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Romeo Meštrović and Žarko Pavićević
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Abstract. We characterize the intersection of the ranges of a class of co-analytic Toeplitz
operators by considering this set as the dual space of the Privalov space Np, 1 < p < l,
in a certain topology. For a fixed p we define the class Hp consisting of those de Branges
spaces HðbÞ such that the function b is not an extreme point of the unit ball of Hl, and the
associated measure mb for b satisfies an additional condition. It is proved that the function
f analytic on D is a multiplier of every de Branges space from Hp if and only if f is in the
intersection of the ranges of all Toeplitz operators belonging to the class Hp. We show that
this is true if and only if the Taylor coe‰cients f̂f ðnÞ of f decay like O

�
expð�cn1=ð pþ1ÞÞ

�
for

a positive constant c.
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1. Introduction

Let D denote the open unit disk in the complex plane and let T denote the bound-

ary of D. Let LqðTÞ ¼ Lqðdy=2pÞ, 0 < qal, be the familiar Lebesgue spaces on

the unit circle T. For any fixed p > 1 the Privalov class N p consists of all analytic

functions f on D for which

sup
0<r<1

ð2p

0

�
logþj f ðreiyÞj

�p dy
2p

< þl:

The classes Np were introduced by I. I. Privalov [21] where Np is denoted as Aq.

The above inequality with 1 instead of p defines the condition for an analytic

function f on D to be in the Nevanlinna class N. The Smirnov class Nþ is the set

of all functions f a N such that



lim
r!1

ð2p

0

logþj f ðreiyÞj dy
2p

¼
ð2p

0

logþj f �ðeiyÞj dy
2p

< þl;

where f � is the boundary function of f on T, i.e., f �ðeiyÞ ¼ limr"1� f ðreiyÞ is the
radial limit of f which exists for almost every eiy a T. We denote by Hq,

0 < q < l, the classical Hardy space on D, consisting of those analytic functions

f on D for which

ðk f kqÞ
maxf1;qg :¼ sup

0<r<1

ð2p

0

j f ðreiyÞjq; dy

2p
< þl:

Recall that Hl is the space of bounded analytic functions on D with the su-

premum norm k � kl defined as

k f kl ¼ sup
z AD

j f ðzÞj; f a Hl:

It is known (see [18]) that

Nq HNp ðq > pÞ; 6
q>0

Hq H 7
p>1

Np; and 6
p>1

Np HNþ;

where the above inclusion relations are proper.

Let P be the orthogonal projection from L2ðTÞ onto H 2. Then for any func-

tion m in LlðTÞ the Toeplitz operator Tm on H 2 with symbol m is given by

TmðgÞ ¼ PðmgÞ. Since the multiplication operator with symbol m is bounded

on H 2, the Toeplitz operator Tm is a bounded linear operator on H 2 for each

m a LlðTÞ. If m is the complex conjugate of a function in Hl, Tm is called a

co-analytic Toeplitz operator.

McCarthy proved [14], Theorem 2.2, that the function f with Taylor series

f ðzÞ ¼
Pl

n¼0 f̂f ðnÞzn on D is in the range of every non-zero co-analytic Toe-

plitz operator if and only if there exists a constant c > 0 such that f̂f ðnÞ ¼
O
�
expð�c

ffiffiffi
n

p
Þ
�
. The proof of this result is obtained by using Yanagihara’s char-

acterization of the dual of the space Nþ [27], Theorem 3.

In Section 2 we introduce just those functional and topological properties of

Privalov spaces Np relevant for present purposes. A weight on the unit circle T

is a positive function in L1ðdy=2pÞ. Let W be the set of all weights w on T such

that
Ð 2p
0 logwðeiyÞ dy > �l (cf. [15]). For p > 1, denote by Wp the set of all

weights w on T such that
Ð 2p
0 jlogwðeiyÞjp dy < l. We establish the fact that the

set ðNpÞ�1 of all invertible elements in Np coincides with the set of all outer func-

tions h such that logjh�j a LpðTÞ. It follows that a weight w is in Wp if and only

if there is an outer function h in H 2B ðNpÞ�1 with jh�ðeiyÞj2 ¼ wðeiyÞ almost

everywhere on T.
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Motivated by this fact and a result of McCarthy mentioned above, in Section

3 we consider a class of co-analytic Toeplitz operators T
h
with a function

h a Hl such that the function jh�j2 is in Wp. It is shown (Theorem 3) that the

intersection of the ranges of all Toeplitz operators belonging to that class con-

sists of all analytic functions f on D whose Taylor coe‰cients f̂f ðnÞ decay like

O
�
expð�cn1=ðpþ1ÞÞ

�
for a positive constant c.

