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Abstract. According to the results in Canto e Castro et al. [1], max-semistable distribution
functions can be characterized by a parameter rb 1, by the extreme value index g and by a
real function w defined in ½0; log r�. The estimation of the parameters r and g based on
ratios of di¤erences of order statistics, or appropriate functions of these sequences, was
treated in Dias and Canto e Castro [4]. In this work we study the asymptotic distribution
of these sequences of statistics.
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1. Introduction

For a long time many e¤orts have been made in order to extend the class of max-

stable distributions which was considered too restrictive for some important statis-

tical applications. In fact, this class, formed by all distribution functions (d.f.’s) G

such that there exist real constants an positive and bn satisfying Gnðanxþ bnÞ ¼
GðxÞ, for all positive integer n, is sometimes inadequate to model some non tradi-

tional phenomena, in particular those concerned with discrete distributions. It is

well known that a distribution function (d.f.) F belongs to the domain of attrac-

tion of a max-stable d.f. G, and we write F a MSðGÞ, if and only if there exist nor-

malizing real sequences fang positive and fbng such that

lim
n!þl

F nðanxþ bnÞ ¼ GðxÞ for all x a R: ð1Þ

The most common continuous d.f.’s belong to the domain of attraction of some

max-stable distribution, but the same does not happen for a long range of discrete
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and continuous multi-modal distributions. For instance, there are no normaliz-

ing real constants an positive and bn such that the limit (1) occurs for F ðxÞ ¼
ð1� e�½x�Þ1½0;þl�ðxÞ, x a R, and for the Von Mises d.f. given by F ðxÞ ¼
ð1� e�x�ð1=2Þ sin xÞ1½0;þl�ðxÞ, x a R. However, some of those d.f.’s can be included

in a new class, which is characterized by the following limiting behavior

lim
n!þl

F knðanxþ bnÞ ¼ GðxÞ for all x a CG; ð2Þ

where CG denotes the set of continuity points of the non-degenerate d.f. G. As we

will see later, max-semistable distribution functions present a log-periodic compo-

nent that makes them attractive in areas like seismology, turbulence and finance.

In the previous alternative limit, fang and fbng, with an > 0, are suitable real se-

quences and fkng is a non decreasing positive sequence verifying the geometric

growing condition

lim
n!þl

knþ1
kn
¼ rb 1 ðr < lÞ: ð3Þ

In this case, we obtain a larger class of possible limiting distributions for the

normalized maximum known in the literature of extremes as the class MSS of

max-semistable distributions. Moreover, in this new context, if (2) holds, we say

that the d.f. F belongs to the domain of attraction of the max-semistable d.f. G,

and we write F a MSSðGÞ. When r ¼ 1, even for knA n, we obtain the particular

case of the max-stable class. In the next examples the d.f ’s F are such that

F a MSSðGÞ but F B MSðGÞ.

Example 1.1. The geometric d.f. F ðxÞ ¼
�
1� expð�½x�Þ

�
1½0;þl½ðxÞ, x a R, veri-

fies (2) with kn ¼ ½en�, an ¼ 1, bn ¼ n and GðxÞ ¼ exp
�
�expð�½x�Þ

�
, x a R.

Example 1.2. Consider the d.f. F ðxÞ ¼
�
1� x�1

�
27þ cosð8p log xÞ

��
1½x0;þl½ðxÞ,

x a R, where x0 is solution of the equation 1 ¼ x�1
�
27þ cosð8p log xÞ

�
. Choos-

ing kn ¼ ½en=4�, an ¼ e�n=4 and bn ¼ 0, the limit (2) occurs with GðxÞ ¼
exp
�
�x�1

�
27þ cosð8p log xÞ

��
1�0;þl½ðxÞ, x a R.

