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1. Introduction

The notion of n-Lie superalgebra was presented by Daletskii and Kushnirevich in
[1] as a natural generalization of a notion of n-Lie algebra introduced by Filippov
in 1985 (cf. [2]). Following [3] and [7], we use the terms Filippov superalgebra and
Filippov algebra instead of n-Lie superalgebra and n-Lie algebra, respectively.
Filippov algebras were also known before under the names of Nambu Lie algebras
and Nambu algebras. We may also remark that Filippov algebras are a particular
case of n-ary Malcev algebras (see, for example, [10]).

This work is one of the first steps on the way of the classification of finite-
dimensional simple Filippov superalgebras over an algebraically closed field of
characteristic 0. In [8], finite-dimensional commutative n-ary Leibniz algebras
over a field of characteristic 0 were studied by the first author. There it was
shown that there exist no simple ones. The finite-dimensional simple Filippov
algebras over an algebraically closed field of characteristic 0 were classified earlier
by Wuxue in [11]. Notice that an n-ary Leibniz algebra is exactly a Filippov
superalgebra with trivial even part, and a Filippov algebra is exactly a Filippov
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superalgebra with trivial odd part. Bearing in mind these facts, in this article
we consider the n-ary Filippov superalgebras with n > 3 and with nonzero even
and odd parts. In [9], it was proved that there are no simple finite-dimensional
Filippov superalgebras with multiplication Lie superalgebra isomorphic to
B(0,n) under the assumption that a generator of a module over B(0,n) is even.
The case of odd generator requires techniques different from the one that was
used in the even case. In the present work we eliminate the assumption for the
generator to be even, and prove a theorem (analogous to the main theorem of
[9]) for the general case.

We start recalling some definitions. An Q-algebra over a field k is a linear
space over k equipped with a system of multilinear algebraic operations Q =
{w;||wi| = n; € N,i € I'}, where |w;| denotes the arity of w;.

An n-ary Leibniz algebra over a field k is an Q-algebra L over k with one n-ary
operation (xi, ..., X,) satisfying the identity

n

((xlv"'vxn)vy27"'7yn) = Z(Xl7"'v(xivy2v"'ayn)v"',xn)'
i=1

If this operation is anticommutative, we obtain a definition of Filippov (n-Lie)
algebra over a field.
An n-ary superalgebra over a field k is a Z,-graded n-ary algebra L = Lj ® L;

over k, that is, if x; € Ly, o; € Z,, then (x1,...,X,) € Ly, 4..t0,- An n-ary Filippov
superalgebra over k is an n-ary superalgebra # = #; @ 7 over k with one n-ary
operation [xy, ..., X,] satisfying the identities

(X1, ey Xicty Xiy e vy X = —(—l)p(x"")p(x’)[xl,. ey Xy Xi Ay e s Xn)s (1)

n

Hxla"‘7xi1]7y27' "7yn] = Z(_l)])q_[[xlv'” ’ [xhylv"-vyn]?"'uan (2)
i=1

where p(x) =1 means that xe 75, p =31, p(yi), ¢ =", P(%), 4, =0.
The identities (1) and (2) are called the anticommutativity and the generalized
Jacobi identity, respectively. By (1), we can rewrite (2) as

n

2 XXl = D (DM, 2 Y Xl %], (3)
i=1

where ¢; = Zj:ll p(x;), ¢1 =0. (Sometimes instead of using the long term “n-ary
superalgebra” we simply say for short “superalgebra”.) If we denote by L, =
L(xy,...,x,-1) the operator of left multiplication L,y = [x1,...,X,_1, )], then,

by (3), we get
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n—1

[L,,L,] = Z(—l)p‘f"L(xl, vy LyXiy oo X01), (4)
i=1

where L, is an operator of left multiplication and p is its parity. (Here and after-
wards, we denote by [,] the supercommutator.)

Let L = L; ® L; be an n-ary anticommutative superalgebra. A subalgebra
B = B; ® B; of the superalgebra L, B; < L;, is a Z»-graded vector subspace of L
which is a superalgebra. A subalgebra I of L is called an ideal if [I,L,...,L] = I.
The subalgebra (in fact, an ideal) L) = [L, ..., L] of L is called the derived alge-
bra of L. Put LU = [LU-D L0-1] jie N, i> 1. The superalgebra L is called
solvable if L%) = 0 for some k. Denote by R(L) the maximal solvable ideal of L
(if exists). If R(L) = 0, then the superalgebra L is called semisimple. The super-
algebra L is called simple if L(V) # 0 and L lacks ideals other than 0 or L.