Let b be a fixed function in the unit ball of Hl, and let Db ¼ ð1� TbTb
Þ1=2,

where Tb : H
2 ! H 2 is the Toeplitz operator with symbol b. Then the de Branges

space HðbÞ is defined to be the range of the operator Db, with the range norm, i.e.,

the norm that makes ð1� TbTb
Þ1=2 a coisometry of H 2 onto HðbÞ. An important

result which characterizes the multipliers of HðbÞ is obtained in [2] by B. M.

Davis and J. E. McCarthy. Namely, by [2, Theorem 4.2] the Hl function f is a

multiplier of every HðbÞ space, when b is not an extreme point of the unit ball of

Hl, if and only if there is a constant c > 0 such that f̂f ðnÞ ¼ O
�
expð�c

ffiffiffi
n

p
Þ
�
.

In Section 4 we consider the class Hp, 1 < p < l, consisting of those de

Branges spaces HðbÞ for which a function b is not an extreme point of the unit

ball of Hl, and such that mb is the associated measure for b with the decomposi-

tion mb ¼ jh�ðeiyÞj2 dy=2pþ ms for which jh�j2 is in Wp (ms is a singular part of mb
with respect to the measure dy=2p). We prove (the equivalences (iii) , (iv) , (v)

of Theorem 4) that the function f analytic on D is a multiplier of every de Branges

space from the class Hp if and only if this function is in the intersection of the

ranges of all Toeplitz operators belonging to the class described above, i.e., if

and only if f̂f ðnÞ ¼ O
�
expð�cn1=ðpþ1ÞÞ

�
for a positive constant c.

Note that this result, Theorem 3 and Theorem C (Theorem 3 in [17]) are con-

tained in our main result given by Theorem 4. This is in fact an extension of The-

orem C which characterizes the universal multipliers of duals H 2ðwÞ with w a Wp.

2. Preliminaries

It is well known (see e.g., [6], p. 26) that a function f a N belongs to the Smirnov

class Nþ if and only if f ¼ IF , where I is an inner function on D and F is an outer

function given by

FðzÞ ¼ exp

ð2p

0

eiy þ z

eiy � z
logjF �ðeiyÞj dy

2p

� �
; z a D;

where logjF �j a L1ðTÞ. Furthermore (see e.g., [6]), a function f ¼ IF a Nþ with

described factorization belongs to the Hardy space Hq, 0 < q < l, if and only if

jF �j a LqðTÞ.
Privalov [21], p. 98, showed that a function f a N belongs to the class Np,

1 < p < l, if and only if f ¼ IF , where I is an inner function and F is an outer
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function such that logþjF �j a LpðTÞ. It follows immediately from this factoriza-

tion that the set ðNpÞ�1 of all invertible elements in Np consists of those outer

functions F for which logjF �j a LpðTÞ. This result is used in [7] to prove that a

function f a N is in Np if and only if it can be expressed as the ratio g=h, where

g and h are in H 2 and h is an outer function such that logjh�j a LpðTÞ. Therefore,

such a function h is in ðNpÞ�1. Using this fact and Beurling’s theorem for the

space H 2, it is easy to show (see [7]) that

Np ¼ 6
h A ðN pÞ�1BH 2

H 2ðjh�j2Þ; ð2:1Þ

where H 2ðjh�j2Þ denotes the closure of the space of analytic polynomials in the

space L2ðjh�j2 dy=2pÞ.
In the general case, for any positive measure m on the circle T, H 2ðmÞ will

denote the closure of the analytic polynomials in L2ðmÞ. Accordingly, H 2ðjh�j2Þ
coincides with the space H 2ðjh�j2 dy=2pÞ.

The analogous representation of (2.1) for the class Nþ is given by McCarthy

[15], p. 230; also see [8], V.4.4. Observe that ðNþÞ�1 is the set of all outer func-

tions.

Remark 1. Following R. Mortini [19], a ring R satisfying Hl HRHN is said to

be of Nevanlinna–Smirnov type if every function f a R can be written in the form

g=h, where g and h belong to Hl and h is an invertible element in R. This is

true for N itself and by an old theorem of the Nevanlinna brothers for the Smir-

nov class Nþ (see [20] or [6], Chapter 2); hence the name. By a result of Eo¤

[7] noticed previously (see also [16]), every space Np, 1 < p < l, is a ring of

Nevanlinna–Smirnov type.