During the last fifteen years there has been much interest in this topic and sev-

eral works have appeared concerning max-semistable laws. In the genesis of this

class are the papers of Pancheva [8] and Grinevich [6], [7]. These two authors have

established that a d.f. G is max-semistable if and only if is solution of the func-

tional equation

GðxÞ ¼ Grðaxþ bÞ for all x a R ð4Þ
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for some a > 0, b a R and r > 1. More precisely, a d.f. G is max-semistable if

there exist a d.f. F , kn, an and bn as above, such that (2) holds or, equivalently, if

G is a solution of (4). The characterization of max-semistable domains of attrac-

tion can be found in Grinevich [7] and in Canto e Castro et al. [1]. Recently, some

studies on the estimation of the unknown parameters of this new class of d.f.’s

arises in the literature, for instance Temido [10], Canto e Castro et al. [2] and

Dias and Canto e Castro [4]. Furthermore, we notice that if (4) is verified then,

for each n a N, there exist reals cn > 0 and dn such that

Grnðcnxþ dnÞ ¼ Grðaxþ bÞ ¼ GðxÞ;

which enables us to prove that the class Gr;a;b ¼ fG : GðxÞ ¼ Grðaxþ bÞg coin-

cides with the class Grn; cn;dn , where cn ¼ an and dn ¼ bðan�1 þ � � � þ a2 þ aþ 1Þ.
Then the constant r in (4) is not unique and can be replaced by an integer power

of itself. Grinevich [6] solve the functional equation (4) proving that there are

three main families of max-semistable laws. An unifying standard expression for

these families, analogous to the generalized form of Von Mises–Jenkinson for the

max-stable f.d.’s, is given by

Gg; nðxÞ ¼ exp
�
�ð1þ gxÞ�1=gn

�
logð1þ gxÞ

��
; x a R; 1þ gx > 0 and gA 0;

expf�e�xnðxÞg; x a R and g ¼ 0;

(

where n is a positive, bounded and periodic function. The parameters g and the

period p of the function n are related with the parameters a, b and r in (4) in the

following way:

• p ¼ log a ¼ g log r, for gA 0;

• p ¼ b ¼ log r, for g ¼ 0.

Observe that the p-quantile of Gg; n and the p-quantile of Gg;1ðxÞ ¼
expf�ð1þ gxÞ�1=gg are related through y ¼ ðxþ 1=gÞ

�
nð1þ gxÞ

��g � 1. So, a

max-semistable distribution can be a reasonable choice if a qq-plot fit to a max-

stable model shows a log-periodic oscillation along a straight line.

A characterization of max-semistable laws involving generalized inverse func-

tions was established in Canto e Castro et al. [1]. Supposing, without loss of gen-

erality, that

Gð0Þ ¼ e�1;

Gð1Þ ¼ expð�r�1Þ;
G is continuous at x ¼ 0;

8><
>:

the generalized inverse function of �logð�logGÞ verifies
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�
�logð�logGÞ

� ðm log rþ xÞ ¼ sm þ amwðxÞ for all x a ½0; log r�; m a Z ð5Þ

where the function w : ½0; log r� ! ½0; 1� is non decreasing, left continuous and con-

tinuous at x ¼ 0, and sm ¼ am�1
a�1 if aA 1 and a > 0 or sm ¼ m if a ¼ 1. This repre-

sentation allowed those authors to prove that the following conditions are neces-

sary and su‰cient for (2) to be verified for some sequence fkng satisfying (3):

lim
n!þl

Vðlog knþ1Þ � Vðlog knÞ
Vðlog knÞ � Vðlog kn�1Þ

¼ a ð6Þ

and

lim
n!þl

Vðlog kn þ xÞ � Vðlog knÞ
Vðlog knþ1Þ � Vðlog knÞ

¼ wðxÞ; x a ½0; log r� ð7Þ

where VðxÞ :¼
�
�logð�logFÞ

� ðxÞ. A max-semistable d.f. G can be completely

characterized using the parameters r and g, and also the function w. As we have

already said, the problem of the parameters estimation was firstly studied in

Temido [10] and, later on, in Dias and Canto e Castro [4]. Temido [10] proposed

that, in the estimation of the parameters, convenient functions of the sequences of

statistics

ZsðmNÞ :¼
XðmN=sÞ � XðmN Þ
XðmN Þ � XðmNsÞ

;

