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Abstract. In this paper we study the following parabolic problem

qtðuiÞ � Dðjuijsi uiÞ ¼ giðuÞ þ bi
!
‘ðjuijmi�1

uiÞ in �0;l½ �W;

ui ¼ 0 on �0;l½ � qW;

uið0; :Þ ¼ ui0 in W;

8><
>:

where W is a bounded domain with smooth boundary and i ¼ 1; 2; . . . d. Our aim is to
study existence of globally bounded weak solutions or blow-up, depending on the relations
between the parameters that appear in the problem.
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1. Introduction

The purpose of this paper is to study a reaction-di¤usion system of the following

type:

qtðuiÞ � Dðjuijsi uiÞ ¼ fiðu;‘uiÞ in ð0;lÞ �W i ¼ 1; . . . ; d; ð1:1Þ

where u is the vector u ¼ ðu1; . . . ; udÞ, d is an integerb 1, si > 0 and the reacting

functions fi have the following model form

fiðu;‘uiÞ ¼ giðuÞ þ bi
!
‘ðjuijmi�1

uiÞ i ¼ 1; . . . ; d; ð1:2Þ

with bi
!¼ bi

!ðt; xÞ a RN , mi > 0. We supplement this system with boundary con-

ditions

ui ¼ 0 in ð0;lÞ � qW i ¼ 1; . . . ; d; ð1:3Þ



and the initial data

uið0; :Þ ¼ ui0 in W; i ¼ 1; . . . ; d; ð1:4Þ

Throughout this paper we use the following notations.

Let i and j be positive integers such that 1a i; ja d, T and t be positive real

numbers such that T > t, h is arbitrary positive real number, W is a bounded open

set in RN ðNb 1Þ with smooth boundary qW, x ¼ ðx1; x2; . . . ; xNÞ a RN , D :¼PN
k¼1 q

2
k denotes the Laplace operator in Euclidean coordinates, ‘ is the gradient

with respect to x and the outer normal on qW is denoted by n ¼ ðn1; n2; . . . nNÞ,
finally HessðuÞ is the hessian of u. In the following we will denote ð0;TÞ �W by

QT , and ðt;TÞ �W by Qt;T . The norm in LpðWÞ, p > 1, will be written k:kp and
we also make use of the Sobolev spaces, especially of

W 1;pðWÞ :¼
�
u : W ! R j u a LpðWÞ and ‘u a

�
LpðWÞ

�N�
W 1;2

p ðWÞ :¼
�
u : W ! R j u a LpðWÞ and ‘u a

�
L2ðWÞ

�N�
W 2;pðWÞ :¼

�
u a W 1;pðWÞ jHessðuÞ a

�
LpðWÞ

�N�N�
W 1;2

p ðQT Þ :¼
�
u : QT ! R j u a Lp

�
�0;T ½;W 2;pðWÞ

�
and ut a Lp

�
�0;T �;LpðWÞ

��
and

HðWÞ :¼ fu ¼ ðu1; u2; . . . udÞ vi : W ! R j k‘ðjuijsii uÞk
2 a L2ðQTÞ; i ¼ 1; dg:

Once for all, we notice that the di¤erent constants (independent of e) are de-

noted by the same latter C.

System (1.1)–(1.4), in the case bi
!¼~00 has been studied extensively under vari-

ous types of initial and boundary conditions by a large number of authors, see

among others [3], [2], [4], [10], [11], [13], [15] and the literature therein.

This problem describes (in the case bi
!¼~00) many phenomena, for example it

describes non-stationary gas filtration in a porous medium (where u represents

the density of the gas) or the di¤usion in an biological population (u represents

the density of the population) see [15]. Finally in [18] u can be treated as a tem-

perature vector of interacting components of a combustible mixture. In the case

bi
!

A~00 the system (1.1)–(1.4) arises in:

1. Population dynamics. In the following system

St � DSm ¼ �IðgS � dÞ þ~bb‘S;

It � DI n ¼ IðgS � dÞ þ a~bb‘I

(
in ð0;lÞ �W;
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S and I represent, respectively, (as cited in [4] in the case when~bb ¼~00) the densities

of susceptibles and infectives under the e¤ect of certain natural mechanism repre-

sented by ~bb, gIS is the force of infection or incidence term; it represents the num-

ber of susceptible individuals S infected by contact with infective individuals I

per time unit; and dI is the number of infectives who become susceptibles after

recovery.

2. Environmental purification. Suppose that a polluted river contains d suspen-

sions with concentration ui, i ¼ 1; 2; . . . d. Then we obtain the following equations

qui

qt
� giDui ¼ FiðuÞ � divðVuiÞ

where V is the velocity of water flow.

The following results are well known. First, in the work of Galaktionov [10], it

is proved that the global existence of nonnegative solutions of the boundary value

problem (1.1)–(1.4) in the case when d ¼ 1 and f ðu;‘uÞ ¼ ub, depends on a rela-

tion between s (the power in di¤usion term), b, N and the data u0, where u0b 0.

In [11] the authors considered the system (1.1)–(1.4) with: d ¼ 2, g1ðu1; u2Þ ¼
ðu2Þp; g2ðu1; u2Þ ¼ ðu1Þq; bi

!¼~00. They proved that the above system has a global

nonnegative solution, for arbitrary nonnegative initial functions ui0 a Lsiþ2ðWÞ, if
1a p < s2 þ 1 and 1a q < s1 þ 1: For the limit cases p ¼ s2 þ 1 or q ¼ s1 þ 1

they established that the global solvability of the system depends on the spatial

structure of W.

In [15] Madallena generalized the preceding work by proving the existence of

global nonnegative weak solutions for a reaction-di¤usion system (1.1)–(1.4), for

arbitrary nonnegative initial functions ui0 a LlðWÞ, such that the functions fi sat-

isfy in the domain uj b 0 the following conditions

• fið0Þ ¼ 0,

• fiðuÞb 0 for every u ¼ ðu1; u2; . . . udÞ such that ui ¼ 0 that is fi is quasi-

positive,

• fiðuÞa
P

1ajad ciju
aij
j þ ci where cij, ci > 0 and 0 < aij < sj þ 1.

Moreover, existence of nonnegative mild solution for nonnegative initial data

in Lsiþ2ðWÞ, when fiðuÞ ¼
P

1ajad ciju
aij
j and aij < sj þ 1, is studied in [13], and it

is proved also that if aij ¼ sj þ 1 solutions may blow-up in finite time.

In this paper we generalize the preceding works, by supposing dependence on

the gradient in the reacting terms, that is namely the system (1.1)–(1.4). The paper

is organized as follows. In the next section we introduce a weak solution concept

and we state our main results on existence, uniqueness and blow-up. In Section 3,

which is the core of the remainder, we prove that one can pass from Lsiþ1 bounds

375Degenerate reaction di¤usion systems



to an Ll one, under various boundary conditions. To derive the Ll bounds we

use the Moser-type iteration technique of Alikakos (see [1]), for a single equation

(in the case bi
!¼~00) and developed by Dung (see [9]), in the case 0 < si < 1, see

also the method developed in [16]. It should be noted that this section has the

advantage that, generally speaking, it is hard or almost impossible to establish

Ll bounds directly from the equation.