Stoll [25], Theorem 4.2, showed that the Privalov space Np (with the notation

ðlogþ HÞa in [25]) with the topology given by the metric rp defined by

rpð f ; gÞ ¼
ð2p

0

�
log

�
1þ j f �ðeiyÞ � g�ðeiyÞj

��p dy
2p

� �1=p
; f ; g a Np; ð2:2Þ

becomes an F -algebra, that is, an F -space in which multiplication is continuous.

Recall that (2.2) with 1 instead of p defines a translation invariant metric

r1 ¼ r on Nþ that makes Nþ into an F -space (see [27], Theorem 3).

On the other hand, the representation (2.1) allows one to define two other top-

ologies on Np: the usual locally convex inductive limit topology, which we shall

call the Helson topology and denote Hp, in which a neighborhood base for 0 is

given by those balanced convex sets whose intersection with each space H 2ðjh�j2Þ
is a neighborhood of zero in H 2ðjh�j2Þ; and a not locally convex topology, which

we shall denote Ip, in which a neighborhood base for zero is given by all sets whose
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intersection with each space H 2ðjh�j2Þ is a neighborhood of zero. For basic facts

about inductive limits see Köthe [12], [13] and Wilansky [26]. It was proved in [7]

that the topology Ip coincides with the metric topology rp given by (2.2), which

is not locally convex. Hence, Ip is strictly stronger than Hp. Furthermore, the

topology Hp is metrizable (see [17, Section 2]).

The analogous results for the space Nþ with the Helson topology H intro-

duced in [11] are proved in [14], Section 2, and [15], pp. 230–31. Hence, we use

the same name for the topology Hp.

Recall that W is the set of all weights w on the circle T satisfying the conditionÐ 2p
0 logwðeiyÞ dy > �l. For given p > 1, Wp is defined as the set of all weights w

on T such that
Ð 2p
0 jlogwðeiyÞjp dy < l. For a weight w a Wp consider the outer

function h defined as

hðzÞ ¼ exp

ð2p

0

eiy þ z

eiy � z
log

ffiffiffiffiffiffiffiffiffiffiffiffiffi
wðeiyÞ

q
dy

2p

� �
; z a D:

Then wðeiyÞ ¼ jh�ðeiyÞj2 almost everywhere on T, and hence the boundary func-

tion h� is in L2ðdy=2pÞ. So the function h is in H 2. As noticed previously, h

also belongs to ðNpÞ�1. Therefore, a weight w is in Wp if and only if there is an

outer function h in H 2B ðNpÞ�1 with jh�ðeiyÞj2 ¼ wðeiyÞ almost everywhere on T.

This means that

Wp ¼ fjh�ðeiyÞj2 : h a H 2 is outer and logjh�j a LpðTÞg:

Thus in view of (2.1), the topological dual of ðNp;HpÞ consists of those func-

tionals belonging to the topological dual H 2ðjh�j2Þ� of H 2ðjh�j2Þ for every weight

jh�ðeiyÞj2 in Wp.

In terms of the polynomials, the topological dual of ðNp; rpÞ is given as fol-

lows.

Theorem A ([17], Theorem D). Let G be a linear functional defined on the set

of polynomials by Gð
PN

n¼0 anz
nÞ ¼

PN
n¼0 angn. Then G extends to be continuous

on Np with respect to the metric rp defined by (2.2) if and only if gn ¼
O
�
expð�cn1=ðpþ1ÞÞ

�
for some c > 0.

Theorem B ([17], Theorem E). The spaces ðNp;HpÞ and ðNp; rpÞ have the same

topological duals. Hence, the dual of ðNp;HpÞ is characterized by Theorem A.

According to Theorems A and B, in the sequel we shall frequently identify the

topological dual of ðNp;HpÞ with the class of all analytic functions f whose Tay-

lor coe‰cients f̂f ðnÞ satisfy f̂f ðnÞ ¼ O
�
expð�cn1=ðpþ1ÞÞ

�
for some constant c > 0.

For given weight w ¼ jh�j2 a W, we say that the function g is a multiplier of

H 2ðjh�j2Þ� if, for every f in H 2ðjh�j2Þ�, gf is also in H 2ðjh�j2Þ�. By [15, Theorem
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3.2], the function g is a multiplier of H 2ðjh�j2Þ� for every w ¼ jh�j2 in W if and

only if g is in ðNþ;HÞ�. The following result describes the universal multipliers

of the set fH 2ðjh�j2Þ� : jh�j2 a Wpg.

