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Abstract. The main goal of this work is to prove the existence and in some cases the
uniqueness of positive solutions for some nonhomogeneous systems of Lane—Emden type.
The nonhomogeneous part must satisfy a suitable positiveness condition, but it may change
sign.
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1. Introduction and statement of the results

In the past years, a special attention has been devoted to the extension from equa-
tions to systems of known results concerning existence, uniqueness and multiplic-
ity of solutions, as well as other qualitative properties of the solutions. Closely
related to the problems treated in this paper, we cite the results in [13], [6], [20]
concerning nonhomogeneous equations, and the results in [5], [7], [12], [14], [15],
[17], 18], [19] either about homogeneous or about nonhomogeneous systems.

Let Q be a smooth bounded domain in R with N > 1. We consider a non-
homogeneous elliptic system of the form

—Au=au+bv+v’+¢f(x) inQ,
—Av=cu+dv+u?+eg(x) inQ,
u,v>0 in Q,
u,v=>0 on 0Q,

(1.1)
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which turns to be of Hamiltonian type in the case that « = d. Here «a, b, ¢, d are
constants, p and g are positive powers, ¢ > 0 is a parameter, f,g € C'(Q) and we
are concerned with the existence of at least one classical solution for the system
(L.1).

Throughout in this paper we denote the 2 x 2 matrix

a b
(< a)
by A. Here /; and ¢, stand for the first eigenvalue of (—A, H{(Q)) and the first
positive eigenfunction of (—A, Hy(Q)) with [ ¢, dx = 1, respectively. When nec-
essary, we will write 11 = 41 o and ¢, = ¢, o to ensure that we are referring to 4,
and ¢, as above and to emphasize their dependence on Q.
In the next three paragraphs we assume that 4 = 0 in the system (1.1).

Collecting the results from this paper and from [14], [15] and comparing them
with the results in [6] concerning the equation

—Au=Ju+u’ +¢f(x) inQ,
u>0 in Q, (1.2)
u=>0 on 0Q

with 4 = 0, one can classify the system (1.1) with 4 = 0 as: sublinear if pg < 1 and
superlinear if pg > 1.

The case pg < 1 is fully treated in this paper.

Some contributions to the case pg > 1 can be found here and also in [14], [15],
but some questions still remain as open problems. For example, in the case where
one of the powers p or ¢ belongs to (0, 1), the nonexistence of solution for ¢ > 0
large enough is a conjecture.

Once we are interested on positive solutions, it is natural to impose some
positiveness condition on the nonhomogeneous part. For that, given a function
h e C'(Q), we denote by u;, the solution of

—Aup, = h(x) in Q,
u, =0 on 0Q.
In this work we assume:
(P) f,g € C'(Q) are not simultaneously identically zero and uy,u, > 0 in Q.
The matrix A, which appears in (1.1), plays the role that A plays in (1.2). Here
we assume:
(H1) A is cooperative, that is, b, ¢ > 0.

(H2) The eigenvalues of 4 are smaller than 4;.
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The hypothesis 1 € (—o0, 4;) appears in [13] in the study of (1.2). It is precisely
the necessary and sufficient condition for the existence of a strong maximum prin-
ciple for the linear equation

{—Au—/llﬁ"f(x) in Q, (1.3)

u=20 on 0Q),

in the case with /> 0 in Q.

In the case that A is cooperative, that is, when (H1) is satisfied, it is proved in
[11] that the hypothesis (H2) is precisely the necessary and sufficient condition for
the existence of a strong maximum principle for the linear cooperative system

—Au=au+bv+ f(x) inQ,
—Av=cu+dv+g(x) inQ, (1.4)
u,v=>0 on 0Q,

in the case with f,g > 0 in Q.

In this way, the hypothesis (H2) on the cooperative matrix 4 for the study of
the system (1.1) is just the natural extension of the hypothesis 1 € (— o0, ;) for the
study of the equation (1.2).

In Section 2, we will see that if one replaces the condition /> 0 in Q by the
condition uy > 0 in Q, then a maximum principle for (1.3) is not valid for every
A€ (—o0,41). In addition to that, we will also see that a maximum principle for
(1.4) does not hold true under (H1), (H2) and (P).

At this point we can state our first result.

Theorem 1.1. Assume (P), (H1)-(H2), p,q > 1 and
(H3) a = 0 if f changes sign; d > 0 if g changes sign

are satisfied. Then there exists ¢* € (0,+00) such that: the system (1.1) has a
minimal positive solution (ug,v,) for 0 <& <e&* and it has no solution for &> &.
Furthermore, (u;,v;) € C**(Q) x C>*(Q) for all o € (0,1).

Theorem 1.1 extends a result in [5], [17] and the hypothesis p, ¢ > 1, with no
surprise, makes possible the application of the method of subsolution and
supersolution. Besides other arguments, our proof for Theorem 1.1 is based on
the continuation of A; with relation to Q as presented in [4], [8]. We stress that
such proof allows us to obtain all the results in [13] concerning (1.2), replacing
the conditions /> 0 in Q and f = 0 on 0Q, which are imposed in [13], by weaker
conditions, namely: u; > 0in Q for 1 € [0,4;); f > 01in Q for A € (—00,0). Such
proof also extends the application of the method of subsolution and supersolution,
since we present a new class of supersolutions for certain problems. For example,
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for some problems in [1], [9], [10] and for the problem (1.2). At such examples, it
is important to note that ‘ell‘ < A1, with ey as defined at the beginning of Section 4
in this paper.

