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Abstract. The modified Abel lemma on summation by parts is employed to establish two
well-poised bilateral sys-series identities. Several quadratic, cubic and quartic transfor-
mation formulae are derived for the truncated partial sums of Bailey’s very well-poised
6Wg-series.

Mathematics Subject Classification (2000). Primary 33D15, Secondary 05A30.

Keywords. The modified Abel lemma on summation by parts, well-poised bilateral g-series,
Bailey’s identity on ¢¢-series, quadratic, cubic and quartic transformations.

For two complex x and ¢, the shifted-factorial of x with base ¢ is defined by
(;9)g=1 and (x;¢),=(1—-x)(1—-xq)...(1-x¢""") forneN.
When |¢| < 1, we have two well-defined infinite products

0

(xi9),, = [[(1—=¢*>) and  (x:9), = (x:9)../(x¢";9)...
k=0

In particular, the shifted factorial with negative integer order can be written ex-
plicitly from the last fraction as

(=1)"q()x
(q/x39),

The product and fraction of shifted factorials are abbreviated respectively to

(x5q9)_, = forn e N.

o, B, ..., 734l = (0),(Biq), - (:0),,

[ %G,y H _ (59),(B ), - (139,
AB,....C|"|, (4;9),(B;q),...(Ciq),
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Following Gasper—Rahman [13], the unilateral and bilateral basic hypergeo-
metric series (shortly as g-series) are defined respectively by

ap, ai,...,d - N lag, ai,...,a
b ) ) ) . _ -1 n (2) S—r ) ) ) n
m[ bl,...,bs"’z] > (1) {% bl,...,bsqLZ’
+00
ay, da,...,dy n sl a, ax,...,da,
. ) ) ) . _ | n (2) s—r ) ’ ) n.
‘”S[bl, ba,...\by ‘”] 2 A0 [bl, ba,...\by q]f’

where the base ¢ will be restricted to |¢| < 1 for non-terminating g-series. When
r = s, the most important case, the definitions of the ¢ and -series just displayed
coincide with those due to Bailey [2], Chapter 6, and Slater [17], who collected
most of the classical summation and transformation formulae on ¢-series.

One of the most important and useful identities in the theory of basic hyper-
geometric series is Bailey’s summation formula [3] (cf. Gasper—Rahman [13],
I1-33, also) for a nonterminating very-well-poised bilateral ¢y/4-series. For com-
plex parameters a, b, ¢, d, e satisfying the condition |ga®/bcde| < 1, Bailey’s iden-
tity may be reproduced as

a2, —qa'?, b, c, d, e qa*

6lp6|:q1/2 ql/z qv—:| (la)
a'?,  —a'?, qa/b, qajc, qa/d, qaje|  bcde
_[4,9a,q9/a,qa/bc,qa/bd, qa/be, qa/cd, qa/ce, qa/de (1b)
~ | ga/b,qa/c, qa/d.qafe,q/b,q/c,q/d,q/e, qa*[bede ||

It has recently been provided a completely new and simple proof by Chu [11]
through Abel’s lemma on summation by parts. By employing this approach fur-
ther, this paper will prove two nonterminating well-poised bilateral siys-series
identities. Several quadratic, cubic and quartic transformation formulae are de-
rived consequently for the truncated partial sums of Bailey’s very well-poised
cWg-series.

Abel’s lemma on summation by parts has been shown very useful and im-
portant in classical analysis. For an arbitrary complex sequence {7y}, define the
backward and forward difference operators V and A, respectively, by

Vl'k =Tk — Tk-1 and A‘L‘k =Tk — Tk+1 (2)

where A is adopted for convenience in the present paper, which differs from the
usual operator A only in the minus sign.
Then Abel’s lemma on summation by parts may be reformulated as

+o0 +o
> BVAy=[AB],, —[AB]_,+ > AcABy, (3)

k=—o0 k=—o0
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provided that the two limits [4B] 4o = limy, 40 4, By exist and one of both
series just displayed is convergent.

Proof. Let m and n be two integers. According to the definition of the backward
difference, we have

n n n n

ZBkVAk = ZBk{Ak — A} = ZA/ch - ZAklek'
k=m k=m k=m k=m

Replacing k by k + 1 for the last sum, we get the following expression:

n n
Z BiVA, = AyByyy — A1 By + Z Ai{Br — By}
k=m

k=m =

n
= 4Byt — Ap 1By + > Ax A By

k=m

Letting m — —oo and n — 400, we get the identity stated in the lemma. O

1. Nonterminating bilateral sy s-series identities

Now we state two general bilateral series identities and their implications.

1.1. Zero well-poised bilateral series. For the bilateral series, there holds the
following general statement:

lp C1, Coyunny Cl+2K
1+2¥ 2541
/e, 1/ea, ..., 1/crpon

: }:o. 4)

b
C1Cy ... Cly

A very special case has been obtained by Joshi and Verma [20], eq. 3.18.
In fact, denote by ® the bilateral ys-series on the left hand side. Its reversal
with the summation index shifted by k — k — 1 can be stated as

142K
o — qci,  qea, ..., gC1ye 1
= 1421 q; H -
q/cr, q/ca ... q/ciiax =1 G
142K 142K 142K
lﬂ [ 1, Coynny Cl+2k g: 1 l—l/C, 141
= 142 ¥ 211 ; — _
1/6’17 1/02,..., I/Cl+2K =1 ¢ =1 1 — =1 ¢,
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Simplifying the last factor-product, we find that
O=(-1D)""0=0

which is exactly the identity displayed in (4).

1.2. The first well-poised bilateral series identity. Denote by " the partial sum
of the terms with nonnegative indices from the corresponding bilateral /-series.
The first well-poised bilateral series identity is given by the following surprising
theorem which expresses a well-poised bilateral siys-series in terms of Bailey’s
well-poised ¢\f¢-partial sum.

Theorem 1. For four indeterminate {a, b, c,d} satisfying the condition |q/bcd| < 1,
there holds the following transformation formula:

a, b, c, d, qfabcd| (5a)
g/a, q/b, qfe, gq/d, abed |77

a, ba c, d, Q/ade 2

= . 5
51//5[61/61, a/b, q/c, q/d, abed q’q] (55)

_ [ 4.q9/ab,q/ac,q/ad,q/bc,q/bd,q/cd, q/abed
 Lq/a,q/b,q/c,q/d,q/abc,q/abd, q/acd, q/bcd

5‘//5[

q} + AMa; b, c,d) (5¢)

X l//Jr |:q2/aV de7 _qz/aV dea Q/aa Q/aba q/acv (,]/ad q; L:|
ors q/av'bed, —q/avbed, q*|abed, ¢*|abe, ¢*/abd, ¢*/acd | bed
(5d)
where the A-function is defined by infinite product
— q42/,2 2
Hash,c.d) = (q/abed){1 — q*/a*bcd} [ a, b, ¢, d, q*/abed q] (6
lq/abc,q/abd, q/acd;q), | q/a, q/b, q/c, q/d, abcd .

The equality between two sis-series displayed in (5a) and (5b) is justified by
the series reversal. Theorem 1 is the common generalization of the following im-
portant examples.

First, letting @ — oo through the replacement ¢ — a/¢" and then n — oo in
Theorem 1, the limiting case gives two well-poised bilateral 3i/;-series identities.

Corollary 2 (Bailey [5], eq. 2.2, and [19], eq. 5.5). For e = 1,2, there hold the fol-
lowing nonterminating series identities:
q -

b, ¢ d’ qﬁ}_[q,q/baq/bdyq/cd

v 47—
3la/b, afe, q/d|"bed] | q/b.q/c,q/d,q/bed
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Then taking @ = ¢7" in Theorem 1, we recover the following terminating series
identities.