Theorem C ([17], Theorem 3). For any fixed p > 1, the following conditions about

a function f analytic on D are equivalent:

(i) f is a multiplier of H 2ðjh�j2Þ� for every jh�j2 in Wp.

(ii) f is in the dual of N p with respect to the topology Hp.

(iii) Taylor coe‰cients f̂f ðnÞ of f satisfy f̂f ðnÞ ¼ O
�
expð�cn1=ðpþ1ÞÞ

�
for a positive

constant c.

Remark 2. The Nþ analogues of Theorems A and B are given in [27], Theorem 3;

see also [15], Theorems 1.7 and 2.1. Namely, Theorems A and B remain true if we

replace Np, rp, Hp, and p with Nþ, r ð¼ r1Þ, H (the Helson topology defined on

Nþ in [11]), and 1, respectively. Moreover, the Nþ analogue of Theorem C is

given in [15], Theorem 3.2.

3. Common range of a class of co-analytic Toeplitz operators

Let 3 ; 4 denote the formal inner product of two Fourier series, i.e., if f ðzÞPPl
n¼�l anz

n, gðzÞP
Pl

n¼�l bnz
n, then 3 f ; g4 ¼

Pl
n¼�l anbn. Let 3 f ; g4 ¼Ð 2p

0 f �ðeiyÞg�ðeiyÞ dy2p (note that, to avoid convergence problems, we think of this

integral as limr"1�
Ð 2p
0 f ðreiyÞgðreiyÞ dy2pÞ. In particular, for any polynomial

p ¼
Pn

k¼0 akz
k the action 3p; f 4 of f ¼

Pl
k¼0 f̂f ðkÞzk on p is given by

3p; f 4 ¼
ð2p

0

pðeiyÞ f �ðeiyÞ dy
2p

¼
Xn

k¼0

ak f̂f ðkÞ:

Let S be the unilateral shift, which we think of as multiplication by the inde-

pendent variable. Observe that S is a Toeplitz operator whose symbol is the coor-

dinate function. Then by (1.1) of [2], the action of T
f
on a polynomial p of degree

d is given by

ðT
f
pÞðzÞ ¼ 3p; f 4þ 3p;Sf 4zþ � � � þ 3p;Sdf 4zd : ð3:1Þ

A result of Helson in [11] given by the equivalence (i) , (iv) of Theorem 0.1 in

[14] asserts that a function f in H 2 defines a continuous linear functional on

ðNþ;HÞ if and only if f is in the range of each Toeplitz operator T
h
with h in

Hl. McCarthy [14], Section 1, gives another proof of this result, by using the

fact that the dual of ðNþ;HÞ is the same as the intersection of the duals of
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the H 2ðwÞ spaces, where w ¼ jh�j2 ranges over W. Namely, it is proved in [14],

Theorem 2.1, that the dual of Nþ is the same in both H and r topologies.

Suppose that m is a Szegő measure. Then it can be written as jh�ðeiyÞj2 dy
2p for

some outer function h in H 2 (see e.g., [9], p. 144). Moreover [2], Section 2, m

being Szegő means that the functional that assigns to a polynomial its zeroth co-

e‰cient is continuous on H 2ðmÞ. So if T
f
is bounded on H 2ðmÞ, the functional

p 7! ðT
f
pÞð0Þ is bounded, which by (3.1) means that there is a constant C such

that

j3p; f 4jaC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2p

0

jpðeiyÞj2 dm

s
; ð3:2Þ

for any polynomial p ¼
Pn

k¼0 akz
k. The set of all analytic functions f that satisfy

(3.2) can be identified with the dual of H 2ðmÞ, and we shall denote this set by

H 2ðmÞ�.
For a measure m on the circle T let

TðmÞ ¼ f f a Hl : T
f
is bounded on H 2ðmÞg;

and let m ¼ ma þ ms be the decomposition of m into absolutely continuous and

singular parts (with respect to the Lebesgue measure dy=2p).

Proposition 1 ([2], Proposition 4.1). Let m be a measure on the circle T. Then f is

a multiplier of H 2ðmÞ� if and only if f is in TðmÞ.

