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Abstract. The modified Abel lemma on summation by parts is employed to establish two
well-poised bilateral 5c5-series identities. Several quadratic, cubic and quartic transfor-
mation formulae are derived for the truncated partial sums of Bailey’s very well-poised

6c6-series.
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For two complex x and q, the shifted-factorial of x with base q is defined by

ðx; qÞ0 ¼ 1 and ðx; qÞn ¼ ð1� xÞð1� xqÞ . . . ð1� xqn�1Þ for n a N:

When jqj < 1, we have two well-defined infinite products

ðx; qÞl ¼
Yl
k¼0

ð1� qkxÞ and ðx; qÞn ¼ ðx; qÞl=ðxqn; qÞl:

In particular, the shifted factorial with negative integer order can be written ex-

plicitly from the last fraction as

ðx; qÞ�n ¼
ð�1Þnq

1þn
2ð Þx�n

ðq=x; qÞn
for n a N:

The product and fraction of shifted factorials are abbreviated respectively to

½a; b; . . . ; g; q�n ¼ ða; qÞnðb; qÞn . . . ðg; qÞn;

a; b; . . . ; g

A;B; . . . ;C

����q
� �

n

¼ ða; qÞnðb; qÞn . . . ðg; qÞn
ðA; qÞnðB; qÞn . . . ðC; qÞn

:



Following Gasper–Rahman [13], the unilateral and bilateral basic hypergeo-

metric series (shortly as q-series) are defined respectively by

1þrfs
a0; a1; . . . ; ar

b1; . . . ; bs

����q; z
� �

¼
Xl
n¼0

fð�1Þnq
n
2ð Þgs�r a0; a1; . . . ; ar

q; b1; . . . ; bs

����q
� �

n

zn;

rcs

a1; a2; . . . ; ar

b1; b2; . . . ; bs

����q; z
� �

¼
Xþl

n¼�l

fð�1Þnq
n
2ð Þgs�r a1; a2; . . . ; ar

b1; b2; . . . ; bs

����q
� �

n

zn;

where the base q will be restricted to jqj < 1 for non-terminating q-series. When

r ¼ s, the most important case, the definitions of the f and c-series just displayed

coincide with those due to Bailey [2], Chapter 6, and Slater [17], who collected

most of the classical summation and transformation formulae on q-series.

One of the most important and useful identities in the theory of basic hyper-

geometric series is Bailey’s summation formula [3] (cf. Gasper–Rahman [13],

II-33, also) for a nonterminating very-well-poised bilateral 6c6-series. For com-

plex parameters a, b, c, d, e satisfying the condition jqa2=bcdej < 1, Bailey’s iden-

tity may be reproduced as

6c6

qa1=2; �qa1=2; b; c; d; e

a1=2; �a1=2; qa=b; qa=c; qa=d; qa=e

����q; qa
2

bcde

� �
ð1aÞ

¼ q; qa; q=a; qa=bc; qa=bd; qa=be; qa=cd; qa=ce; qa=de

qa=b; qa=c; qa=d; qa=e; q=b; q=c; q=d; q=e; qa2=bcde

����q
� �

l

: ð1bÞ

It has recently been provided a completely new and simple proof by Chu [11]

through Abel’s lemma on summation by parts. By employing this approach fur-

ther, this paper will prove two nonterminating well-poised bilateral 5c5-series

identities. Several quadratic, cubic and quartic transformation formulae are de-

rived consequently for the truncated partial sums of Bailey’s very well-poised

6c6-series.

Abel’s lemma on summation by parts has been shown very useful and im-

portant in classical analysis. For an arbitrary complex sequence ftkg, define the

backward and forward di¤erence operators ‘ and �s, respectively, by

‘tk ¼ tk � tk�1 and �stk ¼ tk � tkþ1 ð2Þ

where �s is adopted for convenience in the present paper, which di¤ers from the

usual operator D only in the minus sign.

Then Abel’s lemma on summation by parts may be reformulated as

Xþl

k¼�l

Bk‘Ak ¼ ½AB�þl � ½AB��l þ
Xþl

k¼�l

Ak �sBk; ð3Þ
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provided that the two limits ½AB�el :¼ limn!el AnBnþ1 exist and one of both

series just displayed is convergent.

Proof. Let m and n be two integers. According to the definition of the backward

di¤erence, we have

Xn

k¼m

Bk‘Ak ¼
Xn

k¼m

BkfAk � Ak�1g ¼
Xn

k¼m

AkBk �
Xn

k¼m

Ak�1Bk:

Replacing k by k þ 1 for the last sum, we get the following expression:

Xn

k¼m

Bk‘Ak ¼ AnBnþ1 � Am�1Bm þ
Xn

k¼m

AkfBk � Bkþ1g

¼ AnBnþ1 � Am�1Bm þ
Xn

k¼m

Ak �sBk:

Letting m ! �l and n ! þl, we get the identity stated in the lemma. r

1. Nonterminating bilateral 5c5-series identities

Now we state two general bilateral series identities and their implications.

1.1. Zero well-poised bilateral series. For the bilateral series, there holds the

following general statement:

1þ2kc2kþ1

c1; c2; . . . ; c1þ2k

1=c1; 1=c2; . . . ; 1=c1þ2k

����q; 1

c1c2 . . . c1þ2k

� �
¼ 0: ð4Þ

A very special case has been obtained by Joshi and Verma [20], eq. 3.18.

In fact, denote by Y the bilateral c-series on the left hand side. Its reversal

with the summation index shifted by k ! k � 1 can be stated as

Y ¼ 1þ2kc2kþ1

h qc1; qc2; . . . ; qc1þ2k

q=c1; q=c2; . . . ; q=c1þ2k

����q;
Y1þ2k

i¼1

1

ci

i

¼ 1þ2kc2kþ1

h c1; c2; . . . ; c1þ2k

1=c1; 1=c2; . . . ; 1=c1þ2k

����q;
Y1þ2k

i¼1

1

ci

i
�

Y1þ2k

i¼1

1� 1=ci
1� ci

n Y1þ2k

i¼1

1

ci

o�1

:
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Simplifying the last factor-product, we find that

Y ¼ ð�1Þ1þ2kY ¼ 0

which is exactly the identity displayed in (4).

1.2. The first well-poised bilateral series identity. Denote by cþ the partial sum

of the terms with nonnegative indices from the corresponding bilateral c-series.

The first well-poised bilateral series identity is given by the following surprising

theorem which expresses a well-poised bilateral 5c5-series in terms of Bailey’s

well-poised 6c6-partial sum.

Theorem 1. For four indeterminate fa; b; c; dg satisfying the condition jq=bcdj < 1,

there holds the following transformation formula:

5c5

a; b; c; d; q=abcd

q=a; q=b; q=c; q=d; abcd

����q; q
� �

ð5aÞ

¼ 5c5

a; b; c; d; q=abcd

q=a; q=b; q=c; q=d; abcd

����q; q2
� �

ð5bÞ

¼ q; q=ab; q=ac; q=ad; q=bc; q=bd; q=cd; q=abcd

q=a; q=b; q=c; q=d; q=abc; q=abd; q=acd; q=bcd

����q
� �

l

þ lða; b; c; dÞ ð5cÞ

� 6c
þ
6

q2=a
ffiffiffiffiffiffiffiffi
bcd

p
; �q2=a

ffiffiffiffiffiffiffiffi
bcd

p
; q=a; q=ab; q=ac; q=ad

q=a
ffiffiffiffiffiffiffiffi
bcd

p
; �q=a

ffiffiffiffiffiffiffiffi
bcd

p
; q2=abcd; q2=abc; q2=abd; q2=acd

����q; q

bcd

� �

ð5dÞ

where the l-function is defined by infinite product

lða; b; c; dÞ ¼ ðq=abcdÞf1� q2=a2bcdg
½q=abc; q=abd; q=acd; q�1

a; b; c; d; q2=abcd

q=a; q=b; q=c; q=d; abcd

����q
� �

l

: ð6Þ

The equality between two 5c5-series displayed in (5a) and (5b) is justified by

the series reversal. Theorem 1 is the common generalization of the following im-

portant examples.

First, letting a ! l through the replacement a ! a=qn and then n ! l in

Theorem 1, the limiting case gives two well-poised bilateral 3c3-series identities.

Corollary 2 (Bailey [5], eq. 2.2, and [19], eq. 5.5). For e ¼ 1; 2, there hold the fol-

lowing nonterminating series identities:

3c3

b; c; d

q=b; q=c; q=d

����q; qe

bcd

� �
¼ q; q=bc; q=bd; q=cd

q=b; q=c; q=d; q=bcd

����q
� �

l

:
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Then taking a ¼ q�n in Theorem 1, we recover the following terminating series

identities.