The next result, which deals with the system (1.1) with 4 = 0, presents some-
thing more interesting. With the hypothesis pg > 1, we show that it is possible to
treat it by means of the method of subsolution and supersolution. In this way,
cases where one of the equations is sublinear and the other is superlinear are
included.

P

Theorem 1.2. Assume that p,q > 0, pg > 1, (P) holds and that A = 0.

() If p,q = 1, then there exists ¢* € (0,+00) such that for each 0 < & < &* the sys-
tem (1.1) has a minimal positive solution (u;,v.) and it has no solution for & > &*.
Furthermore, (ug,v,) € C**(Q) x C>*(Q) for all o € (0,1).

(i) If p < 1orq <1, then there exists ¢* > 0 such that for each 0 < & < ¢* the sys-
tem (1.1) has a minimal positive solution (us,v,). Furthermore, (u,v;) €
C?*(Q) x C>*(Q) with « = min{p, q}.

For the system (1.1) with 4 =0, pg > 1 and in the case that one of the powers
P, q belongs to (0, 1), the question about the nonexistence of solution for & > 0
large enough still remains as an open problem, but we conjecture that ¢* < 40
at item (ii) in Theorem 1.2.

We have one more result concerning (1.1), now in the case that 4 =0 and
pq < 1. In such case, the system (1.1) has a sublinear behavior and the next theo-
rem extends some of the results in [18] and [19].

Theorem 1.3. In addition to (P) suppose that p,q >0, pg <1 and that A = 0.
Then for each & >0, the system (1.1) has a unique solution (u,v). Furthermore,
(u,v) € C>*(Q) x C>*(Q) with o = min{p, ¢}.

For the context of this paper it is important to know that functions f, g satis-
fying (P) are not necessarily nonnegative. For instance, see [2], [3], [14] and also
Section 2 in this paper.

In Section 2, we show some results concerning the existence of a maximum prin-
ciple either for the equation (1.3) under uy > 0in Q or for the system (1.4) under (P).
In Sections 3-5, we present the proofs for Theorems 1.1-1.3, respectively.

2. On the maximum principle

In this section we discuss about necessary and sufficient conditions for the exis-
tence of a maximum principle, either for the equation (1.3) with u >0 in Q or
for the cooperative system (1.4) under the positiveness hypothesis (P).
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2.1. The scalar case. In the case with /> 0 in Q, it is well known that a strong
maximum principle exists for the equation (1.3) if and only if 4 € (—o0, 4;).

Here we investigate for which values of 4 the condition u, > 0 in Q implies that
the solution u of the equation (1.3) is such that u > 0 in Q. Actually we prove:

Proposition 2.1. If 4 € [0, 1), then for every f € CY(Q) such that uy > 0 in Q, the
solution u of the equation (1.3) satisfies u > 0 in Q. The converse is also true.

Proof. Suppose that / € [0,41). Given f € C'(Q) such that uy > 0 in Q, let u be
the classical solution of (1.3). So

—A(u—up) = AMu—us)+ uy in Q,
u—up =0 on 0Q.

Since Auy > 0 in Q, by the classical maximum principle, one has that u — uy > 0 in
Q, which implies that u(x) > us(x) > 0 for all x € Q.

On the other hand, suppose that /4 has the following property: given any
/e CHQ) with uy >0 in Q, the equation (1.3) has a solution u and it satisfies
u>01in Q. It is shown in the lines below show that 4 must necessarily be in
[0, 41).

If 4 has such property, then for f = ¢, one has that

A1 Jugpl dx = J(fAu)(pl dx = J(/lu(pl + ¢7) dx > /lju(/)l dx.

And the last inequality implies that A < 4;. Now, by contradiction, suppose that
2. < 0. Fix uyg € C*(Q)\{0} such that uyp > 0 in Q, up = 0 on 0Q and uy(xo) = 0
for some xp € Q. Take f'= —Aug and let u be the solution of the equation (1.3)
associated to such f. So

{—A(u —up) = Au—up) + Aup  in Q,
u—uy=20 on 0Q.

Since Aup <0 in Q, by the classical strong maximum principle, one gets that
u—uy < 0in Q. In particular, u(x) < up(xo) = 0, which is a contradiction. []

2.2. The system case. Let M = (m;) be an n x n cooperative matrix and
F = (f;)i_,, such that each f; stands for a regular function defined on Q. The
linear system

{_AU_MU+F(X) in Q, (2.1)

U=0 on 0Q,



352 E. M. dos Santos

with U = (u;);_,, was studied in [11] by de Figueiredo—Mitidieri. Theorem 2.1 in
[11] gives the necessary and sufficient conditions for the existence of a maximum
principle for the system (2.1), in the case with f; > 0in Q foralli = 1,...,n. With
n = 2, such conditions are equivalent to (H1) and (H2) in this paper.

Here we first present a sufficient condition for the existence of a maximum
principle for the system (1.4) with the positiveness condition (P) satisfied.

Proposition 2.2. Assume (H1)—(H2) and that a,d > 0. Then for every pair (f,g)
satisfying (P), the solution pair (u,v) of the system (1.4) satisfies u,v > 0 in Q.

Proof. Let (u,v) be the solution of (1.4). Then

—A(u—ur) = a(u —ug) + b(v — uy) + auy + bu, in Q,
—A(v—uy) = c(u—ur) +d(v—uy) + cus + duy, in Q, (2.2)
u—up,v—1uy; =0 on 0Q.

