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Abstract. We study the dynamic of piezoelectric bodies with switchable domains, described
by a coupling of an hyperbolic equation and a parabolic one. We consider the one dimen-
sional case and prove local existence of solutions.
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1. Introduction

We consider a piezoelectric material in one space dimension occupying the region

o ¼ ð0; 1Þ. Following Davı́ [2], the switching domain phenomena is described by

the e¤ective number of aligned dipoles f ðt; xÞ which satisfies the equation

qt f � q2x f ¼ �qxu: ð1Þ

uðt; xÞ is the electric displacement field related to f by the equation

q2t u� qx
�
ð1þ f Þqxu

�
¼ 0 ð2Þ

where tb 0 is the time variable and x a o is the space variable. The indices de-

note partial derivatives and in order to simplify the presentation, all physical con-

stants had been taken equal to one. The coupling (1)–(2) is completed by the

boundary conditions

f ðt; 0Þ ¼ f ðt; 1Þ ¼ a; a > 0;

qxuðt; 0Þ ¼ qxuðt; 1Þ ¼ 0
ð3Þ

for tb 0, and the initial conditions



f ð0; xÞ ¼ f0ðxÞ;
uð0; xÞ ¼ u0ðxÞ; qtuð0; xÞ ¼ u1ðxÞ

ð4Þ

for x a o. In the case of free space, this problem was studied in [4]. The main

di‰culty in dealing with this system is associated with the structure of the velocity

of the wave equation which is time dependent and depends of the solution to the

heat equation. As it will became clear in Section 2, this fact prevents a global

existence result.

In order to state our main result, let us introduce some notations. For T > 0,

we set oT ¼ ð0;TÞ � o. We denote by j � j, j � jT and k � kT the norms in the

Lebesgue spaces L2ðoÞ, L2ðoT Þ and Ll
�
0;T ;L2ðoÞ

�
respectively. F and U will

denote the spaces

F ¼ C
�
½0;T �;H 2ðoÞ

�
BH 1

�
0;T ;H 1ðoÞ

�
;

U ¼ H 1
�
0;T ;H 1ðoÞ

�
BC1

�
½0;T �;L2ðoÞ

�
:

ð5Þ

For a function g depending only in the space variable x, the prime in g 0 will denote
the usual derivative and finally, the problem given by (1)–(2) and (3)–(4) will be

shortly referred to as ðPÞ. Our main result is the following:

Theorem 1.1. Suppose that the following assumptions hold:

u0 a H 1ðoÞ; u1 a L2ðoÞ; f0 a H 2ðoÞ;
f0ð0Þ ¼ f0ð1Þ ¼ a; f0ðxÞb a in o

ð6Þ

with

3
ffiffiffi
2

p
a > maxðE0; 1Þ; E0C j f 00

0 � u 0
0j

2 þ ju1j2 þ
ð
o

�
1þ f0ðxÞ

�
ju 0

0ðxÞj
2
dx: ð7Þ

Then problem ðPÞ admits a weak solution ð f ; uÞ defined on a time interval ð0;TÞ
depending on the data, such that f b 0 in oT and

f a H 1
�
0;T ;H 1ðoÞ

�
BC

�
½0;T �;H 2ðoÞ

�
;

u a H 1ðoT ÞBC
�
½0;T �;H 1ðoÞ

�
BC1

�
½0;T �;L2ðoÞ

�
:

Let us explain briefly why these assumptions are required. The solution f of

the heat equation needs to be nonnegative. As the sign of the source term qxu is

variable, if the initial data f0 is positive and big enough, the positivity of f is con-

served for a while. For a non trivial example of data satisfying the above assump-

tions, one can take f0ðxÞ ¼ aþ 1
4 � x� 1

2

� �2
, u0ðxÞ ¼ �2x and u1ðxÞ ¼ a, ða a RÞ.
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The idea of the proof is to obtain a solution to our problem as limit of approxi-

mated solutions, as was done in [4] for the case o ¼ R. However, in the case o is

a bounded domain this is more di‰cult and the arguments used [4] do not quite

work here. Indeed the existence proof given in [4] is essentially based on an esti-

mate in Ll, in time and space, for the time derivative qt f , together with its nega-

tivity (qt f a 0 almost everywhere) obtained by using the estimate in Llð0;T ;L2Þ
of qtu and the regularity of the heat kernel in the free space. This leads to an

energy estimate of the solution u of the wave equation alone, which permits to

construct a sequence of approximated solutions (using linearization and decou-

pling procedure) satisfying uniform estimates, allowing to get at the limit a solu-

tion to the coupled system. Unfortunately, such estimate on qt f can not be ob-

tained in the case of bounded domain (only an energy estimate on the pair ð f ; uÞ
can be obtained making the dissociation of the two equations of the problem

inoperative). This is the reason why we use here a fixed point theorem to solve

the problem stated in a bounded domain.

This paper is organized as follows. In Section 2 we give some formal estimates

satisfied by solutions of ðPÞ. Their local nature also constitute an obstacle to es-

tablish global existence. In Section 3, we define the approximated problems ðPe
n Þ

using a regularization of the wave velocity and introducing an artificial viscosity

via small parameters n and e. We then establish Theorem 3.1 which gives exis-

tence and uniqueness of a global solution ð f e
n ; u

e
nÞ, and which is proved using the

Leray–Schauder fixed point theorem. An intermediary study of the solutions of

the heat and the wave equations, leads us to some uniform estimates on ð f e
n ; u

e
nÞ.