Corollary 3 (Well-poised 5f4-series identities: Bailey [5], eq. 3.1, and Jackson [15],

eq. 1). For d ¼ 0; 1, there hold the following identities:

5f4
q�2n; b; c; d; q1�3n=bcd

q1�2n=b; q1�2n=c; q1�2n=d; qnbcd

����q; q1þd

� �

¼ qnðd�1Þ b; c; d; bcd

q; bc; bd; cd

����q
� �

n

� q; bc; bd; cd

b; c; d; bcd

����q
� �

2n

:

Di¤erent proofs may be found in Bressoud [6], eq. 1, Carlitz [7], eqs. 3.4 and

3.6, Guo [14], eq. 4.1, and Verma-Joshi [20], eq. 3.8. Carlitz [8], eqs. 15 and 16,

worked out also the results corresponding to the limiting case q ! 1.

In view of the fact that

ðqw; qÞk
ðw; qÞk

¼ 1� wqk

1� w
¼ 1

1� w
� qkw

1� w

the linear combination of (5a) and (5b) leads us to bilateral identity with an extra

w-parameter:

Proposition 4. For four indeterminate fa; b; c; dg satisfying the condition

jq=bcdj < 1, there holds the following transformation formula:

6c6

qw; a; b; c; d; q=abcd

w; q=a; q=b; q=c; q=d; abcd

����q; q
� �

¼ q; q=ab; q=ac; q=ad; q=bc; q=bd; q=cd; q=abcd

q=a; q=b; q=c; q=d; q=abc; q=abd; q=acd; q=bcd

����q
� �

l

þ lða; b; c; dÞ

� 6c
þ
6

q2=a
ffiffiffiffiffiffiffiffi
bcd

p
; �q2=a

ffiffiffiffiffiffiffiffi
bcd

p
; q=a; q=ab; q=ac; q=ad

q=a
ffiffiffiffiffiffiffiffi
bcd

p
; �q=a

ffiffiffiffiffiffiffiffi
bcd

p
; q2=abcd; q2=abc; q2=abd; q2=acd

����q; q

bcd

� �
:

Special terminating cases have been investigated by Bailey [4], eq. 3, Chu [9],

§2, and Jain-Verma [19], eqs. 5.1 and 5.2.

1.3. The second well-poised bilateral series identity. It expresses another well-

poised bilateral 5c5-series in terms of Bailey’s well-poised 6c6-partial sum.

Theorem 5. For four indeterminate fa; b; c; dg with jq2=bcdj < 1, there holds the

following transformation:
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5c5

a; b; c; d; q3=abcd

q2=a; q2=b; q2=c; q2=d; abcd=q

����q; q
� �

ð7aÞ

¼ �q� 5c5

a; b; c; d; q3=abcd

q2=a; q2=b; q2=c; q2=d; abcd=q

����q; q3
� �

ð7bÞ

¼ q; q2=ab; q2=ac; q2=ad; q2=bc; q2=bd; q2=cd; q2=abcd

q2=a; q2=b; q2=c; q2=d; q2=abc; q2=abd; q2=acd; q2=bcd

����q
� �

l

þ mða; b; c; dÞ ð7cÞ

� 6c
þ
6

q3=a
ffiffiffiffiffiffiffiffi
bcd

p
; �q3=a

ffiffiffiffiffiffiffiffi
bcd

p
; q=a; q2=ab; q2=ac; q2=ad

q2=a
ffiffiffiffiffiffiffiffi
bcd

p
; �q2=a

ffiffiffiffiffiffiffiffi
bcd

p
; q4=abcd; q3=abc; q3=abd; q3=acd

����q; q
2

bcd

� �

ð7dÞ

where the m-function is defined by infinite product

mða; b; c; dÞ

¼ ðq2=abcdÞf1� q4=a2bcdg
½q2=abc; q2=abd; q2=acd; q�1

a; b; c; d; q4=abcd

q2=a; q2=b; q2=c; q2=d; abcd=q

����q
� �

l

: ð8Þ

Again, the first equality between two 5c5-series displayed in (7a) and (7b) is

confirmed by the series reversal. From Theorem 5, we can deduce the following

important examples.

First, letting a ! l through the replacement a ! a=qn and then n ! l in

Theorem 5, the limiting case gives two well-poised bilateral 3c3-series identities.

Corollary 6 (Bailey [5], eq. 2.3). For e ¼ 1; 2, there hold the following nonterminat-

ing series identities:

3c3

b; c; d

q2=b; q2=c; q2=d

����q; q
2e

bcd

� �
¼ ð�qÞ1�e q; q2=bc; q2=bd; q2=cd

q2=b; q2=c; q2=d; q2=bcd

����q
� �

l

:

If we take a ¼ q�n in Theorem 5, then the following terminating series identi-

ties are recovered.

Corollary 7 (Well-poised 5f4-series identities: Bailey [5], eq. 3.2, and Carlitz [7],

eqs. 3.4 and 3.7). For d ¼ 0; 1, there hold the following identities:

5f4
q�1�2n; b; c; d; q�1�3n=bcd

q�2n=b; q�2n=c; q�2n=d; q1þnbcd

����q; q1þ2d

� �

¼ ð�q1þ2nÞd�1ð1� qÞ qb; qc; qd; qbcd

q; qbc; qbd; qcd

����q
� �

n

� q2; qbc; qbd; qcd

qb; qc; qd; qbcd

����q
� �

2n

:

Refer to Guo [14], eq. 4.5, and Verma-Joshi [20], eq. 3.12, for di¤erent proofs.
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Recall from (4) that

5c5

a; b; c; d; q3=abcd

q2=a; q2=b; q2=c; q2=d; abcd=q

����q; q2
� �

¼ 0: ð9Þ

By means of three terms relation

ðqu; qÞk
ðu; qÞk

ðqv; qÞk
ðv; qÞk

¼ 1� uqk

1� u

1� vqk

1� v

¼ 1

ð1� uÞð1� vÞ �
qkðuþ vÞ

ð1� uÞð1� vÞ þ
q2kuv

ð1� uÞð1� vÞ

we derive from the combination of (7a) and (7b) the following general identity

with two extra free-parameters:

Proposition 8. For four indeterminate fa; b; c; dg satisfying the condition

jq2=bcdj < 1, there holds the following transformation formula:

7c7

qu; qv; a; b; c; d; q3=abcd

u; v; q2=a; q2=b; q2=c; q2=d; abcd=q

����q; q
� �

ð1� uÞð1� vÞ
1� uv=q

¼ q; q2=ab; q2=ac; q2=ad; q2=bc; q2=bd; q2=cd; q2=abcd

q2=a; q2=b; q2=c; q2=d; q2=abc; q2=abd; q2=acd; q2=bcd

����q
� �

l

þ mða; b; c; dÞ

� 6c
þ
6

q3=a
ffiffiffiffiffiffiffiffi
bcd

p
; �q3=a

ffiffiffiffiffiffiffiffi
bcd

p
; q=a; q2=ab; q2=ac; q2=ad

q2=a
ffiffiffiffiffiffiffiffi
bcd

p
; �q2=a

ffiffiffiffiffiffiffiffi
bcd

p
; q4=abcd; q3=abc; q3=abd; q3=acd

����q; q
2

bcd

� �
:

1.4. Partial sums of well-poised bilateral series. Denote by c� the partial sum

of the terms with negative indices from the corresponding bilateral c-series. By

reversing the summation index k ! �1� k, it is not hard to check the following

relation:

7c
�
7

qu; qv; a; b; c; d; q3=abcd

u; v; q2=a; q2=b; q2=c; q2=d; abcd=q

����q; q
� �

¼ �uvð1� q=uÞð1� q=vÞ
qð1� uÞð1� vÞ

� 7c
þ
7

q2=u; q2=v; a; b; c; d; q3=abcd

q=u; q=v; q2=a; q2=b; q2=c; q2=d; abcd=q

����q; q
� �

:

In view of 7c7 ¼ 7c
þ
7 þ 7c

�
7 , we may express the case u; v ¼eq1=2 of Proposi-

tion 8 in terms of unilateral series:

Corollary 9. For four indeterminate fa; b; c; dg satisfying the condition

jq2=bcdj < 1, there holds the following transformation formula:
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7c
þ
7

q3=2; �q3=2; a; b; c; d; q3=abcd

q1=2; �q1=2; q2=a; q2=b; q2=c; q2=d; abcd=q

����q; q
� �

¼ q2; q2=ab; q2=ac; q2=ad; q2=bc; q2=bd; q2=cd; q2=abcd

q2=a; q2=b; q2=c; q2=d; q2=abc; q2=abd; q2=acd; q2=bcd

����q
� �

l

þ mða; b; c; dÞ
1� q

� 6c
þ
6

q3=a
ffiffiffiffiffiffiffiffi
bcd

p
; �q3=a

ffiffiffiffiffiffiffiffi
bcd

p
; q=a; q2=ab; q2=ac; q2=ad

q2=a
ffiffiffiffiffiffiffiffi
bcd

p
; �q2=a

ffiffiffiffiffiffiffiffi
bcd

p
; q4=abcd; q3=abc; q3=abd; q3=acd

����q; q
2

bcd

� �
:

When a ¼ q, the last 6c
þ
6 -series reduces to one. We have therefore established

the following strange summation formula.