Since a, b, ¢, d > 0, one has that auy + bug, cuy 4 duy; > 0 in Q. Then Theorem 2.1
in [11] guarantees that u—u; >0, v—u, >0 in Q and so that u>uy >0,
v=u; >0in Q. O

Theorem 2.1 in [11] guarantees that (H2) is a necessary condition for the exis-
tence of a maximum principle for the cooperative system (1.4), that is when (H1)
is satisfied, in the case that the nonhomogeneous part satisfies (P). We strongly
believe that the condition a,d > 0 is also necessary. This feeling arises from the
examples below. But before that, note if » = 0 or ¢ = 0, then the system (1.4) de-
couples and Proposition 2.1 guarantees the necessity of a,d > 0. So, from now to
the end of this section we can assume that b, ¢ > 0.

Example 2.3. Suppose that (H1), (H2), a@,d <0 and ad — bc > 0 are satisfied.
Then for a suitable pair (f,g) satisfying (P), the solution (u, v) of the system (1.4)
is such that # and v assume negative values.

Proof. The conditions a,d < 0 and ad — bc > 0 guarantee the existence of posi-
tive numbers ¢ such that a + b < 0 and ¢ + do < 0. Fix such a number ¢ > 0.
Let up be as in the proof of Proposition 2.1, take f = —Auy and g = af. Then
ur = up and u, = ouy. Let (u,v) be the solution of (1.4) associated to such pair
(f,9). Since (H1)—(H2) are satisfied and a + bo < 0, ¢ + do < 0, one can apply
to the system (2.2) the Theorem 2.1 in [I1]. It guarantees that u — uy < 0,
v—oup < 0in Q. In particular u(xy), v(xg) < 0. O

Example 2.4. Suppose (H1)-(H2), a,d < 0 and ad — bc = 0. Then for a suitable
pair (f,g) satisfying (P), the solution (u,v) of the system (1.4) is such that v as-
sumes negative values.
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Proof- From the above hypotheses, there exists A < 0 such that ¢ = Aa and
d=/b. Fix ¢ > —¢, let uyp be as in the proof of Proposition 2.1, f = —Au,
g = af and let (u,v) be the solution of the system (1.4) associated to such pair
(f,g). From the definition of A, one has that

{—A(v —u)=(c—A)f in Q,
v—Ju=0 on 0Q

and so that
v—Au= (o — A)up. (2.3)

On the other hand,

~Alv+2u = (b +a) vtou)+ (o+ f inQ
b b b
a
v+ U= 0 on 0Q.
Since Ab +a < 0 and ¢ +§ > 0, arguing as in the proof of Proposition 2.1, one
obtains that v(xo) < —§u(xo). Applying the identity (2.3) to the last inequality
one concludes that v(xy) < 0. O

We have no general counterexample for the remaining case that remains to be
analyzed, namely the case under the following hypotheses:

(H1), (H2), and b,c>0,ad —bc<0 witha<Oord<0. (24)

Just to make it clear, a < 0 or d < 0 in (2.4) means that at least one of the two
numbers a, d is negative.

In one-dimensional case, we have some counterexamples in such case. But
even in dimension one, our counterexamples do not cover all the range that (2.4)
involves.

Before we present more counterexamples, let us discuss about some general as-
pects concerning the system (1.4). Suppose that (H2) is satisfied. In particular, for
each pair (f,g) € C1(Q) x C'(Q) the system (1.4) admits a unique classical solu-
tion (u,v). Furthermore, if u (resp. v) assumes negatives values in Q, then u (resp.
v1) or up (resp. vp) assumes negative values in Q, where (11, v1) and (uy, v3) are the
solutions of

—Auy = au; + bvy + f(x) in Q, —Aur = aur + bvy in Q,
—Av| = cup + dv; inQ, and —Avy = cup +dvy + g(x) inQ,
uy,v1 =0 on 09, U, v, =0 on 0Q.
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Therefore, in order to find counterexamples we can restrict ourselves to simpler
systems.

On the other hand, suppose that one is interested on the sign of (u,v), the so-
lution of the system

—Au=au+bv+ f(x) inQ,
—Av=cu+dv+af(x) inQ, (2.5)
u,v =20 on 09,

under the following conditions:
e (H2), ad — bc <0, b,c > 0;
®ur>0inQ, f#0and o > 0.

Associating the system (2.5) to one equation, one has that for every 6 € R\{0}

b .

{—A(u+01))—(a+0€)u+<0+d>00+(1+Ha)f(x) in Q,
u+0v=0 on 0Q).

On the other hand, the condition b, ¢ > 0 guarantees the existence of 0%, 0, the

two solutions of

b
a+ 0c= 9 +d,
which are explicitly given by
. —(a—d)++/(a—d)* +4bc , —(a—d) —\/(a—d)* + 4bc

2c 2c

Observe that 07 > 0, 0~ < 0 and
a+0"c=2"(4), a+0c=i(A),

where At (A4) and A~ (A4) stand for the two eigenvalues of 4. The condition
ad — be < 0 implies that A7(4) >0 and A (4) < 0. Arguing as in the proof
of Proposition 2.1, by means of the classical maximum principle one obtains
that:

v > ouy in Q,

if 0 < 1
* if0<0 <=, then {uf—0+(v—auf) <u<up—0 (v—ous) iny
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e if g =, then u > us, v > ous in

u > uy in Q,

; 1
® if 0 > —=, then {auf—()%(u—uf) <v<auf+,+)—(u—uf) in Q.

Based on such inequalities we present some more counterexamples, but now in
dimension one.

Example 2.5. Assume all the conditions given by (2.4) and Q = (0, 1).
e Let (u,v) be the solution of

—u" =au+bv+ f(x) in (0,1),
—v" =cu+dv in (0,1),
u,v=20 on {0, 1}.