Moreover we prove that the solution is more regular than the initial data (to be

more precise, we prove that if ui0 a Lsiþ2ðWÞ and kuiðt; :ÞkLsiþ1ðWÞaCðxÞ for all

tb x > 0 where C is an independent constant of the initial conditions, then

kuiðt; :ÞkLlðWÞaCðxÞ for all tb x > 0) thus we obtain uniform estimates with re-

spect to the initial data u0.

In Section 5, it will be established that if the initial data belongs toQd
i¼1 L

siþ2ðWÞ then under appropriate growth conditions on gi, problem (1.1)–

(1.4) has a global weak solution uðtÞ ¼
�
u1ðtÞ; u2ðtÞ; . . . udðtÞ

� �
uiðtÞ ¼ uiðt; xÞ

�
,

which belongs to
�
LlðWÞ

�d
for each tb x > 0 and we prove that if the initial

data is bounded, problem (1.1)–(1.4) has a unique global weak solution, which is

bounded for any tb 0. In the last section, we prove that in the limit case�
fiðu;‘uiÞ ¼

Pd
j¼1 ciju

aij
j þ bi

!
‘ðumi

i Þ
�
, the global solvability depends on the spatial

structure of W, more precisely, we prove that there exist thick domains W such that

all (nontrivial) positive weak solutions of (1.1)–(1.4) blow up in finite time, while

they exist globally and decay uniformly to zero as t ! l if W is small.

Remark 1. In practice, it is most important to consider a positive initial data but

we will assume that it is arbitrary for mathematical considerations. For simplicity

when investigating the limit case we may assume without loss of generality that

ui0b 0 in W.

2. Statements of main results

The following assumptions will be made throughout the paper, for all

i ¼ 1; 2; . . . d:

ðH1Þ 1ami < si þ 1,

ðH2Þ gið0Þ ¼ 0,

ðH3Þ gi and bi
!

are locally lipschitz in there arguments,

ðH4Þ there exist positive constants Li, aij with aij < sj þ 1 such that

kbi
!kaLi; jgiðuÞjaLi

�Xd
j¼1

juj jaij þ 1
�
;

ðH5Þ ui0 a Lsiþ2ðWÞ.
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Equation (1.1) is degenerate parabolic at the points where ui vanishes. There-

fore the problem (1.1)–(1.4) has, in general, no classical solutions. The weak so-

lution is defined as follows.

Definition 1. A function ðu1; u2; . . . udÞ is said to be a weak solution of problem

(1.1)–(1.4) on QT if for all i ¼ 1; 2; . . . d

(1) juijsi ui a L2ðQTÞ,
(2) ‘ðjuijsi uiÞ exists in the sense of distributions in QT and ‘ðjuijsi uiÞ a�

L2ðQTÞ
�N

,

(3) ui ¼ 0 on ð0;TÞ � qW in the sense of the traces,

(4) ui satisfies the identityð
W

uiðx;TÞjiðx;TÞ dx�
ð
QT

jitui dx dtþ
ð
QT

‘ðjuijsi uiÞ‘ji dx dt

¼
ð
QT

�
giðuÞji � bi

!
‘jijuij

mi�1
ui � divðbi

!Þjijuij
mi�1

ui
�
dx dt

þ
ð
W

ui0ðxÞjið0; xÞ dx

for every ji a C1ðQTÞ such that ji ¼ 0 on ð0;TÞ � qW.

We shall say that u is a global weak solution of problem (1.1)–(1.4) if u is a

weak solution on QT for all T > 0. By blow-up of solutions we mean that the so-

lution is defined in ð0;TÞ, 0 < Tal, and that at time T we have,

lim
t%T

kuðt; :ÞkLlðWÞ ¼ þl:

With respect to global existence and uniqueness our main result is the follow-

ing.

Theorem 2.1. Under the above assumptions, there exists a global weak solution

u ¼ ðu1; u2; . . . udÞ of the problem (1.1)–(1.4), which has the property that

kuið:; tÞkLlðWÞ aFðxÞ for all tb x > 0:

If moreover ui0 a LlðWÞ then u is unique in the class of bounded solutions, and has

the property that

kuið:; tÞkLlðWÞaC for all tb 0;

where FðxÞ is a positive function depending only x and C is a positive constant de-

pending only on u0.
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Moreover, if the initial data is positive and the functions gi are quasi-positive

then ðu1; u2; . . . udÞ is positive.

The proof is found in sections 5 and 6. Finally, in Section 7, we present the

global existence and blow-up results, depending on the range of the parameters

in the limit case.

Theorem 2.2. Let fiðu;‘uiÞ ¼ ci0 þ
Pd

j¼1 ciju
sjþ1
j þ bi

!
‘ðusiþ1

i Þ.
(1) If 2dmaxi; j¼1;...d cij þmaxi¼1;...dkbi

!kðlþ 1Þ < 2l (l is the first eigenvalue of

the Laplacian with zero Dirichlet data on qW) then for every positive initial

data in
�
LlðWÞ

�d
there exists a global weak solution of (1.1)–(1.4) (tending to

zero in case ci0 ¼ 0) which is unique, positive and globally bounded.

(2) If bi
!

is independent of t, bi
!

a ClðWÞ and if cii > li, (li is the first eigenvalue of

�DcðxÞ þ bi
!
‘cðxÞ with zero Dirichlet data on qW) then any nonnegative (non-

trivial) weak solution of (1.1)–(1.4) blows up in finite time.

3. LT-regularity

In this section we give a basic result of Ll-regularity for weak solutions of

(1.1)–(1.4). More precisely, we have the following theorem.

Theorem 3.1. Let ðu1; u2; . . . udÞ be a weak solution of the problem (1.1)–(1.4). As-

sume that there exists a positive continuous function F1 not depending on u0 such

that

kuiðt; :ÞkLsiþ1ðWÞaF1ðxÞ for all t a ½x;TmaxÞ; i ¼ 1; . . . ; d: ð3:1Þ

Then there exists a positive continuous function Fl not depending on u0 such that

kuiðt; :ÞkLlðWÞaFlðxÞ for all t a ½x;TmaxÞ; i ¼ 1; . . . ; d: ð3:2Þ

Moreover, if there exists a positive number C1ðu0Þ such that

kuiðt; :ÞkLsiþ1ðWÞaC1ðu0Þ for all t a ½0;TmaxÞ; i ¼ 1; . . . ; d; ð3:3Þ

then there exists a positive number Clðu0Þ such that

kuiðt; :ÞkLlðWÞaClðu0Þ for all t a ½0;TmaxÞ; i ¼ 1; . . . ; d: ð3:4Þ

The proof of the above theorem is obtained by an obvious modification of the

techniques of Dung [9]; the following two lemmas serve as the main ingredients.
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Lemma 3.2. Suppose that the nonnegative function y is absolutely continuous and

satisfies for almost every t the inequality

y 0 þ yyn
a d with n > 1; y > 0; db 0: ð3:5Þ

Then for all t > 0 we have

yðtÞa d

y

� �1=n
þ
�
yðn� 1Þt

��1=ðn�1Þ
: ð3:6Þ

In particular, if limt!0þ yðtÞ ¼ yð0Þ is finite, (3.6) becomes

yðtÞamax yð0Þ; d

y

� �1=n( )
for all tb 0: ð3:7Þ

The proof can be found in [18, page 167].

