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The best constant for an almost critical Sobolev imbedding
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Abstract. The inequality,

[lull . < for all u e HV/>*%(Q),

—= ||U|| g N/2+e
\/EII [P
is shown for Q a sufficiently smooth domain in R" or a product of N bounded open

intervals. This inequality is optimal for any open domain Q.
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1. Introduction

This paper is motivated by a question of C. Bernardi and A. Blouza. Inspired by
the optimal estimate of the imbedding from H'!(Q) into L”(Q)

[lull, < Cv/pllull

when Q is a domain in R? (see, e.g., [4]), C. Bernardi conjectured that for reason-
ably regular 2-dimensional domains one should have for ¢ small enough

C
ull,, < %HMHHH,, for all u e H'*(Q).

The purpose of this paper is to show that the conjecture is true and moreover a
similar property is valid in any dimension. In addition the inequality is optimal
for all domains. This property has been used for two-dimensional rectangles in
the recent paper of C. Bernardi and A. Blouza [2]. For general results on Sobolev
spaces and lifting operators we refer to [1], [3].
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2. Main results
In this work we shall establish the following results:

Theorem 2.1. Let N € N* and let T be a product of N open intervals. There exists
a constant C = C(IT) for which

ull., < forall & € (0,1/2) and all u e HY/>*(I1).

—||U N/2+e
\/E HN/2+e

Theorem 2.2. Let Q be an open subset of RY , and assume that there exists a lifting
operator P e & (HN?(Q), HN?*(RN)) n & (HN>1(Q), HY/>1(RN)) for some
n > 0 satisfying

Pulg =u  forall ue HY*(Q).

Then there exists a constant C = C(Q) for which

[lul| forall ¢ € (0,5) and all u e HY**(Q).

0 = \/—HuHHW’“

Although Theorem 2.1 is obviously a special case of Theorem 2.2 we state two
results and give two proofs, because our proof of Theorem 2.1 provides a way to
compute an explicit constant C as soon as we choose a specific formula for the
norm in HV/>*%(T1) (there are infinitely many relevant choices). In addition the
structure which appears in the proof of Theorem 2.1 turns out to be fundamental
for the optimality result at the end of the paper.

3. Proof of Theorem 2.1

1) We consider first the special case N = 1. By scaling, we may obviously assume
I = (0,7). In this case, for any u € H'/>**(T1) we can write

0
= E U, Cosnx,
n=0

where

a 1 2+
&
> (1 u? < oo,
n=0
and we can select as an equivalent norm on H'/>** the expression

{i 14 n) 1+2£ 2}1/2.

n=
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Now we have obviously

o0
el <> ol
n=0

and by the Cauchy—Schwarz inequality for series we deduce that

© C(1aoe) V2
Jull, < { D1+ 29 pw.
n=0

The result follows immediately since

S <14 J x 2 g = 14—
pr 1 2e
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2) In the general case we are reduced, by an independent scaling of the N vari-

ables, to the case IT = (0,7)". For any u e HV/2*¢(IT) we write

U= Zu%¢w
o

where

ST+ )N < oo

o

with

N
a:(m17m27"'7mN)ENN7 ||O£||2:ij2>
Jj=1

N
¢y (x) = d,(x1,x2, ..., xXN) = H cos m;x;,
j=1

and we can select as an equivalent norm on H"/>*#(IT) the expression

P ={ (Vv + |a|>N+2sug}”2

o
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with

N
o] = ij.
=1
Now we have

lull . < D

o

and by the Cauchy—Schwarz inequality for series we deduce that

lull,, = {300 + o) ¥ pu ).

o

By summing first in my for f = (my,my,...,my_;) fixed and using the inequality

S V1B n) N+28>5J (N — 14 ] +x) V) gy
0

n=1

_ 1 —1+2¢)

( —1+ Iﬁl) (W-1+22)

we obtain that

Z(N+| | (N+2¢) Zi *1+|ﬂ|+ﬂ) (N+2e)
B

o n=1

< Z( 1 + |ﬂ‘ N—1+2¢)
s

as long as N > 2. By induction we are reduced after N — 1 steps to the case N =1
and find that

1
N (N+2¢) <1 -
S el <1

o

concluding the proof of Theorem 2.1 for N > 2.
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4. Proof of Theorem 2.2

We start with the simple case Q = R". In this case we have

ue HVP o fi= (14 ()Y ae 12
and
[ull grvse = 1l Sello-
Then

Jfe

U= (1 + |£|2>N/4+£/2

and by Cauchy—Schwarz we deduce that

A dé 1/2
ity < Wl | S5}

On the other hand,

J df _c o0 pN—ldp
(1 +|é|2)N/2+C N,JO (1 +p2)N/2+L‘
o 2\ (N-1)/2
<Cy Ler) N/2+sdp
o (I+p?)
o0 dp
=C [
N 0 (1+p2)1/2+£
o0 dp
=G+ CzJ Py

and finally
; C
llall, < %HuHHN/Zﬂ

for ¢ in a bounded interval. By inverting the Fourier transform the result follows
at once for any # > 0 in the case Q = R".
In the general case it suffices to observe that by interpolation theory we have
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P c g(HN/2+t(Q),HN/2+P(RN))

with uniformly bounded norm for 0 < ¢ <#. Then we have

/

C C
l[ull o < [1Pull,, < %”PuHH’V/ZH < %Hu”H’WZHv

concluding the proof of Theorem 2.2.

5. Optimality of the results

Theorem 5.1. Let N € N* and let Q be any open subset of RY. Then there exists a
constant ¢ = ¢(Q) > 0 such that for all ¢ € (0,1/2) there exists u, € HV/**(Q),
u, # 0, with

C
||u<°|| 0 = % ||ue||HN/2+g.

Proof. We may assume, up to translation and scaling, that
I1 = [0, n}N c Q.

Let ¢ € 2(Q) be a fixed function with ¢ = 1 on IT and define a bounded continu-
ous function on R" by the uniformly convergent N-periodic series

v= SN 4 [a)) g,

o
and then a function on Q by
U = QU;.
We have

lte]| . = 1s(0) = 0,(0) = Y (N + Jar) "V,

o

On the other hand,

(e[| prvioee < M|0e oo

and

172
||UC||HN/2+r, < M’pc(vc) =M {Z(N+ |a|> (N+2¢) } '

o
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Finally

fallgnee < M0 LSS 4 1oy )

o

It suffices to check that

Z(N+|OC|) (N+2e) Mlle—l

o

for all ¢ € (0,1/2). An easy calculation similar to the argument of Theorem 2.1
shows that in fact

SOV + o) N”‘)zj J J (N + [a)" ) diy dma .. dimy
1

7 1 1

1 Ao 1 1
- H = N—Tr. 4NN
QN)* ik +2e — 2N.NV"12e 4ANVe
since 2¢ < 1, and this is clearly enough to conclude the proof. O
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