If an® < ad — be, then for a suitable f € C!([0,1]) with uy > 0 in (0, 1), the
component # assumes negative values on (0, 1).

e Let (u,v) be the solution of

—u" =au+ bv in (07 l)a
—v" =cu+dv+g(x) in (0,1),
w,v =0 on {0, 1}.

If dn* < ad — bc, then for a suitable g € C'([0,1]) with u, > 0 in (0, 1), the
component v assumes negative values on (0, 1).

Proof. 1t is well known that the eigenvalues of

—u”" =Au in (0,1),
u=20 on {0, 1},

are J;, = (kn)?, all they are simple and they have ¢, (r) = sin(knt) as associated
eigenfunctions.
In order to find an appropriated function f, consider the identity

n—1
sin(2"zt) = 2" sin(nt) H cos(2knt), (2.6)
k=0

which holds true for all n > 1.
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Foreach n > 1, let f,(¢) := sin(nt) 4+ 2" sin(2"z¢). From the identity (2.6), one
obtains that f, changes sign in (0, 1), but u;, > 0in (0, 1).
Now, suppose @ < 0. For each n > 1, let (u,,v,) be the solution of

—u)) = au, + bv, + f,(x) 1in (0,1),
—v!' = cu, + dv, in (0,1),
Mn,vn:() on {0,1}
By a straightforward calculation, one obtains that
. n’—d
(1) = sin() 72 —a)(22 — d) — be

Ddng2 _ Hlng n—1 .
(2272 — a) (2?72 — d) — bcg]cos(Z nt)).

+

From the explicit formula for u,, it follows that u, assume negative values in (0, 1)
if and only if

7[2 —d _ 24117.[2 o 2211d
(2 —a)(n? —d) —bc ~ (2272 — a)(2?>'n? — d) — bc’

(2.7)

which is equivalent to
n?(an® — (ad — be)) 2% + (—an® + d(ad — bc))2*" + (2 — d)(ad — be) < 0. (2.8)

Let p(1) := n?(an* — (ad — b)) * + (—an* + d(ad — be))t + (n? — d)(ad — be).
So, u, assumes negative values in (0, 1) if and only if p(2>") < 0.

If an? > ad — bc, then one can check that p(2%") > 0 for all n e N.

On the other hand, the condition an® < ad — bc says that the leader coefficient
of the second order polynomial p(t) is negative and so p(2?") < 0 for n sufficiently
large.

For the case with dn? < ad — bc, a counterexample is found in the same way,
by analyzing the sign of the component v,, where (u,, v,) stands for the solution of

—u) = au, + by, in (0,1),
—v) = cu, +dv, + fo(x) 1in (0,1),
Up, Un =0 on {0,1}

The matrices

-1 3 i1 —i 1 _
(1 2>7 (1 i) and (1 i) fori=1,...,9
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satisfy all the conditions given by (2.4) with Q = (0,1). Furthermore, for such
matrices, either an’> < ad — bc or dn’ < ad — bc.
On the other hand, still with Q = (0, 1), the matrices

—& b 0 b
( ¢ ), < > with b, ¢ > 0, be = n*, & € (0,7%),

c 0 c —&

also satisfy all the conditions given by (2.4). Unfortunately, we have not found
any counterexample for such matrices.

Remark 2.6. Consider the system (1.4) with (H1) and (H2) satisfied. Grouping
the results of this subsection, a maximum principle for (1.4) in the case with (P)
satisfied:

e does exist, if a,d > 0;

e does not exist, if:
—a<0ord<0andwithh=0o0rc=0;
—a,d < 0and ad — bc > 0;
— ad — bc < 0, in dimension one, provided: an? < ad — bc or dn’> < ad — be.

To end this section, we state the following proposition, which can be proved by
an argument similar to that employed in the proof of Proposition 2.2.

Proposition 2.7. Assume (H1)—(H3) and (P). Let (u,v) be the system (1.4). Then
u,v >0 in Q.

3. The proof of Theorem 1.1

To ease the reading of the proof of Theorem 3.2 below, we introduce:

Lemma 3.1. Assume (H1)-(H3) and (P). Let (u,v) be a classical solution pair of
the system

—Au=au+bv+ v’ +¢f (x) inQ,
—Av=cu+dv+ul+eg(x) inQ, (3.1)
u,v=>0 on 0QQ,

with u,v >0 in Q. Then u,v > 0 in Q, that is, (u,v) is a solution pair for (1.1).

Proof. 1t is a straightforward application of Theorem 2.1 in [11]. For that, it is
enough to analyze the systems that are satisfied by the pairs:
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(
(u — eur,v), if f changes sign in Q and g > 0 in ;
— (u,v—euy), if f > 01in Q and g changes sign in Q;
(u— eus,v — euy), if f and g change sign in Q. O

The following theorem will be employed in the proof of all theorems stated at
the first section of this paper.

Theorem 3.2. Assume (P), (H1)-(H3) and that p,q > 0. If the system (1.1) has a
subsolution pair (us,v) and a supersolution pair (us,vs) such that 0 < u; < ug,
0 < vy < g in Q and us, vy, ug, vs € C*(Q), then (1.1) has a classical solution pair
(u,v) such that ug < u <us, v; <v<vs in Q. Furthermore, u,v e C>*(Q) for:
o=min{p,q}, if p<lorqg<l;allae(0,1),if pg=>1

Proof. Let (ug,vo) := (uy,v5). For each n > 1, let (u,,v,) be the solution of

—Au, — auy, = bv,_ + 00 +ef(x) inQ,
—Av, — dv, = cup_1 +u! | +eg(x) inQ,
Up, Uy = 0 on 0Q.

