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Abstract. In this article we are concerned with the space of tempered ultrahyperfunctions
corresponding to a proper open convex cone. A holomorphic extension theorem (the ver-
sion of the celebrated Edge-of-the-Wedge Theorem) will be given for this setting. As appli-
cation, a version is also given of the principle of determination of an analytic function by its
values on a non-empty open real set. The article finishes with the generalization of holo-
morphic extension theorem a la Martineau.

Mathematics Subject Classification (2000). 46F12, 46F15, 46F20.

Keywords. Tempered ultrahyperfunctions, Edge-of-the-Wedge Theorem, Fourier—Laplace
transform.

1. Introduction

Sebastido e Silva [17], [18] and Hasumi [7] introduced the space of tempered ultra-
distributions, which has been studied by many authors, among others we refer the
reader to [23], [11], [12], [2], [3], [4], [19], [20], [1], [15], [6]. Here, as Morimoto [11]
and [12], we shall refer to the tempered ultradistributions as tempered ultrahyper-
functions in order to distinguish them from various other classes of ultradistribu-
tions which have been described as tempered (see, for example, Pathak [13] and
Pilipovic [14]). Tempered ultrahyperfunctions are the strong dual of the space of
test functions of rapidly decreasing entire functions in any horizontal strip. While
Sebastido e Silva [17] used extension procedures for the Fourier transform com-
bined with holomorphic representations and considered the 1-dimensional case,
Hasumi [7] used duality arguments in order to extend the notion of tempered ul-
trahyperfunctions for the case of n dimensions (see also [18], Section 11). In a
brief tour, Marimoto [11] gave some more precise informations concerning the
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work of Hasumi. More recently, the relation between the tempered ultrahyper-
functions and Schwartz distributions and some major results, as the kernel theo-
rem and the Fourier—Laplace transform have been established by Briining—
Nagamachi in [1]. Earlier, some precisions on the Fourier—Laplace transform
theorem for tempered ultrahyperfunctions were given by Carmichael [2] (see also
[6]), by considering the theorem in its simplest form, i.e., the equivalence between
support properties of a distribution in a closed convex cone and the holomorphy
of its Fourier—Laplace transform in a suitable tube with conical basis. In this
more general setting, which includes the results of Sebastido e Silva and Hasumi
as special cases, Carmichael obtained new representations of tempered ultrahyper-
functions which were not considered in [17], [18], [7].

The purpose of this article is to prove the Edge-of-the-Wedge Theorem for the
setting of tempered ultrahyperfunctions corresponding to a proper open convex
cone. This classical theorem in complex analysis, discovered by theoretical phys-
icists in 1950s [22], deals with the question about the principle of holomorphic
continuation of functions of several complex variables, which arose in physics in
the study of the Wightman functions and Green functions, or in connection with
the dispersion relations in quantum field theory. It should be mentioned that
other versions of the theorem for tempered ultrahyperfunctions can be found in
[12], [20]. Our approach to this problem is different from that taken in [12], [20].
Our construction parallels that of Carmichael [2], [4], [3] and, in particular, the
proof of the Edge-of-the-Wedge Theorem is inspired by Carmichael’s work [3].
As an immediate application of the Edge-of-the-Wedge Theorem, we give also a
proof of the principle of determination of an analytic function by its values on a
non-empty open real set. We finish with a generalized version of holomorphic ex-
tension theorem a la Martineau.

We note that the results obtained here are of interest in the construction and
study of quasilocal quantum field theories (where the fields are localizable only in
regions greater than a certain scale of nonlocality), since Briining—Nagamachi [1]
have recently shown the importance of tempered ultrahyperfunctions for quantum
field theories with a fundamental length. This is the case of a quantum field theory
in non-commutative spacetimes [5].