Corollary 3 (Well-poised s¢,-series identities: Bailey [5], eq. 3.1, and Jackson [15],
eq. 1). Foro = 0,1, there hold the following identities:

5¢4{q_2”, b, c, d, q1_3"/bcd‘ . Hé}
q172n/b, qlen/C7 qlfzn/d’ q”bcd

} " {q,bcgbd,cd q} '
n 2n

b,c,d,bed
Different proofs may be found in Bressoud [6], eq. 1, Carlitz [7], egs. 3.4 and
3.6, Guo [14], eq. 4.1, and Verma-Joshi [20], eq. 3.8. Carlitz [§], egs. 15 and 16,
worked out also the results corresponding to the limiting case ¢ — 1.
In view of the fact that

a1 b,c,d,bed g
q,bc,bd, cd

(qw: q); _ 1 — wgt 1 g w

(w;9), l—w  1—-w 1—w

the linear combination of (5a) and (5b) leads us to bilateral identity with an extra
w-parameter:

Proposition 4. For four indeterminate {a,b,c,d} satisfying the condition
|g/bcd| < 1, there holds the following transformation formula:

" qw, a, b, c, d, q/abcd
"l w, g/a, q/b, qfe, q/d, abed

[ a.q/ab,q/ac,q/ad,q/bc,q/bd, q/cd, q/abed
~ Lg/a,q/b,q/c,q/d,q/abc,q/abd, q/acd, q/bcd

B CI:|
M T asb,c,d)

q¢*/avbed, —q*Jav'bed,  q/a,  qfab, q/ac, q/ad
q/av'bed, —q/avbed, q*/abed, ¢*/abe, ¢*/abd, q*/acd

+ L

Special terminating cases have been investigated by Bailey [4], eq. 3, Chu [9],
§2, and Jain-Verma [19], egs. 5.1 and 5.2.

1.3. The second well-poised bilateral series identity. It expresses another well-
poised bilateral si/5-series in terms of Bailey’s well-poised ¢/4-partial sum.

Theorem 5. For four indeterminate {a,b,c,d} with |q*/bed| < 1, there holds the
following transformation.
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a, b, c, d, ¢*/abcd }
sy [ 4:q (7a)
*Lq*la, /b, ¢*)c, ¢*/d. abed/q
a, b, c, d, ¢*/abcd ;}
=—qxsy [ 4 q (7b)
*Lq¥/a, ¢*/b, q*/c, ¢*)d, abed/q

, { q,q%/ab,q*/ac,q*/ad, q* /bc,q* /bd, ¢* [ cd, ¢* abed
14 /a,q*/b.q*/c,q*/d, ¢*|abe, ¢* Jabd, ¢* acd, q* |bed

q} T ulasbe,d) (76)

[4*/avbed, —¢*Jav/bed,  qla,  ¢*[ab, q*/ac, ¢*[ad | ¢
<V | , 2 4 3 3 3 T ped
q*/av'bed, —q?/av'bed, q*/abcd, q°/abe, ¢°/abd, ¢*/acd | bed
(7d)
where the u-function is defined by infinite product
wla; b, e, d)
_ (¢*/abed){1 — ¢*/a*bcd} [ a, b, ¢, d, q*/abed } (8)
" [g2/abe,q?fabd, ¢ Jacdiq], L q*Ja, ¢*/b. ¢*[c. ¢*/d. abed/q |],

Again, the first equality between two sis-series displayed in (7a) and (7b) is
confirmed by the series reversal. From Theorem 5, we can deduce the following
important examples.

First, letting @ — oo through the replacement ¢ — a/¢" and then n — oo in
Theorem 5, the limiting case gives two well-poised bilateral 3ir;-series identities.

b, ¢, d

Corollary 6 (Bailey [5], eq. 2.3). For e = 1,2, there hold the following nonterminat-
(_ )l—& |: q, qz/bc, qz/bdv qz/Cd
/b, q*le, */d

l”g series lde”lllles.
q2£
qz/b3 qz/c’ qz/d7 qz/bcd o0

bed|
If we take a = ¢7" in Theorem 5, then the following terminating series identi-
ties are recovered.

31#3

Corollary 7 (Well-poised s¢,-series identities: Bailey [5], eq. 3.2, and Carlitz [7],
egs. 3.4 and 3.7). For o = 0,1, there hold the following identities:

,I—Zn’ b, c, d7 q7173n/bcd - l+25:|
q72n/b7 6172n/c7 q72n/d7 q1+nbcd 449

2
—(_ 142n\0—1 1 — q ,qu, qbd> qu
T q){ } [ qb,qc,qd, qbcd

Ak

gb,qc, qd, qbcd

q -
2n

Refer to Guo [14], eq. 4.5, and Verma-Joshi [20], eq. 3.12, for different proofs.

q,qbc,gbd, qcd
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Recall from (4) that

a, b, c, d, ¢*/abcd
q*/a, ¢*/b, q*/c, ¢*/d, abed/q

By means of three terms relation

slﬁs

g; qz} = 0. ©)

(qu;9)y. (qviq) 1 —ug® 1 —vg"
(u;9) (v39); l—u 1-v
1 qk(u + U) q2kuv

(I-u)l—v) (A=u)(l-v) (1-wu)(l-v)

we derive from the combination of (7a) and (7b) the following general identity
with two extra free-parameters:

Proposition 8. For four indeterminate {a,b,c,d} satisfying the condition
|¢?/bed| < 1, there holds the following transformation formula:

: }(l—u)(l—v)

{qu, qv,  a, b, c, d, ¢*/abcd
7'«#7 9 1
—uv/q

u, v, q¢*la, ¢*/b, q¢*/c. ¢*/d, abcd/q
, [ q,q%/ab,q*Jac,q*Jad, q* |be, q* [bd, ¢* | cd, ¢* | abed
4% /a,q?/b,q*/c,q*/d. q* |abe, g Jabd, ¢* |acd, ¢* | bed

q} + u(a;b,c,d)
0

2
L4
& bcd] '
1.4. Partial sums of well-poised bilateral series. Denote by iy~ the partial sum

of the terms with negative indices from the corresponding bilateral -series. By
reversing the summation index k — —1 — k, it is not hard to check the following
(1 — g/u)(1 — q/v)

relation:
q; Q]
g(1 —u)(1—v)

X7lp+|:q2/u7 q2/v7 a, b7 ¢, da q3/Cled qq:|
" q/u,  q/v, ¢*la, ¢*/b, ¢*/c, q¢*/d, abcd/q |"

In view of 717 = 797 + 7147, we may express the case u,v = +¢'/? of Proposi-
tion 8 in terms of unilateral series:

q¢’/avbed, —q’/avbed,  qfa,  ¢*[ab, g¢*|ac, q’/ad
q*/av/'bed, —q*/av/bed, q*/abed, ¢ /abe, ¢ /abd, q°/acd

Xslﬁg{

_[qu, qv, a, b, c, d, q*/abcd
77 2 2 2 2
u, v, q-/a, q°/b, q¢°/c, q°/d, abed/q

Corollary 9. For four indeterminate {a,b,c,d} satisfying the condition
|q?/bed| < 1, there holds the following transformation formula:
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[ ¢’ =g a, b, c, d, 3/abcal
2z

20 g2 gla, ¢*lb, ¢*le, ¢d. abed/q |
_[61 ,q*/ab,q* Jac,q* ad, q* |be, q* |bd, ¢* [ cd , ¢* |abed ] wa;b,e,d)
~ L4%/a.4*/b,q*/c,q*/d,q* [abe, ¢* Jabd , ¢* [acd, ¢? /bed l1—g¢

(¢ /avbed, —¢*javbed, qja,  q*/ab, q¢*[ac, ¢*[ad | ¢*
<oV | 2 4 3 3 3 byedl
q*/av'bed, —q?/av'bed, q*/abed, ¢ abe, ¢ Jabd, ¢ /acd | bed

When a = ¢, the last ¢V -series reduces to one. We have therefore established
the following strange summation formula.