We apply them in Section 4, to pass to the limit when n ! 0 and e ! 0, which

leads to a solution of our problem.

2. Formal estimates

We consider a regular solution ð f ; uÞ of problem ðPÞ defined on ð0;TÞ. The time

derivative qt f satisfies

qtðqt f Þ � q2xðqt f Þ ¼ �q2txu in oT ;

qt f ðt; 0Þ ¼ qt f ðt; 1Þ ¼ 0 in ð0;TÞ;
qt f ð0; xÞ ¼ f 00

0 ðxÞ � u 0
0ðxÞ in o:

9>=>; ð8Þ

Multiplying this equation by qt f and integrating over o, we get

1

2

d

dt
jqt f j2 þ jq2tx f j

2 ¼ �
ð
o

q2txuqt f dx ¼
ð
o

qtuq
2
tx f dx;

so
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jqt f ðtÞj2 þ
ð t

0

jq2tx f ðsÞj
2
dsa j f 00

0 � u 0
0j

2 þ
ð t

0

jqtuðsÞj2 ds: ð9Þ

Now, the solution u of the wave equation (2) satisfies

jqtuðtÞj2 þ
ð
o

�
1þ f ðt; xÞ

�
jqxuðt; xÞj2 dx

¼ ju1j2 þ
ð
o

�
1þ f0ðxÞ

�
ju 0

0ðxÞj
2
dxþ

ð t

0

ð
o

qt f ðs; xÞjqxuðs; xÞj2 dx ds: ð10Þ

Adding (9) and (10) leads to

jqt f ðtÞj2 þ
ð t

0

jq2tx f ðsÞj
2
dsþ jqtuðtÞj2 þ

ð
o

�
1þ f ðt; xÞ

�
jqxuðt; xÞj2 dx

aE0 þ
ð t

0

jqtuðsÞj2 dsþ
ð t

0

ð
o

jqt f ðs; xÞj jqxuðs; xÞj2 dx ds: ð11Þ

Since qt f ðt; 0Þ ¼ 0, we can write jqt f ðt; xÞj2 ¼
Ð x

0 2qt f ðt; yÞq2tx f ðt; yÞ dy for all

ðt; xÞ a oT so

jqt f ðtÞj2LlðoÞa 2jqt f ðtÞj jq2tx f ðtÞj: ð12Þ

Using Young’s inequality, the last term of (11) can be bounded byð t

0

jq2tx f ðsÞj
2
dsþ 3

4

ð t

0

jqt f ðsÞj2=3jqxuðsÞj8=3 ds;

therefore, (11) becomes

jqt f ðtÞj2 þ
ð
o

�
1þ f ðt; xÞ

�
jqxuðt; xÞj2 dxþ jqtuðtÞj2

aE0 þ
ð t

0

jqtuðsÞj2 dsþ
3

4

ð t

0

jqt f ðsÞj2=3jqxuðsÞj8=3 ds: ð13Þ

Assume that f ðt; xÞb 0 in oT and let

jðtÞ ¼ max
�
jqtuðtÞj2; jqxuðtÞj2; jqt f ðtÞj2; 1

�
: ð14Þ

The last inequality leads to jðtÞaE1 þ
Ð t

0 jðsÞ dsþ 3
4

Ð t

0 j
5=3ðsÞ ds, and so

jðtÞaE1 þ
7

4

ð t

0

j5=3ðsÞ ds ð15Þ
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where E1 ¼ maxðE0; 1Þ. Then consider the o.d.e

l 0ðtÞ ¼ 7
4 l

5=3ðtÞ; lð0Þ ¼ E1 ð16Þ

which admits a local solution given by

lðtÞ ¼
�
E1

�2=3 � 7
6 t
��3=2

; t a
�
0; 67E

�2=3
1

�
: ð17Þ

It follows by comparison between (15) and (16) that

jðtÞa lðtÞ for all t a
�
0;min

�
T ; 67E

�2=3
1

��
;

that is, for the values of t

jqtuðtÞj2; jqxuðtÞj2; jqt f ðtÞj2a lðtÞ: ð18Þ

As we see it, the key fact is to obtain an Ll estimate of the time derivative qt f of

the wave velocity but this can not be obtained directly and the best we get is (12).

This leads to an exponent greater than unity in (15) and provides only a finite time

existence.

