite-dimensional Filippov super-

algebra over a field of characteristic 0 with F1A 0, the algebra L ¼ LðFÞ ¼
L0aL1 has nontrivial even and odd parts.

Theorem 2.1 ([9]). If F is a simple finite-dimensional Filippov superalgebra over a

field of characteristic 0, then L ¼ LðFÞ is a semisimple Lie superalgebra.
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Given an n-ary superalgebra A with a multiplication ð� ; . . . ; �Þ, we have

EndðAÞ ¼ End0 AaEnd1 A. The element D a Ends A is called a derivation of de-

gree s of A if, for every a1; . . . ; an a A, pðaiÞ ¼ pi, the following equality holds:

Dða1; . . . ; anÞ ¼
Xn

i¼1

ð�1Þsqiða1; . . . ;Dai; . . . ; anÞ;

where qi ¼
P i�1

j¼1 pj. We denote by Ders AHEnds A the subspace of all derivations

of degree s and set DerðAÞ ¼ Der0 AaDer1 A. The subspace DerðAÞJEndðAÞ
is easily seen to be closed under the bracket

½a; b� ¼ ab� ð�1ÞdegðaÞ degðbÞba;

(known as the supercommutator) and is called the superalgebra of derivations of A.

Fix elements x1; . . . ; xn�1 a A, i a f1; . . . ; ng, and define a transformation

adiðx1; . . . ; xn�1Þ a EndðAÞ by the rule

adiðx1; . . . ; xn�1Þx ¼ ð�1Þpqiðx1; . . . ; xi�1; x; xi; . . . ; xn�1Þ; ð5Þ

where p ¼ pðxÞ, pi ¼ pðxiÞ, qi ¼
Pn�1

j¼iþ1 pj.

If the transformations adiðx1; . . . ; xn�1Þ a EndðAÞ are derivations of A for

all i ¼ 1; . . . ; n and x1; . . . ; xn�1 a A, then we call them strictly inner derivations

and A an inner-derivation superalgebra (ID-superalgebra). Notice that the n-ary

Filippov superalgebras and the n-ary commutative Leibniz algebras are examples

of ID-superalgebras.

Now let us denote by InderðAÞ the linear space spanned by the strictly inner

derivations of A. If A is an n-ary ID-superalgebra, then it is easy to see that

InderðAÞ is an ideal of DerðAÞ.

Lemma 2.2. Given a simple ID-superalgebra A over k, the Lie superalgebra

InderðAÞ acts faithfully and irreducibly on A.

Let F be an n-ary Filippov superalgebra over k. We point out that the map

ad :¼ adn : 1
n�1

F 7! InderðFÞ satisfies

½D; adðx1; . . . ; xn�1Þ� ¼
Xn�1

i¼1

ð�1Þpqi adðx1; . . . ; xi�1;Dxi; xiþ1; . . . ; xn�1Þ

for all D a InderðFÞ, and the associated map

ðx1; . . . ; xnÞ 7! adðx1; . . . ; xn�1Þxn;
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from 1n
F to F is Z2-skew-symmetric. If we consider F as an InderðFÞ-

module then ad induces an InderðFÞ-module morphism from the ðn� 1Þ-th exte-

rior power 5n�1
F to InderðFÞ (which we also denote by ad) such that the map

ðx1; . . . ; xnÞ 7! adðx1; . . . ; xn�1Þxn is Z2-skew-symmetric. (Note that in 5n�1
F we

have: x1b� � �bxibxiþ1b� � �bxn�1 ¼ �ð�1Þpipiþ1x1b� � �bxiþ1bxib� � �bxn�1.)

Conversely, if L is a Lie superalgebra, V is an L-module, and ad is an L-module

morphism from5n�1
V 7! L such that the map ðv1; . . . ; vnÞ 7! adðv1b� � �bvn�1Þvn

from 1n
V to V is Z2-skew-symmetric (we call the homomorphisms of this type

skew-symmetric), then V becomes an n-ary Filippov superalgebra by putting

½v1; . . . ; vn� ¼ adðv1b� � �bvn�1Þvn:

Therefore, we have a correspondence between the set of n-ary Filippov superalge-

bras and the set of the triples ðL;V ; adÞ, satisfying the conditions above.

We shall assume that all vector spaces appearing in the following section are

finite-dimensional over F .

If F is a simple n-ary Filippov superalgebra, then Theorem 2.1 establishes that

the Lie superalgebra InderðFÞ is semisimple, and F is a faithful and irreducible

InderðFÞ-module. Moreover, the InderðFÞ-module morphism ad : 5n�1
F 7!