@R =432, b, c, d, q*/bcd|
° {qm, —q'%, @b, @le, ¢2/d,  bed |T q} (102)
_ (L=¢/b)(1 = g/c)(1 — ¢/d)(1 — q/bed) {1 B [ b,c,d,q*/bed ‘q] }
(1 —q)(1 —q/bc)(1 —q/bd)(1 — q/cd) q/b,q/c,q/d,bed/q|"]
(10b)

which can also be verified by means of telescoping method.
In fact, noting the finite difference

b, c, d, 2 /bed b,c,d,q*/bed
{ q°/ q] =1 _q1+2k)[ q°/ H qk
k k

q/b, q/c, q/d, bed/q

q*/b,q*/c.q*/d, bed

o (I=q/be)(1 — q/bd)(1 — g/cd)
(1 —q/b)(1 —q/c)(1 — q/d)(1 — q/bcd)

|: 3/2 _q3/27 bu ¢ d7 qz/de
Ve

we can confirm the ¢ -series identity as follows:
2 g, @b, e, @1d, bed |© ”’]
il gt [ b,c,d,q?/bcd

q} q"
0 l_q Z/b,qz/C,q2/d,de k

k=
_ (I =gq/b)(A = gq/c)(1 = q/d)(1 — q/bcd)
(1 =q)(1 = q/be)(1 = q/bd)(1 — g/ cd)

0 2
d, q*/bcd ]
X A q
; L]/b q/c q/d, bcd/q | ]}

_ (I =g/b)(A = gq/c)(1 = q/d)(1 — q/bcd)
(1 =q)(1 = q/be)(1 = q/bd)(1 — g/ cd)

2
x{l—[b’ c, d, q*/bcd q] }

q/b, q/c, q/d, bed/q
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1.5. Case ¢ — 1: Classical Hypergeometric Identities. Recall the g-Gamma
function [1], §10.3,

_ (@ q).,
Iy(x)=(1-¢)' @5q). and qlgrll,F() ['(x) (11)

as well as the notation for classical bilateral hypergeometric series [17], Chapter 6.
Performing replacements ¢ — ¢“, b — ¢°, ¢ — ¢¢, d — q% and w — ¢" in Propo-
sition 4 and then letting ¢ — 1, we derive the following classical hypergeometric
series transformation formula.

Theorem 10. For four indeterminate {a,b,c,d} satisfying the condition
R(b+ c+d) < 1, there holds the following transformation formula:

H 1+w, a, b, c, d, l—a—-b—c—d
1w, 1—a 1-b, 1—¢, 1—d, a+b+c+d
_r l-a,1-b1-c1-dl—-a-b—-—cl—-a—-b—-d1l—-—a—c—d,1—-b—c—d
B l—-a-bl—-a—c1—a—-d,1—-b—c,1—-b—d,1—c—d,1—a—b—c—d

n 2—-2a—-b—c—d l—a,l=-b1—-c,1—da+b+c+d

(l—a—-b-c)(l—a-b—-d)(1-a—c—d) a,b,e,d,2—a—b—c—d

XZZ 2a—b—c—d+2k l—al—a—-bl—-a—cl—a—-d
2-2a—b—c—d 2—a—-b—-c—-d2-a-b—-—c¢2-a-b—-d2-a—-c—-d)],

Similarly, we can get from Proposition 8 another classical well-poised bilateral
series identity.

Theorem 11. For four indeterminate {a,b,c,d} satisfying the condition
R(b+ c+d) <2, there holds the following transformation formula:

" 1+u, 1+v, a, b, c, d, 376{7})7(?7&11
Tow v, 2—a,2-b,2-¢,2—d, atb+c+d—1

_u+v—lF[Z—a,2—b,2—c,2—a’,2—a—b—c,2—a—h—d,2—a—c—d,2—b—c—a’}

uv 2—a—-b2—-a—-c¢2—-a—-d2-b—c2-b—-d2—-c—d2—-a—b—c—d

N 4—-2a—-b—-c—d 1_27a727b72fc,27d7a+b+c+d71
2—a-b-c)2—a—-b—-d)2—a—c—d) a,b,c,d/d—a—b—c—d
M+U_IZ4 2a—b—c—d+2k l-a,2—a—-b2—-a—-c2—a—d
w = 4-2a-b—c—d 4—a—b—c—d3—-a-b—-c3-a-b—-d3—a—c—d],

It seems that both identities just displayed have not appeared previously in the
literature on classical hypergeometric series.
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2. Proofs via the modified Abel Lemma on summation by parts

First, let us define two functions by

a, b, c, d, q/abcd
_ : 12
U(aab7c7d) SwS |:Q/Cl, q/b, q/c7 q/d7 abed q; q:|7 ( a)
a, b c, d, q*/abed }
V(a,b,c,d) := ’ iq]. 12b
(@5,¢,d) Sws{qz/m /b, ¢*fe, ¢*/d, abed/q | 7! (120)

2.1. For two sequences { Ay, By} defined by

a, b, d, qz/abd‘ }
q and By = { q
:|k Q/Ll, (1/[), (]/d, abd/(] k

abd, qc, q*/abcd

A, =
, q*/abd, q/c, abcd

it is not hard to compute the limiting relations

1 a, b, ¢, d, q*/abcd
[AB],, = —[4B]_ [ 4 d ¢/

* " 1—abd/q|q/a, q/b, q/c, q/d, abed

],

and the following differences

abd/q, ¢, q/abcd k
q*/abd, q/c, abcd 1 kq ’
b d 2 /abd
AB:1—1+2k|:a, ) y 4 ‘:| k
= ¢fa, /b, ¢*/d, abd |},
. (L—g/ab)(1 —g/ad)(1 —q/bd)
(1 —g/a)(1 —q/b)(1 —gq/d)(1 — q/abd)
By means of (5a) and (5b), we can manipulate, through the modified Abel lemma
on summation by parts, the following series
q} q"
k
(1 —g/ab)(1 — g/ad)(1 — q/bd)

[ a, b, ¢, d, q/abcd
d
(1 =g¢/a)(1 —q/b)(1 —q/d)(1 — q/abd)

q/a, q/b, q/c, q/d, abcd
= BVA=2[4B],, + > A AB
k k
b,qc,d,q* abcd
1— 142k |: a, b, y Uy k
P a*/a,q*/b,q/c,q*/d, abed |

VA, = (1 +q")[

2U(a,b,e,d) = > (1+4")

k

- 2 { a, b, gqc, d, q*/abcd
B 1 _abd/q q/(l, Q/ba Q/C, Q/dv abcd

+

k k
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Applying (7a) and (7b) to the last line, we therefore establish the following rela-
tion:

(1 —g/ab)(1 —q/ad)(1 — q/bd) (13a)
(1 —q/a)(1 —q/b)(1 —q/d)(1 — q/abd)

1 a, b, qc, d, g¢*/abcd }
N . (13b
1—abd/q{q/a, a/b. qfe. q/d,  abed |'], (130)
]
k

Ul(a,b,c,d) =V(a,b,qc,d)