6c
þ
6

q3=2; �q3=2; b; c; d; q2=bcd

q1=2; �q1=2; q2=b; q2=c; q2=d; bcd

����q; q
� �

ð10aÞ

¼ ð1� q=bÞð1� q=cÞð1� q=dÞð1� q=bcdÞ
ð1� qÞð1� q=bcÞð1� q=bdÞð1� q=cdÞ 1� b; c; d; q2=bcd

q=b; q=c; q=d; bcd=q

����q
� �

l

� �

ð10bÞ
which can also be verified by means of telescoping method.

In fact, noting the finite di¤erence

�s b; c; d; q2=bcd

q=b; q=c; q=d; bcd=q

����q
� �

k

¼ ð1� q1þ2kÞ b; c; d; q2=bcd

q2=b; q2=c; q2=d; bcd

����q
� �

k

qk

� ð1� q=bcÞð1� q=bdÞð1� q=cdÞ
ð1� q=bÞð1� q=cÞð1� q=dÞð1� q=bcdÞ

we can confirm the 6c
þ
6 -series identity as follows:

6c
þ
6

q3=2; �q3=2; b; c; d; q2=bcd

q1=2; �q1=2; q2=b; q2=c; q2=d; bcd

����q; q
� �

¼
Xl
k¼0

1� q1þ2k

1� q

b; c; d; q2=bcd

q2=b; q2=c; q2=d; bcd

����q
� �

k

qk

¼ ð1� q=bÞð1� q=cÞð1� q=dÞð1� q=bcdÞ
ð1� qÞð1� q=bcÞð1� q=bdÞð1� q=cdÞ

�
Xl
k¼0

�s b; c; d; q2=bcd

q=b; q=c; q=d; bcd=q

����q
� �

k

¼ ð1� q=bÞð1� q=cÞð1� q=dÞð1� q=bcdÞ
ð1� qÞð1� q=bcÞð1� q=bdÞð1� q=cdÞ

� 1� b; c; d; q2=bcd

q=b; q=c; q=d; bcd=q

����q
� �

l

� �
:
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1.5. Case q ? 1: Classical Hypergeometric Identities. Recall the q-Gamma

function [1], §10.3,

GqðxÞ ¼ ð1� qÞ1�x ðq; qÞl
ðqx; qÞl

and lim
q!1�

GqðxÞ ¼ GðxÞ ð11Þ

as well as the notation for classical bilateral hypergeometric series [17], Chapter 6.

Performing replacements a ! qa, b ! qb, c ! qc, d ! qd and w ! qw in Propo-

sition 4 and then letting q ! 1, we derive the following classical hypergeometric

series transformation formula.

Theorem 10. For four indeterminate fa; b; c; dg satisfying the condition

<ðbþ cþ dÞ < 1, there holds the following transformation formula:

6H6
1þ w; a; b; c; d; 1� a� b� c� d

w; 1� a; 1� b; 1� c; 1� d; aþ bþ cþ d

����1
� �

¼ G
1� a; 1� b; 1� c; 1� d; 1� a� b� c; 1� a� b� d; 1� a� c� d; 1� b� c� d

1� a� b; 1� a� c; 1� a� d; 1� b� c; 1� b� d; 1� c� d; 1� a� b� c� d

� �

þ 2� 2a� b� c� d

ð1� a� b� cÞð1� a� b� dÞð1� a� c� dÞG
1� a; 1� b; 1� c; 1� d; aþ bþ cþ d

a; b; c; d; 2� a� b� c� d

� �

�
Xl
k¼0

2� 2a� b� c� d þ 2k

2� 2a� b� c� d

1� a; 1� a� b; 1� a� c; 1� a� d

2� a� b� c� d; 2� a� b� c; 2� a� b� d; 2� a� c� d

� �
k

:

Similarly, we can get from Proposition 8 another classical well-poised bilateral

series identity.

Theorem 11. For four indeterminate fa; b; c; dg satisfying the condition

<ðbþ cþ dÞ < 2, there holds the following transformation formula:

7H7
1þ u; 1þ v; a; b; c; d; 3� a� b� c� d

u; v; 2� a; 2� b; 2� c; 2� d; aþ bþ cþ d � 1

����1
� �

¼ uþ v� 1

uv
G

2� a; 2� b; 2� c; 2� d; 2� a� b� c; 2� a� b� d; 2� a� c� d; 2� b� c� d

2� a� b; 2� a� c; 2� a� d; 2� b� c; 2� b� d; 2� c� d; 2� a� b� c� d

� �

þ 4� 2a� b� c� d

ð2� a� b� cÞð2� a� b� dÞð2� a� c� dÞG
2� a; 2� b; 2� c; 2� d; aþ bþ cþ d � 1

a; b; c; d; 4� a� b� c� d

� �

� uþ v� 1

uv

Xl
k¼0

4� 2a� b� c� d þ 2k

4� 2a� b� c� d

1� a; 2� a� b; 2� a� c; 2� a� d

4� a� b� c� d; 3� a� b� c; 3� a� b� d; 3� a� c� d

� �
k

:

It seems that both identities just displayed have not appeared previously in the

literature on classical hypergeometric series.
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2. Proofs via the modified Abel Lemma on summation by parts

First, let us define two functions by

Uða; b; c; dÞ :¼ 5c5

a; b; c; d; q=abcd

q=a; q=b; q=c; q=d; abcd

����q; q
� �

; ð12aÞ

Vða; b; c; dÞ :¼ 5c5

a; b; c; d; q3=abcd

q2=a; q2=b; q2=c; q2=d; abcd=q

����q; q
� �

: ð12bÞ

2.1. For two sequences fAk;Bkg defined by

Ak ¼
abd; qc; q2=abcd

q2=abd; q=c; abcd

����q
� �

k

and Bk ¼
a; b; d; q2=abd

q=a; q=b; q=d; abd=q

����q
� �

k

it is not hard to compute the limiting relations

½AB�þl ¼ �½AB��l ¼ 1

1� abd=q

a; b; qc; d; q2=abcd

q=a; q=b; q=c; q=d; abcd

����q
� �

l

and the following di¤erences

‘Ak ¼ ð1þ qkÞ abd=q; c; q=abcd

q2=abd; q=c; abcd

����q
� �

k

qk;

�sBk ¼ ð1� q1þ2kÞ a; b; d; q2=abd

q2=a; q2=b; q2=d; abd

����q
� �

k

qk

� ð1� q=abÞð1� q=adÞð1� q=bdÞ
ð1� q=aÞð1� q=bÞð1� q=dÞð1� q=abdÞ :

By means of (5a) and (5b), we can manipulate, through the modified Abel lemma

on summation by parts, the following series

2Uða; b; c; dÞ ¼
X
k

ð1þ qkÞ a; b; c; d; q=abcd

q=a; q=b; q=c; q=d; abcd

����q
� �

k

qk

¼
X
k

Bk‘Ak ¼ 2½AB�þl þ
X
k

Ak �sBk

¼ 2

1� abd=q

a; b; qc; d; q2=abcd

q=a; q=b; q=c; q=d; abcd

����q
� �

l

þ ð1� q=abÞð1� q=adÞð1� q=bdÞ
ð1� q=aÞð1� q=bÞð1� q=dÞð1� q=abdÞ

�
X
k

ð1� q1þ2kÞ a; b; qc; d; q2=abcd

q2=a; q2=b; q=c; q2=d; abcd

����q
� �

k

qk:
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Applying (7a) and (7b) to the last line, we therefore establish the following rela-

tion:

Uða; b; c; dÞ ¼ Vða; b; qc; dÞ ð1� q=abÞð1� q=adÞð1� q=bdÞ
ð1� q=aÞð1� q=bÞð1� q=dÞð1� q=abdÞ ð13aÞ

þ 1

1� abd=q

a; b; qc; d; q2=abcd

q=a; q=b; q=c; q=d; abcd

����q
� �

l

: ð13bÞ

2.2. Similarly for two sequences fCk;Dkg defined by

Ck ¼
qa; qc; q=ac

q=a; q=c; qac

����q
� �

k

and Dk ¼ qac; b; d; q=abcd

1=ac; q=b; q=d; abcd

����q
� �

k

we can calculate without di‰culty the limiting relations

½CD�þl ¼ �½CD��l ¼ 1

1� 1=ac

qa; b; qc; d; q=abcd

q=a; q=b; q=c; q=d; abcd

����q
� �

l

and the following di¤erences

‘Ck ¼ ð1þ qkÞ a; c; 1=ac

q=a; q=c; qac

����q
� �

k

qk;

�sDk ¼ ð1� q1þ2kÞ qac; b; d; q=abcd

q=ac; q2=b; q2=d; qabcd

����q
� �

k

qk

� ð1� 1=abcÞð1� 1=acdÞð1� q=bdÞ
ð1� 1=acÞð1� q=bÞð1� q=dÞð1� 1=abcdÞ :