The article is organized as follows. In the second section, we recall how to re-
duce the classification problem of the simple Filippov superalgebras to some ques-
tion about Lie superalgebras, using the same ideas as in [11]. We reduce this
question to an existence problem for some skew-symmetric homomorphisms of
semisimple Lie superalgebras and their faithful irreducible modules.

In the last section, we restrict our attention to the case of the Lie superalgebra
B(0,n) (and an odd generator of a module over B(0,n)) and solve the existence
problem of these skew-symmetric homomorphisms in this case. It turns out that
the required homomorphisms do not exist. Therefore, there are no simple Filip-
pov superalgebras of type B(0,7) over an algebraically closed field of characteris-
tic 0, as stated in the main result of this article (Theorem 3.1).

In what follows, by ® we denote an algebraically closed field of characteristic
0, by F a field of characteristic 0, by k a field and by <w,;v € Y') a linear space
over a field (the field is clear from the context) generated by the family of vectors
{wy;0 e Y}

2. Reduction to Lie superalgebras

Let # be a Filippov superalgebra over k. Denote by # *(L(#)) the associative
(Lie) superalgebra generated by the operators L(xy,...,x, 1), x; € #. The alge-
bra L(F) is called the algebra of multiplications of F .

Lemma 2.1 ([9]). Given ¥ = 75 ® F7 a simple finite-dimensional Filippov super-
algebra over a field of characteristic 0 with F;7 # 0, the algebra L = L(F) =
Ly @ Ly has nontrivial even and odd parts.

Theorem 2.1 ([9]). If 7 is a simple finite-dimensional Filippov superalgebra over a
field of characteristic 0, then L = L() is a semisimple Lie superalgebra.
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Given an n-ary superalgebra 4 with a multiplication (-,...,-), we have
End(4) = Endj 4 ® End; 4. The element D € End; A4 is called a derivation of de-
gree s of A if, for every ay,...,a, € A, p(a;) = p;, the following equality holds:

n

D(a,...,a,) =Y (=1)(ay,...,Da;,...,ay),

i=1

where ¢g; = Zl’;ll p;j. We denote by Der; 4 = End; 4 the subspace of all derivations
of degree s and set Der(4) = Deryj A ® Der; A. The subspace Der(4) < End(4)
is easily seen to be closed under the bracket

[a,b] = ab — (—1)de@ ey,

(known as the supercommutator) and is called the superalgebra of derivations of A.
Fix elements xi,...,x,_1 € A, i € {1,...,n}, and define a transformation
ad;(xy,...,x,-1) € End(4) by the rule

ad;(x1, .., X 1)x = (= 1) (xp, o X1, X, Xy e X 1), (5)

where p = p(x), pi = p(xi), ¢ = >[5 by

If the transformations ad;(xj,...,x,—1) € End(A) are derivations of A for
alli=1,...,nand xy,...,x, 1 € 4, then we call them strictly inner derivations
and A4 an inner-derivation superalgebra (J%-superalgebra). Notice that the n-ary
Filippov superalgebras and the n-ary commutative Leibniz algebras are examples
of J%-superalgebras.

Now let us denote by Inder(A4) the linear space spanned by the strictly inner
derivations of A. If A is an n-ary .#%-superalgebra, then it is easy to see that
Inder(A4) is an ideal of Der(A4).

Lemma 2.2. Given a simple SZ-superalgebra A over k, the Lie superalgebra
Inder(A) acts faithfully and irreducibly on A.

Let # be an n-ary Filippov superalgebra over k. We point out that the map
ad := ad, : @n_l F s Inder(7) satisfies

n—1
[D,ad(xy,...,x,-1)] = Z(—l)pq" ad(xy, ..., Xi—1, DX}, Xix1, - ., Xpo1)
i=1

for all D € Inder(%), and the associated map

(X1, .oy xn) —ad(xg, ...y Xpo1) X,
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from X)" F to F is Z-skew-symmetric. If we consider # as an Inder(F)-
module then ad induces an Inder(# )-module morphism from the (n — 1)-th exte-
rior power /\"71 Z to Inder(7) (which we also denote by ad) such that the map
(X1, ..., X)) = ad(xy, ..., X, 1)X, is Zp-skew-symmetric. (Note that in /\"71 F we
have: x| A+ AXiAX I A AXp_ = — (= D)X A  AX T AXI A AXp.)
Conversely, if L is a Lie superalgebra, V' is an L-module, and ad is an L-module
morphism from /\"71 V' — L such that the map (vy,...,0,) — ad(v; A+ Av_1)Vy,
from ®" V to V is Z,-skew-symmetric (we call the homomorphisms of this type
skew-symmetric), then V' becomes an n-ary Filippov superalgebra by putting

[V1,...,00] =ad(v] A+ AUy Uy

Therefore, we have a correspondence between the set of n-ary Filippov superalge-
bras and the set of the triples (L, V', ad), satisfying the conditions above.