2.2. Similarly for two sequences { Cy, Dy} defined by

gac, b, d, q/abcd
1/ac, q/b, q/d, abcd

d
o0

qa, qc, gfac

Cr =
q/a, qfc, qac

q} and Dy = {
k
we can calculate without difficulty the limiting relations

1 qa, b, qc, d, q/abcd
[CD], , = —[CD]_ {

» T 1/ac | q/a, q/b, q/c, q/d, abcd

and the following differences

a, ¢, 1/ac

VC=(1+4¢" {
( )q/a, q/c, qac

q} q",
k
qac, b, d, q/abcd X
gfac, /b, ¢*/d, qabed 7],
(1 = 1/abe)(1 —1/acd)(1 — q/bd)

(1 —1/ac)(1 —q/b)(1 —q/d)(1 —1/abed)
Taking into account of (5a) and (5b), we can apply the Abel lemma on summation
by parts to reformulate the following series:

q] q*
k

a, ba ¢, d, Q/ade
q/a, q/b, q/c, q/d, abcd

= DVCi =2([CD],, + Y CiAD;
k k

AD]( _ (l _ q1+2k)|:

2U(a,b,e,d) = (1+4)

k

2 [ ga, b, qc, d, gfabed q}
I —1/ac | g/a, q/b, q/c, q/d, abed |'],,
L (1= 1/abe)(1 — 1/acd)(1 - g/bd)
(1 —1/ac)(1 —q/b)(1 —q/d)(1 —1/abcd)

,b,qce,d,q/abced
« 1 — g+ { qa
2. ) q/a,q*/b,q/c,q*/d, qabed

q} q~.
k

k
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Recalling (7a) and (7b), we derive the following crossing relation:

(1 —1/abe)(1 — 1/acd)(1 — q/bd)

Ula,b,e,d) = Vlga.b.ge.d) 5= 7 50— 70 = g/a) (1 = abed) %)
1 qa, b, qc, d, q/abcd
+ 1 —1/ac | q/a, q/b, q/c, q/d, abcd ’ Ln (14b)

2.3. Now combining (13a)-(13b) with (14a)-(14b) under the replacement
a — a/q and then canceling V(a, b, ¢, d), we derive the following independent rela-
tion for U(a, b, ¢, d):

(1 —gq/ab)(1 - q/ac)(1 — q/ad)(1 — q/abcd)
(1 —gq/a)(1 — gq/abc)(1 — q/abd)(1 — q/acd)’

Observing that the relation displayed in (15a)-(15b) results from shifting
parameter a by ¢ in the U-function. Iterating it m-times, we derive the relation
with an extra natural number parameter m as follows:

l
m

q/ab,q/ac,q/ad, q/abcd
q/a,q/abc,q/abd, q/acd
m—1
b,q/ac,q/ad,q/abed
algh: b, e.d)] 9
+; (a/a"sbrc, )[q/a,q/abc,q/abd,q/acd

(15b)

U(a,b,c,d) =Ul(a/q™,b,c,d) [

1,

q} + Aa; b, c,d) (16a)

which can be further simplified as

q/ab,q/ac,q/ad,q/abcd
Ula,b,¢,d) = U(a/q" b, c,d
(a7 ,C, ) (a/q ,0,¢C, )[q/a’q/abcvq/abd,q/aCd
1 —g?/a?bed

k=0

q/a,q/ab,q/ac,q/ad
q*/abed, q? Jabe, q? Jabd, ¢ acd

daf

According to the Weierstrass M-test on uniformly convergent series (cf. Strom-
berg [18], p. 141), we may compute the following limit

b, ¢, d| ¢
q/b, qfe. q/d|Tbed

[ q,q/bc,q/bd,q/cd q}
q/b.q/c,q/d,q/bed |"]

thanks to Corollary 2 for the last equality.

lim U(a/q™, b, c,d) = 34 [

m—oo
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Letting m — oo in (16a)—(16b), we find the following transformation formula:

q4,q/ab,q/ac,q/ad,q/bc,q/bd,q/cd, q/abed

q/a,q/b,q/c,q/d,q/abc,q/abd, q/acd,q/bcd
21— ¢**%* Ja’bed

1 —¢*/a*bed

U(a, b, c,d) = {

q} T Hab,c,d)
0

k=0

q/a,q/ab,q/ac,q/ad
q*/abcd, q? Jabe, ¢* Jabd, ¢* |acd

) (%)

This is the transformation formula stated in Theorem 1. O

2.4. Similarly, we can work out the corresponding results for V(a, b, ¢,d). Under
the replacements a — a/q and ¢ — ¢/q, the difference between (13a)—(13b) and
(14a)—(14b) leads us to another independent relation:

V(a,b,c,d) = p(a;b,c,d) +V(a/q,b,c,d) (17a)

, (L=¢*/ab)(1 — ¢*[ac)(1 — ¢*/ad)(1 — ¢*/abed)
(1 =¢*/a)(1 — g*/abe)(1 — ¢*/abd)(1 — ¢* /acd)

(17b)

Iterating (17a)—(17b) m-times gives rise to the following relation with an extra nat-
ural number parameter m:
d
m

e {qz/ab,qz/ac,qz/ad,qz/abcd

k
ib,e,d
+;ﬂ(a/q ‘ )qz/a,q2/abc,qz/abd,q2/acd

q*/ab,q*/ac,q* [ad, q* |abed

V(a,b,c,d) = V(a/q", b,c,d
(a,b,c,d) (a/q ¢ ){qz/a’qz/abcqu/abd,qz/acd

1,

which can be further simplified as

V(a,b,c,d)

q*/ab,q*/ac,q* |ad, q* |abed

—V(a/q".b,c,d
a/q”,brc )[qz/a,qz/abc,qz/abd,qz/acd

q} + u(a; b, c,d) (18a)

St ol ] (2 g
e 1—q*/a*bed 614/abcd7613/ab6’,f13/“bd7q3/‘wdq w\bed)

According to the Weierstrass M-test on uniformly convergent series, we may
compute the following limit
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lim Via/g" boed) =] D & 4
s arq - ,o,¢, —3¥3 qZ/b’ q2/c7 q2/d 95 bed

_{ q.q°/be,q*/bd. g [ed q}
@*/b.q*/e,q*/d,q*[bed ||,
thanks to Corollary 6 for the last equality.

Letting m — oo in (18a)—(18b), we find the following transformation formula:

V(a,b,c,d)
_ [ q,q9°/ab,q* |ac,q*Jad, ¢* |be, ¢* /bd, ¢* | cd, g | abed
"~ 1¢%/a.4*/b,q*/c,q*/d.q* abe, ¢* abd , ¢* [acd, ¢* /bed
1 — ¢** % Ja®bed q/a,q?/ab,q? [ac,q* |ad
e~ 1 —q*/a*bed | q*/abed, q? Jabe, q? Jabd, q* |acd

M + u(a; b, ¢, d)

1,6%)

This proves the transformation formula stated in Theorem 5. O

X

2.5. 1In addition, Theorem 1 can further be confirmed by Bailey’s very well-poised
bilateral gi/¢-series identity. The same can be done for Theorem 5.