Taking into account of (5a) and (5b), we can apply the Abel lemma on summation

by parts to reformulate the following series:

2Uða; b; c; dÞ ¼
X
k

ð1þ qkÞ a; b; c; d; q=abcd

q=a; q=b; q=c; q=d; abcd

����q
� �

k

qk

¼
X
k

Dk‘Ck ¼ 2½CD�þl þ
X
k

Ck �sDk

¼ 2

1� 1=ac

qa; b; qc; d; q=abcd

q=a; q=b; q=c; q=d; abcd

����q
� �

l

þ ð1� 1=abcÞð1� 1=acdÞð1� q=bdÞ
ð1� 1=acÞð1� q=bÞð1� q=dÞð1� 1=abcdÞ

�
X
k

ð1� q1þ2kÞ qa; b; qc; d; q=abcd

q=a; q2=b; q=c; q2=d; qabcd

����q
� �

k

qk:

285Well-poised bilateral 5c5-series



Recalling (7a) and (7b), we derive the following crossing relation:

Uða; b; c; dÞ ¼ Vðqa; b; qc; dÞ ð1� 1=abcÞð1� 1=acdÞð1� q=bdÞ
ð1� 1=acÞð1� q=bÞð1� q=dÞð1� 1=abcdÞ ð14aÞ

þ 1

1� 1=ac

qa; b; qc; d; q=abcd

q=a; q=b; q=c; q=d; abcd

����q
� �

l

: ð14bÞ

2.3. Now combining (13a)–(13b) with (14a)–(14b) under the replacement

a ! a=q and then canceling Vða; b; c; dÞ, we derive the following independent rela-

tion for Uða; b; c; dÞ:

Uða; b; c; dÞ ¼ lða; b; c; dÞ þUða=q; b; c; dÞ ð15aÞ

� ð1� q=abÞð1� q=acÞð1� q=adÞð1� q=abcdÞ
ð1� q=aÞð1� q=abcÞð1� q=abdÞð1� q=acdÞ : ð15bÞ

Observing that the relation displayed in (15a)–(15b) results from shifting

parameter a by q in the U-function. Iterating it m-times, we derive the relation

with an extra natural number parameter m as follows:

Uða; b; c; dÞ ¼ Uða=qm; b; c; dÞ q=ab; q=ac; q=ad; q=abcd

q=a; q=abc; q=abd; q=acd

����q
� �

m

þ
Xm�1

k¼0

lða=qk; b; c; dÞ q=ab; q=ac; q=ad; q=abcd

q=a; q=abc; q=abd; q=acd

����q
� �

k

which can be further simplified as

Uða; b; c; dÞ ¼ Uða=qm; b; c; dÞ q=ab; q=ac; q=ad; q=abcd

q=a; q=abc; q=abd; q=acd

����q
� �

m

þ lða; b; c; dÞ ð16aÞ

�
Xm�1

k¼0

1� q2þ2k=a2bcd

1� q2=a2bcd

� q=a; q=ab; q=ac; q=ad

q2=abcd; q2=abc; q2=abd; q2=acd

����q
� �

k

q

bcd

� �k

: ð16bÞ

According to the Weierstrass M-test on uniformly convergent series (cf. Strom-

berg [18], p. 141), we may compute the following limit

lim
m!l

Uða=qm; b; c; dÞ ¼ 3c3

b; c; d

q=b; q=c; q=d

����q; q

bcd

� �

¼ q; q=bc; q=bd; q=cd

q=b; q=c; q=d; q=bcd

����q
� �

l

thanks to Corollary 2 for the last equality.
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Letting m ! l in (16a)–(16b), we find the following transformation formula:

Uða; b; c; dÞ ¼ q; q=ab; q=ac; q=ad; q=bc; q=bd; q=cd; q=abcd

q=a; q=b; q=c; q=d; q=abc; q=abd; q=acd; q=bcd

����q
� �

l

þ lða; b; c; dÞ

�
Xl
k¼0

1� q2þ2k=a2bcd

1� q2=a2bcd

� q=a; q=ab; q=ac; q=ad

q2=abcd; q2=abc; q2=abd; q2=acd

����q
� �

k

q

bcd

� �k

:

This is the transformation formula stated in Theorem 1. r

2.4. Similarly, we can work out the corresponding results for Vða; b; c; dÞ. Under

the replacements a ! a=q and c ! c=q, the di¤erence between (13a)–(13b) and

(14a)–(14b) leads us to another independent relation:

Vða; b; c; dÞ ¼ mða; b; c; dÞ þ Vða=q; b; c; dÞ ð17aÞ

� ð1� q2=abÞð1� q2=acÞð1� q2=adÞð1� q2=abcdÞ
ð1� q2=aÞð1� q2=abcÞð1� q2=abdÞð1� q2=acdÞ : ð17bÞ

Iterating (17a)–(17b) m-times gives rise to the following relation with an extra nat-

ural number parameter m:

Vða; b; c; dÞ ¼ Vða=qm; b; c; dÞ q2=ab; q2=ac; q2=ad; q2=abcd

q2=a; q2=abc; q2=abd; q2=acd

����q
� �

m

þ
Xm�1

k¼0

mða=qk; b; c; dÞ q2=ab; q2=ac; q2=ad; q2=abcd

q2=a; q2=abc; q2=abd; q2=acd

����q
� �

k

which can be further simplified as

Vða; b; c; dÞ

¼ Vða=qm; b; c; dÞ q2=ab; q2=ac; q2=ad; q2=abcd

q2=a; q2=abc; q2=abd; q2=acd

����q
� �

m

þ mða; b; c; dÞ ð18aÞ

�
Xm�1

k¼0

1� q4þ2k=a2bcd

1� q4=a2bcd

q=a; q2=ab; q2=ac; q2=ad

q4=abcd; q3=abc; q3=abd; q3=acd

����q
� �

k

q2

bcd

� �k

: ð18bÞ

According to the Weierstrass M-test on uniformly convergent series, we may

compute the following limit
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lim
m!l

Vða=qm; b; c; dÞ ¼ 3c3

b; c; d

q2=b; q2=c; q2=d

����q; q
2

bcd

� �

¼ q; q2=bc; q2=bd; q2=cd

q2=b; q2=c; q2=d; q2=bcd

����q
� �

l

thanks to Corollary 6 for the last equality.

Letting m ! l in (18a)–(18b), we find the following transformation formula:

Vða; b; c; dÞ

¼ q; q2=ab; q2=ac; q2=ad; q2=bc; q2=bd; q2=cd; q2=abcd

q2=a; q2=b; q2=c; q2=d; q2=abc; q2=abd; q2=acd; q2=bcd

����q
� �

l

þ mða; b; c; dÞ

�
Xl
k¼0

1� q4þ2k=a2bcd

1� q4=a2bcd

q=a; q2=ab; q2=ac; q2=ad

q4=abcd; q3=abc; q3=abd; q3=acd

����q
� �

k

q2

bcd

� �k

:

This proves the transformation formula stated in Theorem 5. r

2.5. In addition, Theorem 1 can further be confirmed by Bailey’s very well-poised

bilateral 6c6-series identity. The same can be done for Theorem 5.

In fact, reversing the summation index k ! �1� k for Bailey’s well-poised

6c6-partial sum, we have no di‰culty to check the following relation:

6c
�
6

q
ffiffiffiffi
A

p
; �q

ffiffiffiffi
A

p
; B; C; D; Effiffiffiffi

A
p

; �
ffiffiffiffi
A

p
; qA=B; qA=C; qA=D; qA=E

����q; qA2

BCDE

� �

¼ �q

A

ð1� q2=AÞð1� A=BÞð1� A=CÞð1� A=DÞð1� A=EÞ
ð1� AÞð1� q=BÞð1� q=CÞð1� q=DÞð1� q=EÞ

� 6c
þ
6

q2=
ffiffiffiffi
A

p
; �q2=

ffiffiffiffi
A

p
; qB=A; qC=A; qD=A; qE=A

q=
ffiffiffiffi
A

p
; �q=

ffiffiffiffi
A

p
; q2=B; q2=C; q2=D; q2=E

����q; qA2

BCDE

� �
:

Observe that the 5c5-series in Theorem 1 is invariant under the replacement

a ! q=abcd. Equating the corresponding right members, we get, after lengthy

simplification, the following equation:

6c6
q2=a

ffiffiffiffiffiffiffiffi
bcd

p
; �q2=a

ffiffiffiffiffiffiffiffi
bcd

p
; q=a; q=ab; q=ac; q=ad

q=a
ffiffiffiffiffiffiffiffi
bcd

p
; �q=a

ffiffiffiffiffiffiffiffi
bcd

p
; q2=abcd; q2=abc; q2=abd; q2=acd

����q; q

bcd

� �
ð19aÞ

¼ ð1� q=abcÞð1� q=abdÞð1� q=acdÞ
ðq=abcdÞð1� q2=a2bcdÞ

q; q=a; q=bc; q=bd; q=cd; abcd

a; b; c; d; q=bcd; q2=abcd

����q
� �

l

ð19bÞ

� a; abc; abd; acd

ab; ac; ad; abcd

����q
� �

l

� q=ab; q=ac; q=ad; q=abcd

q=a; q=abc; q=abd; q=acd

����q
� �

l

� �
: ð19cÞ
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Evaluating the last 6c6-series displayed in (19a) Bailey’s summation formula

(1a)–(1b), we recover from (19a)–(19c) the following di¤erence equation:

½ab; q=ab; ac; q=ac; ad; q=ad; abcd; q=abcd; q�l
� ½a; q=a; abc; q=abc; abd; q=abd; acd; q=acd; q�l

¼ a½b; q=b; c; q=c; d; q=d; a2bcd; q=a2bcd; q�l

whose equivalent form has explicitly appeared in Chu [10], Theorem 1.1:

3ab; ac; ad; abcd; q4l � 3a; abc; abd; acd; q4l ¼ a3b; c; d; a2bcd; q4l:

3. Further transformations for U(a, b, c, d )

This section will further repeat the iterating process for other parameters and

derive three interesting transformations of Uða; b; c; dÞ into quadratic, cubic and

quartic series.