should be used. Here XðmN Þ :¼ XN�½mN �þ1:N represents the order statistics of a

sample of size N from any random variable X and m :¼ mN is an intermediate

sequence, that is, m is an integer sequence verifying limN!þl m ¼ þl and

limN!þl m=N ¼ 0. Dias and Canto e Castro [4] analyzed the asymptotic behav-

ior of this sequence of statistics and proved that ZsðmÞ converges in probability to

ac if and only if s ¼ rc, c a N. Those authors also proposed some methods to

estimate the parameter r involving the sequence of statistics

RsðmÞ :¼
Zs2ðmÞ�
ZsðmÞ

�2
which converges in probability to 1 if s ¼ rc, c a N. The main goal of this paper

is to establish the asymptotic distribution of ZsðmÞ and RsðmÞ for s ¼ rc, c a N.

In the class of max-stable laws, the study of the limit distribution of estimators

for g can be done using results obtained by Cooil [3]. These results concern the

joint asymptotic distributions of intermediate order statistics, when F is in the

first order di¤erentiable domain of attraction of a limit law G, and we write
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F a MSdif ðGÞ, that is, F is di¤erentiable in a left neighborhood of x0 :¼
supfx : F ðxÞ < 1g and there exist real sequences fang and fbng, with an > 0,

such that

dF n

dx
ðanxþ bnÞ ���!

n!þl
G 0ðxÞ

locally uniformly for all x a SG, where SG denotes the support of G. Indeed, Cooil

[3] proved that if F a MSdif ðGÞ then there are real functions ay positive and by,

for y > 0, such that for all intermediate sequences m and for t > 0, the stochastic

process ffiffiffiffi
m
p
ðXðmtÞ � bn=mtÞ=an=m

converges (in the sense of the convergence of all finite marginal distributions) to a

Gaussian process fWðtÞgt>0 characterized by

E
�
W ðtÞ

�
¼ 0; t > 0;

cov
�
W ðt1Þ;W ðt2Þ

�
¼ t
�g
1 t
�g�1
2 ; 0 < t1a t2:

2. The asymptotic distribution of the sequences of statistics

In the sequel we need the following lemma.

Lemma 2.1. Let Y1;Y2; . . . ;YN be independent and identically distributed random

variables with standard Gumbel d.f. . Suppose that fmNg is an intermediate sequence.

Then, with m :¼ mN and for all y > 0, the stochastic process

QN;mðyÞ :¼
ffiffiffiffi
m
p YðmyÞ � log N

my

� �
1þ m

N

 !

converges (in the sense of the convergence of all finite marginal distributions) to a

Gaussian process QðyÞ with mean zero and covariance structure given by

cov
�
Qðy1Þ;Qðy2Þ

�
¼ y

�g
1 y
�g�1
2 ; 0 < y1a y2: ð8Þ

Proof. According to, for instance Draisma [5], for a d.f. F a MSdif ðGÞ, the con-

stants an and bn can be chosen as an ¼ nU 0ðnÞ and bn ¼ UðnÞ, where UðtÞ :¼�
1=ð1� F Þ

� ðtÞ. As we said before, according to Cooil [3],

ffiffiffiffi
m
p YðmyÞ �U N

my

� �
N
m
U 0 N

m

� �
 !

ð9Þ
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converges to a Gaussian process with covariances given by (8). Considering now

that F denotes the standard Gumbel distribution function, we have

UðtÞ ¼ �log
�
�logð1� t�1Þ

�
ð10Þ

and then

UðtÞ ¼ log tþOðt�1Þ ¼ log tþ oð1Þ; as t! þl:

By (10), we can obtain

U 0ðtÞ ¼ 1

t2ðt�1 � 1Þ logð1� t�1Þ ;

and so, as t! þl,

tU 0ðtÞ ¼ 1

tðt�1 � 1Þ logð1� t�1Þ ¼ 1þ t�1 þOðt�1Þ ¼ 1þ t�1 þ oð1Þ:

Developing (9) we get the desired result since

ffiffiffiffi
m
p YðmyÞ �U N

my

� �
N
m
U 0 N

m

� �
 !

¼
ffiffiffiffi
m
p YðmyÞ � log N

my

� �
þ oð1Þ

1þ m
N
þ oð1Þ

 !