Proposition 2. A function f analytic on D is in the dual of N p with respect to

the topology Hp if and only if for any weight w ¼ jh�j2 a Wp there is a constant C

(depending on w) such that for all polynomials p

ð2p

0

pðeiyÞ f �ðeiyÞ dy
2p

����
����
2

aC

ð2p

0

jpðeiyÞj2jh�ðeiyÞj2 dy
2p

: ð3:3Þ

Proof. Let f be in the dual of ðNp;HpÞ. Then, by (ii) ) (i) of Theorem C, f is

a multiplier of H 2ðwÞ� for every weight w ¼ jh�j2 in Wp. By Proposition 1, f is

in Tðjh�j2Þ, i.e., the Toeplitz operator T
h
is continuous on H 2ðjh�j2Þ for each

jh�j2 a Wp. It follows that (3.2) holds for m ¼ jh�ðeiyÞj2 dy=2p, which is in fact

(3.3).

Conversely, suppose that for any weight w ¼ jh�j2 a Wp there is a constant C

such that (3.3) holds for all polynomials p. This means that a function f is in the

dual of H 2ðjh�j2Þ for any jh�j2 a Wp. Since the dual of ðNp;HpÞ consists of those
functionals belonging to the dual H 2ðwÞ� for every w in Wp, it follows that f is

also in the dual of ðNp;HpÞ. This completes the proof. r
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We are now ready to state the following result.

Theorem 3. The function f with Taylor series f ðzÞ ¼
Pl

n¼0 f̂f ðnÞzn on D is in the

range of every non-zero co-analytic Toeplitz operator T
h
with jh�j2 a Wp if and

only if there exists a constant c > 0 such that f̂f ðnÞ ¼ O
�
expð�cn1=ðpþ1ÞÞ

�
.

Proof. We follow the proof of the equivavalence of (i) and (iv) from Theorem 0.1

in [14]. First observe that if a weight w a Wp is decreased, the space H 2ðwÞ in-
creases, and its dual decreases. So the dual of ðNp;HpÞ is the same as the intersec-

tion of the duals of the H 2ðwÞ spaces, where w ranges, not over all of Wp but only

over those weights w a Wp that satisfy kwkla 1. Therefore, by Proposition

2, a function f belongs to the dual of ðNp;HpÞ if and only if for each weight

w ¼ jh�j2 a Wp with kwkla 1, there exists a constant C > 0 such that for all

polynomials p

ð2p

0

pðeiyÞ f �ðeiyÞ dy
2p

����
����
2

aC

ð2p

0

jpðeiyÞj2jh�ðeiyÞj2 dy
2p

:

This is true if and only if there exists a g in H 2ðjh�j2Þ of norm less or equal to
ffiffiffiffi
C

p

for which

ð2p

0

pðeiyÞ f �ðeiyÞ dy
2p

¼
ð2p

0

pðeiyÞg�ðeiyÞjh�ðeiyÞj2 dy
2p

: ð3:4Þ

As noticed in [14], p. 795, the set H 2ðjh�j2Þ is the same as H 2=h ¼
f f =h : f a H 2g. Hence g can be written as k=h for some k in H 2, which by

putting in (3.4) yields

ð2p

0

pðeiyÞ f �ðeiyÞ dy
2p

¼
ð2p

0

pðeiyÞk �ðeiyÞh�ðeiyÞ dy
2p

ð3:5Þ

for all polynomials p. Taking pðzÞ ¼ zn, n ¼ 0; 1; 2; . . . in (3.5), gives

f̂f ðnÞ ¼
ð2p

0

einyk�ðeiyÞh�ðeiyÞ dy
2p

; n ¼ 0; 1; 2; . . . ;

whence

f̂f ðnÞ ¼
ð2p

0

k �ðeiyÞh�ðeiyÞeiny dy
2p

¼ 3k;Snh4:

Thus by (3.1) we obtain that
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f ðzÞ ¼
Xl
n¼0

f̂f ðnÞzn ¼
Xl
n¼0

3k;Snh4zn ¼ T
h
k;

i.e., f ¼ T
h
k. It follows that a function f is in the dual of ðNp;HpÞ if and only if

it is in the range of all non-zero co-analytic Toeplitz operator T
h
with jh�j2 a Wp.