3.1. Applying (15a)–(15b) again to Uðb; a=q; c; dÞ ¼ Uða=q; b; c; dÞ displayed in

(15a) and then simplifying the result, we get the relation:

Uða; b; c; dÞ

¼ Uða=q; b=q; c; dÞ q=ac; q=ad; q=bc; q=bd

q=a; q=b; q=acd; q=bcd

����q
� �

1

q=ab; q=abcd

q=abc; q=abd

����q
� �

2

ð20aÞ

þ lða; b; c; dÞ þ lðb; a=q; c; dÞ q=ab; q=ac; q=ad; q=abcd

q=a; q=abc; q=abd; q=acd

����q
� �

1

: ð20bÞ

Iterating further this relation m-times, we derive the recurrence relation.

Theorem 12 (Recurrence relation). Define Rm and R?
m-functions by

R?
mða; b; c; dÞ ¼

lða; b; c; dÞ
1� q2=a2bcd

� Rmða; b; c; dÞ; ð21aÞ

Rmða; b; c; dÞ ¼
Xm�1

k¼0

f1� q2þ3k=a2bcdg ðq=ab; qÞ2k
½q2=acd; q=bcd; q�k

ð21bÞ

� ½q=a; q=b; q=ac; q=ad; q=bc; q=bd; q�k
½q2=abc; q2=abd; q2=abcd; q�2k

q2þk

abc2d 2

� �k

: ð21cÞ

Then there holds the following relation:
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Uða; b; c; dÞ

¼ Uða=qm; b=qm; c; dÞ q=ac; q=ad; q=bc; q=bd

q=a; q=b; q=acd; q=bcd

����q
� �

m

q=ab; q=abcd

q=abc; q=abd

����q
� �

2m

þ R?
mða; b; c; dÞ þ R?

mðb; a=q; c; dÞ
q=ab; q=ac; q=ad; q=abcd

q=a; q=abc; q=abd; q=acd

����q
� �

1

:

In view of Corollary 2, we have the following limit:

lim
m!l

Uða=qm; b=qm; c; dÞ ¼ 2c3

�; c; d

0; q=c; q=d

����q; qcd
� �

¼ q; q=cd

q=c; q=d

����q
� �

l

which leads us to the following quadratic transformation formula.

Proposition 13. Let R? ¼ limm!l R?
m, where the R?

m-function is defined in Theo-

rem 12. Then there holds the nonterminating series transformation:

Uða; b; c; dÞ ¼ q; q=ab; q=ac; q=ad; q=bc; q=bd; q=cd; q=abcd

q=a; q=b; q=c; q=d; q=abc; q=abd; q=acd; q=bcd

����q
� �

l

þ R?ða; b; c; dÞ þ R?ðb; a=q; c; dÞ q=ab; q=ac; q=ad; q=abcd

q=a; q=abc; q=abd; q=acd

����q
� �

1

:

3.2. Applying (15a)–(15b) again to Uðc; b=q; a=q; dÞ ¼ Uða=q; b=q; c; dÞ dis-

played in (20a) and then simplifying the equation corresponding to (20a)–(20b),

we get the relation:

Uða; b; c; dÞ

¼ Uða=q; b=q; c=q; dÞ ðq=abcd; qÞ3ðq=abc; qÞ3
ð22aÞ

� q=ad; q=bd; q=cd

q=a; q=b; q=c

����q
� �

1

q=ab; q=ac; q=bc

q=abd; q=acd; q=bcd

����q
� �

2

ð22bÞ

þ lða; b; c; dÞ þ lðb; a=q; c; dÞ q=ab; q=ac; q=ad; q=abcd

q=a; q=abc; q=abd; q=acd

����q
� �

1

ð22cÞ

þ lðc; a=q; b=q; dÞ q=ac; q=ad; q=bc; q=bd

q=a; q=b; q=acd; q=bcd

����q
� �

1

q=ab; q=abcd

q=abc; q=abd

����q
� �

2

: ð22dÞ

Iterating further this relation m-times, we derive the recurrence relation.
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Theorem 14 (Recurrence relation). Define Sm and S?
m-functions by

S?
mða; b; c; dÞ ¼

lða; b; c; dÞ
1� q2=a2bcd

� Smða; b; c; dÞ; ð23aÞ

Smða; b; c; dÞ ¼
Xm�1

k¼0

f1� q2þ4k=a2bcdg q=ab; q=ac; q=bc

q2=abd; q2=acd; q=bcd

����q
� �

2k

ð23bÞ

� ½q=a; q=b; q=c; q=ad; q=bd; q=cd; q�k
½q2=abc; q2=abcd; q�3k

q3þ3k

a2b2c2d 3

� �k

: ð23cÞ

Then there holds the following relation:

Uða; b; c; dÞ ¼ Uða=qm; b=qm; c=qm; dÞ q=ad; q=bd; q=cd

q=a; q=b; q=c

����q
� �

m

� ðq=abcd; qÞ3m
ðq=abc; qÞ3m

q=ab; q=ac; q=bc

q=abd; q=acd; q=bcd

����q
� �

2m

þ S?
mða; b; c; dÞ þ S?

mðb; a=q; c; dÞ
q=ab; q=ac; q=ad; q=abcd

q=a; q=abc; q=abd; q=acd

����q
� �

1

þ S?
mðc; a=q; b=q; dÞ

q=ac; q=ad; q=bc; q=bd

q=a; q=b; q=acd; q=bcd

����q
� �

1

q=ab; q=abcd

q=abc; q=abd

����q
� �

2

:

In view of Corollary 2, we have the following limit:

lim
m!l

Uða=qm; b=qm; c=qm; dÞ ¼ 1c3

�; �; d

0; 0; q=d

����q; qd
� �

¼ ðq; qÞl
ðq=d; qÞl

which leads us to the following cubic transformation formula.

Proposition 15. Let S? ¼ limm!l S?
m, where the S

?
m-function is defined in Theorem

14. Then there holds the nonterminating series transformation:

Uða; b; c; dÞ ¼ q; q=ab; q=ac; q=ad; q=bc; q=bd; q=cd; q=abcd

q=a; q=b; q=c; q=d; q=abc; q=abd; q=acd; q=bcd

����q
� �

l

þ S?ða; b; c; dÞ þ S?ðb; a=q; c; dÞ q=ab; q=ac; q=ad; q=abcd

q=a; q=abc; q=abd; q=acd

����q
� �

1

þ S?ðc; a=q; b=q; dÞ q=ac; q=ad; q=bc; q=bd

q=a; q=b; q=acd; q=bcd

����q
� �

1

q=ab; q=abcd

q=abc; q=abd

����q
� �

2

:

3.3. Applying (15a)–(15b) again to Uðd; a=q; b=q; c=qÞ ¼ Uða=q; b=q; c=q; dÞ dis-
played in (22a) and then simplifying the equation corresponding to (22a–22d), we

get the relation:
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Uða; b; c; dÞ
¼ Uða=q; b=q; c=q; d=qÞ ð24aÞ

� ½q=ab; q=ac; q=ad; q=bc; q=bd; q=cd; q�2ðq=abcd; qÞ4
½q=a; q=b; q=c; q=d; q�1½q=abc; q=abd; q=acd; q=bcd; q�3

ð24bÞ

þ lða; b; c; dÞ þ lðb; a=q; c; dÞ q=ab; q=ac; q=ad; q=abcd

q=a; q=abc; q=abd; q=acd

����q
� �

1

ð24cÞ

þ lðc; a=q; b=q; dÞ q=ac; q=ad; q=bc; q=bd

q=a; q=b; q=acd; q=bcd

����q
� �

1

q=ab; q=abcd

q=abc; q=abd

����q
� �

2

ð24dÞ

þ l d;
a

q
;
b

q
;
c

q

� �
q=ad; q=bd; q=cd

q=a; q=b; q=c

����q
� �

1

� q=ab; q=ac; q=bc

q=abd; q=acd; q=bcd

����q
� �

2

ðq=abcd; qÞ3
ðq=abc; qÞ3

: ð24eÞ

Iterating further this relation m-times, we derive the recurrence relation.