In fact, reversing the summation index k — —1 — k for Bailey’s well-poised
¢W¢-partial sum, we have no difficulty to check the following relation:

MWZ, —qV4, B, C, D, E | q4° ]
Vo | VA, —vA4, qA/B, gA/C, qA/D, q4/E|TBCDE
:—_Q(l—qz/A)(l—A/B)(l—A/C)(l—A/D)(l—A/E)

A (1-4)(1-¢q/B)(1—-q/C)1~q/D)(1~-q/E)
X lp+|:q2/\/27 _qz/\/zv qB/A7 (,]C/A, qD/A7 qE/A

ol g/VA, —q/VA, ¢*/B, ¢*/C, ¢*/D, ¢*/E

g4’
"BCDE|’

Observe that the sys-series in Theorem 1 is invariant under the replacement
a — q/abcd. Equating the corresponding right members, we get, after lengthy
simplification, the following equation:

" [qz/a\/bcd, —q*/avbed, q/a,  qlab, gqlac, gq]ad q.i} (19)
| q/avbed, —qlavbed, q*Jabed, ¢*Jabe, ¢*Jabd, ¢*Jacd |’ bed

(1 —g/abc)(1 — gq/abd)(1 — g/acd) [ q,q9/a,q/bc,q/bd, q/cd, abed (19b)
(q/abed) (1 — g2 /a*bed) a,b,c,d,q/bed, q* /abed a4 .

a,abc,abd, acd q/ab,q/ac,q/ad,q/abcd (19)
ab,ac,ad,abcd || q/a,q/abc,q/abd, q/acd 9 o)
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Evaluating the last ¢/4-series displayed in (19a) Bailey’s summation formula
(la)—(1b), we recover from (19a)—(19¢) the following difference equation:

lab,q/ab,ac,q/ac,ad,q/ad,abed, q/abed; q) .,
—la,q/a,abc, q/abc,abd, q/abd, acd, q/acd; q).,
= alb,q/b,c,q/c,d,q/d,a’bed, q/abed; q).,

whose equivalent form has explicitly appeared in Chu [10], Theorem 1.1:

{ab,ac,ad,abed; q)., — {a,abc,abd, acd; q) ., = alb,c,d,a*bcd;q) .

3. Further transformations for U(a, b, ¢, d)

This section will further repeat the iterating process for other parameters and
derive three interesting transformations of U(a, b, ¢,d) into quadratic, cubic and
quartic series.

3.1. Applying (15a)—(15b) again to U(b,a/q,c,d) = U(a/q,b,c,d) displayed in
(15a) and then simplifying the result, we get the relation:

U(a, b, c,d)

=U(a/q,b/q;c, d){

q/ac,q/ad,q/bc,q/bd q/ab, q/abcd (200)
g/a.q/b.q/acd,q/bed 1], | g/abe,qjabd |7, :

q/ab,q/ac,q/ad,q/abcd

+ Aa;b,e,d) + Abya/q,c, )[q/a,q/abC,q/abd,CI/a‘—’d

q] o ()

Iterating further this relation m-times, we derive the recurrence relation.

Theorem 12 (Recurrence relation). Define R,, and R}, -functions by

. _ Ma;b,c,d)
Rm(a,b,c,d) —W X Rm(a,b, C7d), (Zla)
Ro(a,b,c,d) = f{l —q2+3k/a2bcd} (q/ab§q)2k (21b)
e — lg*/acd, q/bed; q],,

[Q/a,Q/bwl/ac,q/ad,q/bc,q/bd;q}k{ ¢ }k. (21c)

[4>/abe, q*/abd, q* Jabed; qly, | abc?d?

Then there holds the following relation:
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U(a,b,c,d)

q/ac,q/ad,q/bc,q/bd

g/a,q/b,qfacd, qfbed |1

q/ab,q/ac,q/ad, q/abed
q/a,q/abc,q/abd,q/acd

=:Lna/qm,b/qm,c,d>[

} [q/ab7 q/abcd ]
q
m q/abca q/abd 2m

]

+mmnaw+mmewﬂ

In view of Corollary 2, we have the following limit:

i m m ) ¢, d q q,CI/Cd
Jim U(a/q™,b/q ,c,d)=z%{0 g/c q/d‘q;a]:{q/c g/d|?
I ) ’ o0

which leads us to the following quadratic transformation formula.

Proposition 13. Let R* = lim,,_., R}, where the R -function is defined in Theo-

rem 12. Then there holds the nonterminating series transformation:
q.q/ab,q/ac,q/ad, q/bc,q/bd,q/cd,q/abed

4/a,q/b.q/c,q/d,q/abe,qfabd, q/acd,q/bed |*]

q/ab,q/ac,q/ad, q/abcd
q/a,q/abc,q/abd, q/acd

U(a,b,c,d) =

+Fw@a@+w@w%wﬂ

q .

3.2. Applying (15a)—(15b) again to U(c,b/q,a/q,d) =Ul(a/q,b/q,c,d) dis-
played in (20a) and then simplifying the equation corresponding to (20a)—(20b),
we get the relation:

Ul(a,b,c,d)
(q/abed; q)4

= Ula/q,b/q,¢/q,d) (q/abe; q), (22a)
KA e )
e+ Absaa,c.d)| 0 TR TS | (22¢)
el et 2], e o] P9

Iterating further this relation m-times, we derive the recurrence relation.
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Theorem 14 (Recurrence relation). Define S,, and S}, -functions by

_ Masb,c,d)

S (g7b7c,d) = W X S'm<a,b,c7 d), (2321)

m

m—1
q/ab,q/ac,q/bc
Sp(a,b,c,d) =Y {1 —¢*"*/a’bcd} [
; q*/abd, q*acd, q/bed

“ {q/a,q/b,q/c,q/ad,q/bd,q/cd;q]k{ JRIEE }k

] em

23
lq?/abc, q? /abed gl azb?c2d3 (23¢)

Then there holds the following relation:

q/ad,q/bd,q/cd
Ula,b,c,d) =U(a/q",b/q",c/q",d
(@.bucud) = Ula/ g /" el )| 0 T
(¢/abed; q)s, [ q/ab,q/ac,q/bc
(Q/abc; q)3m q/abd, q/acd, q/de

1,
1.

q/ab.q/ac,q/ad, q/abed
S*(a,b,c,d)+ Sk (b d
+S,(a.b,c.d) + 5, (b,a/q,c, )[q/a,q/abc,q/abd,q/acd 4 !

q/ab,q/abcd
\ Lg/abc, q/abd

. g/ac.q/ad,q/bc.q/bd
+8,,(c,a/q,b/q,d) L]/a, q/b,q/acd. q/bed

.

In view of Corollary 2, we have the following limit:

. m m m T T d
ALI’H@U(CI/Q 7b/q ,C/q 7d)_llp3|:0 q’d

0, gq/d

.q} _ @9,
<Q/d§ q)oc

which leads us to the following cubic transformation formula.
Proposition 15. Let S* = lim,,_.., S}, where the S},-function is defined in Theorem
14. Then there holds the nonterminating series transformation:
Ul b edy= | @ a/ab,q/ac,qfad,q/be.q/bd,q/cd,q/abed |
q/a,q/b,q/c.q/d,q/abc,q/abd, q/acd,q/bed |" |,
. q/ab.q/ac.q/ad, q/abed
S*(a,b,c,d)+ S*(b d
+8%(a,b,c,d) + S*(b,a/qc, ){q/a’q/abw/abd’q/acd q

] {q/ab,q/abcd
1 | Lg/abc, q/abd

.l q/ac,q/ad, q/bc,q/bd
+8 (""/q’b/q’d)[0/a7q/b,q/acdv‘1/b6d

q.