Let us now make precise the approximating procedure used to prove

Theorem 1.1

3. The approximated problem

Let T > 0 be fixed and let e > 0, n > 0 be small parameters. We introduce the fol-

lowing regularization ðPe
n Þ of the problem ðPÞ:

qt f � q2x f ¼ �qxu in oT ;

f ðt; 0Þ ¼ f ðt; 1Þ ¼ a in ð0;TÞ;
f ð0; xÞ ¼ f0ðxÞ in o;

q2t u� qx½ð1þ rn ?
~ff þÞqxu� � eqx

��
1þ ðrn ? ~ff þÞ2

�
q2txu

�
¼ 0 in oT ;

qxuðt; 0Þ ¼ qxuðt; 1Þ ¼ 0 in ð0;TÞ;
uð0; xÞ ¼ u0ðxÞ; qtuð0; xÞ ¼ u1ðxÞ in o;

9>>>>>>>>=>>>>>>>>;
ð19Þ

where ? is the convolution product, f þ ¼ maxð f ; 0Þ is the positive part of f and
~ff þ is its extension by 0 outside oT . Moreover, rn ¼ rnðt; xÞ is a regularizing se-

quence supported in the ball Bð0; nÞ of radius n centered at the origin with

rn a DðR2Þ;
ð
R2

rnðt; xÞ dx dt ¼ 1:

We have the following result.
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Theorem 3.1. Under the assumptions of Theorem 1.1, problem ðPe
n Þ admits a

unique weak solution ð f e
n ; u

e
nÞ in the space ðF;UÞ defined by (5).

The proof is based on a fixed point argument. Let f a L2ðoTÞ be fixed, con-

sider the solution u of the regularized wave equation

q2t u� qx½ð1þ rn ?
~ff þÞqxu� � eqx

��
1þ ðrn ? ~ff þÞ2

�
q2txu

�
¼ 0 in oT ;

qxuðt; 0Þ ¼ qxuðt; 1Þ ¼ 0 in ð0;TÞ;
uð0; xÞ ¼ u0ðxÞ; qtuð0; xÞ ¼ u1ðxÞ in o;

9>=>; ð20Þ

and define the operator S on L2ðoT Þ by

u ¼ Sð f Þ: ð21Þ

Then we define the operator T on U by setting

TðuÞ ¼ g ð22Þ

where g is the solution to the heat equation

qtg� q2xg ¼ �qxu in oT ;

gðt; 0Þ ¼ gðt; 1Þ ¼ a in ð0;TÞ;
gð0; xÞ ¼ f0ðxÞ in o:

9>=>; ð23Þ

We want to show using Leray–Schauder Theorem that the operator

K ¼ i � T � S ð24Þ

possesses a fixed point in L2ðoT Þ, i : H 1ðoT Þ ! L2ðoT Þ being the canonical

injection. First we have to verify that K is well defined, so we begin in the two

following subsections by making a full study of the regularized wave equation (20)

and the heat equation (23).

3.1. The regularized wave equation. Let f be a nonnegative function defined

on R2, n > 0 and e > 0 be fixed. We consider the hyperbolic problem

q2t u� qx½ð1þ rn ? f Þqxu� � eqx
��
1þ ðrn ? f Þ2

�
q2txu

�
¼ 0 in oT ;

qxuðt; 0Þ ¼ qxuðt; 1Þ ¼ 0 in ð0;TÞ;
uð0; xÞ ¼ u0ðxÞ; qtuð0; xÞ ¼ u1ðxÞ in o;

9>=>; ð25Þ

and prove the following result.
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Proposition 3.2. Let u0, u1 as in Theorem 1.1 and let f a LlðR2Þ be such that

f b 0 a.e. in R2. Then for every T > 0, n > 0, e > 0, problem (25) has a unique

solution u a U, q2t u a L2
�
0;T ;H�1ðoÞ

�
.

Proof. To prove the existence of a solution, we apply the variational method using

the Theorem of Lions (see [6], [7]).

We set qtu ¼ v, ðU ;VÞ ¼ e�ktðu; vÞ where k > 0 is a constant, so (25) may be

written as

qtU þ kU � V ¼ 0;

qtV þ kV � qx½ð1þ rn ? f ÞqxU � � eqx
��
1þ ðrn ? f Þ2

�
qxV

�
¼ 0;

qxUðt; 0Þ ¼ qxUðt; 1Þ ¼ qxVðt; 0Þ ¼ qxVðt; 1Þ ¼ 0;

Uð0; xÞ ¼ u0ðxÞ; Vð0; xÞ ¼ u1ðxÞ:

9>>>=>>>; ð26Þ

We introduce the Hilbert space H and its subspace V:

H¼ L2
�
0;T ;H 1ðoÞ

�
� L2

�
0;T ;H 1ðoÞ

�
; V ¼ Dð½0;T ½ � oÞ �Dð½0;T ½ � oÞ;

equipped with the norms

jðw1;w2Þj2H ¼
ðT

0

�
kw1ðtÞk2H 1ðoÞ þ kw2ðtÞk2H 1ðoÞ

�
dt;

kðw1;w2Þk2V ¼ jðw1;w2Þj2H þ 1

2

�
kw1ð0Þk2H 1ðoÞ þ jw2ð0Þj2

�
;

so that the injection VHH is continuous. Thus we define a bilinear form B on

H�V and a linear form L on V by

B
�
ðU ;VÞ; ðj;cÞ

�
¼

ð
oT

�
�qxUq2txjþ qxðkU � VÞqxj� kUqtj

þ ðk2U � kVÞj
�
dx dtþ

ð
oT

�
�Vqtcþ kVc

þ ð1þ rn ? f ÞqxUqxcþ e½1þ ðrn ? f Þ2�qxVqxc
�
dx dt;

Lðj;cÞ ¼
ð
o

�
u 0
0ðxÞqxjð0; xÞ þ ku0ðxÞjð0; xÞ þ u1ðxÞcð0; xÞ

�
dx:

Clearly B
�
�; ðj;cÞ

�
is continuous on H, for any fixed ðj;cÞ a V and
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B
�
ðj;cÞ; ðj;cÞ

�
¼ 1

2

�
jqxjð0Þj2 þ kjjð0Þj2 þ jcð0Þj2

�
þ k2jjj2T þ kjcj2T

þ kjqxjj2T þ e

ð
oT

�
1þ ðrn ? f Þ2

�
jqxcj2

þ
ð
oT

�
�kjcþ ðrn ? f Þqxjqxc

�
dx dt:

Using Young’s inequality, we get��� ð
oT

�
�kjcþ ðrn ? f Þqxjqxc

�
dx dt

���
a

k

2
ðjjj2T þ jcj2TÞ þ

1

2e
jqxjj2T þ e

2

ð
oT

ðrn ? f Þ2jqxcj2 dx dt

so

B
�
ðj;cÞ; ðj;cÞ

�
b

1

2

�
jqxjð0Þj2 þ kjjð0Þj2 þ jcð0Þj2

�
þ k2 � k

2

� �
jjj2T

þ kjcj2T þ k � 1

2e

� �
jqxjj2T

þ e

2

ð
oT

�
1þ ðrn ? f Þ2

�
jqxcj2 dx dt: ð27Þ

Choosing k > max 1
2 ;

1
2e

� �
, we get the coerciveness inequality

B
�
ðj;cÞ; ðj;cÞ

�
b bkðj;cÞk2V for all ðj;cÞ a V ð28Þ

with b ¼ min 1; k2 � k
2 ; k � 1

2e ;
e
2

� �
> 0. Then, since L is continuous on V, apply-

ing the Theorem of Lions, we conclude that there exists a solution ðU ;VÞ in H to

the variational equation

B
�
ðU ;VÞ; ðj;cÞ

�
¼ Lðj;cÞ for all ðj;cÞ a V: ð29Þ

Therefore

�q2xðqtU þ kU � VÞ þ kðqtU þ kU � VÞ ¼ 0 ð30Þ

and

qtV þ kV � qx½ð1þ rn ? f ÞqxU � � eqx
��
1þ ðrn ? f Þ2

�
qxV

�
¼ 0

in the sense of distributions. In particular qtV a L2
�
0;T ;H�1ðoÞ

�
so the traces

Vð0; :Þ and VðT ; :Þ are well defined in L2ðoÞ. Moreover qtð�q2xU þ kUÞ ¼
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q2xðkU � VÞ � kðkU � VÞ so qtð�q2xU þ kUÞ a L2
�
0;T ;H�1ðoÞ

�
then �q2xU þ

kU a H 1
�
0;T ;H�1ðoÞ

�
HC

�
½0;T �;H�1ðoÞ

�
and the traces ð�q2xU þ kUÞð0; :Þ

and ð�q2xU þ kUÞðT ; :Þ are well defined in H�1ðoÞ. Now, we multiply the equa-

tion (30) by j a Dð½0;T ½ � oÞ and integrate over oT to getð
oT

�
�qxUq2txjþ qxðkU � VÞqxj� kUqtjþ ðk2U � kVÞj

�
dx dt

¼ Lðj; 0Þ ¼ 3ð�q2xU þ kUÞð0; :Þ; jð0; :Þ4

þ
ðT

0

�
qxðkU � VÞðt; 1Þjðt; 1Þ � qxðkU � VÞðt; 0Þjðt; 0Þ

�
dt:

Thus, taking first j a Dð�0;T ½ � oÞ, we get

ðT

0

�
qxðkU � VÞðt; 1Þjðt; 1Þ � qxðkU � VÞðt; 0Þjðt; 0Þ

�
dt ¼ 0

and since j is arbitrary, we conclude that

qxðkU � VÞðt; 0Þ ¼ qxðkU � VÞðt; 1Þ ¼ 0 ð31Þ

then for j a Dð½0;T ½ � oÞ we see that 3ð�q2xU þ kUÞð0; :Þ; jð0; :Þ4 ¼ Lðj; 0Þ but
3ð�q2xU þ kUÞð0; :Þ; jð0; :Þ4 ¼

Ð
o

�
qxUð0; xÞqxjð0; xÞ þ kUð0; xÞjð0; xÞ

�
dx which

leads to Uð0; xÞ ¼ u0ðxÞ and qxUð0; xÞ ¼ u 0
0ðxÞ. Similarly, we get Vð0; xÞ ¼

u1ðxÞ and�
1þ rn ? f ðt; 0Þ

�
qxUðt; 0Þ þ e

�
1þ ðrn ? f Þ2ðt; 0Þ

�
qxVðt; 0Þ ¼ 0;�

1þ rn ? f ðt; 1Þ
�
qxUðt; 1Þ þ e

�
1þ ðrn ? f Þ2ðt; 1Þ

�
qxVðt; 1Þ ¼ 0:

)
ð32Þ

Comparing (31) and (32), we obtain

qxUðt; 0Þ ¼ qxUðt; 1Þ ¼ qxVðt; 0Þ ¼ qxVðt; 1Þ ¼ 0:

Therefore, using again (30), we see that

�q2xðqtUÞ þ kðqtUÞ ¼ q2xðkU � VÞ � kðkU � VÞ a L2
�
0;T ;H�1ðoÞ

�
;

qxðqtUÞðt; 0Þ ¼ qxðqtUÞðt; 1Þ ¼ 0;

so qtU a L2
�
0;T ;H 1ðoÞ

�
and so is qtU þ kU � V , and since it is the solution to

�q2xðqtU þ kU � VÞ þ kðqtU þ kU � VÞ ¼ 0;

qxðqtU þ kU � VÞðt; 0Þ ¼ qxðqtU þ kU � VÞðt; 1Þ ¼ 0
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we conclude that qtU þ kU � V ¼ 0. Hence ðU ;VÞ is a solution to (26) and leads

to a solution u to our problem.