InderðFÞ is surjective.
Conversely, if ðL;V ; adÞ is a triple such that L is a semisimple Lie superalgebra

over F , V is a faithful irreducible L-module, ad is a surjective L-module mor-

phism from 5n�1
V onto the adjoint module L and the map ðv1; . . . ; vnÞ 7!

adðv1b� � �bvn�1Þvn from 1n
V to V is Z2-skew-symmetric, then the correspond-

ing n-ary Filippov superalgebra is simple. A triple with these conditions will be

called a good triple. Thus, the problem of determining the simple n-ary Filippov

superalgebras over F can be translated to that of finding the good triples.

3. Lie superalgebra B (0, n)

In this section, we recall some notations and results from [5], [6] on the Lie super-

algebra Bð0; nÞ (and its irreducible faithful finite-dimensional representations) and

give some explicit constructions which shall be used later on. Then we apply these

results to the study of the simple n-ary Filippov superalgebras of type Bð0; nÞ. Let

us start recalling the definition of an induced module.

Let L be a Lie superalgebra, UðLÞ its universal enveloping superalgebra

[5], H a subalgebra of L, and V an H-module. The module V can be ex-

tended to UðHÞ-module. We consider the Z2-graded space UðLÞnUðHÞ V , the

quotient space of UðLÞnV by the linear span of the elements of the form

ghn v� gn hðvÞ, g a UðLÞ, h a UðHÞ. This space can be endowed with a struc-

ture of a L-module as follows: gðun vÞ ¼ gun v, g a L, u a UðLÞ, v a V . The
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so constructed L-module is said to be induced from the H-module V and is de-

noted be IndL
H V .

From now on we denote by G a contragredient Lie superalgebra over F and

consider it with the ‘‘standard’’ Z-grading (cf. [5], Sections 5.2.3 and 2.5.7).

Let G ¼ 0
ib�d

Gi. Set H ¼ ðG0Þ0 ¼ 3h1; . . . ; hr4, Nþ ¼ 0
i>0Gi and B ¼

HaNþ. Let L a H �, LðhiÞ ¼ ai a F, and let 3vL4 be an one-dimensional

B-module such that NþðvLÞ ¼ 0, hiðvLÞ ¼ aivL. Let VL ¼ IndG
B 3vL4=IL, where

IL is the (unique) maximal submodule of the G-module IndG
B 3vL4. Then L is

called the highest weight of the G-module VL. The numbers ai are called the nu-

merical marks of L. By [5], every faithful irreducible finite-dimensional G-module

may be obtained this way. Note that now we suppose that 1n v a V1, which pro-

vides a Z2-graded structure of V .

Lemma 3.1. Let V be a module over a Lie superalgebra G, let V ¼ 0Vgi be its

weight decomposition, and let f be a homomorphism from 5m
V into G. Then, for

every vi a Vgi ,

fðv1; . . . ; vmÞ a Gg1þ���þgm ; if g1 þ � � � þ gm is a root of G;

fðv1; . . . ; vmÞ ¼ 0; otherwise:

Proof. We only have to consider the action of an element h of a Cartan subalge-

bra of G on fðv1; . . . ; vmÞ. r

Consider the algebra G ¼ Bð0; 1Þ. It consists of the matrices of type

0 x y

y z u

�x v �z

0
BB@

1
CCA:

Choose the classical basis of G0 : fh ¼ e22 � e33; g�2d ¼ e32; g2d ¼ e23g, and of

G1 : fg�d ¼ e12 � e31; gd ¼ e13 þ e21g. Here H ¼ 3h4 is a Cartan subalgebra of

G, and d a H � is such that dðhÞ ¼ 1. We have

G ¼ 3g�2d4a3g�d4a3h4a 3gd4a3g2d4 ¼
X2

i¼�2

Gi:

This gives the canonical Z-grading of G. Therefore,

B ¼ 3h; gd; g2d4;

UðBÞ ¼ 3hk1gk2
2dg

e
d ; ki a N0; e a f0; 1g4;

UðGÞ ¼ 3hk1gk2
2dg

k3
�2dg

e1
d g

e2
�d; ki a N0; ei a f0; 1g4:
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Note some relations in the universal enveloping algebra UðGÞ:

g2dg�2d ¼ g�2dg2d þ h; gdg�2d ¼ g�2dgd þ g�d; g�dg�2d ¼ g�2dg�d;

g2dg�d ¼ g�dg2d � gd; gdg�d þ g�dgd ¼ h; g�dg�d ¼ �g�2d:

Let LðhÞ ¼ a a F and UL ¼ IndG
B 3vL4. Set v ¼ vL. It is clear that UL has the

following basis: fvk ¼ gk
�2d n v;wm ¼ gm

�2dg�d n v; k;m a N0g. Using the rela-

tions in UðGÞ, we obtain the following action of the basis elements of G on UL:

hvk ¼ ða� 2kÞvk;
g2dvk ¼ kða� k þ 1Þvk�1;

g�2dvk ¼ vkþ1;

gdvk ¼ kwk�1;

g�dvk ¼ wk;

hwk ¼ ða� 2k � 1Þwk;

g2dwk ¼ kða� kÞwk�1;

g�2dwk ¼ wkþ1;

gdwk ¼ ða� kÞvk;
g�dwk ¼ �vkþ1:

One can see that UL has a finite-dimensional quotient module if and only

if a ¼ k � 1 for some k a N. In this case, IL ¼ fvj;wi; jb k; ib k � 1g and

dimVL ¼ UL=IL ¼ 2k � 1.

Definition 3.1. Given a Lie superalgebra G, we say that a Filippov superalgebra

F has type G if InderðFÞGG.

Lemma 3.2. There are no simple finite-dimensional Filippov superalgebras of type

Bð0; 1Þ over F.

Proof. Assume the contrary. Let F be a simple ðnþ 1Þ-ary finite-dimensional

Filippov superalgebra of type Bð0; 1Þ over F. Let G ¼ Bð0; 1Þ and V ¼ VL ¼
VðkÞ be a faithful irreducible G-module with the highest weight L, LðhÞ ¼ a,

a ¼ k � 1 a N0. Then kA 1 (i.e., aA 0), since otherwise dimV ¼ 1 and F is ei-

ther a Filippov algebra or an n-ary Leibniz algebra. Since f is surjective, there are

ui a Vgi such that fðu1b� � �bunÞ ¼ h (in what follows, we denote fðu1b� � �bunÞ
by fðu1; . . . ; unÞ). Then

fðu1; . . . ; unÞv0 ¼ hv0 ¼ av0:

Since f is skew-symmetric, we have j�gi þ aja 2 for every i, i.e., j�gi þ k � 1j
a 2. Therefore, we have either k ¼ 2 or k ¼ 3.

If k ¼ 2 then a ¼ 1 and V ¼ 3v04a3w04a3v14 ¼ V1aV0aV�1. Then

there are ui a Vgi such that fðu1; . . . ; unÞ ¼ gd. By [9], we may assume that 1n v

is odd. Since the action of gd on g�d n v provides a nonzero element and g�d n v

is even, it follows that ui A g�d n v for i ¼ 1; . . . ; n. Thus we have n ¼ 2k þ 1,

kb 1, and
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A :¼ fð1n v; 1n v; g�2d n v
k
Þ ¼ agd

for some 0A a a F (where u; v
k
means that the elements u and v are k-times

repeating: u; v; . . . ; u; v|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
2k

, and we omit the index k when its value is clear from the

context).

Multiplying the latter equality by g�d, we have

ðk þ 1Þfðg�d n v; 1n v; g�2d n v
k
Þ ¼ ah:

Repeating this procedure with gd, we come to ðk þ 1ÞA ¼ �agd and A ¼ 0, which

is a contradiction.

If k ¼ 3 then a ¼ 2, gi ¼ 0 for all i, and

V ¼ 3v04a3w04a3v14a3w14a 3v24 ¼ V2aV1aV0aV�1aV�2:

Therefore, ui ¼ v1 and fðv1; . . . ; v1Þ ¼ ah for some 0A a a F. Multiplying

this equality twice by gd, we obtain that nfðw0; v1; . . . ; v1Þ ¼ �agd and

nfðv0; v1; . . . ; v1Þ ¼ �ag2d. Acting with both sides of fðv1; . . . ; v1Þ ¼ ah on v0 and

of nfðv0; v1; . . . ; v1Þ ¼ �ag2d on v1, we come to

½v1; . . . ; v1; v0� ¼ 2av0 and n½v0; v1; . . . ; v1� ¼ �2av0:

Therefore, n ¼ �1, which gives again a contradiction. r

Let G be a contragredient Lie superalgebra of rank n, U ¼ IndG
B 3vL4, and

V ¼ VL ¼ U=N be a finite-dimensional representation of G, where N ¼ IL is a

maximal proper submodule of the G-module U . Let G ¼ 0
a
Ga be a root decom-

position of G relative to a Cartan subalgebra H. Denote by A the following set of

roots: A ¼ fa; ga B Bg.

Lemma 3.3. Let ga a Ga and ga n vA 0 ðv ¼ vLÞ. Then

g j
a n v a UT

n

i¼1ð jaðhiÞþLðhiÞÞdi

for all j a N, and there exists a minimal positive integer k a N such that gk
a n v a N

and the set Ea;k ¼ f1n v; ga n v; . . . ; gk�1
a n vg is linearly independent in V.