¼
ffiffiffiffi
m
p YðmyÞ � log N

my

� �
1þ m

N
þ oð1Þ

 !
þ oð1Þ: r

The next theorems establish the asymptotic normality of the sequences ZsðmÞ and
RsðmÞ when s ¼ rc, c a N.

Theorem 2.2. Let fXigib1 be a sequence of independent and identically distributed

random variables with continuous d.f. F . Suppose that, for some sequence fkng sat-
isfying (3), F verifies (2) with G di¤erentiable. Let fNng be an integer sequence such

that Nn ¼ ½kn�ln where 1a ln < ½knþ1�=½kn� and limn!þl ln ¼ l a ½1; r�. Let ftng and
fmng be integer sequences such that limn!þl mn ¼ limn!þl tn ¼ limn!þlðn� tnÞ
¼ þl. With m :¼ mn ¼ ½kn=kn�tn �, N :¼ Nn and XðmÞ :¼ XN�½m�þ1, consider the

sequence of statistics

ZrcðmÞ :¼
Xðm=rcÞ � XðmÞ
XðmÞ � XðmrcÞ

:

Then there exist normalizing real sequences fxmg and fumg, with um > 0 and

limn!þl xm ¼ ac, such that the asymptotic distribution of u�1m

ffiffiffiffi
m
p �

ZrcðmÞ � xm
�
is

standard normal.
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Proof. We only prove the case aA 1. The case a ¼ 1 can be easily obtained in a

similar way. In a first step we will prove that

ZrcðmÞ ¼d ac
ac�1
a�1 þ acwðqm=rc;nTðm=rcÞ þ dnÞ � wðqm;nTðmÞ þ bnÞ þ oPð1Þ
ac�1
a�1 þ acwðqm;nTðmÞ þ bnÞ � wðqmrc;nTðmrcÞ þ anÞ þ oPð1Þ

; ð11Þ

where qm;n ¼ 1þm=N, TðmÞ ¼
�
YðmÞ � logðN=mÞ

�
=qm;n, bn :¼ log N

kn�tn ½kn=kn�tn �

� �
¼

log ln þ oð1Þ, dn :¼ bn þ log rckn�tn
kn�tnþc

� �
¼ bn þ oð1Þ and an :¼ bn þ log kn�tn

r ckn�tn�c

� �
¼

bn þ oð1Þ. Taking into account that

Xi:N ¼d F ðUi:NÞ ¼d F 
�
LðYi:NÞ

�
¼
�
�logð�logF Þ

� ðYi:NÞ :¼ VðYi:NÞ; ð12Þ

where Yi:N are order statistics of a sample of size N from a Gumbel d.f. L, we get

ZrcðmÞ ¼d
VðYðm=r cÞÞ � VðYðmÞÞ
VðYðmÞÞ � VðYðmrcÞÞ

:

This can be rewritten using TðmÞ, as

ZrcðmÞ ¼d
Vðlog kn�tnþcþ qm=r c;nTðm=r cÞ þ dnÞ �Vðlog kn�tn þ qm;nTðmÞ þ bnÞ
Vðlog kn�tn þ qm;nTðmÞ þ bnÞ �Vðlog kn�tn�cþ qmrc;nTðmrcÞ þ anÞ

: ð13Þ

Taking into account that the convergence in (7) is uniform, we obtain

Vðlog kn þ xnÞ ¼ Vðlog knÞ þ wðxnÞdð1Þn þ oPðdð1Þn Þ; ð14Þ

for all sequences xn of elements in ½0; log r� and where d
ðiÞ
n :¼ Vðlog knþiÞ�

Vðlog knÞ, i a N. Using this in the developments of the numerator and denomina-

tor in (13) and normalizing conveniently we get, after some calculations

ZrcðmÞ ¼d
d
ðcÞ
n�tn

d
ðcÞ
n�tn�c

1þ wðqm=r c ; nTðm=r cÞþdnÞdð1Þn�tnþc

d
ðcÞ
n�tn

� wðqm; nTðmÞþbnÞd
ð1Þ
n�tn

d
ðcÞ
n�tn

þ oPðdð1Þn�tnþcÞ�oPðd
ð1Þ
n�tn Þ

d
ðcÞ
n�tn

1þ wðqm; nTðmÞþbnÞd
ð1Þ
n�tn

d
ðcÞ
n�tn�c

� wðqmr c ; nTðmr cÞþanÞdð1Þn�tn�c

d
ðcÞ
n�tn�c

þ oPðdð1Þn�tn Þ�oPðd
ð1Þ
n�tn�cÞ

d
ðcÞ
n�tn�c

:

Applying the results from Lemma 4.2 in [4] we obtain (11). By Lemma 2.1 we

know that the asymptotic distribution of ð
ffiffiffiffi
m
p

TðmrcÞ;
ffiffiffiffi
m
p

TðmÞ;
ffiffiffiffi
m
p

Tðm=rcÞÞ is

3-variate normal with mean zero and covariance matrix ½sij� with sij ¼
rðiþj�4Þcgþði�2Þc, ia j, i; j ¼ 1; 2; 3. We can obtain the desired result using the delta

method. This method allow us to prove that the asymptotic distribution of a func-

tion gðT1;n;T2;n; . . . ;Tk;n; nÞ involving n explicitly, with suitable normalizing

factors, is standard normal when the asymptotic distribution of the vector of statis-

tics
� ffiffiffi

n
p
ðT1;n � y1Þ;

ffiffiffi
n
p
ðT2;n � y2Þ; . . . ;

ffiffiffi
n
p
ðTk;n � ykÞ

�
ismultidimensional normal,
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with mean zero and known covariance matrix, and the first order derivatives of g

in order to xi, i ¼ 1; . . . ; k, exist and are finite, when xi ! yi and n! þl (see for

instance Rao [9]). Let u ¼ ðac � 1Þ=ða� 1Þ. Due to (11) we consider the function

gðx1; x2; x3;mÞ ¼ ac uþ acwðqm=r c;nx3 þ dnÞ � wðqm;nx2 þ bnÞ
uþ acwðqm;nx2 þ bnÞ � wðqmrc;nx1 þ anÞ

;

with first order partial derivatives

qg

qx1
¼ acqmrc;nw

0ðqmrc;nx1 þ anÞ
uþ acwðqm=rc;nx3 þ dnÞ � wðqm;nx2 þ bnÞ
½uþ acwðqm;nx2 þ bnÞ � wðqmrc;nx1 þ anÞ�2

;

qg

qx2
¼ �acqm;nw

0ðqm;nx2 þ bnÞ
uþ acuþ a2cwðqm=rc;nx3 þ dnÞ � wðqmrc;nx1 þ anÞ
½uþ acwðqm;nx2 þ bnÞ � wðqmrc;nx1 þ anÞ�2

;

qg

qx3
¼

a2cqm=rc;nw
0ðqm=rc;nx3 þ dnÞ

uþ acwðqm;nx2 þ bnÞ � wðqmrc;nx1 þ anÞ
:

Defining hn :¼ 1=½uþ acwðbnÞ � wðanÞ�, we have

xm :¼ gð0; 0; 0;mÞ ¼ ac uþ acwðdnÞ � wðbnÞ
uþ acwðbnÞ � wðanÞ

;

qg

qx1
ð0; 0; 0;mÞ ¼ acqmrc;nw

0ðanÞ
�
uþ acwðdnÞ � wðbnÞ

�
h2n ;

qg

qx2
ð0; 0; 0;mÞ ¼ �acqm;nw

0ðbnÞ
�
uþ acuþ a2cwðdnÞ � wðanÞ

�
h2n ;

qg

qx3
ð0; 0; 0;mÞ ¼ a2cqm=r c;nw

0ðdnÞhn:

Therefore we can consider

um ¼
X3
i¼1

X3
j¼1

sij ¼
qg

qxi
ð0; 0; 0;mÞ qg

qxj
ð0; 0; 0;mÞ

¼ r�ch4n
�
qmrc;nw

0ðanÞ
�2�

uþ acwðdnÞ � wðbnÞ
�2 þ r6cgþch2n

�
qm=r c;nw

0ðdnÞ
�2

þ r2cgh4n
�
qm;nw

0ðbnÞ
�2�

uþ acuþ a2cwðdnÞ � wðanÞ
�2 � 2rcg�ch4nqmrc;nqm;n

� w 0ðanÞw 0ðbnÞ
�
uþ acwðdnÞ � wðbnÞ

��
uþ acuþ a2cwðdnÞ � wðanÞ

�
þ 2r3cg�ch3nqmrc;nqm=r c;nw

0ðanÞw 0ðdnÞ
�
uþ acwðdnÞ � wðbnÞ

�
� 2r4cgh3nqm;nqm=rc;nw

0ðbnÞw 0ðdnÞ
�
uþ acuþ a2cwðdnÞ � wðanÞ

�
: r
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Theorem 2.3. Let fXigib1 be a sequence of independent and identically distrib-

uted random variables with continuous d.f. F . Suppose that, for some sequence

fkng satisfying (3), F verifies (2) with G di¤erentiable. Let fNng be an integer se-

quence such that Nn ¼ ½kn�ln where 1a ln < ½knþ1�=½kn� and limn!þl ln ¼ l a ½1; r�.
Let fmng and ftng be integer sequences such that limn!þl mn ¼ limn!þl tn ¼
limn!þlðn� tnÞ ¼ þl. Consider the sequence of statistics, with m :¼ mn ¼
½kn=kn�tn � and N :¼ Nn,

RrcðmÞ :¼
Zr2cðmÞ�
ZrcðmÞ

�2 ¼ Xðm=r2cÞ � XðmÞ

XðmÞ � Xðmr2cÞ

XðmÞ � XðmrcÞ
Xðm=r cÞ � XðmÞ

 !2
:

Then there exist normalizing real sequences fxmg and fumg, with um > 0 and

limn!þl xm ¼ 1, such that the asymptotic distribution of u�1m

ffiffiffiffi
m
p �

RrcðmÞ � xm
�
is

standard normal.

Proof. Again we only prove the case aA 1. The case a ¼ 1 can be easily obtained

in a similar way. Using the same arguments as in the previous proof, by (12), we

can write

Zr2cðmÞ ¼
d VðYðm=r2cÞÞ � VðYðmÞÞ

VðYðmÞÞ � VðYðmr2cÞÞ

¼
Vðlog kn�tnþ2c þ qm=r2c;nTðm=r2cÞ þ enÞ � Vðlog kn�tn þ qm;nTðmÞ þ bnÞ
Vðlog kn�tn þ qm;nTðmÞ þ bnÞ � Vðlog kn�tn�2c þ qmr2c;nTðmr2cÞ þ mnÞ

;

where qm;n ¼ 1þm=N, TðmÞ ¼
�
YðmÞ � logðN=mÞ

�
=qm;n, bn :¼ log N

kn�tn ½kn=kn�tn �

� �
¼

log ln þ oð1Þ, en :¼ bn þ log r2ckn�tn
kn�tnþ2c

� �
¼ bn þ oð1Þ and mn :¼ bn þ log kn�tn

r2ckn�tn�2c

� �
¼

bn þ oð1Þ. Taking into account (14), we get

Zr2cðmÞ ¼
d d

ð2cÞ
n�tn

d
ð2cÞ
n�tn�2c

1þ
wðq

m=r2c ; n
Tðm=r2cÞþenÞd

ð1Þ
n�tnþ2c�wðqm; nTðmÞþbnÞd

ð1Þ
n�tn

d
ð2cÞ
n�tn

þ oPðdð1Þn�tnþ2cÞ�oPðd
ð1Þ
n�tn Þ

d
ð2cÞ
n�tn

1þ
wðqm; nTðmÞþbnÞd

ð1Þ
n�tn�wðqmr2c ; n

Tðmr2cÞþmnÞd
ð1Þ
n�tn�2c

d
ð2cÞ
n�tn�2c

þ oPðdð1Þn�tn Þ�oPðd
ð1Þ
n�tn�2cÞ

d
ð2cÞ
n�tn�2c

:

ð15Þ

Attending once again to Lemma 4.2 in [4], from (15) we deduce

Zr2cðmÞ ¼
d
a2c

a2c�1
a�1 þ a2cwðqm=r2c;nTðm=r2cÞ þ enÞ � wðqm;nTðmÞ þ bnÞ þ oPð1Þ
a2c�1
a�1 þ a2cwðqm;nTðmÞ þ bnÞ � wðqmr2c;nTðmr2cÞ þ mnÞ þ oPð1Þ

: ð16Þ
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Due to (11) and (16) we obtain

RrcðmÞ

¼d a2c
a2c�1
a�1 þ a2cwðqm=r2c;nTðm=r2cÞ þ enÞ � wðqm;nTðmÞ þ bnÞ þ oPð1Þ
a2c�1
a�1 þ a2cwðqm;nTðmÞ þ bnÞ � wðqmr2c;nTðmr2cÞ þ mnÞ þ oPð1Þ

� a�c
ac�1
a�1 þ acwðqm;nTðmÞ þ bnÞ � wðqmrc;nTðmrcÞ þ anÞ þ oPð1Þ

ac�1
a�1 þ acwðqm=rc;nTðm=rcÞ þ dnÞ � wðqm;nTðmÞ þ bnÞ þ oPð1Þ

" #2
: ð17Þ

Using again Lemma 2.1 we can establish that the asymptotic distribution of

ð
ffiffiffiffi
m
p

Tðmr2cÞ;
ffiffiffiffi
m
p

TðmrcÞ;
ffiffiffiffi
m
p

TðmÞ;
ffiffiffiffi
m
p

Tðm=rcÞ;
ffiffiffiffi
m
p

Tðm=r2cÞÞ

is 5-variated normal with mean zero and covariance matrix given by sij ¼
rðiþj�6Þcgþði�3Þc, ia j, i; j ¼ 1; 2; 3; 4; 5. We apply again the delta method and,

due to (17), we choose the function

gðx1; x2; x3; x4; x5;mÞ ¼
u2 þ a2cwðqm=r2c;nx5 þ enÞ � wðqm;nx3 þ bnÞ
u2 þ a2cwðqm;nx3 þ bnÞ � wðqmr2c;nx1 þ mnÞ

� u1 þ acwðqm;nx3 þ bnÞ � wðqmrc;nx2 þ anÞ
u1 þ acwðqm=r c;nx4 þ dnÞ � wðqm;nx3 þ bnÞ

	 
2

:¼ l

y

h2

t2
;

where ui ¼ a ic�1
a�1 , i ¼ 1; 2, h :¼ u1 þ acwðqm;nx3 þ bnÞ � wðqmrc;nx2 þ anÞ,

t :¼ u1 þ acwðqm=r c;nx4 þ dnÞ � wðqm;nx3 þ bnÞ, y :¼ u2 þ a2cwðqm;nx3 þ bnÞ�
wðqmr2c;nx1 þ mnÞ and l :¼ u2 þ a2cwðqm=r2c;nx5 þ enÞ � wðqm;nx3 þ bnÞ. The first

order partial derivatives of g are

qg

qx1
¼ qmr2c;nw

0ðqmr2c;nx1 þ mnÞ
l

y2
h2

t2
;

qg

qx2
¼ �2qmrc;nw

0ðqmrc;nx2 þ anÞ
l

y

h

t2
;

qg

qx3
¼ qm;nw

0ðqm;nx3 þ bnÞ
h

t2y
2aclþ 2l

h

t
� h� a2ch

l

y

	 