From (H1) and (H2) one has that @,d < 4,. Such inequalities combined with (H1)
allow one to prove that

Uy < up < ug, Vg < Uy KU, Uy KUy, Uy <0, InQ,  foralln>1.
By Lemma 9.17 in [16], u,, v, are bounded in H?(Q) and therefore in H{ ().

Hence there exist u, v € H*(Q) n H}(Q) n L*(Q) and a subsequence of ((uy, v,)),
here also denoted by ((u,,v,)), such that

U, —u, v, —v in H*(Q)and H}(Q),
Uy —u, v, — v in L}(Q),

u, —u, v, — v almosteverywhere in Q.

Hence, by the Lebesgue’s dominated convergence theorem,
w!' —u?, P —v" inL'(Q), forallr=>1.

Taking the limit as » — oo in the identities
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J(Vuanp — au,p) dx = J(bvn,l +u! Dpdx+e Jf(x)(p dx,
J(VU,,VKP —dvp)dx = J(cun_l +ul )W dx + SJg(x)w dx,
which hold true for all ¢, y H]} (Q)-functions, one gets

JVuV(pdx = J(au + bv+ v¥)pdx + ejf(x)godx,
JVUVKP dx = J(cu + dv+ u?)ydx + ng(x)lp dx.

That is, u,v € H*(Q) n H} (Q) n L*(Q) is a solution for the system (3.1) in the
sense of H}(Q). Hence u,v e W>"(Q) for all 1 <r < +o0, by Lemma 9.17 in
[16]. Hence, from the Sobolev embeddings, u,v € C'7(Q) for all 0 < y < 1. By
Lemma 6.36 (see also p. 53 and Theorem 9.15 in [16]) in [16] and Schauder’s
estimates, one gets that u,v € C**(Q) for: « =min{p,q}, if p <1 or ¢ < 1; all
o€ (0,1),if p,g > 1. Finally, by Lemma 3.1, one concludes that (u,v) is a solu-
tion of (1.1). O

Besides other facts, the proof of Theorem 1.1 is based on the continuity of /4,
with respect to Q. To be more explicit, we employ the fact that: given 4 < 4; o
there exists a smooth bounded domain Q' < RY such that Q cc Q' and 1 <
A0 < AL

For each t € R, consider the 2 x 2 matrix

B(1) — (Z__Ca l__bd>'

The following lemma is the key for the proof of Theorem 1.1.

Lemma 3.3. If (H1) and (H2) are satisfied, then there exists a smooth bounded do-
main Q' such that Q c= Q" and B(J, o) has a positive eigenvalue with associated
eigenvectors of entries of the same sign.

Proof. From (H1) and (H2) one obtains that
a,d <o and (L o—a)(lig—d)—bc>0.

Hence, the biggest eigenvalue of B(4; o), denoted here by 4,, , and for short by
4, 1s explicitly given by
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~(b+¢) +1/(b+ ) +4((ha— @)(aa —d) - be)

A, — U-l.Q 2 5

A > 0 and its associated eigenvectors are of the form

(0,0):(0 11.0-4 >, ge R

- g
7/“/11.9 +b

By the continuity of A; with respect to Q, there exists a smooth bounded do-
main Q' = RY such that Q cc Q' and all the above inequalities are verified if
one replaces 41,q by 4; o'. O

Proof of Theorem 1.1. By means of Theorem 3.2, it is enough to find a subsolution
pair (uy, v5) and a supersolution pair (us, vs) such that 0 < u; < ug, 0 < vy < vg in
Q and uy, vy, us, vs € C*(Q).

If f,g >01in Q, then (uy,v,) := (0,0) is a subsolution pair. If /" changes sign
but g > 0 in Q, then by (H1) and (H3), (uy, v5) := (eur, 0) is a subsolution pair. If
/=0 but g changes sign in Q, then by (H1) and (H3), (u, vs) := (0, eu,) is a sub-
solution pair. Finally, if /" and g change sign in Q, then (H1) and (H3) guarantee
that (uy, v5) := (eur, euy) is a subsolution pair.

Fix Q' as in Lemma 3.3 and set (us,vs) = (09; ', 09 o'), where (o, 0) stands
for an eigenvector of B(4; o) with positive entries and associated to the positive
eigenvalue 4 = 4;, ,.

It is obvious that |(g,0)| can be taken as small as one wants. In order to
(691 o, 09, o) be a supersolution pair for (1.1), one imposes that

2.a/(00 o) = —A(ap; o) = alop; o) + b(0p o) + (09 o)’ +¢f (x) inQ,
21,0001 o) = —=A(0p) o) = c(og) o) +d(0p) o) + (00) o) +e9(x) in Q,

that is,
1(9(/’1,9’) - (‘9¢’1,Q’)p = ((21,9’ —a)o — bH)C”],Q’ - (HQDIAQ’)p > &f (x) in Q,
Mapy o) — (00 o) = (—co+ (41,0 — d)9)¢1,9’ —(09) o))" = eg(x) in Q,

since (o, 0) is an eigenvector of B(4; ') associated to /.
The above inequalities are satisfied if

M0p, o) — (09, o) = ¢lf], inQ,
Mog o) — (001 )7 > elg],, inQ.

But the last inequalities are trivially verified for ¢ > 0 small enough and |(a, 6)]
suitable small, since p,q > 1 and ¢, o > o > 0 in Q for some constant o.
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On the other hand, one needs us > u, and vg > v, on Q. Suppose that the case
“f and ¢ change sign” is being treated. Such inequalities are easier obtained in
the other cases. Hence, it needs to be shown that op, o > euy and Op, o > ey,
in Q. But such inequalities are also verified for ¢ > 0 sufficiently small because
P =o> 0in Q.