Moreover, setting h ¼ ½g�a; ga�, we have:

1) LðhÞ ¼ � ðk�1ÞaðhÞ
2 if either ga a G0 or k odd;

2) aðhÞ ¼ 0 if ga a G1 and k even.

Proof. Using induction, the first inclusion is clear. Suppose that there is no k a N

with these properties. Construct a basis of V starting with the elements 1n v,

ga n v, g2a n v; . . . . Since dimV < l, there is a minimal number k such that
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u ¼
Pk

i¼0 big
i
a n v a N and bk A 0. Choose h a H such that aðhÞA 0. We have

hu ¼
Pk

i¼0 bigig
i
a n v a N, where gi ¼ iaðhÞ þLðhÞ. If gk ¼ 0 then gi ¼ 0 for

some i < k, which is impossible. Therefore, u� 1
gk
hu a N and gi ¼ gk, which is

again impossible. Thus, there exists k a N such that Ea;k is linearly independent

in V and gkþi
a n v a N for every i a NA f0g. Moreover, since gk

a n v a N, in the

case ga a G0 we have

g�ag
k
a n v ¼ k

�
aðhÞðk � 1Þ=2þLðhÞ

�
gk�1
a n v a N;

where h ¼ ½g�a; ga�. Therefore, LðhÞ ¼ � ðk�1ÞaðhÞ
2 . The remaining cases may be

considered analogously. Namely, if k ¼ 2s and ga a G1, then g�ag
k
a n v ¼

saðhÞgk�1
a n v and aðhÞ ¼ 0. If k ¼ 2sþ 1 and ga a G1, then g�ag

2sþ1
a n v ¼�

LðhÞ þ saðhÞ
�
g2sa n and LðhÞ ¼ � ðk�1ÞaðhÞ

2 . r

Remark 3.1. Note that if we start with a root b, then there exists s a N such that

Eb; s is linearly independent, but Ea;k AEb; s may not be linearly independent.

Recall that a set E is called a pre-basis of a vector space W if 3E4 ¼ W .

Let fgk1
a1
. . . gks

as
; ki a N0; ai a Ag be a basis of V . As we have seen above, for

every i ¼ 1 . . . ; s, there exists a minimal number pi a N such that gpi
ai
a N. Using

the induction on the word length, it is easy to show that fgk1
a1
. . . gks

as
; ki a N0;

ki < pi; ai a Ag is a pre-basis of V=N.

Consider the algebra Bð0; nÞ. It consists of the matrices of type

0 x y

y> A B

�x> C �A>

0
B@

1
CA;

where A is a ðn� nÞ-matrix, B and C are some symmetric ðn� nÞ-matrices, and x,

y are some ðn� 1Þ-matrices.

Choose the following generators of G ¼ Bð0; nÞ [4]:

hi ¼ eiþ1; iþ1 � eiþnþ1; iþnþ1;

hn ¼ enþ1;nþ1 � e2nþ1;2nþ1;

gdiþ1�di ¼ eiþ2; iþ1 � eiþnþ1; iþnþ2;

gdi�diþ1
¼ eiþ1; iþ2 � eiþnþ2; iþnþ1

9>>>>=
>>>>;

a Bð0; nÞ0

(i ¼ 1; . . . ; n� 1), and

g�dn ¼ e1;nþ1 � e2nþ1;1;

gdn ¼ enþ1;1 þ e1;2nþ1;

)
a Bð0; nÞ1:
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We write out also some elements and multiplications that will be needed in the

following:

gdi ¼ eiþ1;1 þ e1;nþiþ1; g�di ¼ e1; iþ1 � enþiþ1;1;

g2di ¼ eiþ1;nþiþ1; g�2di ¼ enþiþ1; iþ1;

½g2di ; g�2di � ¼ ½gdi ; g�di � ¼ hi; ½gdi ; g�2di � ¼ g�di ;

½g2di ; g�di � ¼ �gdi

gdi�dj ¼ eiþ1; jþ1 � ejþnþ1;nþiþ1 g�di�dj ¼ enþiþ1; jþ1 þ enþjþ1; iþ1

gdiþdj ¼ ejþ1;nþiþ1 þ eiþ1;nþjþ1 ½gdiþdj ; g�di�dj � ¼ hi þ hj

½gdj�di ; gdi�dj � ¼ hj � hi ½g2di ; g�di�dj � ¼ gdi�dj

½g�di ; g�dj � ¼ �g�di�dj ½gdi ; gdj � ¼ gdiþdj

½g�djþdi ; g�2di � ¼ �g�di�dj ½gdi ; g�di�dj � ¼ g�dj

½gdk�di ; g�dk�dj � ¼ �g�di�dj ½gdjþdi ; g�2di � ¼ g�diþdj

The space H ¼ 3hi; i ¼ 1; . . . ; n4 is a Cartan subalgebra of Bð0; nÞ, and di,

i ¼ 1; . . . ; n, are the linear functions on H such that diðhjÞ ¼ dij, where dij is