We shall assume that all vector spaces appearing in the following section are
finite-dimensional over F.

If & is a simple n-ary Filippov superalgebra, then Theorem 2.1 establishes that
the Lie superalgebra Inder(%) is semisimple, and # is a faithful and irreducible
Inder(# )-module. Moreover, the Inder(# )-module morphism ad : /\"7l F
Inder(%) is surjective.

Conversely, if (L, V,ad) is a triple such that L is a semisimple Lie superalgebra
over F, V' is a faithful irreducible L-module, ad is a surjective L-module mor-
phism from /\"71 V' onto the adjoint module L and the map (vi,...,v,) —
ad(v; A+ AU, )0, from @" V to V is Z,-skew-symmetric, then the correspond-
ing n-ary Filippov superalgebra is simple. A triple with these conditions will be
called a good triple. Thus, the problem of determining the simple n-ary Filippov
superalgebras over F can be translated to that of finding the good triples.

3. Lie superalgebra B(0, n)

In this section, we recall some notations and results from [5], [6] on the Lie super-
algebra B(0,n) (and its irreducible faithful finite-dimensional representations) and
give some explicit constructions which shall be used later on. Then we apply these
results to the study of the simple n-ary Filippov superalgebras of type B(0,n). Let
us start recalling the definition of an induced module.

Let % be a Lie superalgebra, U(%) its universal enveloping superalgebra
[5], H a subalgebra of ¥, and V' an H-module. The module V' can be ex-
tended to U(H)-module. We consider the Z»-graded space U(%) @y V, the
quotient space of U(¥)® V by the linear span of the elements of the form
gh®v—g®h(v),ge U(L),he U(H). This space can be endowed with a struc-
ture of a #-module as follows: g(u®v) =gu® v, g€ L, ue U(ZL),ve V. The



120 A. P. Pojidaev and P. Saraiva

so constructed #-module is said to be induced from the H-module V and is de-
noted be Ind;, V.

From now on we denote by G a contragredient Lie superalgebra over ® and
consider it with the “standard” Z-grading (cf. [5], Sections 5.2.3 and 2.5.7).

Let G=P,. ,G. Set H=(Go)yg=<,....h>, N' =P, ,Gi and B=
H®N*'. Let Ae H*, A(h)) =a; € @, and let {vp) be an one-dimensional
B-module such that N7 (vp) =0, hi(va) = avp. Let Va = Indg@A)/IA, where
Iy is the (unique) maximal submodule of the G-module Ind§<vs>. Then A is
called the highest weight of the G-module V5. The numbers «; are called the nu-
merical marks of A. By [5], every faithful irreducible finite-dimensional G-module
may be obtained this way. Note that now we suppose that 1 ® v € V7, which pro-
vides a Z,-graded structure of V.

Lemma 3.1. Let V' be a module over a Lie superalgebra G, let V.= PV, be its
weight decomposition, and let ¢ be a homomorphism from /\m V into G. Then, for

every v, € V,,,

V1, 0m) € Gy yogy,, I y1+ -+, isarootof G,

d(v1,...,v,) =0,  otherwise.

Proof. We only have to consider the action of an element /4 of a Cartan subalge-
bra of G on ¢(v1,...,v,). O

Consider the algebra G = B(0,1). It consists of the matrices of type

Choose the classical basis of Gy : {h = e —e33,9-25 = €3,¢25 = €23}, and of
Gi:{g9-s =enn —e31,95 = e13 +en}. Here H = (h) is a Cartan subalgebra of
G, and 0 € H* is such that 6(h) = 1. We have

2
G = (920> ®<g-5> ® > ®gs> @ {g20> = ) _ G

=2
This gives the canonical Z-grading of G. Therefore,

B = <h7g57g25>3
U(B) = (h"1g33gsi ki € No,e € {0,1}),
U(G) = (" g339"595 9% ki € No, & € {0, 1}).
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Note some relations in the universal enveloping algebra U(G):
926926 = g-20926 + 1, 9s9—26 = 92695 + g, 9-69-26 = §-269-9,
9269-5 = 9-0926 — 9o, 9o9-6 t 9-s9s =h,  g-s9-5 = —g-2s-