In conclusion, Theorem 3.2 guarantees the existence of a classical solution
(u,v) for (1.1), provided ¢ > 0 is small enough.

Denote by (u, v;) the above obtained solution pair. It is the minimal solution
pair for (1.1). In fact, firstly note that any solution (u,v) of (1.1) satisfies u > u
and v > v, in Q, with (u, v) as above, depending whether f, g change sign or not.
From u > u; and v > vy in Q, one shows that u# > u, and v > v, in Q, where
(uy,v,) stands for any element of the sequence constructed by a monotonic itera-
tion applied to the subsolution pair (u,vs). See the proof of Theorem 3.2 for the
precise monotonic iteration. Consequently, taking the limit, u > u, and v > v, in
Q, since one has pointwise convergence.

The condition (P) guarantees that

J(f(x) + g(x))(ol dx = J(VUf + Vu,)Vo, dx = J(uf +uy)p; dx > 0.

On the other hand, (H1) and (H2) guarantee that the function j(¢,s) :=
(h—a)yt—t1+ (4 —d)s—s?, defined on [0,+00) x[0,+c0), is bounded
from above and its maximum value is o, , = (4 —a)?V L4

q/(g-1)
p/(p=1) _p-1 4
(}‘1 - d) P/ D)

If (1.1) has a solution, then using ¢, as a multiplier and integrating (1.1) by
parts, one gets by (H1) that

J((ll —a)u—u?+ (4 —d)yv—v")p, dx > 8J(f(x) + 9(x)) g, dx,
and so that

o
e < P9

T () +g(x))py dx

Set
¢* =sup{e¢ > 0:(1.1) has a solution}. (3.2)

The above estimate gives an upper bound for ¢*. Furthermore, one shows that the
system (1.1) has a minimal positive solution for 0 < ¢ < ¢* and it has no solution
for ¢ > ¢*. For that, thanks by Theorem 3.2, it is possible to argue similarly as in
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the proof of Lemma 3.1 in [6], with a slight change concerning the argument re-
lated to the subsolution, which depends on whether f, g change sign or not.  []

4. The proof of Theorem 1.2

In order to apply the method of subsolution and supersolution to the problems
treated in this paper, the part that requires some work concerns the existence of a
supersolution. We stress that we carry out this task even in the case (ii) of Theo-
rem 1.2, where one of the equations of the system (1.1) is sublinear and the other
one is superlinear.

To prove the existence of a supersolution, our technique is based on some ideas
adopted in [9], [10]. To present it, the following notation is used:

{—Ael =1 inQ, {—Aez =ef inQ, {—Ae3 =e¢! inQ,
e1 =0 on 09, er =0 on 0Q, e3 =0 on 09,

and

{Ae4 =ul inQ, {—Aes = ufq in Q,
es =0 on 0Q, es =0 on 0Q.

With the aim of bringing our procedure to light, first we consider a particular
case of the system (1.1), namely:

—Au = v? in Q,
— — 4 1
Av = u? + gg(x) Tn Q, @1
u,v >0 in Q,
u,v=>0 on 0Q.
The reason for that is that the system (4.1) can be rewritten as
—A((—Au)l/”) =u? +¢g(x) inQ,
u,—Au >0 in Q, (4.2)

u,—Au =20 on 0Q.

Once more, (uy,vs) and (ug, vs) stand for candidates to be a subsolution and a
supersolution respectively, either for (4.1) or for (1.1) according to the hypotheses
of Theorem 1.2.

It is clear that (uy,v;) := (0, euy,) is a subsolution pair for (4.1). As an addi-
tional comment, 0 may not be a subsolution for (4.2), but one can check that
e’e4 1s indeed a subsolution for (4.2).
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To find a supersolution pair for (4.1) we deal with (4.2) and we adapt the ideas
of the authors of [9], [10], where they work with the problem

{—Au =h(u) inQ, (4.3)
u=20 on 0Q. '

In order to find a supersolution for (4.3), under certain hypotheses on /4, they im-

pose that
inf{M:u>O}< ! ,
u |€1 0

and they find a supersolution in the form of w = Y-¢;, provided M satisfies

hM) _ 1 fetle

M el "

It le‘écliLs us to look for a supersolution of (4.2) in the form of us = m”e,, which
induces a supersolution pair for (4.1) in the form of (us,vs) = (us, (—Aug)'”") =
(mPey,mey). For that, the inequality m > (mPe;)? + eg = mPled + &g in Q needs
to be satisfied, which is certainly the case if

m(1—mea|?) = elg].,. (44)

On the other hand, the inequalities ug > u,, vs > v;, that is, mPe; >0,

mey > eu, in © must also be satisfied. The second one is obtained imposing that
—A(me; — euy) = m —eg > 0in Q. This holds provided

m=elg|,. (4.5)

It is easy to see that if (4.4) holds true, then (4.5) does. Furthermore, the in-
equality (4.4) is satisfied for certain values of m, provided

-1

e<¢, with 8o_max{m(l_mm le2lz,) :m>0}7
191,

since pg > 1. Note that the superlinearity hypothesis pg > 1 is enough to guaran-

tee the validity of (4.4). There is no need to suppose p, g > 1.

From the above calculation, (us,vs) = (0,éu,) is a subsolution pair and
(us,vs) = (mPey,mey) is a supersolution pair for (4.1), for certain values of m,
provided ¢ < .

Following the ideas presented above, Theorem 3.2 can be applied to construct
a solution of (4.1) provided u, > 0in Q, pg > 1 and 0 < & < &.
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Remark 4.1. Suppose 0 < r <% < q, g(x) = o> 0 for all x € Q, where « stands
for a constant. Then the above method also works if one replaces in (4.2) eg(x)
by eg(x)u". In such case (4.2) becomes a problem of concave-convex type.