the Kronecker delta. Then D ¼ D0AD1 is a root system for Bð0; nÞ, where

D0 ¼ f0;edi e djg and D1 ¼ fedig, i; j ¼ 1; . . . ; n. The roots fdi � diþ1;

i ¼ 1; . . . ; n� 1; dng are simple. The conditions Gdk JGn�kþ1, HJG0 and

G�dk JG�nþk�1 provide the standard grading of Bð0; nÞ [5], Section 5.2.3. The

negative part of this grading is G�di�dj for every i, j; Gdi�dj for i > j, and G�di for

every i. Henceforth, the set

E ¼ fgk1
dn�dn�1

. . . gkn�1

dn�d1
gkn
dn�1�dn�2

. . . gks
d2�d1

g
ksþ1

�2dn
g
ksþ2

�dn�dn�1

. . . gkr
�2d1

gen
�dn

. . . ge1
�d1

n v; ki a N; ei a Z2g ð6Þ

is a basis of the induced module M ¼ IndG
B 3vL4 ðv ¼ vLÞ.

For a a D and w a E, we denote by yða;wÞ the degree of the element ga in w.

For example, yð�2d1;wÞ ¼ kr, where w from (6). By Lemmas 3.1 and 3.3, it is

easy to obtain the following

Lemma 3.4. Given w a E, gðwÞ ¼
Pn

i¼1 giðwÞdi is a weight of M, where

giðwÞ ¼
X
j<i

yðdi � dj ;wÞ �
X
j>i

yðdj � di;wÞ �
X
jAi

yð�dj � di;wÞ

� yð�di;wÞ � 2yð�2di;wÞ þLðhiÞ: ð7Þ
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Let V be an irreducible module over G ¼ Bð0; nÞ with the highest weight L,

LðHiÞ ¼ bi. (Here Hi are the elements of the standard basis of H, cf. [5],

Hi ¼ hi � hiþ1, Hn ¼ 2hn.) By [5], bi a N, bn a 2N. It is possible to check that

ai :¼ LðhiÞ ¼ ð
Pn�1

j¼i bjÞ þ bn=2b 0, i ¼ 1; . . . ; n� 2, an�1 :¼ Lðhn�1Þ ¼ bn�1 þ
bn=2b 0, an :¼ LðhnÞ ¼ bn=2b 0, and a1b � � �b anb 0. We see that the weight

L can be defined by means of the n-tuple ða1; . . . ; anÞ, with ai a N0, i ¼ 1; . . . ; n,

such that a1b � � �b anb 0 and LðhiÞ ¼ ai. Denote L ¼ ða1; . . . ; anÞ.
Before proving the main theorem, we present some technical lemmas on irre-

ducible modules of a special type ða1 ¼ 1Þ over Bð0; nÞ.

Lemma 3.5. Let V ¼ VL be an irreducible module over Bð0; nÞ with L ¼
ð1; a2; . . . ; anÞ. Then we have the following:

1) g2�2d1
n v ¼ 0;

2) g�2d1g�d1 n v ¼ 0;

3) g3�d1
n v ¼ 0 ðg2�d1

n vA 0Þ;
4) g�2d1gdj�d1 n v ¼ 0;

5) g�2d1g�dj�d1 n v ¼ 0;

6) g�d1gdj�d1 n v ¼ 0;

7) gdi�d1gdj�d1 n v ¼ 0;

8) g�di�d1g�dj�d1 n v

¼ �g�2d1g�dj�di n v;

9) g2�d1
n v ¼ �g�2d1 n v;

10) gdi�d1g�dj�d1 n v

¼ �g�2d1gdi�dj n v, iA j;

11) gdi�d1g�di�d1 n v ¼ �ð1þ aiÞg�2d1 n v;

12) g�di�d1g�d2 n vA 0 (if a2 ¼ 1);

13) gd2�d1g�d2 n vA 0 (if a2 ¼ 1);

14) gdi�d1g�d2 n vA 0 (if a2 ¼ 1, ai ¼ 0).

Proof. 1) By Lemma 3.3, if a ¼ �2d1, then h ¼ ½g2d1 ; g�2d1 � ¼ h1, 1 ¼ LðhÞ ¼
k � 1 and k ¼ 2.