Let A(h) =a e ® and Up = Indg<u,\>. Set v = vp. Itis clear that Ux has the
following basis: {vk = g*,; ® v, Wi = g"™59-5 @ v;k,m € No}. Using the rela-
tions in U(G), we obtain the following action of the basis elements of G on Up:

hvg = (a — 2k)vg, hwy, = (a — 2k — 1)wy,
Gas0k = k(a —k + 1vg_1, Goowr = k(a — k)wg—1,
9200k = Uj41, J-20Wk = Wi 1,
govk = kwy_1, gowr = (a — k)uy,
g-oVk = Wk, g-oWk = —Vk+1-

One can see that U has a finite-dimensional quotient module if and only
if a=k—1 for some ke N. In this case, Ix = {vj,w;;j >k,i>k—1} and
dim VA = UA/IA =2k —1.

Definition 3.1. Given a Lie superalgebra G, we say that a Filippov superalgebra
Z has type G if Inder(#) =~ G.

Lemma 3.2. There are no simple finite-dimensional Filippov superalgebras of type
B(0,1) over ®.

Proof. Assume the contrary. Let & be a simple (n+ 1)-ary finite-dimensional
Filippov superalgebra of type B(0,1) over ®. Let G = B(0,1) and V' =V =
V(k) be a faithful irreducible G-module with the highest weight A, A(h) = q,
a=k—1€eNy. Then k #1 (ie., a # 0), since otherwise dim V' = 1 and Z is ei-
ther a Filippov algebra or an n-ary Leibniz algebra. Since ¢ is surjective, there are
u; € V,, such that ¢(u; A--- Au,) = h (in what follows, we denote ¢(uy A--- Auy,)
by ¢(u,...,u,)). Then

d(uy, ..., uy)vo = hvy = avy.

Since ¢ is skew-symmetric, we have |-y, +a| <2 for every i, i.e., |-y, +k — 1]
< 2. Therefore, we have either k = 2 or k = 3.

If k=2thena=1and V =<vg) ®@<wy> ®<v1>=V1 P Vo ® V_i. Then
there are u; € V, such that ¢(uy,...,u,) = gs. By [9], we may assume that | ® v
is odd. Since the action of g; on g_s ® v provides a nonzero element and g_s ® v
is even, it follows that u; # g s® v for i=1,...,n. Thus we have n = 2k + 1,
k>1, and
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A:=¢(1®0,1®0v,92®v,) =g

for some 0 # o € ® (where u,v, means that the elements u and v are k-times
repeating: u, v, ...,u,v, and we omit the index k when its value is clear from the
context). Iy

Multiplying the latter equality by g_s, we have

(k+1)¢(g-s ® 0,1 ®@ 0,925 @) = 0th.

Repeating this procedure with gs, we come to (k + 1)4 = —ags and A = 0, which
is a contradiction.
If k=3thena=2,y; =0 forall i, and

V = <o) @ {wo) @<01) @<wi) Doy = 1@ Vi@ Vo@ Vo) @ Vos.

Therefore, u; =v; and ¢(vy,...,v;) =ah for some 0 # o e ®. Multiplying

this equality twice by g5, we obtain that ng(wg,vy,...,v1) = —ogs and
ng(vo, v1,...,01) = —agas. Acting with both sides of ¢(vy,...,v;) = ah on vy and
of ng(vo, vy, ...,v1) = —ogas on vy, we come to

[1,...,01,00] =2009 and  nfvg,vy,...,v1] = —20w.
Therefore, n = —1, which gives again a contradiction. O

Let G be a contragredient Lie superalgebra of rank n, U = Indg<vA>, and
V =Vx = U/N be a finite-dimensional representation of G, where N =1, is a
maximal proper submodule of the G-module U. Let G = @), G, be a root decom-
position of G relative to a Cartan subalgebra H. Denote by .o/ the following set of
roots: .o/ = {o; g, ¢ B}.

Lemma 3.3. Let g, € G, and g, ® v # 0 (v=vA). Then

g e Usr (Gath)+A(hi))e:

forall j € N, and there exists a minimal positive integer k € N such that g* @ ve N
and the set &, ={1®v,9,®v,...,g~" ' @ v} is linearly independent in V.

Moreover, setting h = [g—,, ¢,], we have:
1) A(h) = —w if either g, € G or k odd,
2) a(h) = 0if g, € Gj and k even.