3.3. Applying (15a)—(15b) again to U(d,a/q,b/q,c/q) = U(a/q,b/q,c/q,d) dis-
played in (22a) and then simplifying the equation corresponding to (22a-22d), we
get the relation:
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Ul(a,b,c,d)
=Ul(a/q,b/q,c/q,d/q) (24a)
lq/ab,q/ac.q/ad, q/bc,q/bd, q/cd; q],(q/abed; )4 (24b)
lg/a,q/b,q/c,q/d;q)\[q/abe, q/abd,q/acd, q/bcd; g
q/ab,q/ac,q/ad,q/abcd .
q/a,q/abc,q/abd, q/acd q]l (24¢)

q/ab,q/abcd
\ Lg/abe, q/abd

+ AMa; b, e, d) + A(b;a/q,c,d) [

| q/ac,q/ad,q/bc,q/bd
+ /I(C, a/qa b/q7 d) |:q/a, q/b,Q/aCdaQ/de

+/1<d.“ b ) [q/ad,q/bd,q/cd q}
|

'q'q’q) | q/a,q/b.q/c
(q/abed; )5 .
L (glabeiq)s (24c)

{ q/ab,q/ac,q/bc
Iterating further this relation m-times, we derive the recurrence relation.

qL (24d)

q/abd,q/acd, q/bcd

Theorem 16 (Recurrence relation). Define T, and T),-functions by

Ma;b,e,d)
. _ 2
Tm(a7b7c7d) 1 _qZ/aZde X Tm<a7b7c7d)7 ( 53)
m—1
,q/b,q/c,q/d;q]
Tolabyecd) = S {1 — ¢ Jabedy 4/ %1/ k 25b
(@bye.d) =3 A = by e ) 20

k
[q/ab,q/ac.q/ad, q/bc,q/bd, q/cd;gly, [ q** (25¢)
[q%/abe,q?/abd, g% [acd, q/bcd; qly, | aPb3c3d3 |

Then there holds the following relation:
U(a7 b? C7 d)
=U(a/q",b/q™,c/q",d/q")
lq/ab,q/ac,q/ad,q/bc,q/bd, q/cd; q),,(q/abed; q),,
lq/a,q/b,q/c,q/d;ql,,|q/abe,q/abd, q/acd, q/bcd; g5,
q/ab.q/ac.q/ad, q/abed
g/a,q/abe,q/abd, q/acd |1 |

q/ac,q/ad,q/bc,q/bd q/ab, q/abcd
q/a,q/b,q/acd,q/bcd ||| q/abc,q/abd

E)[q/ad,q/bd,q/cd }{ q/ab,q/ac,q/bc
q)1 4q/a,q/b,q/c 1 Lg/abd, qjacd, q/bcd

+ T;z(a’b’C?d) + T;,(b,a/q, ¢, d) |:

T Ti(e a/q,bla,d) [

],

} (¢/abed; q)
2

ab
+ T;:, <d, T .
q'q (q/abc; q)s
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Recall the Jacobi triple product identity (cf. [13], II-28)

+ o0

l9,x,9/x;q],, = Z (—l)kq(,f)xk for |¢| < 1. (26)

k=—o0

We may compute the following limit

M m m m m K
lim Ula/q",b/q",c/q".d/q") = > (-1 "D = [¢*.0.4% 4", = (4:9)...
k

This leads us to the following quartic transformation formula.

Proposition 17. Let T* = lim,,_... T}, where the T, -function is defined in Theo-
rem 16. Then there holds the nonterminating series transformation:
Ula,b,e.d) = | ©9/4-alac.afad.q/be.q/bd,g/cd,qfabed |
q/a,q/b.q/c,q/d,q/abc,q/abd,q/acd,q/bed |"]
q/ab.q/ac,q/ad, q/abed
T*(a,b,c,d) + T*(b v d
T T @b, e d)+T7(b.afg,c. )[q/a7q/abc,q/abd,q/acd
. q/ac,q/ad,q/bc,q/bd
T 9
T eataslad) | b
ab c\[q/ad,q/bd,q/cd
+T*<da_a_a_>|: q
4'q9'q) L 4q/a,q/b,q/c |"],
{ q/ab.q/ac,q/bc } (¢/abed; q)s
q/abd,q/acd,q/bed |" |, (q/abe; q)s

]

q/ab, q/abcd
 Lg/abe, q/abd

],

4. Further transformations for V(a, b, ¢, d)
Similarly, we can derive other three transformation formulae for V(a, b, ¢, d).

4.1. Applying (17a)-(17b) again to V(b,a/q,c,d) = V(a/q,b,c,d) displayed in
(17a) and then simplifying the result, we get the relation:
l
1

2 2 2 L 2
V(a,b,c.d) =V<a/q,b/q,c,d>[" fac.q"/ad,q"/be.q"/bd
q} + ulab.e.d) (27a)
2

q*/a,q*/b,q*acd, q* |bcd

" {qz/ab,qz/abcd
q*/abc, q*/abd

q*/ab,q*/ac, q? |ad, q* |abed

bia/q.c,d
+Iu( 761/Q7C7 )|:q2/a,q2/abc, qz/abd;qz/acd

q]l. (27b)

Iterating further this relation m-times, we derive the recurrence relation.
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Theorem 18 (Recurrence relation). Define %, and X, -functions by

R (a,b,c,d) = % Bo(a, b, c,d), (28a)
2 .
a b ¢, d Z{l 4+3k/a2bcd} (q /ab7q)2k (ng)

lq°/acd, q? | bed; g,

a/a.a/b.q?[ac, 4 [ad, ¢ [be, ¢ [bd; gl | ¢ (280)
lq®/abe, g3 /abd, q* | abed.; q),, abc?d*| -

Then there holds the following relation:

V(a,b,c,d)

q*/ac,q*/ad, q* |be,q* |bd
q*/a,q*/b,q*Jacd, ¢* /bcd
q*/ab,q* Jac,q* [ad, q* | abed
q*/a,q*/abe, q* Jabd, q* Jacd

] {qz/ab, q*/abed
q*/abc, q* /abd

q]

: m m ] ¢, d q2 q,qz/cd
rrlyggov(a/q 7b/q 7Cad):2lp3|:o qZ/C qz/d’qaa}:{qz/c qz/d

=:vra/qm,b/qm,c,d>[

]
2m

+%m¢a@a%wmeﬂ

In view of Corollary 6, we have the following limit:

which leads us to the following quadratic transformation formula.

Proposition 19. Let #* = lim,,_.., #,,, where the R, -function is defined in Theo-

rem 18. Then there holds the nonterminating series transformation:

2 2 2 2 2 2 2
V(a,b,e,d) = [ q.q°/ab,q?/ac,q? [ad, 4> [bc, q* [bd, 4> [ cd., 4* |abed ’ ]

q*/a,q*/b,q*/c.q*/d,q* |abe, q* [abd, q* Jacd , q* [bcd
+ #*(a,b,c,d)
4.
1

4.2. Applying (17a)—(17b) again to V(¢,b/q,a/q,d) = V(a/q,b/q, c,d) displayed
in (27a) and then simplifying the equation corresponding to (27a)—(27b), we get
the relation:

q*/ab,q*/ac,q*/ad, q* Jabcd

#* (b d
+ ( ,a/Q7ca )|:q2/a’qz/abc,qz/abdyqz/acd
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V(a,b,c,d)
(¢°/abed; q),

:Vaq>b qacqu 29a
(4/4:b14. ¢/, ) (¢°/abc; ), (%)
[q2/ad, q*/bd,q*/cd } [ q*/ab, q* ac, q* /be q} (290)
q*/a,q*/b,q*/c Lg% /abd, q*acd, q*/bed | ],
2 2 2 2
q*/ab,q’/ac,q? /ad, g’ |abed }
ib,c.d bia/q,c,d 29
e d) -+ thafg.e.d)| 404 T ) (29
2 2 2 2 2 2
q*/ac,q* [ad. q* /be,q* [bd ] {q /ab, q*|abed }
; b/q,d . (29d
asalaba ) et oed o] L e rpanal) 25
Iterating further this relation m-times, we derive the recurrence relation.
Theorem 20 (Recurrence relation). Define ,, and ¥,,-functions by
. _ wayb,c,d) .
Ir(a,b,c,d) 1= % /a%hed 4 /abed X Imla,b,c,d), (30a)

m—1 2 2 2
q°/ab,q"/ac,q/bc
Imla,b,c,d) = E {1 —q¢*"* Ja’bed} q (30b)
= q*/abd, q* Jacd, q* [bed | |,