2. Notation and definitions

The following multi-index notation is used without further explanation. Let R”
(resp. C" = R" 4+ iR") be the real (resp. complex) n-space whose generic points
are denoted by x = (xy,...,x,) (resp. z=(zy,...,2,)) such that x4+ y=
(X1+ Y1, s Xn+ Yu), Ax = (Ax1,...,4x,), x > 0 means that x; >0,...,x, >0,
{x,yy =x1y1 + -+ x,p, and |x| = |x1] + -+ +|x,|]. Moreover, we define a =
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(ot1,...,0,) € NI, where N, is the set of non-negative integers, such that the
length of « is the corresponding /'-norm |« = oy +---+a,, «-+f denotes
(0 +p1,- s+ B,), o= means (a1 = f,...,0, =f,), el =o!.. 0!, x*=

a o
x;" ... xyr, and

Al
‘ o (/)(X1,-..,Xn)
Dx =
p(x) Ox'0x3" ... Oxp"

Let Q be a set in R”. Then we denote by Q° the interior of Q and by Q the closure
of Q. For r > 0, we denote by B(x,;r) = {x € R"||x — x,| < r} a open ball and
by Blx,;r] = {x € R"||x — x,| <r} a closed ball, with center at point x, and of
radius r, respectively.

We consider two n-dimensional spaces—x-space and &-space—with the Four-
ier transform defined

FO =10 = | e o,

while the Fourier inversion formula is

¥) = FUAEN) = — [ F@)eicmgn
109 = O = g | FO e

The variable & will always be taken real while x will also be complexified—when it
is complex, it will be noted z = x + iy. The above formulas, in which we employ
the symbolic “function notation”, are to be understood in the sense of distribution
theory.

3. Tempered ultrahyperfunctions

Since the theory of ultrahyperfunctions is not too well known, we shall introduce
briefly in this section some definitions and basic properties of the tempered ultra-
hyperfunction space of Sebastido e Silva [17], [18] and Hasumi [7] (we indicate the
References for more details) used throughout the article. To begin with, we shall
consider the function

hg(§) =sup (¢, xp, e R,

xeK

where K is a compact set in R”. One calls /g (&) the supporting function of K. We
note that g (&) < oo for every £ € R” since K is bounded. For sets K = [k, k]",
0 < k < oo, the supporting function /g () can be easily determined:
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i (€) = sup <&, x> = ke, EeR" =) [&l
Xe€ i=1

Let K be a convex compact subset of R”, then H,(R"; K) (b stands for bounded)
defines the space of all functions in C*(R") such that ¢”x(©) D*p(¢) is bounded in
R" for any multi-index «. One defines in H,(R"; K) seminorms

lollx x = sup {"OD*p()]} <0,  N=0,1,2,....
v

If K} < K, are two compact convex sets, then kg, (&) < /g, (£), and thus the
canonical injection Hy(R"; K3) — Hy(R"; K}) is continuous. Let O be a convex
open set of R”. To define the topology of H(R";O) it suffices to let K range
over an increasing sequence of convex compact subsets K, Ky, ... contained in
O such that K; < K2, and O = )., K; for each i=1,2,.... Then the space
H(R"; 0) is the projective limit of the spaces Hy(R"; K) according to restriction
mappings above, i.e.,

H(R"; 0) = limproj Hy(R"; K),
KcO

where K runs through the convex compact sets contained in O.

Theorem 3.1 ([7], [11], [1]). The space Z(R") of all C*-functions on R" with
compact support is dense in H(R"; K) and H(R";0). The space H(R";R") is
dense in H(R";0) and in H(R";K), and H(R";R™) ® H(R";R") is dense in
H(R111+n; RW#H’!).
From Theorem 3.1 we have the following injections [11]:

H/(Rn,K) [N Hl(Rn; Rn) [N ‘@/(RFZ),
and

H'(R";0) — H'(R";R") — 2'(R").

Definition 3.2. The dual space H'(R"; O) of H(R"; O) is the space of distribu-
tions of exponential growth, V', represented as a finite order derivative of con-
tinuous functions of exponential growth

V= Dl (2]

where ¢(¢&) is a bounded continuous function.
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In the space C" of n complex variables z; = x; + iy;, 1 <i < n, we denote by
T(Q) = R"+iQ < C" the tubular set of all points z such that y; = Im z; belongs
to the domain Q, i.e., Q is a connected open set in R” called the basis of the tube
T(Q). Let K be a convex compact subset of R”. Then $,(7(K)) defines the
space of all continuous functions ¢ on 7'(K) which are holomorphic in the interior
T(K°) of T(K) such that the estimate

l0(2)] < My n(p)(1 4|27 (1)

is valid. The best possible constants in (1) are given by a family of seminorms in

Hu(T(K))

ol v = inf{ Mk n(p)| -51;8{){(1 +12)Mp(E)} < o0, N =0,1,2,...}. (2)

If K| = K5 are two convex compact sets, we have that the canonical injection

Hu(T(K2)) — Hp(T(K1)), (3)

is continuous.