2) By 1), gd1g
2
�2d1

n v ¼ 0. Since ½gd1 ; g�2d1 � ¼ g�d1 , we have

ðg�2d1gd1 þ g�d1Þg�2d1 n v ¼ g2�2d1
gd1 n vþ g�2d1g�d1 n vþ g�d1g�2d1 n v

¼ 2g�2d1g�d1 n v ¼ 0:

3) It is easy to see that g�d1 n vA 0, h ¼ ½gd1 , g�d1 � ¼ h1, �d1ðh1ÞA 0. There-

fore, by Lemma 3.3, k is odd and 1 ¼ Lðh1Þ ¼ � ðk�1Þ
2 ð�1Þ, k ¼ 3.

4) We have ½gd1þdj ; g�2d1 � ¼ gdj�d1 and gd1þdj g
2
�2d1

n v. Hence, ðg�2d1gd1þdj þ
g�d1þdj Þg�2d1 n v ¼ g�2d1g�d1þdj n vþ g�d1þdj g�2d1 n v ¼ 0.

5) Since ½gd1�dj ; g�2d1 � ¼ �g�dj�d1 and gd1�dj g
2
�2d1

n v ¼ 0, we have ðg�2d1gd1�dj �
g�dj�d1Þg�2d1 n v ¼ �2g�2d1g�dj�d1 n v ¼ 0.

6) gd1þdi g�2d1g�d1 n v ¼ 0 ¼) g�d1þdi g�d1 n v ¼ 0.

7) gdi g�d1gdj�d1 n v ¼ gdi�d1gdj�d1 n v ¼ 0.
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8) By 5), gd1�di g�2d1g�dj�d1 ¼ 0. Since ½gd1�di ; g�2d1 � ¼ �g�di�d1 , ðg�2d1gd1�di �
g�d1�diÞg�d1�dj n v ¼ 0. Since

½gd1�di ; g�d1�dj � ¼ �g�di�dj ; ð�g�2d1g�di�dj � g�d1�di g�d1�djÞn v ¼ 0:

9) Since ½gd1 ; g�2d1 � ¼ g�d1 and ½gd1 ; g�d1 � ¼ h1, we have 0 ¼ gd1g�d1g�2d1 n v ¼
ð�g�d1gd1 þ h1Þg�2d1 n v ¼ �g2�d1

n v� g�2d1 n v.

10) We have to apply gd1þdi to 5) and use ½gd1þdi ; g�2d1 � ¼ g�d1þdi ,

½gd1þdi ; g�d1�dj � ¼ gdi�dj .

11) In 10) we have to use ½gd1þdi ; g�d1�di � ¼ h1 þ hi instead of the last equality.

12) If iA 2 and we suppose that g�d1�di g�d2 n v ¼ 0, then the action with gd2
gives g�d1�di n v ¼ 0, which is a contradiction. If g�d1�d2g�d2 n v ¼ 0, then the

action with gd1 leads to g2�d2
n v ¼ 0, again a contradiction.

13) If g�d1þd2g�d2 n v ¼ 0, then 0 ¼ g�d1þd2g�d2 n v ¼ g�d2g�d1þd2 n v� g�d1

n v, which is a contradiction.

14) If ai ¼ 0 and g�d1þdi g�d2 n v ¼ 0, then the action with gd2 gives

g�d1þdi n v ¼ 0, which is a contradiction. r

Corollary 3.1. Under the assumptions of Lemma 3.5 and a2 ¼ 0,

fg�2d1 n v; g�d1edi n v; g�d1 n v; 1n vg

is a pre-basis of V.

Proof. Note that in this case we have g�diþa n v ¼ 0, for a a f0;edjgnfdig. r

Lemma 3.6. Under the assumptions of Lemma 3.5,

dimV�kd1þT
n

i¼2ai di
¼ 0;

when kb 2, ai a F.

Proof. By Lemma 3.5, gs
�2d1

appears in the expression (6) for a nonzero element of

V only if s ¼ 1, and in this case we cannot find the element of the types g�d1þdi ,

g�d1�di , g�d1 in this expression. By the same reason, in such expression (6), we

may find g�d1 only in degree 1, and it is not possible to find two elements of the

type g�d1�di (or g�d1þdi ). The lemma follows. r

Now we are in a condition to state and prove the main result of this article.

Theorem 3.1. There are no simple finite-dimensional Filippov superalgebras of type

Bð0; nÞ over F.
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Proof. Let G ¼ Bð0; nÞ, let V be a finite-dimensional irreducible module over G

with the highest weight L ¼ ða1; . . . ; anÞ, and let f be a surjective skew-symmetric

homomorphism from 5m
V on G. Then there exist ui a Vgi such that

fðu1; . . . ; umÞ ¼ g�2d1 : ð8Þ

If u a Vg (or Gg) and g ¼
P

aidi, then we denote by diðuÞ the element ai, and we

denote by dðuÞ the element a1. By Lemma 3.4, dðuiÞ ¼ a1 � ki for some ki a N0.