2 2 2/, 7. 6+3k K
. la/aa/b.q/e.q?/ad,q”[bd, g /Cd"ﬂk{ q } . (30¢)

[q®/abc, q*/abed; gl azb?c?d3

Then there holds the following relation:

V(a,b,c,d)
mo o om o om |42 ad ¢ /bd, g [ed
= Vea/qblg"sela" )| /a2 /b4 e q}m
 (@*/abed; ), [ q*/ab,q* Jac,q* [be q]
(¢>/abc; q)s, g /abd, q* Jacd, ¢* [bed |1,
q*/ab,q*/ac,q*/ad, q* |abcd
¢*/a,q* /abe,q* /abd, ¢* acd q}l

} [qz/ab,qz/abcd
L4 /abe, ¢ fabd

+%@mm+%wme[

q*/ac,q*/ad, q* /be, ¢* /bd

F* b/q,d
T Imle.alq.blq ){qZ/a,qz/b,qZ/acd,qZ/bcd

q

In view of Corollary 6, we have the following limit:

d ' ,qz}_( (4:9)

A P

0, 0, ¢*/d

which leads us to the following cubic transformation formula.
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Proposition 21. Let " =lim,, .o, ,,, where the ¥, -function is defined in Theo-

rem 20. Then there holds the nonterminating series transformation:
V(a,b,c,d)
d
©

[ a,4*/ab,q*/ac,q*Jad, 4* |be, 4% /bd, ¢* | cd, q* | abed

"~ L4*/a.4*/b,q*/c,q*/d,q* [abe, ¢* abd , ¢* [acd, ¢* /bed
q*/ab, q*/ac,q* Jad, q* |abed

q*/a,q*/abe, q*/abd, ¢* |acd

q*/ac,q*/ad, q* /be, q* /bd q]
q*/a,q*/b,q*acd, q* [bed )

4.3. Applying (17a) and (17b) again to V(d,a/q,b/q,c/q) = V(a/q,b/q,c/q,d)
displayed in (29a) and then simplifying the equation corresponding to (29a)—
(29d), we get the relation:

+ 9*(a,b,c,d) + S*(b,a/q,c,d) [

1,

} [qz/ab,qz/abcd
1

+5”*(c,a/q,b/q,d){ ¢ Jabe. ¢ Jabd

V(a7 b’ C? d)
=Vl(a/q.b/q.¢/q,d/q) (31a)
l4*/ab, g Jac,q*/ad, ¢* [be, ¢* /bd, 4 | cd; q),(¢° abed; 9) (31b)
[9°/a.4°/b,q° /¢, q*/d; q},[4* /abe, q* Jabd , ¢* |acd , ° [ bed; g5
2 2 2 2
q*/ab,q* /ac,q* [ad, q* |abcd }
ib,e.d) +u(byalq, c,d 31
plasbcod) -+ ulhafg.e.d) | 09 Jaed e (el | (310
2 2 2 2 2 2
q*/ac,q*/ad, q*|be,q* [bd } [61 /ab, q?abed }
sa/q,b/q,d 31d
il et hed o] L e labegrpana ], 1
b 2/ad,q?/bd, q*/cd
ca(2 & ) [t e
4949/ a/aq’/b.g"/c '],
q*/ab,q*/ac,q*/bc (q*/abed; q)4
x|, L Y (31e)
q*/abd, q*Jacd,q* [bed |” |, (¢*/abe; )5
Iterating further this relation m-times, we derive the recurrence relation.
Theorem 22 (Recurrence relation). Define 7,, and 7, -functions by
. wa;b,e,d)
7, — 1 4/ m\t, &y Ly I 2
Ti(a,b,c.d) 1—q4/a2bchJ (a,b,c,d) (32a)
m—1
b,q/c,q/d;q]
9;” a,b,c,d _ 1— 4-+5k aszd [Q/G,C]/ ) ) k 32b
(asbred) = 3 A =g e e ) 20

| a2/ab, ¢ fac, ¢*ad, ¢ [be, ¢*/bd. ¢ [ed: )y, [ "+ \"
[q®/abe,q? abd, ¢ |acd, g% | bed, g4, a’b3cdd3
(32¢)
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Then there holds the following relation:

V(a,b,c,d)
=V(a/q",b/q",c/q",d]q™)
[qz/ab7 q2/ac7 qz/ada qz/bca qz/bda qz/Cd; Q]Zm(qz/ade; q)4m
[4%/a,q*/b,q%/c,q?/d; q),,[q*/abe, q* [abd, q* |acd, q? | bed) g5,
q*/ab,q* Jac,q* [ad, q* | abed ]
q2/a,q2/abc,qz/abd7q2/acd 9 |
q*/ac,q*/ad, qz/bc,qz/bd‘ } {qz/ab,qz/abcd
q*/a,q*/b,q* Jacd,q* [bed |” || | ¢* /abe, q* [abd
o, ab c\[¢*/ad,q*/bd,q*|cd
(a0 [
q9'q’q q°/a,q”/b,q"/c |
{ q*/ab, q? ac, q* /bc ](qz/abcd;q)s
q*/abd, q*/acd,q* [bed |" |, (¢ [abe; q)y

+ 7 (a,b,c,d)+ 7 (b,a/q,c,d) [

+fzz(c,a/q,b/qu>[

],

By means of Jacobi’s triple product identity (26), we have the following limit

. m m m m K
lim V(a/q".b/q",c/q".d/q") =3 (-1 O = [ 4.4 ), = (@:9).,.

m-— o0
k

This leads us to the following quartic transformation formula.

Proposition 23. Let 7* = lim,,_.., 7,,, where the 7, -function is defined in Theo-

rem 22. Then there holds the nonterminating series transformation:

V(a,b,c,d)

_ { q,q%/ab,q*ac,q*/ad,q* |bc,q* /bd, ¢* [ cd , q* | abcd
~ L4*/a,4*/b,q*/c,q*/d,q* Jabe,q* Jabd, q* acd, ¢* [ bed

q] + 7 *(a,b,c,d)
qz/ab,qz/ac, q*/ad,q*/abcd
q*/a,q*|abe, q* [abd, q* [acd

{qz/ac,qz/ad,qz/bc,qz/bd } [qz/ab,qZ/abcd
q*/a,q*/b,q* Jacd,q* [bed |” || | ¢* Jabe, q* Jabd
{qz/ad,qz/bd,qz/cd } [ q*/ab,q* ac,q* /bc

q*/a,q*/b.q*/c 1 Lg*/abd, q? Jacd, q* [bed

+T@Wwwﬂ

q] +J*(c,a/q,b/q,d)
1

q} Jr,/f*<az,9,é 5>
2 4'q’q

] (q*/abed; q)s
, (¢?/abe; q);

X

X
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5. Relations on nonterminating partial well-poised series

Based on the relations established for U(a, b, ¢,d) and V(a, b, ¢, d), we can further
derive six curious relations which transform the partial well-poised series into the
series with the same character, but convergent faster. They resemble somehow

the quadratic, cubic, quartic transformation formulae discovered by Gasper and
Rahman [12], [16].

5.1. Comparing the expression for U(a,b,c,d) displayed in Theorem 1 with
those in Propositions 13, 15, 17 and then equating the right members, we find the
following three curious transformation formulae.

Theorem 24 (Partial well-poised series transformation).