Lemma 3.3. Let p a ½1; 2Þ and r a p; 2 Nþ1
N

	 �
. Then for any given h > 0, there exist

positive constants cðhÞ, q depending only on p and r, such that

ð
W

jujra h
� ð

W

k‘uk2 dxþ kuk2LpðWÞ

�
þ cðhÞkukq

L pðWÞ:

for any u a W 1;2
p ðWÞ. Here

q ¼ 2rð1� tÞ
2� rt

with t :¼
1
p
� 1

r

1
p
þ 1

N
� 1

2

:

In proving local existence for degenerate equations such as (1.1)–(1.4) one

standard approach consists in approximating the problem with a sequence of non-

degenerate problems which can be solved in a classical sense. In order to do that

we consider

• an increasing sequence of positive numbers ðReÞe such that lime!0
Re ¼ þl;

• ce a Cl
c ðRþÞ such that 0acea 1 and ceðrÞ ¼

1 if jrjaRe;

0 if jrjbRe þ 1;




• smooth functions gie such that gieðr1; r2; . . . rdÞ ¼ giðr1; r2; . . . rdÞceðjr1j þ
jr2j þ � � � þ jrd jÞ;

• feðrÞ :¼ ðjrj þ eÞ for all r a R;

• a sequence u0e ¼ ðu10e; u20e; . . . ud0eÞ a
�
Cl

c ðWÞ
�d

(which is uniformly bounded

in Ll if ui0 a Ll) such that ðui0eÞe tends to ui0 in Lsiþ2ðWÞ.
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Consider the following regularizing problems:

qtðuieÞ � ðsi þ 1Þ div
�
fsi
e ðuieÞ‘uie

�
¼ gieðueÞ þ bi

!
‘ðjuiejmi�1

uieÞ in QT ; ð3:8Þ

subject to Dirichlet boundary conditions

uie ¼ 0 on ð0;TÞ � qW; ð3:9Þ

and initial conditions

uieð0; :Þ ¼ ui0e in W: ð3:10Þ

By [14, Theorem 7.4], there is Tmax; e > 0 such that the problem (3.8)–(3.10)

has a unique maximal solution ue ¼ ðu1e; u2e; . . . udÞ a
�
W 1;2

q ðQTmax; e
Þ
�d

for all

1a q < l.

Moreover, under the additional conditions

ðH6Þ ui0b 0, i ¼ 1; 2; . . . d,

ðH7Þ gi is quasi-positive, that is giðuÞb 0 for every u ¼ ðu1; u2; . . . udÞ such that

ui ¼ 0 and uj b 0 for iA j,

we can prove that ue is classical and positive, see [12]. In order to prove Theorem

3.1 it su‰ces to prove the following.

Proposition 3.4. Suppose there exists a positive continuous function F1 not depend-

ing on e and u0 such that

kuieðt; :ÞkLsiþ1ðWÞaF1ðxÞ for all t a ½x;TmaxÞ: ð3:11Þ

Then there exists a positive continuous function Fl not depending on e and u0 such

that

kuieðt; :ÞkLlðWÞ aFlðxÞ for all t a ½x;TmaxÞ: ð3:12Þ

Alternatively, if there exists a positive finite constant C1ðu0Þ not depending on e such

that

kuieðt; :ÞkLsiþ1ðWÞaC1ðu0Þ for all t a ½0;TmaxÞ; ð3:13Þ

then there exists a finite positive constant Clðu0Þ not depending on e such that

kuieðt; :ÞkLlðWÞaClðu0Þ for all t a ½0;TmaxÞ: ð3:14Þ

In order to prove this proposition at first we prove the following lemmas.
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Lemma 3.5. Assuming (3.11), there exists a positive continuous function Fl not

depending on e and u0 such that

kuieðt; :ÞkLsiþ2ðWÞaF2ðxÞ for all t a ½x;TmaxÞ: ð3:15Þ

If (3.13) is satisfied then there exists a finite positive constant C2ðu0Þ not depending
on e such that

kuieðt; :ÞkLsiþ2ðWÞaC2ðu0Þ for all t a ½0;TmaxÞ: ð3:16Þ

Proof. For simplicity, we omit the index e. By multiplying ð3:8Þ by juijsi ui, and
integrating over W, we obtain the following inequality with the help of the Young

inequality:

1

si þ 2

d

dt

ð
W

juijsiþ2
dxþ

ð
W

k‘ðjuijsi uiÞk2 dx

aCðhÞ
Xd
j¼1

ð
W

jujjsjþ1þy
dxþ h

ð
W

k‘ðjuijsj uiÞk2 dxþ CðhÞ;

where yasj þ 1

From Lemma 3.3, if we take into account assumptions on aij and mi, we find

d

dt

ð
W

juijsiþ2
dxþ C

ð
W

k‘ðjuijsi uiÞk2 dx

a 2h
Xd
j¼1

ð
W

k‘ðjujjsj ujÞk2 dxþ CðhÞ
Xd
j¼1

� ð
W

jujjsjþ1
dx

�q
þ CðhÞ;

By adding these inequalities we obtain that, for h su‰ciently small,

d

dt

Xd
i¼1

ð
W

juijsiþ2
dxþ C

Xd
i¼1

ð
W

k‘ðjuijsi uiÞk2 dxaC
Xd
i¼1

� ð
W

juijsiþ1
dx

�q
þ C

ð3:17Þ

Assuming (3.11), (3.17) can be written in the following form

d

dt

Xd
i¼1

ð
W

juijsiþ2
dxþ C

ð
W

k‘ðjuijsi uiÞk2 dxaCðxÞ for all tb x > 0: ð3:18Þ
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On the other hand, the Hölder and Young inequalities imply

ð
W

juijsiþ2
dxaC

� ð
W

juij2ðsiþ1Þ
dx

�ðsiþ2Þ=2ðsiþ1Þ
aC

� ð
W

juij2ðsiþ1Þ
dxþ 1

�ðgþ1Þ=2

where g :¼ max1aiad
1

ðsiþ1Þ . Then from Lemma 3.3 and Jensen inequality, ð3:18Þ
becomes

d

dt

ð
W

Xd
i¼1

juijsiþ2
dxþ C

� ð
W

Xd
i¼1

juijsiþ2
dx

�2=ðgþ1Þ
aCðxÞ for all tb x > 0:

ð3:19Þ

Alternatively, if ð3:13Þ is satisfied we obtain

d

dt

ð
W

Xd
i¼1

juijsiþ2
dxþ C13

� ð
W

Xd
i¼1

juijsiþ2
�2=ðgþ1Þ

aCðu0Þ for all tb 0: ð3:20Þ

Finally, by putting yðtÞ ¼
Ð
W

Pd
i¼1 juij

siþ2
dx in ð3:19Þ and ð3:20Þ, Lemma 3.2

implies the desired result. r

We now prove inductively that uie is bounded in Lp for each pbsi þ 1:

Lemma 3.6. Let pbsi þ 1. Assuming (3.11), there exists a positive function Fp

not depending on u0 and e such that

kuieðt; :ÞkLpðWÞaFpðxÞ for all t a ½x;Tmax; eÞ: ð3:21Þ

If (3.13) is given, then there exists a positive constant Cpðu0Þ not depending on e such

that

kuieðt; :ÞkLpðWÞ aCpðu0Þ for all t a ½0;Tmax; eÞ: ð3:22Þ

Proof. Let rk b 1. By multiplying ð3:8Þ by juijrkðsiþ1Þ�1
ui and integrating over W,

we obtain the following with the help of Young inequality

1

rkðs1 þ 1Þ þ 1

d

dt

ð
W

jujjrkðs1þ1Þþ1
dxþ 4rk

ð1þ rkÞ2
ð
W

k‘ðjuj jðs1þ1Þðrkþ1Þ=2�1
ujÞk2 dx

aCðhÞ
Xd
j¼1

ð
W

jujjrkðsjþ1Þþy
dxþ h

ð
W

k‘ðjujjðs1þ1Þðrkþ1Þ=2�1
ujÞk2 dxþ CðhÞ;

ð3:23Þ
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where yasj þ 1. In order to estimate
Ð
W juj jrkðsjþ1Þþy

dx we construct the follow-

ing sequences:

rk ¼ lk; pik ¼
2
�
rk�1ðsi þ 1Þ þ 1

�
ðsi þ 1Þð1þ rkÞ

and nik ¼
�
ðsi þ 1Þ1þ rk

�
1þ rkðsi þ 1Þ ;

where 1 < l < þmini¼1;...;d
1

siþ1 . It is obvious that 1 < pik < 2 for all i ¼ 1; . . . ; d.

By setting wi ¼ juijðsiþ1Þððrkþ1Þ=2Þ�1
ui and applying Lemma 3.3, we can esti-

mate
Ð
W jujjrkðsjþ1Þþy

dx ¼
Ð
W jujj2ðrkðsjþ1ÞþyÞ=ðrkþ1Þðsjþ1Þ

dx in term of kwikLpik and

k‘wikL2 . Hence (3.23) becomes

d

dt

ð
W

jwij2=nik dxþ ð1� hÞ
ð
W

k‘wik2 dx

a h
Xd
j¼1

ð
W

k‘wjk2 dxþ CðhÞ
Xd
j¼1

kwjkqkL pik ðWÞ þ CðhÞ:

By summing up these inequalities over i we find

d

dt

ð
W

Xd
i¼1

jwij2=nik dxþ ð1� 2 dhÞ
ð
W

Xd
i¼1

k‘wik2 dx

a 2 dh

ð
W

Xd
i¼1

k‘wik2 dxþ CðhÞ
Xd
i¼1

kwikqkL pik ðWÞ þ CðhÞ: ð3:24Þ

We will prove by induction on kb 1 that

kwikLpik ðWÞ < FpðxÞ for all tb x > 0: ð3:25Þ

Assuming ð3:25Þ for some k, ð3:24Þ becomes

d

dt

ð
W

Xd
i¼1

jwij2=nik dxþ C

ð
W

Xd
i¼1

k‘wik2 dxaFpðxÞ: ð3:26Þ

By combining the Hölder, Sobolev and Young inequalities we get

� ð
W

jwij2=nik dx
�nk

aC

ð
W

k‘wik2 dxþ C; where nk ¼ min
i¼1;2

ðnikÞ: ð3:27Þ

By letting ykðtÞ ¼
Ð
W

P
1aia2 jwij2=nik dx ¼ kwikLpik and inserting ð3:27Þ into

ð3:26Þ, we find
d

dt
ykðtÞ þ CykðtÞnk aC:
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As a consequence, Lemma 3.2 implies that ð3:25Þ will be satisfied for k þ 1. The

lemma now follows by applying Lemma 3.5. r

Next, in order to show that the solution ue is uniformly bounded, we make use

of the following lemma.

Lemma 3.7. For any lb 1 there exist positive constants d0, d1, d2, t and t 0 with t

and t 0 not depending on l such that if (3.11) is satisfied then for every tb x > 0 we

have

d

dt

ð
W

X
1aiad

jvijgiþl
dxþ d0

ð
W

k‘ðjvijðl�1Þ=2
viÞk2 dx

a d1ðxÞlt

ð
W

X
1aiad

jvijgiþl
dxþ d2l

t:

Moreover, if (3.13) is satisfied then for all tb 0 we have

d

dt

ð
W

X
1aiad

jvijgiþl
dxþ d0

ð
W

k‘ðjvijðl�1Þ=2
viÞk2 dx

a d1ðku0kÞlt

ð
W

X
1aiad

jvijgiþl
dxþ d2l

t;

where vi ¼ juijsi ui and gi ¼ 1
siþ1 .

Proof. By multiplying (3.8) by juijlðsiþ1Þ�1
ui and integrating over W we can pro-

ceed exactly as we did in the proof of the Lemma 3.6, to obtain that

d

dt

ð
W

jvijgiþl
dxþ d3

ð
W

k‘ðjvijðl�1Þ=2
viÞk2 dxa d4l

ð
W

X
1aiad

jvijlþa
dxþ d5l

2 þ C

ð3:28Þ

where ab 1. By using the Hölder inequality and the fact that

jvijlþa ¼ jvijhð1þlÞða�giÞ=ðhða�giÞþeÞjvijða�giÞðhða�1ÞþeÞ=ðhða�giÞþeÞjvijeðgiþlÞ=ðhða�giÞþeÞ;

where e is a positive number and h > 0 is to be chosen below, we get

ð
W

jvijaþl
dxa

� ð
W

jvijhð1þlÞ=ðh�2Þ
dx

�Pi
� ð

W

jvijp
�
dx

�R� ð
W

jvijlþgi dx
�Qi

ð3:29Þ

with
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Pi ¼
ðh� 2Þða� giÞ
hða� giÞ þ e

; Qi ¼
e

hða� giÞ þ e
; Ri ¼

2ða� giÞ
hða� giÞ þ e

;

p� ¼ 1

2

�
hða� 1Þ þ e

�
:

Three cases may occur:

• Consider first the case N > 2. In this case it su‰ces to choose h ¼ N. Then

we use the compactness of the imbedding W 1;2 ,! L2h=ðh�2Þ to obtain that

ð
W

jvijhð1þlÞ=ðh�2Þ
dxaCðWÞ

h ð
W

k‘ðjvijðl�1Þ=2
viÞk2 dxþ

ð
W

jvij1þl
dx

ih=ðh�2Þ
:

ð3:30Þ

• Next, we consider the case N ¼ 2. One can obtain ð3:30Þ by choosing h > 2

and using the compactness of the imbedding W 1;2 ,! Lq for all qb 2:

• Lastly, we consider the case N ¼ 1. We choose h > 2 and we use the com-

pactness of the imbedding W 1;2 ,! Ll to obtain ð3:30Þ.