For the uniqueness, since (25) is linear, it is enough to check that if u0 ¼
u1 ¼ 0, then u ¼ 0. We multiply this equation by qtu and integrate on o to get

1

2

d

dt
ðjqtuj2 þ jqxuj2Þ þ e

ð
o

�
1þ ðrn ? f Þ2

�
jq2txuj

2
dx ¼ �

ð
o

ðrn ? f Þqxuq2txu dx

since j
Ð
o
ðrn ? f Þqxuq2txu dxja e

2

Ð
o

�
1þ ðrn ? f Þ2

�
jq2txuj

2
dxþ 1

2e jqxuj
2, we get

d

dt
ðjqtuj2 þ jqxuj2Þ þ e

ð
o

�
1þ ðrn ? f Þ2

�
jq2txuj

2
dxa

1

e
jqxuj2

therefore, using Gronwall’s inequality, we get qxu ¼ 0, qtu ¼ 0 and so u ¼ 0. r

3.2. The heat equation. We consider the heat equation

qt f � q2x f ¼ �qxv in oT ;

f ðt; 0Þ ¼ f ðt; 1Þ ¼ a in ð0;TÞ;
f ð0; xÞ ¼ f0ðxÞ in o:

9>=>; ð33Þ

where v is a fixed function. The following result holds

Proposition 3.3. Let v a Ll
�
0;T ;H 1ðoÞ

�
such that qtv a L2

�
0;T ;H 1ðoÞ

�
and

vð0; :Þ ¼ u0. Under assumptions of Theorem 1.1, there exists a unique solution

f a F to problem (33) satisfying the following estimates in ð0;TÞ:

j f ðtÞ � aj2 þ
ð t

0

jqx f ðsÞj2 dsa j f0 � aj2 þ
ð t

0

jvðsÞj2 ds; ð34Þ

jqx f ðtÞj2 þ
ð t

0

jqt f ðsÞj2 dsa j f 0
0 j

2 þ
ð t

0

jqxvðsÞj2 ds; ð35Þ

jqt f ðtÞj2 þ
ð t

0

jq2tx f ðsÞj
2
dsa j f 00

0 � u 0
0j

2 þ
ð t

0

jqtvðsÞj2 ds; ð36Þ

as well as

f ðt; xÞb a�
ffiffiffi
2

p

6
kqxvkT in oT ; ð37Þ

j f ðt; xÞja j f0jLlðoÞ þ
ffiffiffi
2

p

6
kqxvkT in oT : ð38Þ
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Proof. We multiply the equation (33) by ð f � aÞ and integrate to get

1

2

d

dt
j f � aj2 þ jqx f j2 ¼ �

ð
o

qxvð f � aÞ dx ¼
ð
o

vqx f dxa
1

2
ðjvj2 þ jqx f j2Þ

which leads to (34). Multiplying (33) by qt f permits to get (35) whereas (36) is

obtained as (9). Note that from the equation, we can deduce a bound of kq2x f kT .
Now, let us write f ¼ hþ k where h and k are the solutions of the problems

qth� q2xh ¼ 0 in oT ;

hðt; 0Þ ¼ hðt; 1Þ ¼ a in ð0;TÞ;
hð0; xÞ ¼ f0ðxÞ in o;

9>=>; ð39Þ

and

qtk � q2xk ¼ �qxv in oT ;

kðt; 0Þ ¼ kðt; 1Þ ¼ 0 in ð0;TÞ;
kð0; xÞ ¼ 0 in o;

9>=>; ð40Þ

and let vn ¼
ffiffiffi
2

p
sinðnpxÞ, n a N?. ðvnÞnb1 is an orthogonal basis of H 1

0 ðoÞ which
is orthonormal in L2ðoÞ. Then the solution to (40) is given by

kðt; xÞ ¼ �
X
nb1

knðt; xÞ

knðt; xÞ ¼ vnðxÞ
ð t

0

�
qxvðs; :Þ; vn

�
L2ðoÞ exp

�
�n2p2ðt� sÞ

�
ds

ð41Þ

where ð: ; :ÞL2ðoÞ denotes the scalar product in L2ðoÞ. Since jvnðxÞja
ffiffiffi
2

p
then

using Cauchy-Schwartz inequality, we easily deduce that

jknðt; xÞja
ffiffiffi
2

p

n2p2
kqxvkT ð42Þ

which leads to

jkðt; xÞja
ffiffiffi
2

p

6
kqxvkT : ð43Þ

Finally, we easily verify, see [1], [3], [8] that the solution to (39) satisfies aa

hðt; xÞa supo f0 a.e. in oT so (37) and (38) follow. r

3.3. Solving the approximated problem. We will check that the operator K de-

fined by (24) is continuous. First, we have
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Lemma 3.4. S defined by (21) is continuous from L2ðoTÞ to U.