Theorem 16 (Recurrence relation). Define Tm and T?
m-functions by

T?
mða; b; c; dÞ ¼

lða; b; c; dÞ
1� q2=a2bcd

� Tmða; b; c; dÞ; ð25aÞ

Tmða; b; c; dÞ ¼
Xm�1

k¼0

f1� q2þ5k=a2bcdg ½q=a; q=b; q=c; q=d; q�kðq2=abcd; qÞ4k
ð25bÞ

� ½q=ab; q=ac; q=ad; q=bc; q=bd; q=cd; q�2k
½q2=abc; q2=abd; q2=acd; q=bcd; q�3k

q4þ6k

a3b3c3d 3

� �k

: ð25cÞ

Then there holds the following relation:

Uða; b; c; dÞ
¼ Uða=qm; b=qm; c=qm; d=qmÞ

� ½q=ab; q=ac; q=ad; q=bc; q=bd; q=cd; q�2mðq=abcd; qÞ4m
½q=a; q=b; q=c; q=d; q�m½q=abc; q=abd; q=acd; q=bcd; q�3m

þ T?
mða; b; c; dÞ þ T?

mðb; a=q; c; dÞ
q=ab; q=ac; q=ad; q=abcd

q=a; q=abc; q=abd; q=acd

����q
� �

1

þ T?
mðc; a=q; b=q; dÞ

q=ac; q=ad; q=bc; q=bd

q=a; q=b; q=acd; q=bcd

����q
� �

1

q=ab; q=abcd

q=abc; q=abd

����q
� �

2

þ T?
m d;

a

q
;
b

q
;
c

q

� �
q=ad; q=bd; q=cd

q=a; q=b; q=c

����q
� �

1

q=ab; q=ac; q=bc

q=abd; q=acd; q=bcd

����q
� �

2

ðq=abcd; qÞ3
ðq=abc; qÞ3

:
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Recall the Jacobi triple product identity (cf. [13], II-28)

½q; x; q=x; q�l ¼
Xþl

k¼�l

ð�1Þkq
k
2ð Þxk for jqj < 1: ð26Þ

We may compute the following limit

lim
m!l

Uða=qm; b=qm; c=qm; d=qmÞ ¼
X
k

ð�1Þkq3
k
2ð Þþk ¼ ½q3; q; q2; q3�l ¼ ðq; qÞl:

This leads us to the following quartic transformation formula.

Proposition 17. Let T? ¼ limm!l T?
m, where the T?

m-function is defined in Theo-

rem 16. Then there holds the nonterminating series transformation:

Uða; b; c; dÞ ¼ q; q=ab; q=ac; q=ad; q=bc; q=bd; q=cd; q=abcd

q=a; q=b; q=c; q=d; q=abc; q=abd; q=acd; q=bcd

����q
� �

l

þ T?ða; b; c; dÞ þ T?ðb; a=q; c; dÞ q=ab; q=ac; q=ad; q=abcd

q=a; q=abc; q=abd; q=acd

����q
� �

1

þ T?ðc; a=q; b=q; dÞ q=ac; q=ad; q=bc; q=bd

q=a; q=b; q=acd; q=bcd

����q
� �

1

q=ab; q=abcd

q=abc; q=abd

����q
� �

2

þ T? d;
a

q
;
b

q
;
c

q

� �
q=ad; q=bd; q=cd

q=a; q=b; q=c

����q
� �

1

� q=ab; q=ac; q=bc

q=abd; q=acd; q=bcd

����q
� �

2

ðq=abcd; qÞ3
ðq=abc; qÞ3

:

4. Further transformations for V(a, b, c, d )

Similarly, we can derive other three transformation formulae for Vða; b; c; dÞ.

4.1. Applying (17a)–(17b) again to Vðb; a=q; c; dÞ ¼ Vða=q; b; c; dÞ displayed in

(17a) and then simplifying the result, we get the relation:

Vða; b; c; dÞ ¼ Vða=q; b=q; c; dÞ q2=ac; q2=ad; q2=bc; q2=bd

q2=a; q2=b; q2=acd; q2=bcd

����q
� �

1

� q2=ab; q2=abcd

q2=abc; q2=abd

����q
� �

2

þ mða; b; c; dÞ ð27aÞ

þ mðb; a=q; c; dÞ q2=ab; q2=ac; q2=ad; q2=abcd

q2=a; q2=abc; q2=abd; q2=acd

����q
� �

1

: ð27bÞ

Iterating further this relation m-times, we derive the recurrence relation.
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Theorem 18 (Recurrence relation). Define Rm and R?
m-functions by

R?
mða; b; c; dÞ ¼

mða; b; c; dÞ
1� q4=a2bcd

�Rmða; b; c; dÞ; ð28aÞ

Rmða; b; c; dÞ ¼
Xm�1

k¼0

f1� q4þ3k=a2bcdg ðq2=ab; qÞ2k
½q3=acd; q2=bcd; q�k

ð28bÞ

� ½q=a; q=b; q2=ac; q2=ad; q2=bc; q2=bd; q�k
½q3=abc; q3=abd; q4=abcd; q�2k

q4þk

abc2d 2

� �k

: ð28cÞ

Then there holds the following relation:

Vða; b; c; dÞ

¼ Vða=qm; b=qm; c; dÞ q2=ac; q2=ad; q2=bc; q2=bd

q2=a; q2=b; q2=acd; q2=bcd

����q
� �

m

q2=ab; q2=abcd

q2=abc; q2=abd

����q
� �

2m

þR?
mða; b; c; dÞ þR?

mðb; a=q; c; dÞ
q2=ab; q2=ac; q2=ad; q2=abcd

q2=a; q2=abc; q2=abd; q2=acd

����q
� �

1

:

In view of Corollary 6, we have the following limit:

lim
m!l

Vða=qm; b=qm; c; dÞ ¼ 2c3

�; c; d

0; q2=c; q2=d

����q; q
2

cd

� �
¼ q; q2=cd

q2=c; q2=d

����q
� �

l

which leads us to the following quadratic transformation formula.

Proposition 19. Let R? ¼ limm!l R?
m, where the R?

m-function is defined in Theo-

rem 18. Then there holds the nonterminating series transformation:

Vða; b; c; dÞ ¼ q; q2=ab; q2=ac; q2=ad; q2=bc; q2=bd; q2=cd; q2=abcd

q2=a; q2=b; q2=c; q2=d; q2=abc; q2=abd; q2=acd; q2=bcd

����q
� �

l

þR?ða; b; c; dÞ

þR?ðb; a=q; c; dÞ q2=ab; q2=ac; q2=ad; q2=abcd

q2=a; q2=abc; q2=abd; q2=acd

����q
� �

1

:

4.2. Applying (17a)–(17b) again to Vðc; b=q; a=q; dÞ ¼ Vða=q; b=q; c; dÞ displayed
in (27a) and then simplifying the equation corresponding to (27a)–(27b), we get

the relation:
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Vða; b; c; dÞ

¼ Vða=q; b=q; c=q; dÞ ðq
2=abcd; qÞ3

ðq2=abc; qÞ3
ð29aÞ

� q2=ad; q2=bd; q2=cd

q2=a; q2=b; q2=c

����q
� �

1

q2=ab; q2=ac; q2=bc

q2=abd; q2=acd; q2=bcd

����q
� �

2

ð29bÞ

þ mða; b; c; dÞ þ mðb; a=q; c; dÞ q2=ab; q2=ac; q2=ad; q2=abcd

q2=a; q2=abc; q2=abd; q2=acd

����q
� �

1

ð29cÞ

þ mðc; a=q; b=q; dÞ q2=ac; q2=ad; q2=bc; q2=bd

q2=a; q2=b; q2=acd; q2=bcd

����q
� �

1

q2=ab; q2=abcd

q2=abc; q2=abd

����q
� �

2

: ð29dÞ

Iterating further this relation m-times, we derive the recurrence relation.