Since p� is independent of l, by reporting ð3:30Þ into ð3:29Þ and by using the

fact that h
h�2Pi þQi ¼ 1, Young inequality gives us

d4l

ð
W

jvijaþl
dxa h

h ð
W

k‘ðjvijðl�1Þ=2
viÞk2 dxþ

ð
W

jvij1þl
dx

i
þ CðhÞlt

ð
W

v
giþl
i dx

ð3:31Þ

where t ¼ maxi¼1;d
1
Qi

n o
for all ab 1. In particular, for a ¼ 1 we have

ð
W

jvij1þl
dxa h

ð
W

k‘ðjvijðl�1Þ=2
viÞk2 dxþ CðhÞlt

ð
W

v
giþl
i dx: ð3:32Þ

Assuming ð3:11Þ and by inserting ð3:31Þ and ð3:32Þ into ð3:28Þ we obtain that, for

h su‰ciently small,

d

dt

ð
W

jvijgiþl
dxþ d0

ð
W

k‘ðjvijðl�1Þ=2
viÞk2 dxad1ðxÞlt

ð
W

X
1aiad

jvijgiþl
dxþ d2ðxÞl2;

for all tb x > 0. By exactly in the same way we can prove that if (3.13) is given

then we have
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d

dt

ð
W

jvijgiþl
dxþ d0

ð
W

k‘ðjvijðl�1Þ=2
viÞk2 dx

a d1ðu0Þlt

ð
W

X
1aiad

jvijgiþl
dxþ d2ðu0Þl2: ð3:33Þ

for all tb 0. This completes the proof of the lemma. r

As a final preliminary step we state the following lemma.

Lemma 3.8. Let lk ¼ 2k, k a N, t and m be positive constants such that t� m
lk
> 0:

Then there exist positive constants 0 and C0ðmÞ such that

ykðtÞaUkðt; mÞ; ð3:34Þ

where

ykðtÞ ¼
ð
W

X
1aiak

juijðsiþ1ÞðlkþgiÞ dx; kb 1;

Ukðt; mÞ ¼ C0ðmÞl0k
�
sup
sbt

yk�1ðsÞ þ 1
�sk with sk ¼

dþ lkþ1

dþ lk
;

where d ¼ min1aia2fh� giðh� 2Þg > 0, and h ¼ N if N > 2, h ¼ 2 if N < 2:

Proof. Let us construct the following sequences

Qik ¼ hðlk þ 1Þ � ðh� 2Þðgi þ 1Þ
hðlk þ 1Þ � ðh� 2Þðgi þ 1Þ ;

Pik ¼ 1�Qik;

Pik ¼ h

h� 2
Pik;

sik ¼ Qik

1� Pik

¼ h� ðh� 2Þgi þ lkþ1

h� ðh� 2Þgi þ lk
> 1:

The Hölder inequality implies that

ð
W

jvijlkþgi dxa
� ð

W

jvijhð1þlkÞ=ðh�2Þ
dx

�Pik
� ð

W

jvijlk�1þgi dx
�Qik

;

from which, with the help of the Sobolev inequality, we obtain
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ð
W

jvijlkþgi dx

aC
� ð

W

k‘ðjvijðlk�1Þ=2
vik2 dxþ

ð
W

jvijlkþgi dx
�Pik

� ð
W

jvijlk�1þgi dx
�Qik

:

The Young inequality asserts then that

clt2

ð
W

jvijlkþgi dxa
d0

2

ð
W

k‘ðjvijðlk�1Þ=2
vik2 dxþ c 0lt3

� ð
W

jvijlkþgi dx
�sik

ð3:35Þ

The remaining part of the proof follows from the proof of [9, Lemma 4]. r

4. Proof of Proposition 3.4

1. Suppose that (3.11) is given. Let x and x 0 be two positive reals such that

x 0 > x > 0. We put m ¼ x 0�x
2 ; t0 ¼ x 0þx

2 > x; tk ¼ tk�1 � mlk. From ð3:34Þ we have

1þ sup
tbtk�1

ykðtÞaC0l
s
k

�
1þ sup

tbtk

yk�1ðtÞ
�sk :

By letting Kx ¼ maxi¼1;...d suptbxð
Ð
W jvijgiþ1

dxþ 1Þ we deduce that

sup
tbtk�1

ykðtÞaCAk

0 2sBkK Ck

x ;

where

Ak ¼ 1þ sk þ sksk�1 þ � � � þ sksk�1 . . . s1;

Bk ¼ k þ ðk � 1Þsk þ ðk � 2Þsksk�1 þ � � � þ sksk�1 . . . s1;

Ck ¼ sksk�1 . . . s1 ¼
dþ lkþ1

dþ l1
:

In order to complete the proof it su‰ces to see that Ak and Bk are of order 2
k as k

tends to þl. We found that

sup
tbt0

ykðtÞa sup
tbtk�1

ykðtÞaCAk

0 2sBkK
ðdþlkþ1Þ=ðdþl1Þ
x : ð4:1Þ

By taking the 1
giþ2k power of both sides of ð4:1Þ and passing to the limit as k tends

to þl, we obtain

sup
tbx 0

kviðt; :ÞkLlðWÞa lim
k!l

sup
tbt0

�
ykðtÞ

�1=ðgiþlkÞ
aCK

2=ðdþl1Þ
x :

2. Suppose that ð3:13Þ is given. We need the following lemma due to Alikakos [1].
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Lemma 4.1. Let o a nonnegative function defined in ð0;lÞ �W, satisfying the dif-

ferential inequality

q

qt

ð
W

jojlkþg
a�ek

ð
W

jojlkþg þ ðak þ ekÞck
h
sup
tb0

ð
W

jojlk�1þg
ipk

; k ¼ 1; 2; . . . ;

where ak, ek, ck are respectively of order 1
2k , 2

ak, 2k as k tends to infinity, a is a pos-

itive constant, and ðlk�1 þ 1Þpk a lk þ 1. Then there exists a positive constant a

such that

sup
tb0

koðt; :ÞkLl a a22ðaþ2ÞK ;

where Kbmaxf1; suptb0koðt; :ÞkLsþ1 ; koð0; :ÞkLlg.

Now combining ð3:33Þ and ð3:35Þ we obtain that

d

dt

ð
W

jvijlkþg
a

�
�2cþ d1ðu0Þ

�
lt2
k

ð
W

jvijlkþg þ Clt3
k

h
sup
tb0

ð
W

jvijlk�1þg
isik

;

k ¼ 1; 2; . . .l, which completes the proof, thanks also to Lemma 4.1.

Remark 2. The results of this section can be extended to the following cases.

Case 1.
qtui � Dðjuijsi uiÞ ¼ fiðt; x; u;‘uiÞ in �0;l½ �W

q

qn
ðjuijsi uiÞui a 0 on �0;l½ � qW

uð0; :Þ ¼ ui0; ui0 a LlðWÞ in W

8>><
>>:

with

• si > 0,

• j fiðt; x; u; xÞja k1
P

1ajad jujj
aj þ k2kxkdi þ k3, where

• kl b 0; l ¼ 1; 3; ai a
h
0; si þ 1þ siþ2

N

h
; di a 0; siþ1

si

h h
.

Case 2.

qtðuiÞ � Dðjuijsi uiÞ ¼ giðt; x; uÞ þ bi
!
‘ðjuijmi�1

uiÞ in �0;l½ �W;

q

qn
ðuijujsiÞui a 0; or

PN
j¼1ui

q

qxj
ðjuijsi uiÞ þ bijjuijmi�1

uinj

� �
a 0

9>>=
>>; on �0;l½ � qW;

uið0; :Þ ¼ ui0 in W;

8>>>>>>>>><
>>>>>>>>>:
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with

• si > 0,

• there exist aj a 0; sj þ 1þ sjþ2

N

h h
such that for ðt; xÞ a Rþ �W and u ¼

ðu1; u2; . . . udÞ we have

jgiðt; x; uÞja k1
X

1ajad

u
aj
j þ k2;

for some positive constants k1, k2,

• mi a 0; ðsi þ 1Þ Nþ1
N

	 	
.

