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Abstract. Let F be a finite field with 2m elements and let k ¼ 2 r þ 1. We study representa-
tions and strict representations of polynomials M a F ½T � by sums of k-th powers. A repre-
sentation

M ¼ Mk
1 þ � � � þMk

s

of M a F ½T � as a sum of k-th powers of polynomials is strict if k degMi < k þ degM.
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1. Introduction

Let F be a finite field of characteristic p with pm elements and let k > 1 be an

integer. The similarity between the ring Z of rational integers and the polynomial

ring F ½T � had led to investigate an analogue of the Waring problem for F ½T �,
([18], [10], [15], [4], [16], [6], [2], [11]). Roughly speaking, Waring’s problem over

F ½T � consists in representing a polynomial M a F ½T � as a sum

M ¼ Mk
1 þ � � � þMk

s ð1:1Þ

with M1; . . . ;Ms a F ½T �. Some obstructions to that may occur which led to

consider Waring’s problem over the subring SðF ; kÞ formed by the polynomials

of F ½T � which are sums of k-th powers. Two variants of Waring’s problem over

SðF ; kÞ have been considered. The unrestricted Waring’s problem ([15], [16]),

consists in proving the existence of an integer w ¼ wðpm; kÞ with the property

that whenever M a SðF ; kÞ and sbwðpm; kÞ, the equation (1.1) is solvable.

Without degree conditions in (1.1), the problem of representing M as sum (1.1) is
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close to the so called easy Waring’s problem for Z. In order to have a problem

close to the non easy Waring’s problem, the degree conditions

degMi a n ð1:2Þ

are required with n defined by the condition

kðn� 1Þ < degMa kn: ð1:3Þ

With such degree conditions, the representation (1.1) is strict in opposition to rep-

resentations without degree conditions. For the strict Waring’s problem, analogue

of the classical numbers gNðkÞ and GNðkÞ have been defined as follows. Let

gðpm; kÞ respectively Gðpm; kÞ denote the least integer s, if it exists, such that every

polynomial M a SðF ; kÞ, respectively every polynomial M a SðF ; kÞ of su‰-

ciently large degree, may be written as a sum (1.1) satisfying the degree conditions

(1.2) and (1.3). Otherwise, gðpm; kÞ respectively Gðpm; kÞ is equal to l. This

notation is possible since these numbers only depend on pm and k. Waring’s

problem consists in determining or, at least, bounding the numbers gðpm; kÞ and
Gðpm; kÞ. In [11], it was announced without proof that

if k and pm are such that pmb 9k6, then Gðpm; kÞa k log k � 1
2 log k þ 7.

Proposition 4.5 in [1] and Corollary 3.8 below give examples of pairs fk; pmg for

which these bounds are not valid. Bounds for gðpm; kÞ and Gðpm; kÞ were given in

[1] where the author described a process intoduced in [6] and performed in [2] to

deal with the polynomial Waring’s problem for cubes.

Some notations and definitions are necessary before stating the main results

proved in [1].

If every a a F is a sum of k-th powers, the field F is called a Waring field for

the exponent k or briefly, a k-Waring field. If F is a k-Waring field, let lðpm; kÞ
denote the the least integer l such that every element of F is the sum of l k-th

powers. Let lðpm; kÞ denote the least integer s such that �1 is the sum of s k-th

powers. Let Dðpm; kÞ ¼ gcdðpm � 1; kÞ.
Let vðpm; kÞ denote the least integer v, if it exists, such that T may be

written as a sum ða1T þ b1Þk þ � � � þ ðavT þ bvÞk with ai; bi a F . Otherwise, let

vðpm; kÞ ¼ l. If vðpm; kÞ is finite, every P a F ½T � may be written as a sum

P ¼ ða1Pþ b1Þk þ � � � þ ðavðpm;kÞPþ bvðpm;kÞÞk

so that SðF ; kÞ ¼ F ½T � and F is a k-Waring field.