Proof. Let f1; f2 a L2ðoT Þ, ui ¼ Sð fiÞ, i ¼ 1; 2 and set f ¼ f1 � f2, u ¼ u1 � u2.

We have

q2t u� qx½ð1þ rn ?
~ff þ1 Þqxu� � eqx

��
1þ ðrn ? ~ff þ1 Þ2

�
q2txu

�
¼ qx½rn ? ð ~ff þ1 � ~ff þ2 Þqxu2� þ eqx

��
ðrn ? ~ff þ1 Þ2 � ðrn ? ~ff þ2 Þ2

�
q2txu2

�
in oT ;

qxuðt; 0Þ ¼ qxuðt; 1Þ ¼ 0 in ð0;TÞ;
uð0; xÞ ¼ 0; qtuð0; xÞ ¼ 0 in o:

9>>>>=>>>>; ð44Þ

Multiplying this equation by qtu and integrating over o, we get

1

2

d

dt

	
jqtuðtÞj2 þ

ð
o

ð1þ rn ?
~ff þ1 Þjqxuðt; xÞj2 dx



þ e

ð
o

jq2txuðt; xÞj
2
dx

¼ �e

ð
o

ðrn ? ~ff þ1 Þ2jq2txuðt; xÞj
2
dxþ 1

2

ð
o

ðqtrn ? ~ff þ1 Þjqxuðt; xÞj2 dx

�
ð
o

rn ? ð ~ff þ1 � ~ff þ2 Þqxu2q2txu dx

� e

ð
o

�
ðrn ? ~ff þ1 Þ2 � ðrn ? ~ff þ2 Þ2

�
q2txu2q

2
txu dx:

We have

��� ð t

0

ð
o

ðqtrn ? ~ff þ1 Þjqxuðs; xÞj2 dx ds
���a jqtrnjT j f þ1 jT

ð t

0

jqxuðsÞj2 ds:

Since j f þ1 � f þ2 jT a j f1 � f2jT , we get using Young’s inequality

��� ð t

0

ð
o

rn ? ð ~ff þ1 � ~ff þ2 Þqxu2q2txu dx ds
���a jrnjT j f jT jqxu2jT

	 ð t

0

jq2txuj
2
ds

1=2

a
e

4

ð t

0

jq2txuj
2
dsþ 1

e
jrnj

2
T jqxu2j

2
T j f j

2
T :

In the same manner, we obtain

e

ð t

0

ð
o

�
ðrn ? ~ff þ1 Þ2 � ðrn ? ~ff þ2 Þ2

�
q2txu2q

2
txu dx ds

a
e

2

ð t

0

jq2txuj
2
dsþ 1

2e
jrnj

4
T j f1 þ f2j2T jq2txu2j

2
T j f j

2
T :
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Gathering all these inequalities, we get

jqtuðtÞj2 þ jqxuðtÞj2 þ
e

2

ð t

0

jq2txuðsÞj
2
dsaA1j f j2T þ A2

ð t

0

jqxuj2 ds ð45Þ

where A1, A2 are positive constants depending on e, n, f1, f2, u2. Using

Gronwall’s inequality this yields

jqxuðtÞj2aA1

�
1þ A2t expðA2tÞ

�
j f j2T :

So when j f j2T ! 0, we get first that kqxukT ! 0, then, coming back to (45),

kqtukT ! 0 and jq2txujT ! 0. r

Now, we turn our attention to the operator T. We have

Lemma 3.5. T defined by (22) is continuous from U to H 1ðoTÞ.

Proof. Let u1; u2 a U, gi ¼ TðuiÞ, i ¼ 1; 2 and set u ¼ u1 � u2, g ¼ g1 � g2. Then

g is the solution to the problem

qtg� q2xg ¼ �qxu in oT ;

gðt; 0Þ ¼ gðt; 1Þ ¼ 0 in ð0;TÞ;
gð0; xÞ ¼ 0 in o;

9>=>; ð46Þ

and satisfies the following estimate:

jgðtÞj2 þ 2

ð t

0

jqxgðsÞj2 dsa
ð t

0

�
jgðsÞj2 þ jqxuðsÞj2

�
ds:

Making use of Gronwall’s inequality we easily deduce that when u ! 0 in

H 1ðoTÞ, g ! 0 in Ll
�
0;T ;L2ðoÞ

�
and qxg ! 0 in L2ðoTÞ. Moreover, multiply-

ing the equation (46) by qtg, we see that the following estimate holds:ð t

0

jqtgðsÞj2 dsþ jqxgðtÞj2a
ð t

0

jqxuðsÞj2 ds:

So qxg ! 0 in Ll
�
0;T ;L2ðoÞ

�
and qtg ! 0 in L2ðoTÞ when u ! 0 in H 1ðoTÞ.

r

We continue to verify the properties of the operator K. For l a ½0; 1�, we
define