Given that the spaces Sjb(T(K,»)) are Fréchet spaces, with topology defined by
the seminorms (2), the space $(7(0)) is characterized as a projective limit of
Fréchet spaces:

H(7(0)) = lil}gféoj Hu(T(K)),

where K runs through the convex compact sets contained in O and the projective
limit is taken following the restriction mappings above.

Let K be a convex compact set in R”. Then the space $(7(K)) is character-
ized as a inductive limit

$(7(K)) =limind $,(7(K1)),
where K| runs through the convex compact sets such that K is contained in the
interior of K; and the inductive limit is taken following the restriction map-
pings (3).
For any element U € $’, its Fourier transform is defined to be a distribution V'
of exponential growth such that the Parseval-type relation

<Va(p>:<lep>7 ¢€H7lp:97[(p]ega

holds. In the same way, the inverse Fourier transform of a distribution V of ex-
ponential growth is defined by the relation
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Uy =<V, 0>, VeH o=F"[Y]eH.

It follows from the Fourier transform and Theorem 3.1 the

Theorem 3.3 ([11], [1]). $(T(R")) is dense in $(T(0)) and in $(T(K)), and
S(T(R™™)) is dense in H(T(0)).

Proposition 3.4 ([11]). If f € H(R"; O), the Fourier transform of f belongs to the
space Sj(T (O)), for any open convex non-empty set O < R". By the dual Fourier
transform H'(R"; O) is topologically isomorphic with the space $'(T(—0)).

Definition 3.5. A tempered ultrahyperfunction is a continuous linear functional
defined on the space of test functions $(7(R")) of rapidly decreasing entire func-
tions in any horizontal strip.

The space of all tempered ultrahyperfunctions is denoted by #(R"). As a mat-
ter of fact, these objects are equivalence classes of holomorphic functions defined
by a certain space of functions which are analytic in the 2" octants in C" and
represent a natural generalization of the notion of hyperfunctions on R” but are
non-localizable. The space %(R") is characterized in the following way [7]:
Let #, be the space of all functions f(z) such that (i) f(z) is analytic for
{ze C"|[Imz| > p,|Imz| > p,...,[Imz,| > p}, (i) f(z)/z" is bounded contin-
uous in {z e C"||Imz| = p,|Imz| = p,...,|[Imz,| = p}, where p=0,1,2,...
depends on f(z) and (iii) f(z) is bounded by a power of z, |f(z)| < C(1 + |z])",
where C and N depend on f(z). Define the kernel of the mapping f : $(T(R"))
— C by II, the set of all z-dependent pseudo-polynomials, z € C" (a pseudo-
polynomial is a function of z of the form > z/G(z1,...,2-1,Zj41,...,2Z4), such
that G(z1,...,zj-1,Zj41,...,2n) € #,). Then f(z) € A, belongs to the kernel IT
if and only if {f(z),¥(x))> = 0, with y(x) € $(T(R")) and x = Rez. The space
of tempered ultrahyperfunctions is the quotient space % = #,,/I1. Thus, we have
the

Theorem 3.6 (Hasumi [7], Proposition 5). The space of tempered ultrahyperfunc-
tions U is algebraically isomorphic to the space of generalized functions $'.

4. The space of holomorphic functions .’

We start by introducing some terminology and simple facts concerning cones. An
open set C = R” is called a cone if R, - C = C. A cone C is an open connected
cone if C is an open connected set. Moreover, C is called convex if C+ C < C
and proper if it contains no any straight line. A cone C’ is called compact in
C—we write C' € C—if the projection prC' ® ¢’ ns"™ ! cprc ¥ ¢~ 51,
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where S”~! is the unit sphere in R”. Being given a cone C in y-space, we associate
with C a closed convex cone C* in &-space which is the set C* = {& e R"|
(& yy=0forall y e C}. The cone C* is called the dual cone of C. In the sequel,
it will be sufficient to assume for our purposes that the open connected cone C in
R" is an open convex cone with vertex at the origin and proper. By T(C) we will
denote the set R” 4+ iC = C". If C is open and connected, T(C) is called the tu-
bular radial domain in C", while if C is only open T'(C) is referred to as a tubular
cone. In the former case we say that f(z) has a boundary value U = BV (f(z)) in
$'as y—0, ye Cor ye C' E C, respectively, if for all y € $ the limit

Uy = lim Jf(x+fy>w<x)d"x
y—0 R”

yeCor C’

exists. An important example of tubular radial domain used in quantum field
theory is the tubular radial domain with the forward light-cone, V., as its basis

n 1/2
V+:{zeC”|Imzl > (Zlmzzi) ,Imz; >O}.
i—2

We will deal with tubes defined as the set of all points z € C" such that
T(C)={x+iyeC"|xeR", ye C, |yl <d},

where 0 > 0 is an arbitrary number.