The two following theorems were proved in [1].
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Theorem 1.1. Let kb 3 be coprime with p. Let F be a k-Waring field with pm

elements and characteristic p. Suppose that pm > k. Then SðF ; kÞ ¼ F ½T �,

vðpm; kÞa k=Dðpm; kÞ þ lðpm; kÞ
�
k � k=Dðpm; kÞ

�
; ð1:4Þ

Gðpm; kÞa log k

log
�
k=ðk � 1Þ

�þmax
�
lðpmm; kÞ; lðpm; kÞ þ 1

�
þ vðpm; kÞ; ð1:5Þ

so that

Gðpm; kÞa log k

log
�
k=ðk � 1Þ

�þ klðpm; kÞ þ 2

a k logðk � 1Þ þ klðpm; kÞ þ 3: ð1:6Þ

Theorem 1.2. Let kb 3 be coprime with p. Let F be a k-Waring field with pm

elements and characteristic p. If p > k, then

gðpm; kÞa lðpm; kÞðk3 � 2k2 � k þ 1Þ: ð1:7Þ

The same result remains true in the case where k ¼ hpn � 1 < pm, for some positive

integers n and ha p.

The case of exponent k ¼ pr þ 1 is not covered by these theorems. The aim of

this paper is the study of Waring’s problem in the case where p ¼ 2, k ¼ 2r þ 1.

In this case, it is posible to compute the exact value of vð2m; 2r þ 1Þ. This yields

an improvement for the bounds given in [1], see Corollary 3.5 below. The case of

odd characteristic p is more di‰cult and will be studied further. It will appear

that the numbers gðpm; kÞ and Gðpm; kÞ are not su‰cient to describe every pos-

sible case. Thus, we introduce new parameters.

From now on, F is a finite field with 2m elements.

Let S�ðF ; kÞ denote the set of polynomials in F ½T � which are strict sums of

k-th powers. Let g�ð2m; kÞ, respectively G�ð2m; kÞ, denote the least integer s, if it

exists, such that every polynomial M a S�ðF ; kÞ, respectively, every polynomial

M a S�ðF ; kÞ of su‰ciently large degree, may be written as a strict sum

M ¼ Mk
1 þ � � � þMk

s :

The main results proved in this work are summarized in the following theorems.

Theorem 1.3. Suppose that k ¼ 2r þ 1 > 3.

(I) If m=gcdðm; rÞb 3, then the set SðF ; kÞ is equal to the whole ring F ½T �,

S�ðF ; kÞ ¼ A0AAlA
�
6
k�3

N¼1

AN

�
;
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where

A0 ¼ F ; Al ¼ fA a F ½T � j degA > kðk � 3Þg;

AN ¼
n
A a F ½T � jA ¼

XN
n¼0

XN
i¼0

xn; iT
iþn2 r

o

with xn; i a F.

(II) If m divides r, then

S�ðF ; kÞ ¼ SðF ; kÞ ¼ fA a F ½T � jA2 r þ AC 0 ðmodT 4 r þ TÞg:

(III) If m=gcdðm; rÞ ¼ 2, then

SðF ; kÞ ¼ fA a F ½T � jA2 r þ AC 0 ðmodT 4 r þ TÞg

and S�ðF ; kÞ is the set formed by the A a SðF ; kÞ such that either degA is not

multiple of k, or degA is multiple of k and the leading coe‰cient of A is in the

subfield of F of order 2gcdðm; rÞ.

This theorem is a consequence of Corollaries 3.3, 5.2 and 5.6 below.

Theorem 1.4. Suppose that k ¼ 2r þ 1 > 5.

(I) (i) If m=gcdðm; rÞb 3, then gð2m; kÞ ¼ l.

(ii) If m=gcdðm; rÞb 3 and m=gcdðm; rÞA 4, then

Gð2m; kÞ ¼ G�ð2m; kÞa 3k þ 2;

(iii) if m=gcdðm; rÞ ¼ 4, then

Gð2m; kÞ ¼ G�ð2m; kÞa 3k þ 3;

(iv) if m=gcdðm; rÞ is odd, then

g�ð2m; kÞa 6k � 6;

(v) if m=gcdðm; rÞ is even and > 4, then

g�ð2m; kÞa 6k � 5;

(vi) if m=gcdðm; rÞ ¼ 4, then

g�ð2m; kÞa 7k � 7:
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(II) If m divides r, then

Gð2m; kÞ ¼ G�ð2m; kÞa 3k � 3; gð2m; kÞ ¼ g�ð2m; kÞa 3k � 3:

(III) If m=gcdðm; rÞ ¼ 2, then

Gð2m; kÞ ¼ gð2m; kÞ ¼ l; G �ð2m; kÞa g�ð2m; kÞa 2k:

This theorem is a consequence of Corollary 5.6 below. It shows that the

analogy with the rational integers does not work completely since the following

bounds hold for large exponents k ([19], [5], [9], ch. 21):

GNðkÞa k
�
log k þ logðlog kÞ þOð1Þ

�
;

2k þ ½ð3=2Þk� � 2a gNðkÞa 2k þ ½ð3=2Þk� þ ½ð4=3Þk� � 2:

The case k ¼ 3 is covered by Corollaries 3.3, 3.5, 5.2 and Proposition 5.5 below.