>

Proof. Using induction, the first inclusion is clear. Suppose that there isno k € N
with these properties. Construct a basis of V' starting with the elements 1 ® v,
9o ® v, gi ®uwv,.... Since dim V' < oo, there is a minimal number k such that
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u= Z;kzo Bigi ®ve N and B, #0. Choose h € H such that a(h) # 0. We have
hu= K Brgi ®ve N, where y, = ia(h) + A(h). If ., =0 then y; =0 for
some i < k, which is impossible. Therefore u—-Lhue N and y;, = y,, which is
again impossible. Thus, there exists k € N such that Sk 18 hnearly independent
in V and g** ® v e N for every i € N U {0}. Moreover, since g ® v e N, in the
case g, € Gj we have

g gk @v= k(a(h)(k—1)/2 + A(h))gf*1 ®uveEN,

where 1 = [g_,,¢g,]. Therefore, A(h) = —w. The remaining cases may be
considered analogously. Namely, if k= 2s and g, € G;, then g gk@v=
su(h)gf ' @v and a(h) =0. If k=2s+1 and g, € G5, then g9 Qv =
(A(h) + sa(h)) g2 ® and A(h) = — &=L, O

Remark 3.1. Note that if we start with a root f, then there exists s € N such that
63, 1s linearly independent, but &, x U & ; may not be linearly independent.

Recall that a set & is called a pre-basis of a vector space W if (&> = W

Let {g5 ... g% k; € No,o; € o/} be a basis of V. As we have seen above, for
every i = 1...,s, there exists a minimal number p; € N such that g2’ € N Using
the induction on the word length, it is easy to show that {g;‘l‘. ga ki € N,
ki < pi,o; € o/} is a pre-basis of V//N.

Consider the algebra B(0,n). It consists of the matrices of type

0 X y
y' 4 B |,
—x' C —-4T

where 4 is a (n x n)-matrix, B and C are some symmetric (n X n)-matrices, and x,
y are some (n x 1)-matrices.
Choose the following generators of G = B(0,n) [4]:

hi = Citl,i+1 — Citn+l,i+n+l,
h, = ey, —e
+1,n+1 2n+1,2n+1,
B(O, I’l)(‘)

96i1—0; = €it2,i+1 — Citntl,i+n+2,

96:—0i1 = €it1,i+2 — Citnt2,itn+1

(i=1,...,n—1), and

g-s, = €l,n+1 — €2n+1,1,
! € B(0,n);.
g5, = €n+1,1 T €1,2n+1,
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We write out also some elements and multiplications that will be needed in the
following:

gs; = €ir1,1 + €1 n+itl, g—s; = €1,i+1 — €n+i+l,1,
926; = Ci+1,n+i+l, J-28; = Cnti+1,i+15
[926,, 9—25.] = [95,, 9-5.] = i, 95,, 9—25,) = 90,

(926,951 = — 95,
96,—0; = €it1,j+1 — €jtntl,ntitl 9-6:—8; = €n+tit1,j+1 F €nijr1 it
96+0; = €j1,ntit1 + il ntj+l [Q&,-Jréja g*f)‘,vf&j} =hi+h

(95,6, 96,0, = hj — I 9251 9-6-5,] = 9o,-5,

[

9-5:» g—&;] = —Y-6;-9; [gfjiv g(i/] = Yoi+o;
[g(3n g—(i,'—&,-] = 9—5/
[

[
[9-5,+6,9-25] = —9—6,-5,
[

95,(7(5,4,97(5,(7(5,] = —g-6;-; g&ﬁﬁﬁgiz(si] = 90+

The space H = {h;;i=1,...,n) is a Cartan subalgebra of B(0,n), and 0;,
i=1,...,n, are the linear functions on H such that J;(h;) = J;, where J; is
the Kronecker delta. Then A =AjUA; is a root system for B(0,n), where
Ap={0,+0; £0;} and A, ={+6;}, i,j=1,...,n. The roots {0; —di1,
i=1,...,n—1,0,} are simple. The conditions Gj5, = G,—x+1, H = Gy and
G_5, © G_px—1 provide the standard grading of B(0,n) [5], Section 5.2.3. The
negative part of this grading is G, for every i, j; Gy, for i > j, and G, for
every i. Henceforth, the set

0 __ ki ku—1 Ky ks ke koo
=195 6, 95,-595,1~6,2 *** 95r-5,9-25,9-5, 5, ,
k, & & )
590 905 @uiki € Nyg € 7o} (6)

is a basis of the induced module M = Ind§<{vA> (v = v4).