Fl ¼ f f a L2ðoT Þ; f ¼ lKð f Þg:
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Lemma 3.6. There exists C > 0 independent of l such that

j f jT aC for all f a Fl:

Proof. Since F0 ¼ f0g, consider l a �0; 1� then f a Fl is such that f a H 1ðoT Þ
and satisfies

qt f � q2x f ¼ �lqxu in oT ;

f ðt; 0Þ ¼ f ðt; 1Þ ¼ la in ð0;TÞ;
f ð0; xÞ ¼ lf0ðxÞ in o;

9>=>; ð47Þ

where u ¼ Sð f Þ is the solution to (20). Multiplying this equation by qtu and

integrating over o, we get

1

2

d

dt

�
jqtuðtÞj2 þ jqxuðtÞj2

�
þ e

ð
o

�
1þ ðrn ? ~ff þÞ2

�
jq2txuj

2
dx

¼ �
ð
o

ðrn ? ~ff þÞqxuq2txu dxa
e

2

ð
o

ðrn ? ~ff þÞ2jq2txuj
2
dxþ 1

2e

ð
o

jqxuj2 dx:

Hence,

jqtuðtÞj2 þ jqxuðtÞj2 þ e

ð t

0

ð
o

�
1þ ðrn ? ~ff þÞ2

�
jq2txuðs; xÞj

2
dx ds

a ju1j2 þ ju 0
0j

2 þ 1

e

ð t

0

jqxuðsÞj2 ds:

Therefore, using Gronwall’s inequality we get for t a ð0;TÞ

jqxuðtÞj2aC ð48Þ

where C > 0 depends on u0, u1, e, T but not on n nor on l, then

kqxukT ; kqtukT ; kukT ; jq2txujT aC: ð49Þ

Moreover, following the proof of Proposition 3.3, we get that f satisfies

j f ðtÞ � laj2 þ
ð t

0

jqx f ðsÞj2 dsa jlð f0 � aÞj2 þ
ð t

0

jluðsÞj2 ds

and we conclude using (49) that

j f jT aC1

where C1 > 0 depends upon u0, u1, f0, a, e and T but not on n nor on l. r
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Proof of Theorem 3.1. Since H 1ðoT Þ is compactly imbedded in L2ðoT Þ, using
Leray–Schauder fixed point theorem [5], we deduce from the previous lemmas,

that operator K admits a fixed point f e
n a L2ðoT Þ, and denoting ue

n ¼ Sð f e
n Þ, we

conclude that ð f e
n ; u

e
nÞ a ðF;UÞ is a solution to ðPe

n Þ.
In order to show the uniqueness, we consider two solutions ð f1; u1Þ, ð f2; u2Þ of

ðPe
n Þ and set g ¼ f1 � f2, u ¼ u1 � u2. As u satisfies (44), following the proof of

Lemma 3.4, we get

jqtuðtÞj2 þ jqxuðtÞj2 þ e

ð t

0

jq2txuðsÞj
2
dsaA1

ð t

0

jgðsÞj2 dsþ A2

ð t

0

jqxuj2 ds ð50Þ

where A1, A2 are positive constants depending on e, n, f1, f2, u2. Now, since g is

the solution to (46), it satisfies

jgðtÞj2 þ 2

ð t

0

jqxgðsÞj2 dsa
ð t

0

jgðsÞj2 dsþ
ð t

0

jqxuj2 ds ð51Þ

and adding (50) and (51) leads to

jgðtÞj2 þ jqxuðtÞj2aA

ð t

0

�
jgðsÞj2 þ jqxuðsÞj2

�
ds

with A > 0. Then, by Gronwall’s inequality, we obtain first jgðtÞj ¼ jqxuðtÞj ¼ 0

and coming back to (50), we deduce that jqtuðtÞj ¼ 0 and therefore g ¼ 0, u ¼ 0

a.e. r

4. Passing to the limit: End of proof of Theorem 1.1

Let T > 0 and e > 0 be fixed. We want to pass to the limit as n ! 0 in the prob-

lem ðPe
n Þ. We have

Lemma 4.1. The solutions ð f e
n ; u

e
nÞ of problem ðPe

n Þ are bounded in ðF;UÞ uni-

formly with respect to n. More precisely the following estimates are satisfied

kue
nkT þ kqxue

nkT þ kqtue
nkT þ jq2txue

n jT aC; ð52Þ

k f e
n kT þ kqx f e

n kT þ kqt f e
n kT þ kq2x f e

n kT þ jq2tx f e
n jT aC ð53Þ

with C > 0 depending on u0, u1, f0, a, e and T but not on n.