Let C be a proper open convex cone, and let C' € C. Let B[0;r] denote a
closed ball of the origin in R” of radius », where r is an arbitrary positive real
number. Denote T'(C’;r) = R" 4 i(C'\(C' n B[0;r])). We are going to introduce
a space of holomorphic functions which satisfy a certain estimate according to
Carmichael [2]. We want to consider the space consisting of holomorphic func-
tions f(z) such that

@) < M(C)(A+|2)) Vet W), ze T(Cn), (4)

where hic+(y) = sup;. - <&, y) is the supporting function of C*, M(C’) is a con-
stant that depends on an arbitrary compact cone C’ and N is a non-negative real
number. The set of all functions f(z) which are holomorphic in 7(C’;r) and sat-
isfy the estimate (4) will be denoted by #°.

Remark 4.1. The space of functions J constitutes a generalization of the space
A, of Sebastido e Silva [17] and the space a,, of Hasumi [7] to arbitrary tubular
radial domains in C”.
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Lemma 4.2 ([2], [6]). Let C be an open convex cone, and let C' € C. Let
h(¢) :ek‘ﬂg(é), £ eR", be a function with support in C*, where g(&) is a
bounded continuous function on R". Let y be an arbitrary but fixed point of
(C'\(C' " B[0;7])). Then e==7>h(&) € L?, as a function of & € R".

Definition 4.3. We denote by H/..(R"; O) the subspace of H'(R"; O) of distribu-
tions of exponential growth with support in the cone C*:

HL.(R";0) = {V e H'(R"; 0) |supp(¥') < C"}.

Lemma 4.4 ([2], [6]). Let C be an open convex cone, and let C' € C. Let
V = Dlle @ g(&)], where g(&) is a bounded continuous function on R" and
hi (&) = k|&| for a convex compact set K = [—k,k|". Let V € H{..(R"; O). Then
f(2) = 2r) "V, e S is an element of K"

5. The space of holomorphic functions #,*°

We now shall introduce another space of holomorphic functions whose elements
are analytic in a domain 7(C’) which is larger than 7(C’;r) and has boundary
values in R”. The boundary values so obtained are of importance in the represen-
tation of vacuum expectation values in the case of a quantum field theory in non-
commutatives spacetimes [5].

Let C be a proper open convex cone, and let C' € C. Let B(0;r) denote an
open ball of the origin in R" of radius r, where r is an arbitrary positive real
number. Denote 7(C’;r) = R" +i(C'\(C' n B(0;r))). Throughout this section,
we consider functions f'(z) which are holomorphic in 7(C’") = R" + iC’ and which
satisfy the estimate (4), with B[0;r] replaced by B(0;r). We denote this space by
A°. We note that #,° C #, for any open convex cone C. Put %. = #°/Il,
that is, %, is the quotient space of . by set of pseudo-polynomials IT

Definition 5.1. The set %, is the subspace of the tempered ultrahyperfunctions
generated by .’ corresponding to a proper open convex cone C = R".

The following theorems will be important to us in the proof of Edge-of-the-
Wedge Theorem.

Theorem 5.2. Let C be an open convex cone, and let C' € C. Let V = D}h(&),
where h(&) = e g(&) with g(&) being a bounded continuous function on R” and
hx (&) = k|&| for a convex compact set K = [—k,k|". Let V € H{..(R"; 0). Then:

(i) f(2) = 2n) "<V, e S is an element of #*°,

(ii) {f(z)|y=Imz e C' €C,|y| < Q} is a strongly bounded set in ' (T(0)),
where Q is an arbitrarily but fixed positive real number,
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(iii) f(z) = Z '[V] e H'(T(0)) in the strong (and weak) topology of $'(T(0))
asy=Imz—0,ye C'E€C.