W[qz/avbcd, —q¢*/av'bed,  q/a,  q/ab, qjac, q/ad
0% q/av'bed, —q/avbed, q*/abed, q*)abe, q¢*/abd, q*/acd

2
q
x {1 azbcd}

qR(b,a/q,c,d) q/a,q/ab,q/ac,q/ad
bed q*/abe, q*/abd, q/bed, q* |abed

4
e bcd}

= R(a,b,c,d) +

]

According to the definitions of 4 and R-functions in Theorem 1 and Proposi-
tion 13, we may write the last theorem explicitly as follows:

l//Jr |:q2/a \ de7 _q2/a v de? q/a, Q/ab, q/ClC, q/ad
ors g/av'bed, —q/av/bed, q*/abed, q?/abe, q*/abd, q*/acd

2
q
8 {1 azbcd}

_ Z{l . q2+3k/a2bcd} (q/ab7 q)Zk [(I/Cl, q/ba CI/CIC, q/ada q/bca q/bdv q}k
= [q%/acd, q/bed; q),[q? /abe, g Jabd, q* |abed; q)

s ‘ A q/a,q/ab,q/ac,q/ad ’
abc?d? bed | g*abe, g Jabd, q/bcd, q? Jabed | |
27,0 2 2 2 .
% Z{l _ q3+3k/ab2cd} (q z/ab’Q)zg[q /aa q/b73q /ac, q3 /Cld, q/3bc,q/bd, q]k
= [q%/acd, q* [bed; q),[q% abe, ¢ Jabd, g3 | abed;; g,

k
y q3+k
abc?d? | -

¢ 1
"bed
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When acd = g, the corresponding partial i/ -series may be evaluated by the
g-Dougall sum (cf. [13], II-20):

a, q\/a) —6[\/5, ba ¢, d
Va, —va, qa/b, qajc, qa/d

qa, qa/bc, qa/bd, qa/cd
B h bed) < 1. 33b
[qa/b,qa/c, qafd.qabed || Vherelaafbed] <1 (33b)

qa] (33a)

695 [ T hed

We therefore establish the following interesting identity.

Corollary 25 (Quadratic summation formula).
[ q/ab,q/bd,ad/b

a/b,qd/b,q*|abd q} ‘
3 {1_ ‘+3k} a/ab: 9y [4/a.q/b.q/ad. q/bd.d. ad /b: g}, (ng>"
ab | [q,a/b;q], [q/b,qd /b, q?|abd; q),, b
q/a,d,q/ab,q/ad ’ ] 2 3% /7.2 < 1 ka>k
_ 1 — >3 /p21 [ gk E
[q/b,b/a,qd/b,qz/abd 1,;){ / b

(@2 /abi @)y [4°/a, q/b, 4% [ad, q/bd, qd, ad [b; ],
19, qa/b; ), [q%/b,q*d[b, ¢3 |abd; q], ‘

k>0

For each nonterminating series on the right hand side, there is no closed for-
mula available. However, their combination results in a closed factorial fraction
expression.

Theorem 26 (Partial well-poised series transformation).

l// l:qz/a‘/ dea 7q2/aV de7 q/a7 q/abv Q/CZC, q/ad
or6 g/av'bed, —q/av/'bed, q*/abed, q?/abe, q*/abd, q*/acd

s
"bed
2
q
X{l azbcd}
4S(b,a/q,¢,d) q/a,q/ab.q/ac,q/ad
bed g% /abe, ¢ Jabd, q/bed, *fabed |7 |

3S(c,a/q,b/q.d) [q/a,q/b,q/ac,q/be,q/ad,q/bd;q),(q/ab;q),
abc?d? [q?/abd, q? |acd;; q],[q* /abc, q/bcd, g* [abed; g,

= S(a,b,c,d) +

Theorem 27 (Partial well-poised series transformation).
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lW{qz/a\/bcd, —q*/avbed,  qfa,  qfab, qjac, q/ad
6 q/avbed, —q/avbed, qz/abcd7 qz/abc7 qz/abd, qz/acd

.9
q’bcd]
2
q
8 {1 _azbcd}
b d
—T(Cl,b,c7d>—|—qT<b’a/q’C’d)|: q/avq/a 7q/ac,q/a

bed q*/abe, q*/abd, q/bcd, q* | abed qL
+q3T(C, a/q,b/q,d) lq/a,q/b,q/ac,q/bc,q/ad, q/bd;q],(q/ab;q),

abe*d? lg?/abd, q* |acd; q),[q*/abe, q/bed g Jabed; q),
L 4°T(da/4,b/q.¢/q) la/a.a/b.q/¢.q/ad,q/bd, 4/ cds g),
azb2c2d3 lq/bcd, q*/abed;; ql,

q/ab, qfac,q/bc
q*/abc, q*/abd, q* |acd

q .

5.2. Similarly comparing the expression for V(a, b, ¢,d) displayed in Theorem 5
with those in Propositions 19, 21, 23 and then equating the right members, we find
other transformation formulae.

Theorem 28 (Partial well-poised series transformation).

W{f/a\/bcd, —q*/avbed,  qfa,  q*[ab, q*[ac, q*/ad
ore q*/av'bed, —q*/av/bed, q*/abed, ¢ abe, ¢°/abd, ¢°/acd

4
q
8 {1 azbcd}

2 2 2 2
q°R(b,a/q,c,d) [ q/a,q*/ab,q*ac,q* |ad
— Ra.b,ed) + LY 6d)
(a,b,¢,d) + bed 3 Jabe, ¢ Jabd, ¢ /bed, ¢* Jabed

2
N
a bcd]

]

Theorem 29 (Partial well-poised series transformation).

(/j+|:q3/av dea 7q3/aV de7 Q/Cl, qz/aba qz/ac7 qz/ad
or6 q*/av/bed, —q*/av/bed, q*/abed, ¢ abe, ¢ /abd, ¢°/acd

4
q
8 {1 azbcd}
¢*S(b,a/q,c,d) [ q/a,q*/ab,q*/ac,q*/ad
bed q*/abe, q* Jabd , ¢* /bed, q* | abed
+q59’(c,a/q, b/q,d)  (¢*/ab;q),
abc*d? [¢*/abd, ¢* [acd; q],

lg/a,q/b,q*|ac,q?/ad, q* /bc, ¢° [bd; q),
[q3/abc, q? /bed, q* Jabed; q), '

L
"bed

= %(a,b,c,d) +

1
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Theorem 30 (Partial well-poised series transformation).

W[q"’/avbcd, —q¢*/avbed,  qla,  q*/ab, q*[ac, ¢’ [ad
oo q*/av'bed, —q*/av/bed, q*/abed, 3 )abe, ¢°/abd, q°/acd

4
q
X{l azbcd}
4’7 (b,a/q,c¢,d) q/a,q*/ab,q* /ac, q* |ad H
bed q°/abc, q* Jabd, q* /bed, q* Jabed | |
@7 (c,a/q,b/q,d)  (q*/ab;q),
abe*d? lg*/abd, ¢* |acd; q),

y [g/a,q/b,q*/ac,q*/ad,q* be, q* /bd; q),
[¢3/abe, q*/bcd, q* |abed; q],

¢°7 (d,a/q,b/q,c/q) lg/a,q/b,q/c,q?/ad,q?/bd,q*/cd; q),
a’b?cd3 [q%/bcd, q* abed;; q,

q*/ab,q*/ac,q* /bc ’ ]
2

2
N
a bcd}

=7 (a,b,c,d) +

+

_|_

q*/abe, ¢ Jabd, q¢* |acd

As illustrated in Corollary 25, one can write down other reciprocal formulae
from Theorems 26-30. They will not be reproduced here for the limit of space.
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