5. Global existence

In order to prove the global existence we prove at first the following energy esti-

mates.

Lemma 5.1. Suppose that the assumptions ðH1Þ–ðH5Þ are satisfied. Then the solu-

tion ue of (3.8)–(3.10) is global (that is Tmax; e ¼ l) and there exists a positive func-

tion F not depending on e and u0 such that

kuieðt; :ÞkLl aFðxÞ for all tb x > 0: ð5:1Þ

Moreover, if u0 a
�
LlðWÞ

�d
then there exists a positive constant C not depending

on e such that

kuieðt; :ÞkLl aCðku0kLlÞ for all tb 0: ð5:2Þ

Proof. By Proposition 3.4, it is enough to show that there is a positive function F0

such that

kuieðt; :ÞkLsiþ2ðWÞaF0ðxÞ for all tb x > 0;

and if u0 a
�
LlðWÞ

�d
then there is a positive constant C0 such that

kuieðt; :ÞkLsiþ2ðWÞaC0ðu0Þ for all tb 0:

By multiplying ð3:8Þ by juiejsi uie, integrating over W and taking into account that

aij < sj þ 1 and mi < si þ 1, we obtain the following, with the help of Young and

Poincaré inequalities: for all h > 0,
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1

si þ 2

ð
W

qtjuiejsiþ2
dxþ

ð
W

k‘ðjuiejsi uieÞk2 dx

a h
Xd
j¼1

ð
W

k‘ðjujjsj ujÞk2 dxþ CðhÞ:

By adding these inequalities, we find

ð
W

Xd
i¼1

qtjuiejsiþ2
dxþ Cð1� dhÞ

ð
W

Xd
i¼1

k‘ðjuiejsiuieÞk2 dxaCðhÞ: ð5:3Þ

By choosing h small enough in the last inequality and using the Poincaré inequal-

ity we have

d

dt

ð
W

Xd
i¼1

juiejsiþ2
dxþ C

ð
W

Xd
i¼1

juiej2ðsiþ1Þ
dxaC: ð5:4Þ

By using the Hölder inequality in the second term of the left hand side, we find

Xd
i¼1

ð
W

juiej2ðsiþ1Þ
dxbC

Xd
i¼1

� ð
W

juiejsiþ2
dx

�2ðsiþ1Þ=ðsiþ2Þ
bC

Xd
i¼1

� ð
W

juiejsiþ2
dx

�n
;

ð5:5Þ

where n > 1 depends on si. By inserting ð5:5Þ into ð5:4Þ and writing y ¼Pd
i¼1

Ð
W juiejsiþ2

dx, we obtain the following, by also using Jensen inequality:

d

dt
yðtÞ þ CyðtÞnaC:

Thanks also to Lemma 3.2, this completes the proof. r

We now proceed with the proof of global existence. By integrating the di¤er-

ential inequality ð5:3Þ over ½0;T � and choosing h su‰ciently small, we obtain

ð
W

juiejsiþ2ðT ; xÞ dxþ
ð
QT

k‘ðjuiejsiuieÞk2 dx dtaCðTÞ; i ¼ 1; d:

By using the uniform estimate ð5:2Þ, multiplying ð3:8Þ by fðuieÞsi uie and integrat-

ing over QT , we get

ðT

0

ð
W

kfðuieÞsi‘uiek2 dx dtaCðTÞ; i ¼ 1; d:
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By compactness arguments, it follows that there exists a function ui and a subse-

quence of uie, which we still denote by uie, such that

ðjuiej þ eÞsi‘uie ! juijsi‘ui weakly in L2ðQT Þ;

juiejsi uie ! juijsi ui in the strong topology of L2ðQTÞ;
uieðt; :Þ ! uiðt; :Þ almost everywhere in W;

juiejmi�1
uie ! juijmi�1

ui in the strong topology of L2ðQTÞ;
gieðueÞ ! giðuÞ almost everywhere in QT :

Hence the dominated convergence theorem guarantees that gieðueÞ ! giðuÞ in the

strong topology of L2ðQTÞ. Since ue is a smooth solution of (3.8)–(3.10), it clearly

satisfies

ð
W

uieðx;TÞjiðx;TÞ dx�
ð
QT

jituie dx dtþ
ð
QT

‘ðjuiejsi uieÞ‘ji dx dt

¼
ð
QT

�
gieðuie; u2eÞji þ bi

!
‘jijuiej

mi�1
uie

�
dx dtþ

ð
W

ui0eðxÞjið0; xÞ dx

for any test function ji. From here, passing to the limit as e tends to zero we ob-

tain that u ¼ ðu1; u2; . . . udÞ is indeed a weak solution in the sense of our definition.

Finally, from the fact that, for all tb x > 0, kuieðt; :ÞkLlðWÞ is uniformly

bounded, we can extract a subsequence, still denoted
�
uieðt; :Þ

�
0<e<1

, such that as

e tends to 0,
�
uieðt; :Þ

�
0<e<1

is weakly convergent to uiðt; :Þ in LpðWÞ for every finite

pb 1. Hence, due to [8], one can extract a subsequence
�
oieðt; :Þ

�
0<e<1

of convex

combinations of elements of uieðt; :Þ such that oieðt; :Þ ! uiðt; :Þ weakly in LpðQTÞ,
and almost everywhere in W. From the facts just proved it follows that

ui a Ll
loc

�
x;l;LlðWÞ

�
; i ¼ 1; 2; . . . ; d:

Moreover, if u0 a
�
LlðWÞ

�d
one finds that

ui a Ll
loc

�
0;l;LlðWÞ

�
; i ¼ 1; 2; . . . ; d:

6. Uniqueness

In this section we consider the question of the uniqueness of a bounded solution.

We will always assume that

ðH8Þ ui0 a LlðWÞ, i ¼ 1; 2; . . . d.
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Theorem 6.1. If, in addition to ðH1Þ–ðH4Þ, ui0 a LlðWÞ then u is unique in the

class of bounded functions.

Proof. The proof is a straightforward extension of the one given in [6] in a special

situation.

Indeed, suppose on the contrary that there exist two weak solutions

u ¼ ðu1; u2; . . . ; udÞ and ûu ¼ ðûu1; ûu2; . . . ; ûudÞ of problem (1.1)–(1.4) such that

u; ûu a
�
LlðQTÞ

�d
; that is, there exist a positive constant MðTÞ and a set

JH f1; 2; . . . ; dg such that

� ð
QT

jui � ûuij2 dx dt
�1=2

> MðTÞ if i a J; and ui ¼ ûui if i B J: ð6:1Þ

We will reach a contradiction by constructing suitable test functions. In order to

do this, let us introduce a function Ci a LlðQT Þ such that

Ci ¼
jui jsi ui�jûui jsi ûui

ui�ûui
if ui A ûui;

0 otherwise:

(

We consider a sequence of functions fCieg such that

i) Cie a LlðQT Þ,
ii) eaCiea kCikLlðQT Þ þ e,

iii)
Cie �Ciffiffiffiffiffiffiffi

Cie

p ! 0 in LlðQT Þ.