For o € A and w € &, we denote by 0(x, w) the degree of the element g, in w.
For example, 0(—20;,w) = k,, where w from (6). By Lemmas 3.1 and 3.3, it is
easy to obtain the following

Lemma 3.4. Given w € &, p(w) = >, 7:(w)d; is a weight of M, where

7i(w) =Y 00; =0 w) = Y 000; =G, w) = Y 0(=0; — 51, w)

J<i J>i J#i

— 0(=8;, w) — 20(~28;, w) + A(h). (7)
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Let V7 be an irreducible module over G = B(0,n) with the highest weight A,
A(H;) = b;. (Here H; are the elements of the standard basis of H, cf. [5],
H; =h; — hi, H, =2h,.) By |[5], bi e N, b, € 2N. 1t is possible to check that
ai=Alh) = (05 b)) +5,/220, i=1,....n=2, ap1:=Alhy1)=by1+
by/2 =0, a, :=A(h,) =b,/2>0,and a; > --- > a, >0. We see that the weight
A can be defined by means of the n-tuple (a,...,a,), with ¢; e No, i =1,...,n,
such that a; > --- > a, > 0 and A(h;) = a;. Denote A = (ay,...,a,).

Before proving the main theorem, we present some technical lemmas on irre-
ducible modules of a special type (a; = 1) over B(0,n).

Lemma 3.5. Let V =Va be an irreducible module over B(0,n) with A =
(L,a,...,a,). Then we have the following:

1) g2, ®@v=0; 9) 925, ®v=—g-25 @,

2) g-26,9-5, @V =0; 10) gs,-6,9-6-0) ® v

3) g3, ®v=0 (g% ®v#0) = 02080 @0 1)

4) 9-26,95-6, ®v=10; 1) 95-69-0-0 @ v =~ (1 + ai)g-26, ® v
5) g-20,9-5-0, ® 0 =0; 12) g-5-6,9-5, @V # 0 (if a = 1);

6) 95,956, ®v=0; 13) 95,-619-0, ® v # 0 (if ar = 1);

7) o555, ® v = 0; 14) gs,-5,9-5, ® v # 0 (if an = 1, a; = 0).
8) g-s-619-0-0, @V

= —9-26,9-05;-6, DV,

Proof. 1) By Lemma 3.3, if « =—26;, then & = [g25,,9-26,] = h1, 1 = A(h) =
k—1andk =2.
2) By 1), 95,9755, ® v="0. Since [gs,,9-25,] = g-s,, We have

(926,96, +9-6,)9 25 Qv = ggzo‘,g&l QU+ g-269-6, ®V+g-59-25, @V
=29 269-5, ®v=0.

3) It is easy to see that g_s5, ® v # 0, h = [gs,, g—s,| = 1, —01(h1) # 0. There-
fore, by Lemma 3.3, kis odd and 1 = A(h;) = —@ (=1), k=3.

4) We have [gs, 15, 9-26,] = 9s,-0, and gs,16,9%,5 ® v. Hence, (9-26,9s, 15, +
g-51+6,)9-20, @ V= g-26,9-6,+0; ® U+ g—5,46,9-26, @ v = 0.

5) Since [g5, -5, §—25,] = —9-5,-5, and gs, 5,975 @ v = 0, we have (¢_2,95,—s, —
9-6-6,)9-26, @0 =29 25956 ®v=0.

6) 9s1+6:9-269-5 ®Vv=0 = g_5,159-5 @v=0.

7) 95.9-6,95,-6, @ 0 = gs,-5,95;-6, @ v = 0.
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8) By 5): g(slfrifg72(31g7(3/7()‘1 = 0. Since [9517(3,»97261] = —g_5-0,» (g72(51 95,6, —
9-6,-6,)9-6-5 ®v =0. Since

[gél—(sn g—t51—5/] = —9-6i-5> (_9—2519—5[—51 —9-4 —5[g—(51—5/) ®v=0.

9) Since [g5,,9-20,] = g-5, and [gs,,g-s,] = 1, we have 0 = g5,9-5,9-25, @ v =
(—9-6196, +M)g-25, @ v = —93,;1 Qv —g 25 ®v.

10) We have to apply gs+s to 5) and use [g515,9-20,] = 9-5,+5;
(9614619010, = G55,

11) In 10) we have to use [¢s,+s,, 9—s,—05;] = M + h; instead of the last equality.

12) If i # 2 and we suppose that g_s,_s,9-s, ® v = 0, then the action with g,
gives g_5,_5, ® v =0, which is a contradiction. If ¢g_s, 5,95, ® v =0, then the
action with g;, leads to gEdz ® v =0, again a contradiction.

13) If g-540,9-5, ®v =0, then 0=g_55,9-5, @V=9g-5,9-5+5 @V — g
® v, which is a contradiction.