;

qg

qx4
¼ �2acqm=r c;nw

0ðqm=rc;nx4 þ dnÞ
l

y

h2

t3
;

qg

qx5
¼ a2cqm=r2c;nw

0ðqm=r2c;nx5 þ enÞ
1

y

h2

t2
:
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Define h0 :¼ u1 þ acwðbnÞ � wðanÞ, t0 :¼ u1 þ acwðdnÞ � wðbnÞ, y0 :¼ u2þ
a2cwðbnÞ � wðmnÞ, l0 :¼ u2 þ a2cwðenÞ � wðbnÞ and jn :¼ 2acl0 þ 2l0h0=t0 � h0�
a2ch0l0=y0. Thus, with 0 ¼ ð0; 0; 0; 0; 0Þ, we get

xm :¼ gð0;mÞ ¼ l0

y0

h20
t20

;
qg

qx1
ð0;mÞ ¼ qmr2c;nw

0ðmnÞ
l0

y20

h20
t20

;

qg

qx2
ð0;mÞ ¼ �2qmrc;nw

0ðanÞ
l0

y0

h0
t20

;
qg

qx3
ð0;mÞ ¼ qm;n

w 0ðbnÞh0
t20y0

jn;

qg

qx4
ð0;mÞ ¼ �2acqm=r c;nw

0ðdnÞ
l0

y0

h20
t30

;
qg

qx5
ð0;mÞ ¼ a2cqm=r2c;nw

0ðenÞ
1

y0

h20
t20

:

Therefore

um :¼
X5
i¼1

X5
j¼1

sij
qg

qxi
ð0;mÞ qg

qxj
ð0;mÞ: r

References

[1] L. Canto e Castro, L. de Haan, and M. G. Temido, Rarely observed sample maxima.
Theory Probab. Appl. 45 (2000), 658–662. Zbl 0992.60055 MR 1968731

[2] L. Canto e Castro, S. Dias and M. G. Temido, The e¤ect of di¤erent geometric grow-
ing sequences in the limiting max-semistable laws. Preprint 11/06 of Center of Statis-
tics and Applications of University of Lisbon, 2006.

[3] B. Cooil, Limiting multivariate distributions of intermediate order statistics. Ann. Pro-
bab. 13 (1985), 469–477. Zbl 0572.62024 MR 781417

[4] S. Dias and L. Canto e Castro, Contributions to the statistical inference in max-
semistable models. Preprint 14/06 of Center of Statistics and Applications of Univer-
sity of Lisbon, 2006.

[5] G. Draisma, L. de Haan, L. Peng, and T. T. Pereira, A bootstrap-based method
to achieve optimality in estimating the extreme-value index. Extremes 2 (1999),
367–404. Zbl 0972.62014 MR 1776855

[6] I. V. Grinevich, Max-semistable laws corresponding to linear and power normaliza-
tions. Theory Probab. Appl., 37 (1992), 720–721.

[7] I. V. Grinevich, Domains of attraction for max-semistable laws under linear and
power normalizations. Theory Probab. Appl. 38 (1993), 640–650. Zbl 0835.60012
MR 1317998

[8] E. Pancheva, Multivariate max-semistable distributions. Theory Probab. Appl. 37

(1992), 731–732.

[9] C. R. Rao, Linear statistical inference and its applications. 2nd ed., John Wiley & Sons,
New York 2002. Zbl 0256.62002 MR 0346957

411Asymptotic distribution of statistics under max-semistability

http://www.emis.de/MATH-item?0992.60055
http://www.ams.org/mathscinet-getitem?mr=1968731
http://www.emis.de/MATH-item?0572.62024
http://www.ams.org/mathscinet-getitem?mr=781417
http://www.emis.de/MATH-item?0972.62014
http://www.ams.org/mathscinet-getitem?mr=1776855
http://www.emis.de/MATH-item?0835.60012
http://www.ams.org/mathscinet-getitem?mr=1317998
http://www.emis.de/MATH-item?0256.62002
http://www.ams.org/mathscinet-getitem?mr=0346957


[10] M. G. Temido, Classes de leis limite em teoria de valores extremos—estabilidade e
semiestabilidade. Ph.D. Thesis, University of Coimbra, 2000.

Received April 27, 2007; revised April 20, 2009

L. Canto e Castro, CEAUL e DEIO, Faculdade de Ciências, Universidade de Lisboa,
Bloco C6—Piso 4, Campo Grande, 1749-016 Lisboa, Portugal

E-mail: ldloura@fc.ul.pt

S. Dias, CM-UTAD, Departamento de Matemática, Universidade de Trás-os-Montes e
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