In fact, let E = W20rt0r(Q)nw)""/7(Q) and denote by ¢;, a func-
tion in E satisfying the following conditions: ¢, , >0, —Ag, ,>0 in €,
J"|¢1’p|<p+l)/p dx =1 and

[ 1Au] PP g

we E\(0} [ 1u) P07

Ap =

is attained by ¢, ).
So, ¢, , 1s a solution of the eigenvalue problem

~A((~8py )'") = dpply inQ
?1.ps —A(pw >0 in Q,
?1—Ap , =0 on 0Q.
Then the subsolution has the form of u := Op; »- To show that u, is in fact a
subsolution, the hypotheses g(x) > o >0 forall x e Q and 0 < r < % < ¢ play an

important role. The supersolution has the form of ug := m”e;.
Now we return to problem (1.1) according to the hypotheses of Theorem 1.2.

Proof of Theorem 1.2. First case. g > 1. The candidates to be subsolution and
supersolution are

u, = euy, Vg = &Uy, us =mley +euy and vy = mey.

It is clear that (ug, vs) is a subsolution. The candidate to be supersolution is in
fact a supersolution if ¢ is sufficiently small. For that,

—Aug = mPel + &f (x) = (vs)” + &f (x) in Q,
{—Avs =m > (us)? +eg(x) = (mPey + eus)? + eg(x) in Q,

where the last inequality has been imposed to be satisfied.
The following remains to be checked: u; < us, vy < vg and (us, vs) is a super-
solution pair. The last requirement is satisfied if

m = (mflesl,, + elur|.,)* +elgl.,- (4.6)

Since ¢ > 1, (a + b)"7 < a'/4 + b'/4 for all a,b > 0. In this way, (4.6) is cer-
tainly satisfied if m!'/7 > m?|e|, + elus|, +&"/%|g|"/%, which is satisfied if and
only if

ml/tl(l _ m(”"71>/‘1|ez\w) > elug|, + 81/"|g|¥‘1. (4.7)
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Therefore, (4.6) is satisfied whenever (4.7) is. On the other hand, one needs
us > uy and vg > v, that is, m”e; + euy > euy and me; > eu,. For that, one im-
poses —A(me; — eu,) = m — &g > 0, which certainly holds true for

m> elgl.,. (48)

But (4.8) is satisfied whenever (4.7) is. In this way, for the purpose of proving
the above requirements on (ug, vs) it suffices to guarantee the validity of (4.7). But
(4.7) is trivially verified for certain values of m, provided ¢ is sufficiently small. To
be more precise, if 0 < ¢ < gy where & is such that

1 1 _
eolur,, + (e0)"*|g| = max{m"/(1 — mP9=%es| ) s m > 0}.
Second case: p > 1. One can proceed exactly as in the case ¢ > 1, but now taking
ug = eup, Uy =euy, us=me; and vg=mies+ eu,.

In both cases, p > 1 or ¢ > 1, the Theorem 3.2 can be applied to guarantee
that, under the hypotheses of Theorem 1.2, the system (1.1) has a solution for
& > 0 sufficiently small.

To finish, one defines ¢* by (3.2). O

5. The proof of Theorem 1.3

The condition pg < 1 implies that the positive parameter ¢ is not important in this
case. The proof of Theorem 1.3 presented below shows this fact clearly. For this
reason, without loss of generality, we take ¢ = 1.

To prove the uniqueness we adapt an argument that we found in [19]. To
prove the existence of a solution for the system (1.1), under the conditions of The-
orem 1.3, we employ an iterative method based on the following: starting from an
obvious subsolution, we employ an iterative method to construct an increasing se-
quence of subsolutions. We prove that such a sequence is bounded from above by
a constant and so, by some Sobolev embeddings, we prove that such sequence con-
verges to a solution of the problem. The argument just described is based on some
calculation that we found in [18]. A proof for Theorem 1.3 in the homogeneous
case, that is, with /' = g = 0, can be found in [18].

5.1. Uniqueness. In the case with p,¢ < 1 we can derive uniqueness by a very
simple argument, similar to the one employed by the authors of [6] to treat a sub-
linear equation. In the general case, pg < 1, we adapt an argument found in [19].
Once more, we stress that to simplify our notation we consider ¢ = 1.
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Here we prove the following theorem:

Theorem 5.1. Under the hypotheses of Theorem 1.3, if a solution for (1.1) exists,
then it must be unique.

The proof of this theorem is split into six steps and is presented in the following
six lemmas.

Lemma 5.2. Assume all the hypotheses of Theorem 1.3. If (u,v) is a solution of

A

. 0
(1.1), then u — ur,v —uy; > 0 mQand@n’@n(u_u}()’%’a—n(v_%) < 0 on 0Q.

Proof. If (u,v) is a solution of (1.1), then
—Au—up) =v"+ f(x) — f(x) =v" >0 inQ,

—Av—uy) =u?+g(x) —g(x) =u?>0 inQ,
u—ur,v—yg =0 on 0Q.

Then by the classical strong maximum principle u — uy,v — u, > 0 in Q and by
0 0
the Hopf’s Lemma pm (u—ur) <0, i (v—uy) < 0 on 0Q.
n n ‘
On the other hand, us,u;, >0 in Q and us,u;, =0 on 0Q imply that
Juy Ouy

ou Ov
7 < . - .
p <0 on 0Q Hencea}?,an<00n6§2 O

Now, suppose that (u,v), (&, ) are two solutions for the system (1.1) (recall
that A=0and e =1). Let

S'={s>0:u>s4 Vg p> P Vr5inQ}  and s, :=supS’.