Theorem 20 (Recurrence relation). Define Sm and S?
m-functions by

S?
mða; b; c; dÞ ¼

mða; b; c; dÞ
1� q4=a2bcd

�Smða; b; c; dÞ; ð30aÞ

Smða; b; c; dÞ ¼
Xm�1

k¼0

f1� q4þ4k=a2bcdg q2=ab; q2=ac; q2=bc

q3=abd; q3=acd; q2=bcd

����q
� �

2k

ð30bÞ

� ½q=a; q=b; q=c; q2=ad; q2=bd; q2=cd; q�k
½q3=abc; q4=abcd; q�3k

q6þ3k

a2b2c2d 3

� �k

: ð30cÞ

Then there holds the following relation:

Vða; b; c; dÞ

¼ Vða=qm; b=qm; c=qm; dÞ q2=ad; q2=bd; q2=cd

q2=a; q2=b; q2=c

����q
� �

m

� ðq2=abcd; qÞ3m
ðq2=abc; qÞ3m

q2=ab; q2=ac; q2=bc

q2=abd; q2=acd; q2=bcd

����q
� �

2m

þS?
mða; b; c; dÞ þS?

mðb; a=q; c; dÞ
q2=ab; q2=ac; q2=ad; q2=abcd

q2=a; q2=abc; q2=abd; q2=acd

����q
� �

1

þS?
mðc; a=q; b=q; dÞ

q2=ac; q2=ad; q2=bc; q2=bd

q2=a; q2=b; q2=acd; q2=bcd

����q
� �

1

q2=ab; q2=abcd

q2=abc; q2=abd

����q
� �

2

:

In view of Corollary 6, we have the following limit:

lim
m!l

Vða=qm; b=qm; c=qm; dÞ ¼ 1c3

�; �; d

0; 0; q2=d

����q; q
2

d

� �
¼ ðq; qÞl

ðq2=d; qÞl

which leads us to the following cubic transformation formula.
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Proposition 21. Let S? ¼ limm!l S?
m, where the S?

m-function is defined in Theo-

rem 20. Then there holds the nonterminating series transformation:

Vða; b; c; dÞ

¼ q; q2=ab; q2=ac; q2=ad; q2=bc; q2=bd; q2=cd; q2=abcd

q2=a; q2=b; q2=c; q2=d; q2=abc; q2=abd; q2=acd; q2=bcd

����q
� �

l

þS?ða; b; c; dÞ þS?ðb; a=q; c; dÞ q2=ab; q2=ac; q2=ad; q2=abcd

q2=a; q2=abc; q2=abd; q2=acd

����q
� �

1

þS?ðc; a=q; b=q; dÞ q2=ac; q2=ad; q2=bc; q2=bd

q2=a; q2=b; q2=acd; q2=bcd

����q
� �

1

q2=ab; q2=abcd

q2=abc; q2=abd

����q
� �

2

:

4.3. Applying (17a) and (17b) again to Vðd; a=q; b=q; c=qÞ ¼ Vða=q; b=q; c=q; dÞ
displayed in (29a) and then simplifying the equation corresponding to (29a)–

(29d), we get the relation:

Vða; b; c; dÞ
¼ Vða=q; b=q; c=q; d=qÞ ð31aÞ

� ½q2=ab; q2=ac; q2=ad; q2=bc; q2=bd; q2=cd; q�2ðq2=abcd; qÞ4
½q2=a; q2=b; q2=c; q2=d; q�1½q2=abc; q2=abd; q2=acd; q2=bcd; q�3

ð31bÞ

þ mða; b; c; dÞ þ mðb; a=q; c; dÞ q2=ab; q2=ac; q2=ad; q2=abcd

q2=a; q2=abc; q2=abd; q2=acd

����q
� �

1

ð31cÞ

þ mðc; a=q; b=q; dÞ q2=ac; q2=ad; q2=bc; q2=bd

q2=a; q2=b; q2=acd; q2=bcd

����q
� �

1

q2=ab; q2=abcd

q2=abc; q2=abd

����q
� �

2

ð31dÞ

þ m d;
a

q
;
b

q
;
c

q

� �
q2=ad; q2=bd; q2=cd

q2=a; q2=b; q2=c

����q
� �

1

� q2=ab; q2=ac; q2=bc

q2=abd; q2=acd; q2=bcd

����q
� �

2

ðq2=abcd; qÞ3
ðq2=abc; qÞ3

: ð31eÞ

Iterating further this relation m-times, we derive the recurrence relation.

Theorem 22 (Recurrence relation). Define Tm and T?
m-functions by

T?
m ða; b; c; dÞ ¼

mða; b; c; dÞ
1� q4=a2bcd

�Tmða; b; c; dÞ; ð32aÞ

Tmða; b; c; dÞ ¼
Xm�1

k¼0

f1� q4þ5k=a2bcdg ½q=a; q=b; q=c; q=d; q�kðq4=abcd; qÞ4k
ð32bÞ

� ½q2=ab; q2=ac; q2=ad; q2=bc; q2=bd; q2=cd; q�2k
½q3=abc; q3=abd; q3=acd; q2=bcd; q�3k

q8þ6k

a3b3c3d 3

� �k

:

ð32cÞ
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Then there holds the following relation:

Vða; b; c; dÞ

¼ Vða=qm; b=qm; c=qm; d=qmÞ

� ½q2=ab; q2=ac; q2=ad; q2=bc; q2=bd; q2=cd; q�2mðq2=abcd; qÞ4m
½q2=a; q2=b; q2=c; q2=d; q�m½q2=abc; q2=abd; q2=acd; q2=bcd; q�3m

þT?
m ða; b; c; dÞ þT?

m ðb; a=q; c; dÞ
q2=ab; q2=ac; q2=ad; q2=abcd

q2=a; q2=abc; q2=abd; q2=acd

����q
� �

1

þT?
m ðc; a=q; b=q; dÞ

q2=ac; q2=ad; q2=bc; q2=bd

q2=a; q2=b; q2=acd; q2=bcd

����q
� �

1

q2=ab; q2=abcd

q2=abc; q2=abd

����q
� �

2

þT?
m d;

a

q
;
b

q
;
c

q

� �
q2=ad; q2=bd; q2=cd

q2=a; q2=b; q2=c

����q
� �

1

� q2=ab; q2=ac; q2=bc

q2=abd; q2=acd; q2=bcd

����q
� �

2

ðq2=abcd; qÞ3
ðq2=abc; qÞ3

:

By means of Jacobi’s triple product identity (26), we have the following limit

lim
m!l

Vða=qm; b=qm; c=qm; d=qmÞ ¼
X
k

ð�1Þkq3
k
2ð Þþ2k ¼ ½q3; q; q2; q3�l ¼ ðq; qÞl:

This leads us to the following quartic transformation formula.

Proposition 23. Let T? ¼ limm!l T?
m , where the T?

m-function is defined in Theo-

rem 22. Then there holds the nonterminating series transformation:

Vða; b; c; dÞ

¼ q; q2=ab; q2=ac; q2=ad; q2=bc; q2=bd; q2=cd; q2=abcd

q2=a; q2=b; q2=c; q2=d; q2=abc; q2=abd; q2=acd; q2=bcd

����q
� �

l

þT?ða; b; c; dÞ

þT?ðb; a=q; c; dÞ q2=ab; q2=ac; q2=ad; q2=abcd

q2=a; q2=abc; q2=abd; q2=acd

����q
� �

1

þT?ðc; a=q; b=q; dÞ

� q2=ac; q2=ad; q2=bc; q2=bd

q2=a; q2=b; q2=acd; q2=bcd

����q
� �

1

q2=ab; q2=abcd

q2=abc; q2=abd

����q
� �

2

þT? d;
a

q
;
b

q
;
c

q

� �

� q2=ad; q2=bd; q2=cd

q2=a; q2=b; q2=c

����q
� �

1

q2=ab; q2=ac; q2=bc

q2=abd; q2=acd; q2=bcd

����q
� �

2

ðq2=abcd; qÞ3
ðq2=abc; qÞ3

:
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5. Relations on nonterminating partial well-poised series

Based on the relations established for Uða; b; c; dÞ and Vða; b; c; dÞ, we can further

derive six curious relations which transform the partial well-poised series into the

series with the same character, but convergent faster. They resemble somehow

the quadratic, cubic, quartic transformation formulae discovered by Gasper and

Rahman [12], [16].

5.1. Comparing the expression for Uða; b; c; dÞ displayed in Theorem 1 with

those in Propositions 13, 15, 17 and then equating the right members, we find the

following three curious transformation formulae.

Theorem 24 (Partial well-poised series transformation).