14) If a;=0 and g_s459-9, ®v =0, then the action with g5, gives
g-s,+s; ® v = 0, which is a contradiction. O

Corollary 3.1. Under the assumptions of Lemma 3.5 and a; = 0,
{9-20, ® 0, 96,46 ® ,9-5 ® v, 1 @ v}
is a pre-basis of V.
Proof. Note that in this case we have g_s5,4, ® v =0, for a € {0, £0;}\{6;}. O

Lemma 3.6. Under the assumptions of Lemma 3.5,
dim V7k(51+z;12a,-(5,- =0,

when k > 2, o; € ®.

Proof. By Lemma 3.5, g° 5 appears in the expression (6) for a nonzero element of
V' only if s = 1, and in this case we cannot find the element of the types g_s,+s,,
g-s,—5:» g—o, In this expression. By the same reason, in such expression (6), we
may find g_s, only in degree 1, and it is not possible to find two elements of the
type g_s,—s, (Or g_s,+5,). The lemma follows. O

Now we are in a condition to state and prove the main result of this article.

Theorem 3.1. There are no simple finite-dimensional Filippov superalgebras of type
B(0,n) over .



On simple Filippov superalgebras of type B(0,n), 11 127

Proof. Let G = B(0,n), let V' be a finite-dimensional irreducible module over G
with the highest weight A = (ay,...,a,), and let ¢ be a surjective skew-symmetric
homomorphism from /\" V on G. Then there exist u; € V,, such that

AUy, ... ty) = -2, (8)

If ueV, (or G,) and y = > ;0;, then we denote by J;(u) the element «;, and we
denote by o(u) the element ;. By Lemma 3.4, 6(u;) = a; — k; for some k; € Nj.
By Lemma 3.1, ma; — Y " ki = —2. Since g_»5(1 ®v) #0 and ¢ is a skew-
symmetric homomorphism, ¢(uy, ..., uy,)(1 ® v) = g_25,(1 ® v) # 0 and ¢(uy, ...,
i1, 1 ® v,thisy, ..o i) #0. Since 6(1 ® v) = a;, the inequality |k; —2| <2
follows. Let @; > 2. By Lemma 3.3, we have

Pur, - um) (9% @ 1) = g-25,(9"55 @v) #0

and, analogously, |k; — 2a;| < 2. From these inequalities we see that the required
skew-symmetric homomorphism does not exist if ¢; > 4, and, in the case a; = 3,
we have the condition k; = 4 for all i.

Consider the case a@; =3. Then, by (8), we have ¢(u;,uz) = g_25,, Where
o(u1) =d(uy) = —1. Since 5(1 ®v) =3 and g_zs (1 ® v) #0, we have ¢(l ®
v,Up) = ¢as,- (In what follows, the symbol = denotes an equality up to a
nonzero coefficient.) Since gz, (g—20, ® v) # 0, we have ¢(l ® v,g_25, @ v) # 0,
o(1 ® v) = 3 and d(g_2s, ® v) = 1, which is a contradiction.

Consider the case ¢y =2. By [9], we may assume that 1 ® v is odd. Let
(ur, ... ,um) =g-s,ui € V,. Then > " d(u;) = —1. Since

dlur, ..., up) (1 ®@0v) = g5 @ v #0, 9)
we have | >, 0(u;) —6(u;) +2| <2 for every j=1,...,m, and |1 —d(u;)| < 2.
On the other hand, since @(ui, . . . ,um)(gi31 ®v)=g*s®v+#0and 6(gf(;1 ®0v) =

—1, we have |2+ 0(u;)| < 2. Therefore, d(u;) =0,—1 and we may assume that
o(uy) =—1,0(u;)) =0,i=2. By (9), ¢(l ® v,uz, ..., uy,) = gas,, and

¢(1 ® U, U, ... 7”}11)(“]72(51 ® U) = 926, (972(51 ® U) = 2(1 ® U)-

Thus, we may interchange, for example, the elements u; and g_»5, ® v. Repeating
this process, we obtain that

(1 ®v,9-25 ®V) = gas,.-
Multiplying by g_s,, we come to the following:

¢(g*51 ® U, g-24, ® U) - (l’l’l - 1)¢(1 ® U,9-6,9-206, ® U, g-24, ® U) = 9o, -
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Acting with the both sides of the last equality on g_s5, ® v, we arrive at

1 ® 0,9 5925 ®0,9 25 ®v)(g-5, V) #0

and
A4 := ¢(1 ® U, g4 ® U, g-2¢, ® U) * 0.
It remains to notice that d(4) = 3, which is a contradiction.