Proof. The estimates (52) result from (49) because ue
n ¼ Sð f e

n Þ and f e
n a F1. We

deduce (53) using (34), (35) and (36). r
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As a consequence of Lemma 4.1, we can extract subsequences, still denoted

ð f e
n ; u

e
nÞ, for which we have at least the following weak convergences as n ! 0

f e
n * f e; ue

n * ue weakly in H 1ðoTÞ;
q2txu

e
n * q2txu

e weakly in L2ðoT Þ;

and the strong convergences

f e
n ! f e; ue

n ! ue strongly in L2ðoT Þ

with ð f e; ueÞ a ðF;UÞ. Therefore

rn ?
gð f e
n Þ

þð f e
n Þ

þ ! gð f eÞþð f eÞþ strongly in L2ðR2Þ

and passing to the limit in the problem ðPe
n Þ, we easily get that ð f e; ueÞ is a solu-

tion to the problem ðPeÞ below

qt f
e � q2x f

e ¼ �qxu
e in oT ;

f eðt; 0Þ ¼ f eðt; 1Þ ¼ a in ð0;TÞ;
f eð0; xÞ ¼ f0ðxÞ in o;

q2t u
e � qx½ð1þ f e;þÞqxue� � eqx

��
1þ ð f e;þÞ2

�
q2txu

e
�
¼ 0 in oT ;

qxu
eðt; 0Þ ¼ qxu

eðt; 1Þ ¼ 0 in ð0;TÞ;
ueð0; xÞ ¼ u0ðxÞ; qtueð0; xÞ ¼ u1ðxÞ in o:

9>>>>>>>>>=>>>>>>>>>;
ð54Þ

Moreover, we have

Lemma 4.2. Let assumptions of Theorem 1.1 hold. Then, there exists T? > 0, de-

pending only on the data u0, u1, f0, such that for all e > 0 and T a �0;T?½, the prob-
lem ðPeÞ admits a weak solution defined on ð0;TÞ, ð f e; ueÞ a ðF;UÞ satisfying

kuekT þ kqxuekT þ kqtuekT aC ð55Þ
k f ekT þ kqx f ekT þ kq2x f ekT þ jq2tx f ejT þ kqt f ekT aC ð56Þ

with C > 0 independent of e.

Proof. Indeed, proceeding as in Section 2 we get

jqt f eðtÞj2 þ
ð t

0

jq2tx f eðsÞj2 dsa j f 00
0 � u 0

0j
2 þ

ð t

0

jqtueðsÞj2 ds; ð57Þ

jqtueðtÞj2 þ
ð
o

ð1þ f e;þÞjqxuej2 dxþ e

ð t

0

ð
o

�
1þ ð f e;þÞ2

�
jq2txuej2 dx ds

¼ ju1j2 þ
ð
o

�
1þ f0ðxÞ

�
ju 0

0ðxÞj
2
dxþ

ð t

0

ð
o

qt f
e;þjdxuej2 dx ds: ð58Þ
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Therefore as well as for (59) we get

jqt f eðtÞj2 þ jqtueðtÞj2 þ
ð
o

�
1þ f e;þðt; xÞ

�
jqxueðt; xÞj2 dx

aE0 þ
ð t

0

jqtueðsÞj2 dsþ 3

4

ð t

0

jqt f eðsÞj2=3jqxueðsÞj8=3 ds: ð59Þ

Now, we set

T? ¼ 6
7E

�2=3
1 where E1 ¼ maxðE0; 1Þ; ð60Þ

and

lðtÞ ¼
�
E

�2=3
1 � 7

6 t
��3=2

: ð61Þ

Hence, (59) leads for t a ð0;TÞ to

jqtueðtÞj2; jqxueðtÞj2; jqt f eðtÞj2a lðtÞ ð62Þ

for all T a �0;T?½ then kuekT aC with C > 0 independent of e. Coming back to

(34), (35) and (36), we deduce that

k f ekT ; kqx f ekT ; jq2tx f ejT aC ð63Þ

and since q2x f
e ¼ qt f

e þ qxu
e, we have also kq2x f ekT aC. r

Now, let T a �0;T?½. The estimates of Lemma 4.2 allow to pass to the limit

as e ! 0 in the problem ðPeÞ and we get easily ð f ; uÞ a F�
�
H 1ðoT ÞB

C
�
½0;T �;H 1ðoÞ

�
BC1

�
½0;T �;L2ðoÞ

�
solution to

qt f � q2x f ¼ �qxu in oT ;

f ðt; 0Þ ¼ f ðt; 1Þ ¼ a in ð0;TÞ;
f ð0; xÞ ¼ f0ðxÞ in o;

q2t u� qx½ð1þ f þÞqxu� ¼ 0 in oT ;

qxuðt; 0Þ ¼ qxuðt; 1Þ ¼ 0 in ð0;TÞ;
uð0; xÞ ¼ u0ðxÞ; qtuð0; xÞ ¼ u1ðxÞ in o:

9>>>>>>>>=>>>>>>>>;
ð64Þ

Then, it follows from (37) that f ðt; xÞb a�
ffiffi
2

p

6 kqxukT , a.e. in oT . So, since u

satisfies (62) and l is increasing, we deduce that f ðt; xÞb a�
ffiffi
2

p

6 lðTÞ, a.e. in

oT . Therefore, if a is such that E1 < 3
ffiffiffi
2

p
a then, choosing T < T? satisfying

a�
ffiffi
2

p

6 lðTÞ ¼ 0, that is T ¼ 7
6

�
E

�2=3
1 � ð3

ffiffiffi
2

p
aÞ�2=3�, we get f ðt; xÞb 0 a.e. in oT

and we conclude that ð f ; uÞ is a solution to problem ðPÞ on the time interval

ð0;TÞ.

345Existence of solutions for a model in piezoelectricity



References

[1] H. Brezis, Analyse fonctionnelle. Collection Mathématiques Appliquées pour la Maı̂t-
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