By Theorems A and B, this is true if and only if f̂f ðnÞ ¼ O
�
expð�cn1=ðpþ1ÞÞ

�
for

some positive constant c. This completes the proof. r

4. Multipliers of de Branges spaces

For a function b in the unit ball of Hl, de Branges space HðbÞ is by definition the

range of the operator ð1� TbTb
Þ1=2, with the range norm, i.e., the norm that

makes ð1� TbTb
Þ1=2 a coisometry of H 2 onto HðbÞ. HðbÞ is a (not necessarily

closed) subspace of H 2, on which the evaluation functionals at points in the disk

are continuous. The spaces HðbÞ were originally introduced by de Branges and

Rovnyak in [3] and [4], and have attracted much attention in the meantime. As

noticed in [2], the spaces HðbÞ have been utilised in various contexts, ranging

from model theory [1] and kernels of Toeplitz operators [10] to exposed points in

H 1 [24] and complex function theory [23]. The structure of the spaces, however, is

still not well understood; a natural question to ask is, given a specific b, what are

the multipliers of HðbÞ, i.e., what functions (necessarily in Hl) multiply HðbÞ
into itself? This question splits into two cases, depending on wheter b is an ex-

treme point of the unit ball of Hl (and no non-constant polynomial is a multi-

plier), or it is not (and every polynomial is a multiplier) [22].

Let b be a fixed non-constant function in the unit ball of Hl. The function

z 7! 1þbðzÞ
1�bðzÞ then has a positive real part, so it can be reprezented as a Herglotz

integral

1þ bðzÞ
1� bðzÞ ¼

ð2p

0

eiy þ z

eiy � z
dmbðeiyÞ þ ic; ð4:1Þ

where c is a real constant and mb is a unique positive Borel measure.

For each function f in H 2ðmbÞ, define a function Vb f on D by

ðVb f ÞðzÞ ¼
ð2p

0

f ðeiyÞ
1� ze�iy

dmbðeiyÞ
� ��

1� bðzÞ
�
:

Sarason proved in [24] that Vb is an isometry from H 2ðmbÞ onto HðbÞ. Consider-

ing the measure mb, notice that the absolutely continuous part of mb is

1� jb�ðeiyÞj2

j1� b�ðeiyÞj2
dy

2p
:
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As noticed in [2], Section 1, the absolutely continuous part of a measure mb in-

duced by (4.1) is a Szegő measure if and only if log
�
1� jb�ðeiyÞj2

�
is integrable;

this integrability in turn is equivalent to b not being an extreme point of the unit

ball of Hl; see [5].

For any given p > 1 let Hp denote the class of those de Branges spaces HðbÞ
for which a function b is not an extreme point of the unit ball of Hl and

the associated measure mb for b given by (4.1) has a decomposition mb ¼
jh�ðeiyÞj2 dy=2pþ ms such that jh�j2 is in Wp (ms is a singular part of mb with

respect to the measure dy=2p).

We are now ready to extend Theorem C (Theorem 3 in [17]) in our main result

as follows.

Theorem 4. For any fixed p > 1, the following conditions about a function f ana-

lytic on D are equivalent:

(i) f is a multiplier of H 2ðjh�j2Þ� for every jh�j2 in Wp.

(ii) f is in the dual of N p with respect to the topology Hp.

(iii) Taylor coe‰cients f̂f ðnÞ of f satisfy f̂f ðnÞ ¼ O
�
expð�cn1=ðpþ1ÞÞ

�
for a positive

constant c.

(iv) f is in the range of every non-zero co-analytic Toeplitz operator T
h
with

jh�j2 a Wp.

(v) f is a multiplier of every de Branges space HðbÞ from the class Hp.

(vi) f is in T
�
jh�ðeiyÞj2 dy=2p

�
for every jh�j2 a Wp.

Proof. The equivalences (i) , (ii) , (iii) are contained in Theorem C.

(iii) , (v) may be proved analogously as Theorem 4.2. in [2].

(iii) , (iv) is in fact the assertion of Theorem 3.

(i) , (vi) follows immediately from Proposition 1.

This completes the proof. r
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Zbl 0678.46019 MR 1038352

[25] M. Stoll, Mean growth and Taylor coe‰cients of some topological algebras of ana-
lytic functions. Ann. Polon. Math. 35 (1977), 139–158. Zbl 0377.30036 MR 0463920

[26] A. Wilansky, Modern methods in topological vector spaces. McGraw-Hill, New York
1978. Zbl 0395.46001 MR 0518316

[27] N. Yanagihara, Multipliers and linear functionals for the class Nþ. Trans. Amer.

Math. Soc. 180 (1973), 449–461. Zbl 0243.46036 MR 0338382

Received July 5, 2006; revised December 29, 2007
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