Lemma 3.7. There are no good triples of the type (G, V,¢), where G = B(0,n),
V= VA, A= (1, l,ag,...,an).

Proof. By above, there are the elements u; € V), such that ¢(uy,. .., u,) = g-2s,
where —3 <J(w;) < 1. By Lemma 3.6, —1 <d(u;) < 1. If 6(w;) = 1 for some i,
then the action by the last equality on ¢g_s5, ® v twice gives a contradiction (note
that g_s, ® v is an even element). Therefore, we come to the case ¢(uy,...,u,) =
g-2s,, Where o(u;) =0(up) = —1, 6(u;) =0, i > 2. The action on g_s5 ® v gives
w = d(ur,uz,9-5, @ v, g ..., Uy) € {g-6,,9-5-6,9-0+0,y- X we{gs,9-6-5}
then the action on g_; ® v leads to a contradiction, by Lemma 3.5. Thus,
W= g_s+5, I #2,a; =1, using Lemma 3.5 and the action on g_;, ® v. We have
proved that if w = ¢(u1,u2,9-5, ® U, ua, ..., uy) # 0, where o(u;) =o(u2) = —1,
o(u;) =0,i>3, then w=g_ss,1 #2,a, = 1. Applying the equality w = g_s ;s
to g_s,—5, ®v, we have w=¢(uj,uz,g_s5, @ v,g_s,—5, DV, Us,...,Uy) #0 by
Lemma 3.5. By the above, w =g s 1, j # 2, @, = 1. Repeating this process,
we arrive at

vo = P(ur,u2,9-5, ® 0,9-5,-5, @V, ..., g-5,-5,, D V) = g—5,40 (10)

iy )
where j; # 2 and a;; = 1. If m > 4 then applying (10) to g_s,—s, ® v we obtain

® ) = g4,

im

v = g(ur,u2,9-6,-5, @, -, 95,5

and 02(vy) =m — 24 02(u1) +02(u2) =0, 02(vg) =2 —m+m — 3 = —1, which is
a contradiction. If m = 3 then vy = ¢(uy, u2,g-5, ® V) = g_s,+0,, | # 2. Replacing
Uu=g_5 ®v by g_5-s, ® v=u', we obtain that d»(u;) + d2(u2) = —1 (note that
0>(u) = 1). Therefore, d,(vy) = —1, which leads to a contradiction.

Consider now the case m = 2. In this case, we have ¢(u;, u2) = g_2s,. We may
assume that d,(uy) > 0. We have ¢(u1,uz)(1 ® v) # 0. It follows that

w=¢(1 @v,u2) € {925,,95,> 95,+6,» 95,5, } -

If w e {926,, 95, 95,5, }» then wg_ns, ® v # 0 and we have
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w1 = ¢(1 ® U,9-206, ® U) = g24, -

Therefore, (g_swi)g—s, @v#0 and wr =¢(1 @v,g_s5, ®v) #0, o(w2) =1,
02(w2) = 2, which is a contradiction. Thus, w = g5,.5,. In this case, wg_s,_s, ® v
#0 and u=¢(l ®v,g9-5,-5, ®v) #0. Hence, i=1, a3=---=a,=0 and
u = gs,+s,- Furthermore,

g-o,uU = ¢(g—51 ®0,9-5,-6, ® U) - ¢(1 ® v,9-5,9-6,-0, ® U) =up—uy = 9o,

and  (g_s,u)(g-s, ®v) #0 (observe that if wyg 5 ®v#0, then u”=
Al ®v,g_5 ®v) #0and 5(u") =2,0,(u”) = 1). Therefore,

u' = ¢(g*51 ® U, 96, ® U) = 96,+0,-

We have

(g-0,u')g-5, ®V#0,  uzs =¢(g-5,9-5, @ 0,95, V) = gy,
u3g-25, @0 #0,  up=h(g-2s, ®0v,9-5, ®0) #0,  us = gs,

and usg_5, ® v # 0, which is again a contradiction. O

Thus, we have come to the case A = (1,0,...,0). In this case, there are some
weight vectors u; € V' such that

Plur, ) =+ > b, (11)
=2

Notice that we may assume that u; # ¢g_5, @ v. Act on (11) with g5 and use
Corollary 3.1. If 6(u;) =1, then u; =1 ®v and g5,u; =0. If d(u;) =0, then
u; € {g-s,+5, ®v;i # 1y and gs,u; =0. If 6(u;) = —1, then u; = g_»5 ® v and
gs Ui = g—s5, ® v. Finally, considering the action on g_s5, ® v, we come to a contra-
diction. |
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