To prove the uniqueness result, it is sufficient to show that S’ is not empty and
that s, > 1.
For that, we consider the auxiliary set

S={s>0:u—u >V —up),0—u, >sPVPG —u,)in Q}.
The next step is:

Lemma 5.3. Let w,w e C*(Q) n CY(Q) be such that w,w >0 in Q, w,w =0 on

0Q and% Z—W < 0on 0Q. Then, for T > 0 sufficiently small, w > tw in Q.

on’ on
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Proof. Let
. 0w ow
o = min— .
0 Q on

Then o, f < 0. Fix 7 > 0 such that t« — f > 0. Then

i(zw —w)>0 ondQ.

on
Since Tw — w = 0 on 09, it follows that tw — w < 0 in a certain neighborhood of
0Q. Let K == Q be the compact set, the complement in Q of such neighborhood.
It is obvious that, for 7 > 0 even small if necessary, 7w — w < 0 on K. In this way,
for 7 > 0 sufficiently small, tw —w < 0 in Q. |

As a consequence:
Lemma 5.4. S’ is not empty.
Proof. 1t is a straightforward consequence of Lemmas 5.2 and 5.3. O
Lemma 5.5. If's. < 1, then S' =S n(0,1).
Proof. If s, < 1, then S' = (0,1). Furthermore, if s € S’, then

fA(u —ur — statl/a (g — uf)) — P — s4tD/apr > (11— S<lqu)/q)vp >0 inQ,

—~A(v—u, — s/ (5 — ug)) = u? — sPHDPge > (1 — s(1=PD/P)y? > 0 in Q,

u—up — SV (G —up), 0 —uy — sPHIP(H —uy) =0 on Q.
(5.1)

Therefore, by the classical strong maximum principle one obtains that s € S.
On the other hand, it follows directly from the definitions of S and S’ that
(Sn(0,1)) = 5. O

Lemma 5.6. If's. < 1, then S’ is an open interval.

Proof. From the definition of S’ it is clear that if s € S’, then (0,s) = S. Such
property implies that S’ is an interval open from the left. Hence one just needs
to show that for each s € S’ there exists 7 > 0 such that s+ 7€ S’. Suppose
5. < 1. If s € S/, then from (5.1) one gets by the Hopf’s Lemma that

% (u—up — sV @ —up)) <0
and

0
P (v—uy —sPP(E —u)) <0 on oQ.
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Then Lemma 5.2 and Lemma 5.3 guarantee the existence of v > 0 such that
s+1<1lands+rteS. Therefore, by Lemma 5.5, s+ 7 € S’. O

Lemma 5.7. If's. < 1, thens, € S’

Proof. 1f s, < 1, then

1
—Au—up — Si’ﬁ'l)/fl(ﬁ —up)) = o’ — siq+1)/q5p >l — siq+1)/qﬁvp

= (1 —si=P0/aypr > 0,

1
—A(v — Uy — st (5 — ug)) = uf — s > 4 — SSFPH)/psqﬁuq

*

= (1= sP/Pyys > 0.

Taking in addition to this the fact that such functions vanish on ¢Q, the classi-
cal strong maximum principle guarantees that s. € S and therefore in S’, by
Lemma 5.5. 0

It is clear that Lemma 5.6 and Lemma 5.7 contradict each other. Hence we
conclude that s, > 1 and the proof of Theorem 5.1.

5.2. Existence. First of all, (uo,vo) := (ur,uy) is a subsolution for (1.1) (recall
that 4 =0 and ¢ = 1).
Now, for each n > 0, set inductively (u,1,v,:1) as the solution of

—Aupr = v+ f(x) inQ,
—Avy =ul 4+ g(x) inQ,
Upi1,Upr1 =0 on 0Q.

As claimed in the proof of Theorem 3.2, one has that u,, < u, |, v, < v,y In Q
for all n > 0.

Once the sequence (u,, v,) is constructed, the next step in proving the existence
of solution is given by the following lemma.

Lemma 5.8. There exists a constant C > 0 such that 0 < u,,v, < C in Q for all
n>0.

Proof. Suppose by contradiction that the above claim is not true. From the sym-
metry of the system (1.1) with 4 = 0, one can suppose that «, = |u,|, — 400 as
n — 4o0. Itis important to remember that (o) is non-decreasing.
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For each n e N, let 8, = qH)/(pH), write u, = o, U, and v, = f8,V,. Then

~AUn1 = () = —— (o + 1) = —— ((B,V2)" + /()
n1+l n+1 nl+l (52)
AV = Bt (—Avpy1) = Bt (ul +g(x)) = Bt (e Un)? + g(x)).

Let 0 := ”p"H] < 0. Since o, and f, do not decrease with n

q+1)/(p+l) |44

V)’ + f(x) < z

Olnt1 ((ﬂ ) f( )) O<n+1 On+1

< U% + olpatp=p=Dir+lyp — U;ﬁ +alvr  (53)
n n
and
! g Wl | g/ e _ 19l g n=ton
((aUn)? + g(x)) < + af Ui = +alUI 250 (5.4)
ﬂn+l ﬁn ﬂn

because |U,|, =1 and o, [, — +0o0 as n — +oo. From (5.4) and the second
equation of (5.2) it follows that |V,|, — 0 as n — +o0o0. Hence, from (5.3) and
the first equation of (5.2), it follows that |U,| , — 0, which is a contradiction. []

The above boundedness is employed to construct the solution, arguing exactly
as in the proof of Theorem 3.2.
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