Theorem 5.3. Let f(z) € #,° where C is an open convex cone. Then the distribu-
tion V e H..(R"; O) has a uniquely determined inverse Fourier—Laplace transform
f(z) = 2r) "<V, e S which is holomorphic in T(C') and satisfies the estimate
(4), with B[0;r] replaced by B(0;r).

The Theorem 5.2 shows that functions in .’ have distributional boundary
values in $'(7(0)). Further, it shows that functions in . satisfy a strong
boundedness property in $’ (T (0)) On the other hand, the Theorem 5.3 shows
that the functions f(z) € 2. can be recovered as the (inverse) Fourier—Laplace
transform of the constructed distribution V' € H(..(R"; O). This result is a version
of the Paley—Wiener—Schwartz theorem in the tempered ultrahyperfunction set-

up.

Remark 5.4. It is important to note that in Theorems 5.2 and 5.3 we are consid-
ering the inverse Fourier-Laplace transform f(z) = (2z) "<V ,e™“%*>% in con-
trast to the Fourier—Laplace transform used in [2], [4].

Sketch of Proof of Theorem 5.2. In order to prove (i), we can proceed as in the
proof of [6], Lemma 2, and obtain the equality

f(2) = Q) "V, e C7y 2 e T(Chr), ()

with B[0; r] replaced by B(0; r) in the estimate (4). The equality (5) holds pointwise
for arbitrary compact subcones C’ of C and for arbitrary r > 0. Since C is open,
for any y e C there is a compact subcone C’ of C and a r >0 such that
y e (C'\(C"nB(0;r))). Hence any z e T(C') is in T(C’;r) for some C' = C
and some r > 0. Thus we can conclude that (i) is obtained from (5). The proofs
of (ii) and (iii) are similar to the proofs of the eqs. (35) and (36) in [2], Theorem 3.

]
Proof of Theorem 5.3. Consider
_ f(z) iKE, 2> gn .
WO = | g Od zeT(Chn), (6)

with (&) = eMlclg, (&), where g(&) is a bounded continuous function on R" and
P(iz) = (—i)MzV. By hypothesis f(z) € #,° and satisfies (4), with B[0; r] replaced
by B(0;r). For this reason, for an n-tuple y = (y,,...,7,) of non-negative integers
conveniently chosen, we obtain that
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‘ /(2)
P(iz)

< M(C)(1+ |z)) " el ), (7)

where 7 is the dimension and ¢ is any fixed positive real number. This implies that
the function £, (&) exists and is a continuous function of £. Further, by using argu-
ments paralleling the analysis in [21], p. 225, and the Cauchy—Poincaré Theorem
[21], p. 198, we can show that the function £,(&) is independent of y =Imz.
Therefore, we denote the function £, (&) by h(&).

From (7) we have that f(z)/P(iz) € L> as a function of x =Rez e R",
y € C'\(C'"n B(0;r)). Hence, from (6) and the Plancherel theorem we have that
e $Sn(E) e L? as a function of ¢ € R”, and

FO e L
P(iz) 7 l[e « >h(f)](x)7 ze T(Cr), (8)

where the inverse Fourier transform is in the L? sense. Here, Parseval’s equation
holds:

en " | e ernePare = |

R R"

In this case for the eq. (8) to be true, & must belong to the open half-space
{&e C*|<& y) <0} for y e C'\(C'n B(0;r)), since by hypothesis f(z) € #..
Then there is o(C’) such that for ye C’\(C’ mB(O;r)) we have (& p) <
—3(C")|&] |y|. This justifies the negative sign in (8) (see Remark 5.4).

Now, if h(&) € H¢.(R"; 0), then V' = DZh(E) € H(.(R"; O). Since C* is a reg-
ular set [16], pp. 98-99, it follows that supp(/) = supp(V). By Theorem 5.2,
(V,e &2 exists as a holomorphic function of z € T(C’) and satisfies the esti-
mate (4), with B[0;r] replaced by B(0;r). A simple calculation yields that

(27) "V, e K2y = P(iz)F e SV h(é)](x),  ze T(C;r). 9)

In view of Lemma 4.2, the inverse Fourier transform can be interpreted in
L? sense. Combining (8) and (9), we have f(z) = (2rn) "(V,e 5% for
ze T(C';r). Since r> 0 is arbitrary, this equality holds for each z € T(C').
The uniqueness follows from the isomorphism of the dual Fourier transform, ac-
cording to Proposition 3.4. This completes the proof of the theorem. |

6. Edge-of-the-Wedge Theorem

In what follows, we formulate a version of the Edge-of-the-Wedge Theorem for
the space of the tempered ultrahyperfunctions in its simplest form: the common
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analytic continuation of two functions fi(z) and f>(z) holomorphic respectively in
the two tubes R" +iC;, j = 1,2, where each C; is an open convex cone.