We consider also the adjoint non-degenerate boundary value problem

qtjie þCieDjie ¼ 0 in QT ;

jie ¼ 0 on ð0;TÞ � qW;

jie ¼ 0i in W� ft ¼ Tg:

8><
>: ð6:2Þ

For any smooth function 0i, with 0a0i a 1, the problem ð6:2Þ has a unique solu-

tion jie a ClðQT Þ satisfying
i) 0ajiea 1,

ii)
Ð
QT

CieðDjieÞ
2
aC,

iii) sup0ataT

Ð
W k‘jiek

2
aC,

where the constant C depends only on 0i. It is obvious that the di¤erence ui � ûui
satisfies the following equality:
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ð
W

ðui � ûuiÞjiðx;TÞ dxþ ðsi þ 1Þ
ð
QT

‘½usi
i ui � jûuijsi ûui�‘ji dx dt

¼
ð
QT

ðui � ûuiÞjitðx; tÞ dx dtþ
ð
QT

�
giðuÞ � giðûuÞ

�
jiðx; tÞ dx dt

þ
ð
QT

bi
!
‘ji½juij

mi�1
ui � jûuijmi�1

ûui� ð6:3Þ

for every ji a C1ðQT Þ such that ji ¼ 0 on ð0;TÞ � qW. By setting ji ¼ jie and

0i ¼ signeðui � ûuiÞþ in ð6:3Þ, where signe is a regular approximation of the sign

function, we obtainð
W

ðui � ûuiÞþðx;TÞ dxþ
ð
QT

DjieðCie �CiÞðui � ûuiÞ dx dt

¼
ð
QT

�
giðuÞ � giðûuÞ

�
jieðx; tÞ þ

ð
QT

bi
!
‘jiðjuij

mi�1
ui � jûuijmi�1

ûui�:

By using the local Lipschitz continuity of the functions gi and jzjmiz and the fact

that ue is uniformly bounded, and by letting e ! 0, we obtain the following in-

equality after the use of Hölder inequality:

ð
W

ðui � ûuiÞþðx;TÞ dxaC

ð
QT

Xd
j¼1

juj � ûujj dx dtþ CðTÞ
� ð

QT

jui � ûuij2 dx dt
�1=2

:

ð6:4Þ

Now, if i a J we have

� ð
QT

jui � ûuij2 dx dt
�1=2

a

Ð
QT

jui � ûuij2 dx dt
MðTÞ aCðTÞ

ð
QT

jui � ûuij dx dt: ð6:5Þ

By combining ð6:4Þ, ð6:5Þ and assumption ð6:1Þ we find that

ð
W

ðui � ûuiÞþðx;TÞ dxa
�
C þ CðTÞ

� ð
QT

Xd
j¼1

juj � ûuj j dx dt

a
�
C þ CðTÞ

� ð
QT

X
jaJ

juj � ûuj j dx dt:

By summing up over j a J we conclude that

ð
W

X
j A J

ðuj � ûujÞþðx;TÞ dxa d
�
C þ CðTÞ

� ð
QT

X
jaJ

juj � ûujj dx dt: ð6:6Þ
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In a similar way we can establish that, by letting 0i ¼ sgneðui � ûuiÞ�, thenð
W

X
jaJ

ðuj � ûujÞ�ðx;TÞ dxa d
�
C þ CðTÞ

� ð
QT

Xd
j¼1

juj � ûujj dx dt: ð6:7Þ

By combining ð6:6Þ and ð6:7Þ we get that
ð
W

X
jaJ

juj � ûujjðx;TÞ dxa 2d
�
C þ CðTÞ

� ð
QT

X
jaJ

juj � ûuj j dx dt:

We may apply Gronwall’s lemma to conclude. r

7. The limit cases

We will show now that in the limit case (namely, fiðu;‘uiÞ ¼
Pd

j¼1 ciju
sjþ1
j þ

bi
!
‘ðusiþ1

i Þ), and depending on the relation between the parameters cij, li, l, we

get globally bounded weak solutions or blowing up solutions. More precisely,

we prove the following.

(1) If W is small, in an appropriate sense, all positive weak solutions of (1.1)–(1.4)

are global.

(2) If W is su‰ciently large, all positive weak solutions of (1.1)–(1.4) blow-up (i.e.

become unbounded) in finite time.

Hence we deduce that large domains (namely, l < 1, which is equivalent to

li < 0) are more unstable than small domains ðlb 1Þ.
Throughout this section we suppose that ðH2Þ, ðH3Þ, ðH6Þ, ðH7Þ and ðH8Þ are

satisfied.

7.1. Global existence. Let us consider the problem

qtðuiÞ � Dðjuijsi uiÞ ¼ giðuÞ þ bi
!
‘ðjuijmi�1

uiÞ in �0;l½ �W

ui ¼ 0 on �0;l½ � qW

uið0; :Þ ¼ ui0 in W:

8><
>: ð7:1Þ

We suppose that

ðH9Þ there exist positive constants cij ; aij;Li b 0 such that for all u1; u2b 0 we

have

jgiðuÞj ¼ ci0 þ
Xd
j¼1

ciju
aij
j and kbi

!kaLi:
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Finally, we also suppose that

ðH10Þ

1: aij < sj þ 1; mi ¼ si þ 1 and kbi
!k < 2

l

lþ 1
for all i; j ¼ 1; . . . d

or

2: there exists j0 a f1; . . . dg such that aij0 ¼ sj0 þ 1; mi < si þ 1 and

cij0 < l; for all i ¼ 1; . . . d

or

3: aij ¼ sj þ 1; mi < si þ 1; and d max
i; j¼1;d

cij < l for all i; j ¼ 1; . . . d

or

4: aij ¼ sj þ 1; mi ¼ si þ 1; and 2d max
i; j¼1;d

cij þmax
i¼1;d

kbi
!kðlþ 1Þ < 2l;

for all i; j ¼ 1; . . . d

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

Theorem 7.1. Let all the assumptions of this section be fulfilled. Then the problem

(7.1) has a unique global positive weak solution ðu1; u2; . . . udÞ such that

kuið:; tÞkLlðWÞaFðxÞ for all tb x > 0; i ¼ 1; 2; . . . ; d;

and

kuið:; tÞkLlðWÞaC for all tb 0; i ¼ 1; . . . ; d;

where FðxÞ is a positive function not depending on u0, and C is a positive constant

depending only on u0. Moreover, the semigroup SðtÞ corresponding to the system

(7.1) possesses a global attractor. Finally, in the fourth case in ðH10Þ, if we assume

that ci0 ¼ 0 for all i ¼ 1; . . . d, then the solution u tends to zero as t tends to infinity.

In proving the existence of a global weak solution, we find a priori estimates

for smooth solutions of problem (3.8)–(3.10) and proceed as in Section 5. We

give the details only in the fourth case of ðH10Þ.