Results given by Corollaries 3.3, 3.5, 5.2 and Proposition 5.5 do not improve those

results that were already proved in [7] or [8]. In the case k ¼ 5, we show:

Theorem 1.5. (I) (i) If m=gcdðm; 2Þb 3, then gð2m; 5Þ ¼ l.

(ii) If m=gcdðm; 2Þb 3 and m=gcdðm; 2ÞA 4, then

Gð2m; 5Þ ¼ G�ð2m; 5Þa 12;

(iii) if m=gcdðm; 2Þ is odd and > 1, then

gð2m; 5Þ ¼ l; g�ð2m; 5Þa 24;

(iv) if m=gcdðm; 2Þ is even and > 4, then

g�ð2m; 5Þa 25;

(v) if m ¼ 8, then

g�ð2m; 5Þa 28; Gð2m; 5Þ ¼ G�ð2m; 5Þa 13:

(II) If m ¼ 4, then

Gð2m; 5Þ ¼ gð2m; 5Þ ¼ l; G�ð2m; 5Þa g�ð2m; 5Þa 10:

(III) If m ¼ 1 or 2, then

Gð2m; 5Þ ¼ G �ð2m; 5Þ; gð2m; 5Þ ¼ g�ð2m; 5Þa 12:
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This theorem is a consequence of Corollaries 3.5, and 5.6 below. For the

positive integers, the corresponding bounds are GNð5Þa 17, gNð5Þa 37 ([17], [3]).

The paper is organized as follows. In order to get the exact value of vð2m; kÞ
we have to prove that some algebraic equations have solutions in F . This is done

in Section 2. In Section 3 we compute the numbers vð2m; kÞ. Bounds for the num-

bers Gð2m; kÞ follow. In Section 4 we prove some identities involving a caracteri-

zation of strict sums of small degrees. In Section 5 we describe a descent process

and we conclude the proof.

We fix an algebraic closure F of the field F and for any positive integer n we

denote by F2n the subfield of F with 2n elements, so that F ¼ F2m . Our proofs

often use the following facts:

The field F contains exactly Dð2m; kÞ ¼ gcdð2m � 1; kÞ ¼ gcdð2m � 1; 2r þ 1Þ
k-th roots of 1. We introduce the notations

Q ¼ 2r ¼ k � 1; q ¼ 2gcdðm; rÞ; ð1:8Þ
d ¼ gcdðm; rÞ; ð1:9Þ

so that

q ¼ 2d : ð1:10Þ

If x is a real number, we denote by ½x� its integral part and by dxe the least integer
nbx.

Since gcdðqþ 1; q� 1Þ ¼ 1, every x a Fq is a ðqþ 1Þ-th power.

2. Equations

Since a k-th power in F is a gcdð2m � 1; kÞ-th power, we begin this section by

computing D ¼ gcdð2m � 1; kÞ. We continue by studying a sum of characters

related to sums of D-th powers.

2.1. The greatest common divisor. I think that the results contained in the fol-

lowing proposition are well known, althought I am unable to give any reference

for them, Lemma 4 in [12] only giving incomplete results. The proof given here

di¤ers from the original one. Its present simplified form is due to the referee.

Proposition 2.1. (i) We have

gcdð2m � 1; 2r � 1Þ ¼ 2d � 1: ð2:1Þ

(ii) The numbers 2m � 1 and 2r þ 1 are not coprime if and only if m=d is even

and, in that case,

gcdð2m � 1; 2r þ 1Þ ¼ 2d þ 1: ð2:2Þ

18 M. Car
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Proof. (i) Let a and b be positive integers with ab b. If a ¼ bcþ r with

0a r < b, then

2a � 2r ¼ 2rð2bc � 1Þ ¼ 2rð2bðc�1Þ þ � � � þ 2b þ 1Þð2b � 1Þ;

so that

2a � 1 ¼ ð2b � 1ÞC þ 2r � 1;

with C a positive integer and 2r � 1 < 2b � 1. The euclidean algorithm for

gcdð2m � 1; 2r � 1Þ exactly mimics that for gcdðm; rÞ. Thus,

gcdð2m � 1; 2r � 1Þ ¼ 2gcdðm; rÞ � 1:

(ii) Since gcdð2r þ 1; 2r � 1Þ ¼ 1, we have

gcdð2m � 1; 22r � 1Þ ¼ gcdð2m � 1; 2r þ 1Þ gcdð2m � 1; 2r � 1Þ:

From part (i),

gcdð2m � 1; 2r þ 1Þ ¼ 2gcdðm;2rÞ � 1

2gcdðm; rÞ � 1
:

Let v2 denote the 2-adic valuation. We have

gcdðm; 2rÞ ¼ gcdðm; rÞ if v2ðmÞa v2ðrÞ;
2 gcdðm; rÞ if v2ðmÞ > v2ðrÞ:

�

Therefore, gcdð2m � 1; 2r þ 1ÞA 1 if and only if m=gcdðm; rÞ is even, and in that

case,

gcdð2m � 1; 2r þ 1Þ ¼ 2gcdðm; rÞ þ 1: r

2.2. The system E(u, v,a,b)

Lemma 2.2. Let ðu; vÞ a F 2 be such that uvA 0 and uQ2�1A vQ
2�1. For every

ordered pair ða; bÞ a F 2, the system Eðu; v; a; bÞ:

a ¼ uQxþ vQy;

b ¼ uxQ þ vyQ

�
ð2:3Þ

has a unique solution in F 2.

Proof. Immediate. r

19Sums of ð2 r þ 1Þ-th powers in the polynomial ring F2m ½T �

(AutoPDF V7 28/1/10 12:48) EMS (170�240mm) Tmath J-2232 PMS, 67:1 (idp) PMU:(KN/)7/1/2010 AC1: WSL 22/01/2010 pp. 13–56 2232_67-1_02 (p. 19)



2.3. Exponential sums. In this subsection, we suppose that m=d is even, so that

Fq2 HF . Let

n ¼ m=2d; ð2:4Þ

so that

F ¼ Fq2n : ð2:5Þ

Let tr : F ! F2 denote the absolute trace on F and let c be the character of the

additive group of F defined by

cðxÞ ¼ ð�1Þ trðxÞ: ð2:6Þ

Then c is not trivial. For a and b elements of F , let

sða; bÞ ¼
X
x AF

cðaxq þ bxÞ: ð2:7Þ

Proposition 2.3. Let a; b a F. Then

(i) sða; bÞ a f0; 2mg,
(ii) sða; bÞ ¼ 2m if and only if a ¼ bq.

Proof. Since q is a power of 2, the map g : x 7! ðaxq þ bxÞ is additive and c � g is
a character of the additive group of F . This proves (i). Let b a F . Then

X
a AF

sða; bÞ ¼
X
a AF

X
x AF

cðaxq þ bxÞ:

Inverting the order of summation gives

X
a AF

sða; bÞ ¼
X
x AF

cðbxÞ
X
a AF

cðaxqÞ:

Since c is not trivial, the last inner sum is 0 if xA 0 and jF j ¼ 2m if x ¼ 0. Thus,

X
a AF

sða; bÞ ¼ 2m:

In view of the part (i), there exists one and only one a a F such that sða; bÞ ¼ 2m.

For every x a F , tr
�
ðbxÞq

�
¼ tr

�
ðbxÞ2

d�
¼ trðbxÞ so that cðbqxq þ bxÞ ¼ 1. Thus,

sðbq; bÞ ¼ 2m and bq is the unique a a F such that sða; bÞ ¼ jF j. r
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Let B denote the set of non-zero k-th powers in F . From Proposition 2.1 and

(1.10),

jBj ¼ 2m � 1

qþ 1
: ð2:8Þ

For t a F , let

f ðtÞ ¼
X
x AF

cðtxqþ1Þ: ð2:9Þ

Proposition 2.4. (I) We have f ð0Þ ¼ 2m.

(II) Let t a F �.

(i) If t a B, then f ðtÞ ¼ f ð1Þ and f ðtÞ2 ¼ 2mq2.

(ii) If t B B, then f ðtÞ2 ¼ 2m.

(iii) If t B B, then qf ðtÞ þ f ð1Þ ¼ 0.

Proof. (I) is obvious. Let t a F �. Then

f ðtÞ2 ¼
X
y AF

X
x AF

c
�
t
�
yqþ1 þ ðxþ yÞqþ1�� ¼X

x AF

cðtxqþ1Þ
X
y AF

c
�
tðxqyþ xyqÞ

�
:

From the previous proposition, the inner sum is 0 or 2m and is equal to 2m if

and only if tx ¼ tqxq2 . The inner sum is equal to 2m if and only if x a XðtÞ, where

XðtÞ ¼ fx a F j x ¼ tq�1xq2g:

If t is not a ðqþ 1Þ-th power, then XðtÞ ¼ f0g and f ðtÞ2 ¼ 2m, proving (II-ii).