Theorem 6.1 (Edge-of-the-Wedge Theorem). Let C be an open cone of the form
C = Cyu Gy, where each C;, j=1,2, is a proper open convex cone. Denote by
ch(C) the convex hull of the cone C. Assume that the distributional boundary
values of two holomorphic functions f( ) e %*" (j=1,2) agree, that is, U =
BV (fi(2)) = BV (f2(z)), where U € $'(T(0)) in accordance with the Theorem
5.2. Then there exists F(z) € A, ) such that F(z) = fj(z) on the domain of defini-
tion of each fi(z), j =1,2.

Proof. By hypothesis BV (fi(z)) = BV (f2(z)) in $'(T(0)), and we call this
common value U. By Theorem 5.2, we have that BV(]j(z)) v, i=1,2.
On the other hand, this implies that V; = % [BV (f;(z))]. But, accordlng to The—
orem 5.3 there exists a unique V; eHé (R"; 0), Jj=1,2, such that fj(z) =
(2r) "V}, e ¢ Using these facts we have that Vi =V, in H/.(R"; 0). We
call this common value ¥ and thus have U =% "!'[VV]. By Theorem 2 in
[3], supp(V) ={EeR" | y>=0forall yech(C)}, then by Definition 4.3
Ve Hly e (R0
We now put

F(z) = 2n) "V, e=%,  ze T(ch(C)) = R" +ich(C). (10)

with V' e H( (IRR” 0). Since ch(C) is an open convex cone, we have by ex-
actly the proof of [6], Lemma 2, that F(z) € #, ). Further, using the fact that

Vi =V, =V, from Theorem 5.2 we have that
£i(2) = Qa) "V, e 9Py = 2m) TV, e ze T(C)). (1)

Thus combining (10) and (11) we have that F(z) coincides with f;(z), j = 1,2, on
the domain of definition of each f;(z). O

Corollary 6.2. Suppose that the hypotheses of Theorem 6.1 hold with Cy and C,
opposite to each other. Then F(z) is a polynomial in z € C".

Proof. Similar to the proof of [3], Corollary 1. O

The following theorem is an immediate consequence of the Edge-of-the-Wedge
Theorem and reflects a of the most important principle governing the behaviour of
analytic functions, that is, the determination of a function by its values on a non-
empty open real set.
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Theorem 6.3. Let C be some open convex cone. Let f(z) € H,°. If the distribu-
tional boundary value BV (f(z)) of f(z) in the sense of tempered ultrahyperfunc-
tions vanishes, then the function f(z) itself vanishes.

Proof. Define g(x +iy) = f(x—iy). The function g(z) is holomorphic in
T(C')=R"—iC’, satisfies (4), with B[0;r] replaced by B(0;r), in T(C';r) =
R" —i(C"\(C"n B(0;r))), and approaches 0 as y — 0. Thus we can apply the
Edge-of-the-Wedge Theorem to f and g. Since ch(C u(=C )) = R", by Corollary
6.2, F(z), the common analytic continuation of f and g, is a polynomial in z € C".
But by hypothesis BV (F(z)) vanishes as a distribution and therefore as a function

together with f(z) identically. O

7. The Martineau Edge-of-the-Wedge Theorem for tempered
ultrahyperfunctions

The great advance in the theory of the Edge-of-the-Wedge Theorem came with the
realization due to Martineau [8], [9], [10], who was able to prove its version for the
case involving more than two functions holomorphic respectively in the tubes
R" +iC;, j=1,...,m. In what follows, we formulate a version of the Marti-
neau’s Edge-of-the-Wedge Theorem for the space of the tempered ultrahyperfunc-
tions.