Lemma 7.2. For all T > 0, there exists a positive function F , not depending on e,

such that

kuieðTÞkLlðWÞ; k‘ðu
siþ1
ie Þk2L2ðQT ÞaFðTÞ: ð7:2Þ

Moreover, in the fourth case of ðH10Þ, if we assume that ci0 ¼ 0, then

k‘ðusiþ1
ie Þk2L2ðQT ÞaC; ð7:3Þ

with C is a positive constant independent of T.

Proof. By multiplying ð3:8Þ by usiþ1
ie , adding them together, and integrating over

QT , we obtain the following with the help of the Cauchy–Schwartz inequality:
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Xd
i¼1

1

si þ 2

ð
W

usiþ2
ie ðTÞ dxþ

Xd
i¼1

ð
QT

k‘ðusiþ1
ie Þk2 dx dt

a
Xd
i; j¼1

cij

ð
QT

u
2ðsjþ1Þ
je dx dtþ

Xd
i¼1

ð
QT

kbi
!k
2

ðu2ðsiþ1Þ
ie þ k‘usiþ1

ie k2Þ dx dt

þ
Xd
i¼1

h

ð
QT

u
2ðsiþ1Þ
ie dx dtþ

Xd
i¼1

1

si þ 2

ð
W

usiþ2
i0e dxþ Cðh;TÞ

Xd
i¼1

c2i0:

By letting M ¼ maxi; j¼1;...d cij and b ¼ maxi ¼ 1; . . . dkbi
!k and applying the Poin-

caré inequality, we get

Xd
i¼1

1

si þ 2

ð
W

usiþ2
ie ðTÞ dxþ 2l� bl� 2dM � b

2l
� h

� �Xd
i¼1

ð
QT

k‘ðusiþ1
ie Þk2 dx dt

aCðTÞ;

and

Xd
i¼1

1

si þ 2

ð
W

usiþ2
ie ðTÞ dxþ 2l� bl� 2dM � b

2l
� h

� �Xd
i¼1

ð
QT

k‘ðusiþ1
ie Þk2 dx dt

aC;

where C is independent of T if ci0 ¼ 0 for all i ¼ 1; . . . d. Thus, for h small enough

we deduce

kuieðTÞkLsiþ2ðWÞ; k‘ðu
siþ1
ie Þk2L2ðQT Þ aCðTÞ; ð7:4Þ

and

kuieðTÞkLsiþ2ðWÞ; k‘ðu
siþ1
ie Þk2L2ðQT Þ aC; ð7:5Þ

if ci0 ¼ 0, i ¼ 1; . . . d. Our claim follows then from Theorem 3.1. r

Remark 3. As a conclusion of ð7:5Þ and the Poincaré inequality, we emphasize

that if ci0 ¼ 0 then kusiþ1
ie kL2ðQT Þ is uniformly bounded with respect to T , that

is kusiþ1
ie kL2ðQlÞ and then k fieðue;‘uieÞkL2ðQlÞ are bounded. Thus we see that

k fieðue;‘uieÞkL2ðQt=2; tÞ tends to zero as t ! l.

Lemma 7.3. There is a positive constant C such that for all t > 0 we have the fol-

lowing inequality:

k‘usiþ1
ie ðtÞk2;Wa

2

t
C þ

ð
Qt=2; t

f 2ie ðue;‘uieÞ ds for all i ¼ 1; . . . ; d: ð7:6Þ
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This inequality implies that the solution tends to zero as t tends to l, provided

ci0 ¼ 0:

Proof. Let t a t
2 ; t
	 �

, where t > 0. By multiplying ð3:8Þ by ðusiþ1
ie Þt and integrating

the obtained result over W� ½t; t�, we obtain

I ¼ 2

si þ 2

� �2ð
Qt=2; t

�
qtðuðsiþ1Þ=2

ie Þ
�2

ds dxþ k‘usiþ1
ie ð:; tÞk22;W

a k‘usiþ1
ie ð:; tÞk22;W þ

ð
Qt=2; t

qtðusiþ1
ie Þ fieðu1e; u2e;‘uieÞ ds dx: ð7:7Þ

The Cauchy–Schwartz inequality yields

I a
2

si þ 2

� �2ð
Qt=2; t

�
qtðuðsiþ1Þ=2

ie Þ
�2

ds dxþ k‘usiþ1
ie ð:; tÞk22;W

þ C1

ð
Qt=2; t

usi
ie f

2
ie ðu1e; u2e;‘uieÞ dx ds: ð7:8Þ

By combining estimates ð7:7Þ and ð7:8Þ we deduce

k‘usiþ1
ie ð:; tÞk22;Wa k‘usiþ1

ie ð:; tÞk22;W þ C2

ð
Qt=2; t

f 2ie ðu1e; u2e;‘uieÞ dx ds: ð7:9Þ

By integrating in t, over t
2 ; t
	 �

, the previous estimate, we conclude that

t

2
k‘usiþ1

ie ð:; tÞk22;W

a

ð
Qt=2; t

k‘usiþ1
ie ð:; tÞk22;W þ C2

t

2

ð
Qt=2; t

f 2ie ðu1e; u2e;‘uieÞ ds dx;

and this completes the proof. r

7.2. Blow-up results. In the following we assume that

bi
!

is independent of t; bi
!

a
�
ClðWÞ

�N
and

fiðu;‘uiÞ ¼ ci0 þ
Xd
j¼1

ciju
aij
j þ bi

!
‘ðumi

i Þ:

397Degenerate reaction di¤usion systems



In this subsection we prove the finite time blow-up results stated in Theorem

2.2. A crucial role is played here by the first eigenvalue of the Dirichlet problem

�DciðxÞ þ bi
!ðxÞ‘ciðxÞ ¼ liciðxÞ in W

ciðxÞ ¼ 0 on qW:

(

We denote by li the first eigenvalue and by ciðxÞ the corresponding eigenfunction

with the normalization ciðxÞ > 0 in W and kcikL1 ¼ 1 (see [5]). It is well known

that li increases as the size of the domain W decreases (see [7]).

Theorem 7.4. Suppose cii > li. Then any positive (nontrivial) weak solution of

(1.1)–(1.4) blows up in finite time.

Proof. We multiply the equations defining ui by ci, add them together and inte-

grate over ð0; tÞ �W, to obtain

Xd
i¼1

ð
W

uiðtÞci dxþ li
Xd
i¼1

ð
Qt

usiþ1
i ðsÞci dx dt

¼
Xd
i; j¼1

cij

ð
Qt

u
sjþ1
j ðsÞci dx dtþ

Xd
i¼1

� ð
W

ui0ci dxþ CðtÞci0
�
: ð7:10Þ

But

Xd
i; j¼1

ciju
sjþ1
j ðtÞci bMusiþ1

i ðtÞci;

where M ¼ maxi¼1;...d cii. On the other hand, the Hölder inequality yieldsð
W

usiþ1
i ðtÞci dxb

� ð
W

uiðsÞci dx
�siþ1

:

By inserting this into ð7:10Þ and denoting gðsÞ ¼
Pd

i¼1

�Ð
W uiðsÞci dx

�
, s ¼

mini¼1;...d si, we obtain

gðtÞb ðM � liÞ
ð t

0

�
gðsÞ

�sþ1
dsþ C:

This shows that there exists a finite time T � such that

lim
t%T �

gðtÞ ¼ þl;

hence u blows-up in finite time. r
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