By Lemma 3.1, ma1 �
Pm

i¼1 ki ¼ �2. Since g�2d1ð1n vÞA 0 and f is a skew-

symmetric homomorphism, fðu1; . . . ; umÞð1n vÞ ¼ g�2d1ð1n vÞA 0 and fðu1; . . . ;
ui�1; 1n v; uiþ1; . . . ; umÞA 0. Since dð1n vÞ ¼ a1, the inequality jki � 2ja 2

follows. Let a1b 2. By Lemma 3.3, we have

fðu1; . . . ; umÞðga1�1
�2d1

n vÞ ¼ g�2d1ðga1�1
�2d1

n vÞA 0

and, analogously, jki � 2a1ja 2. From these inequalities we see that the required

skew-symmetric homomorphism does not exist if a1b 4, and, in the case a1 ¼ 3,

we have the condition ki ¼ 4 for all i.

Consider the case a1 ¼ 3. Then, by (8), we have fðu1; u2Þ ¼ g�2d1 , where

dðu1Þ ¼ dðu2Þ ¼ �1. Since dð1n vÞ ¼ 3 and g�2d1ð1n vÞA 0, we have fð1n
v; u2Þ ¼: g2d1 . (In what follows, the symbol ¼: denotes an equality up to a

nonzero coe‰cient.) Since g2d1ðg�2d1 n vÞA 0, we have fð1n v; g�2d1 n vÞA 0,

dð1n vÞ ¼ 3 and dðg�2d1 n vÞ ¼ 1, which is a contradiction.

Consider the case a1 ¼ 2. By [9], we may assume that 1n v is odd. Let

fðu1; . . . ; umÞ ¼ g�d1 , ui a Vgi . Then
Pm

i¼1 dðuiÞ ¼ �1. Since

fðu1; . . . ; umÞð1n vÞ ¼ g�d1 n vA 0; ð9Þ

we have j
Pm

i¼1 dðuiÞ � dðujÞ þ 2ja 2 for every j ¼ 1; . . . ;m, and j1� dðujÞja 2.

On the other hand, since fðu1; . . . ; umÞðg3�d1
n vÞ ¼ g4�d n vA 0 and dðg3�d1

n vÞ ¼
�1, we have j2þ dðujÞja 2. Therefore, dðujÞ ¼ 0;�1 and we may assume that

dðu1Þ ¼ �1, dðuiÞ ¼ 0, ib 2. By (9), fð1n v; u2; . . . ; umÞ ¼: g2d1 , and

fð1n v; u2; . . . ; umÞðg�2d1 n vÞ ¼: g2d1ðg�2d1 n vÞ ¼ 2ð1n vÞ:

Thus, we may interchange, for example, the elements u2 and g�2d1 n v. Repeating

this process, we obtain that

fð1n v; g�2d1 n vÞ ¼: g2d1 :

Multiplying by g�d1 , we come to the following:

fðg�d1 n v; g�2d1 n vÞ � ðm� 1Þfð1n v; g�d1g�2d1 n v; g�2d1 n vÞ ¼: gd1 :
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Acting with the both sides of the last equality on g�d1 n v, we arrive at

fð1n v; g�d1g�2d1 n v; g�2d1 n vÞðg�d1 n vÞA 0

and

A :¼ fð1n v; g�d1 n v; g�2d1 n vÞA 0:

It remains to notice that dðAÞ ¼ 3, which is a contradiction.

Lemma 3.7. There are no good triples of the type ðG;V ; fÞ, where G ¼ Bð0; nÞ,
V ¼ VL, L ¼ ð1; 1; a3; . . . ; anÞ.

Proof. By above, there are the elements ui a Vgi such that fðu1; . . . ; umÞ ¼ g�2d1 ,

where �3a dðuiÞa 1. By Lemma 3.6, �1a dðuiÞa 1. If dðuiÞ ¼ 1 for some i,

then the action by the last equality on g�d2 n v twice gives a contradiction (note

that g�d2 n v is an even element). Therefore, we come to the case fðu1; . . . ; umÞ ¼
g�2d1 , where dðu1Þ ¼ dðu2Þ ¼ �1, dðuiÞ ¼ 0, i > 2. The action on g�d2 n v gives

w ¼: fðu1; u2; g�d2 n v; u4; . . . ; umÞ a fg�d1 ; g�d1�di ; g�d1þdig. If w a fg�d1 ; g�d1�dig
then the action on g�d2 n v leads to a contradiction, by Lemma 3.5. Thus,

w ¼: g�d1þdi , iA 2, ai ¼ 1, using Lemma 3.5 and the action on g�d2 n v. We have

proved that if w ¼: fðu1; u2; g�d2 n v; u4; . . . ; umÞA 0, where dðu1Þ ¼ dðu2Þ ¼ �1,

dðuiÞ ¼ 0, i > 3, then w ¼: g�d1þdi , iA 2, ai ¼ 1. Applying the equality w ¼: g�d1þdi

to g�d1�di n v, we have w ¼: fðu1; u2; g�d2 n v; g�d1�di n v; u5; . . . ; umÞA 0 by