Theorem 7.1 (Generalized Edge of the Wedge Theorem). Let Ci,...,C,, be
proper open convex cones in R".  Given any set of m open convex cones C; such
that Cj’ € Cj, j=1,...,m, then the following two properties of a set of m functions
fi(z) e A0 (j=1,....m) are equivalent:

Py: The distributional boundary value U =37, BV (fj(z)) € $'(T(0)) vanishes
identically.

Py: Denote by ch(C;u Cy) the convex hull of C;u Cy. For each pair of indices
(J,k), 1< j.k <m, there is a holomorphic function gji(z) € #§ ¢, Such
that gu(z) + gij(z) =0 for all j.k=1,... ,m—thus g;(z) =0 for all j k=
L,...,m—and such that fj(z) = 3", gi(z) on T(C]) =R" +iC} for each
j=1....m

For our proof of Theorem 7.1 we prepare a lemma on the analytic decom-
posability of §'(7(0)). Let C be an open cone of the form C=[J", C,
m < oo, where each C; is an proper open convex cone. If we write C' € C,
we mean C' = j";l C/ with C/€C;. Furthermore, we define by C' =
{& e R"| & x) >0forall x e C;} the dual cones of C; such that the dual cones
CL,j=1...m, have the properties
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U<, (12)
=1
and
C/.*mC,’:, JEk, jk=1,...,m, (13)

are sets of Lebesgue measure zero. Assume that V' € H/..(R"; O) can be written as
=", Vj, where we define

Vi = D" 3,(£)g(&)],

with 4;(¢) denoting the characteristic function of C;, j=1,...,m, g(¢) being a
bounded continuous function on R”, and hg (&) = k|&| for a convex compact set
= [k, k]".

Lemma 7.2. Let C be an open cone of the form C = U 1 G, m < oo, where the
C; are proper open convex cones such that (12) and (13) are satisfied. Let
Ue$'(T(0)). Then U=3", BV (fj(z)), where each BV (fi(z)) is the strong
boundary value in $'(T(0)) of a function f;(z) e A and such that each
BV (fi(2)) = Z V)], with V; € H{(R"0),j=1,....m

Proof. This result follows using the same method adopted in the proof of [2], The-
orem 4, by replacing the reference to Theorems 2 and 3 with a reference to the
Theorem 5.2 of this article. |

Proof of Theorem 1.1. P, = Py. Assume that g (z) € A4 cucy)- BY hypothesis,
we have

7= w(a), zeT(C)
Then
BV (f(2)) = BV(igjk(z)) as C/ 3y — 0,
Hence,

ZBV 5@) =" (BV(Zg_/k(Z))) ( ‘

m m m m
J=1 k=1 J=

k=

—_

taking into account the anti-symmetry of the functions g (z).
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Proof that P; = P,. If m =1, P; = f; =0 by Theorem 6.3. Henceforth we
assume that m > 2. Let U; = BV (f;(z)) € $'(T(0)) as C/ 3 y — 0. Then there
exists Uy € $'(T(0)) such that U;=3>", Up with the restriction that
Ui + Uk_,- =0. Thus 3°", U; =0. By Theorem 5.2, we have that U; = 7,
j =1,...,m. On the other hand, this implies that V; = 7 [U;] = Z[>_;", Ux]
= ,’Z’] 7 U] = Zk 1 Vik.  Since 32", U; =0, it follows that 737", Uj] =
Sl U =300 V=300 >0 Vik = 0. This yields that Vi + Vk, =0. Ac-
cordmg to Theorem 5. 3 there exists a unique V; € HC (R";0), j=1,...,m, such
that

£(2) = @n) "<,

= 2n)*n< Z V]'k,efi<if‘z>> _ ((2n)7n<ij’ e—i(cf,z>>).
k=1

k=1
We now put
gik(2) = 2m) "V, e 97>,z e T(ch(Gu Gr)), (14)

with Ve H(Lh(Cuq ) (R";0) and supp(Vi) = {EeR"|{& y)>0forall ye
ch(C;ju Cy)}. Since ch(Cj v Cy) is an open convex cone, we again have by exactly
the proof as of [6], Lemma 2, that g (z) € #,c,uc,)- Further, from Theorem 5.2

it follows that

m

fi(2) = @n) Ve 97y = ((20) Vi, e 7)), ze T(C)). (15)

k=1

Thus combining (14) and (15) we have that f;(z) = >_/_, gi(z) on T(C /) with the
restriction that gj + gi; = 0. This completes the proof. O
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