6c
þ
6

q2=a
ffiffiffiffiffiffiffiffi
bcd

p
; �q2=a

ffiffiffiffiffiffiffiffi
bcd

p
; q=a; q=ab; q=ac; q=ad

q=a
ffiffiffiffiffiffiffiffi
bcd

p
; �q=a

ffiffiffiffiffiffiffiffi
bcd

p
; q2=abcd; q2=abc; q2=abd; q2=acd

����q; q

bcd

� �

� 1� q2

a2bcd

� �

¼ Rða; b; c; dÞ þ qRðb; a=q; c; dÞ
bcd

q=a; q=ab; q=ac; q=ad

q2=abc; q2=abd; q=bcd; q2=abcd

����q
� �

1

:

According to the definitions of l and R-functions in Theorem 1 and Proposi-

tion 13, we may write the last theorem explicitly as follows:

6c
þ
6

q2=a
ffiffiffiffiffiffiffiffi
bcd

p
; �q2=a

ffiffiffiffiffiffiffiffi
bcd

p
; q=a; q=ab; q=ac; q=ad

q=a
ffiffiffiffiffiffiffiffi
bcd

p
; �q=a

ffiffiffiffiffiffiffiffi
bcd

p
; q2=abcd; q2=abc; q2=abd; q2=acd

����q; q

bcd

� �

� 1� q2

a2bcd

� �

¼
X
kb0

f1� q2þ3k=a2bcdg ðq=ab; qÞ2k½q=a; q=b; q=ac; q=ad; q=bc; q=bd; q�k
½q2=acd; q=bcd; q�k½q2=abc; q2=abd; q2=abcd; q�2k

� q2þk

abc2d 2

� �k

þ q

bcd

q=a; q=ab; q=ac; q=ad

q2=abc; q2=abd; q=bcd; q2=abcd

����q
� �

1

�
X
kb0

f1� q3þ3k=ab2cdg ðq
2=ab; qÞ2k½q2=a; q=b; q2=ac; q2=ad; q=bc; q=bd; q�k

½q2=acd; q2=bcd; q�k½q3=abc; q3=abd; q3=abcd; q�2k

� q3þk

abc2d 2

� �k

:
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When acd ¼ q, the corresponding partial 6c
þ
6 -series may be evaluated by the

q-Dougall sum (cf. [13], II-20):

6f5
a; q

ffiffiffi
a

p
; �q

ffiffiffi
a

p
; b; c; dffiffiffi

a
p

; �
ffiffiffi
a

p
; qa=b; qa=c; qa=d

����q; qabcd

� �
ð33aÞ

¼ qa; qa=bc; qa=bd; qa=cd

qa=b; qa=c; qa=d; qa=bcd

����q
� �

l

where jqa=bcdj < 1: ð33bÞ

We therefore establish the following interesting identity.

Corollary 25 (Quadratic summation formula).

q=ab; q=bd; ad=b

a=b; qd=b; q2=abd

����q
� �

l

¼
X
kb0

1� q1þ3k

ab

� �
ðq=ab; qÞ2k
½q; a=b; q�k

½q=a; q=b; q=ad; q=bd; d; ad=b; q�k
½q=b; qd=b; q2=abd; q�2k

qk a

b

� �k

� q=a; d; q=ab; q=ad

q=b; b=a; qd=b; q2=abd

����q
� �

1

X
kb0

f1� q2þ3k=b2g q1þk a

b

� �k

� ðq2=ab; qÞ2k
½q; qa=b; q�k

½q2=a; q=b; q2=ad; q=bd; qd; ad=b; q�k
½q2=b; q2d=b; q3=abd; q�2k

:

For each nonterminating series on the right hand side, there is no closed for-

mula available. However, their combination results in a closed factorial fraction

expression.

Theorem 26 (Partial well-poised series transformation).

6c
þ
6

q2=a
ffiffiffiffiffiffiffiffi
bcd

p
; �q2=a

ffiffiffiffiffiffiffiffi
bcd

p
; q=a; q=ab; q=ac; q=ad

q=a
ffiffiffiffiffiffiffiffi
bcd

p
; �q=a

ffiffiffiffiffiffiffiffi
bcd

p
; q2=abcd; q2=abc; q2=abd; q2=acd

����q; q

bcd

� �

� 1� q2

a2bcd

� �

¼ Sða; b; c; dÞ þ qSðb; a=q; c; dÞ
bcd

q=a; q=ab; q=ac; q=ad

q2=abc; q2=abd; q=bcd; q2=abcd

����q
� �

1

þ q3Sðc; a=q; b=q; dÞ
abc2d 2

½q=a; q=b; q=ac; q=bc; q=ad; q=bd; q�1ðq=ab; qÞ2
½q2=abd; q2=acd; q�1½q2=abc; q=bcd; q2=abcd; q�2

:

Theorem 27 (Partial well-poised series transformation).
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6c
þ
6

q2=a
ffiffiffiffiffiffiffiffi
bcd

p
; �q2=a

ffiffiffiffiffiffiffiffi
bcd

p
; q=a; q=ab; q=ac; q=ad

q=a
ffiffiffiffiffiffiffiffi
bcd

p
; �q=a

ffiffiffiffiffiffiffiffi
bcd

p
; q2=abcd; q2=abc; q2=abd; q2=acd

����q; q

bcd

� �

� 1� q2

a2bcd

� �

¼ Tða; b; c; dÞ þ qTðb; a=q; c; dÞ
bcd

q=a; q=ab; q=ac; q=ad

q2=abc; q2=abd; q=bcd; q2=abcd

����q
� �

1

þ q3Tðc; a=q; b=q; dÞ
abc2d 2

½q=a; q=b; q=ac; q=bc; q=ad; q=bd; q�1ðq=ab; qÞ2
½q2=abd; q2=acd; q�1½q2=abc; q=bcd; q2=abcd; q�2

þ q6Tðd; a=q; b=q; c=qÞ
a2b2c2d 3

½q=a; q=b; q=c; q=ad; q=bd; q=cd; q�1
½q=bcd; q2=abcd; q�3

� q=ab; q=ac; q=bc

q2=abc; q2=abd; q2=acd

����q
� �

2

:

5.2. Similarly comparing the expression for Vða; b; c; dÞ displayed in Theorem 5

with those in Propositions 19, 21, 23 and then equating the right members, we find

other transformation formulae.

Theorem 28 (Partial well-poised series transformation).

6c
þ
6

q3=a
ffiffiffiffiffiffiffiffi
bcd

p
; �q3=a

ffiffiffiffiffiffiffiffi
bcd

p
; q=a; q2=ab; q2=ac; q2=ad

q2=a
ffiffiffiffiffiffiffiffi
bcd

p
; �q2=a

ffiffiffiffiffiffiffiffi
bcd

p
; q4=abcd; q3=abc; q3=abd; q3=acd

����q; q
2

bcd

� �

� 1� q4

a2bcd

� �

¼ Rða; b; c; dÞ þ q2Rðb; a=q; c; dÞ
bcd

q=a; q2=ab; q2=ac; q2=ad

q3=abc; q3=abd; q2=bcd; q4=abcd

����q
� �

1

:

Theorem 29 (Partial well-poised series transformation).

6c
þ
6

q3=a
ffiffiffiffiffiffiffiffi
bcd

p
; �q3=a

ffiffiffiffiffiffiffiffi
bcd

p
; q=a; q2=ab; q2=ac; q2=ad

q2=a
ffiffiffiffiffiffiffiffi
bcd

p
; �q2=a

ffiffiffiffiffiffiffiffi
bcd

p
; q4=abcd; q3=abc; q3=abd; q3=acd

����q; q
2

bcd

� �

� 1� q4

a2bcd

� �

¼ Sða; b; c; dÞ þ q2Sðb; a=q; c; dÞ
bcd

q=a; q2=ab; q2=ac; q2=ad

q3=abc; q3=abd; q2=bcd; q4=abcd

����q
� �

1

þ q5Sðc; a=q; b=q; dÞ
abc2d 2

ðq2=ab; qÞ2
½q3=abd; q3=acd; q�1

� ½q=a; q=b; q2=ac; q2=ad; q2=bc; q2=bd; q�1
½q3=abc; q2=bcd; q4=abcd; q�2

:
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Theorem 30 (Partial well-poised series transformation).

6c
þ
6

q3=a
ffiffiffiffiffiffiffiffi
bcd

p
; �q3=a

ffiffiffiffiffiffiffiffi
bcd

p
; q=a; q2=ab; q2=ac; q2=ad

q2=a
ffiffiffiffiffiffiffiffi
bcd

p
; �q2=a

ffiffiffiffiffiffiffiffi
bcd

p
; q4=abcd; q3=abc; q3=abd; q3=acd

����q; q
2

bcd

� �

� 1� q4

a2bcd

� �

¼ Tða; b; c; dÞ þ q2Tðb; a=q; c; dÞ
bcd

q=a; q2=ab; q2=ac; q2=ad

q3=abc; q3=abd; q2=bcd; q4=abcd

����q
� �

1

þ q5Tðc; a=q; b=q; dÞ
abc2d 2

ðq2=ab; qÞ2
½q3=abd; q3=acd; q�1

� ½q=a; q=b; q2=ac; q2=ad; q2=bc; q2=bd; q�1
½q3=abc; q2=bcd; q4=abcd; q�2

þ q9Tðd; a=q; b=q; c=qÞ
a2b2c2d 3

½q=a; q=b; q=c; q2=ad; q2=bd; q2=cd; q�1
½q2=bcd; q4=abcd; q�3

� q2=ab; q2=ac; q2=bc

q3=abc; q3=abd; q3=acd

����q
� �

2

:

As illustrated in Corollary 25, one can write down other reciprocal formulae

from Theorems 26–30. They will not be reproduced here for the limit of space.
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