Lemma 3.5. By the above, w ¼: g�d1þdj , jA 2, aj ¼ 1. Repeating this process,

we arrive at

v0 ¼ fðu1; u2; g�d2 n v; g�d1�di3
n v; . . . ; g�d1�dim n vÞ ¼: g�d1þdi2

; ð10Þ

where ij A 2 and aij ¼ 1. If mb 4 then applying (10) to g�d1�di2
n v we obtain

v1 ¼ fðu1; u2; g�d1�di2
n v; . . . ; g�d1�dim n vÞ ¼: g�2d1

and d2ðv1Þ ¼ m� 2þ d2ðu1Þ þ d2ðu2Þ ¼ 0, d2ðv0Þ ¼ 2�mþm� 3 ¼ �1, which is

a contradiction. If m ¼ 3 then v2 ¼ fðu1; u2; g�d2 n vÞ ¼ g�d1þdi , iA 2. Replacing

u ¼ g�d2 n v by g�d1�di n v ¼ u 0, we obtain that d2ðu1Þ þ d2ðu2Þ ¼ �1 (note that

d2ðuÞ ¼ 1). Therefore, d2ðv2Þ ¼ �1, which leads to a contradiction.

Consider now the case m ¼ 2. In this case, we have fðu1; u2Þ ¼ g�2d1 . We may

assume that d2ðu2Þb 0. We have fðu1; u2Þð1n vÞA 0. It follows that

w ¼ fð1n v; u2Þ a fg2d2 ; gd2 ; gd2þdi ; gd2�dig:

If w a fg2d2 ; gd2 ; gd2�dig, then wg�2d2 n vA 0 and we have
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w1 ¼ fð1n v; g�2d2 n vÞ ¼: g2d1 :

Therefore, ðg�d1w1Þg�d1 n vA 0 and w2 ¼ fð1n v; g�d1 n vÞA 0, dðw2Þ ¼ 1,

d2ðw2Þ ¼ 2, which is a contradiction. Thus, w ¼: gd2þdi . In this case, wg�d2�di n v

A 0 and u ¼ fð1n v; g�d2�di n vÞA 0. Hence, i ¼ 1, a3 ¼ � � � ¼ an ¼ 0 and

u ¼: gd1þd2 . Furthermore,

g�d1u ¼ fðg�d1 n v; g�d2�d1 n vÞ � fð1n v; g�d1g�d2�d1 n vÞ :¼ u1 � u2 ¼: gd2

and ðg�d1uÞðg�d2 n vÞA 0 (observe that if u2g�d2 n vA 0, then u 00 ¼
fð1n v; g�d2 n vÞA 0 and dðu 00Þ ¼ 2, d2ðu 00Þ ¼ 1). Therefore,

u 0 ¼ fðg�d1 n v; g�d2 n vÞ ¼ gd1þd2 :

We have

ðg�d2u
0Þg�d1 n vA 0; u3 ¼ fðg�d2g�d1 n v; g�d2 n vÞ ¼: gd1 ;

u3g�2d1 n vA 0; u4 ¼ fðg�2d1 n v; g�d2 n vÞA 0; u4 ¼: gd2

and u4g�d2 n vA 0, which is again a contradiction. r

Thus, we have come to the case L ¼ ð1; 0; . . . ; 0Þ. In this case, there are some

weight vectors ui a V such that

fðu1; . . . ; umÞ ¼ h1 þ
Xn

i¼2

aihi: ð11Þ

Notice that we may assume that ui A g�d1 n v. Act on (11) with gd1 and use

Corollary 3.1. If dðuiÞ ¼ 1, then ui ¼: 1n v and gd1ui ¼ 0. If dðuiÞ ¼ 0, then

ui a 3g�d1edi n v; iA 14 and gd1ui ¼ 0. If dðuiÞ ¼ �1, then ui ¼: g�2d1 n v and

gd1ui ¼
:
g�d1 n v. Finally, considering the action on g�d1 n v, we come to a contra-

diction. r
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