Suppose that t ¼ uqþ1 with u a F . The map x 7! ux is a permutation of the field

F . Thus,

f ðtÞ ¼
X
x AF

c
�
ðuxÞqþ1� ¼X

y AF

cðyqþ1Þ ¼ f ð1Þ:

Let x a F �. Then

x a Xð1Þ , 1 ¼ xq2�1 , x a ðFq2Þ�:

There are exactly ðq2 � 1Þ non-zero elements x a Xð1Þ and if x is one of them,

then xqþ1 a Fq so that trF
q2
jFqðxqþ1Þ ¼ 0. Thus, trðxqþ1Þ ¼ 0 and cðxqþ1Þ ¼ 1.

Therefore, if t a B, then

21Sums of ð2 r þ 1Þ-th powers in the polynomial ring F2m ½T �
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f ðtÞ2 ¼ q22m:

This proves (II) (i).

Let B 0 denote the set of non ðqþ 1Þ-th powers in F . Then by (2.8),

jB 0j ¼ qð2m � 1Þ
qþ 1

: ð1Þ

If t a B, then f ðtÞ ¼ f ð1Þ. Let c a B 0. If t a B 0, then j f ðtÞj ¼ j f ðcÞj. Set f ðtÞ ¼
et f ðcÞ. Observe that et ¼e1. We compute the sum

S ¼
X
t AF �

f ðtÞ

by two di¤erent ways. Firstly,

S ¼
X
t AF

f ðtÞ � 2m ¼
X
t AF

X
x AF

cðtxqþ1Þ � 2m:

Inverting the order of summation gives

S ¼ 0: ð2Þ

On the other hand,

S ¼
X
t AB

f ðtÞ þ
X
t AB 0

f ðtÞ:

Thus,

S ¼ jBj f ð1Þ þ f ðcÞ
X
t AB 0

et: ð3Þ

By (2.8), (2) and (3),

��� f ðcÞX
t AB 0

et

���¼ 2m � 1

qþ 1
j f ð1Þj:

From (II) (i), (II) (ii) and (1),

���X
t AB 0

et

���¼ qð2m � 1Þ
qþ 1

¼ jB 0j:
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Hence, for each t a B 0 et ¼ ec and f ðtÞ ¼ f ðcÞ. From (2) and (3),

2m � 1

qþ 1
f ð1Þ þ qð2m � 1Þ

qþ 1
f ðcÞ ¼ 0:

Therefore, for every t a B 0,

2m � 1

qþ 1
f ð1Þ þ qð2m � 1Þ

qþ 1
f ðtÞ ¼ 0;

proving (II) (iii). r

For our purpose a knowledge of the values of f ðtÞ for all t is not necessary. It

is su‰cient to know the value of f ð1Þ in the case where jF j ¼ q4. This is done

below. The proof provides the value of f ð1Þ in all cases. We have to introduce

some new notations.

Let t2;1 denote the trace from Fq2 to Fq. For i a f1; 2; 2ng let ti denote the

absolute trace of Fq i . For i a f1; 2; 2ng let ci be the character of the additive

group of the field Fq i defined by

ciðxÞ ¼ ð�1ÞtiðxÞ: ð2:10Þ

Observe that the characters ci are not trivial and

t2 ¼ t1 � t2;1; tr ¼ t2n; ð2:11Þ

so that

c ¼ c2n: ð2:12Þ

For i ¼ 1; 2; 2n, let

Si ¼
X
x A Fq i

ciðxqþ1Þ: ð2:13Þ

Note that

f ð1Þ ¼ S2n: ð2:14Þ

Proposition 2.5. We have

S1 ¼ 0 ð2:15Þ
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and

S2n ¼ ð�1Þnþ1
qnþ1: ð2:16Þ

for nb 1,

Proof. (I) Since q� 1 and qþ 1 are coprime, the map x 7! xqþ1 is a permutation

of the field Fq. Since c1 is not trivial,

S1 ¼
X
x A Fq

c1ðxÞ ¼ 0:

(II) If x a Fq2 , then xqþ1 a Fq. Moreover, if z is a non-zero element in Fq, there

are exactly ðqþ 1Þ elements x a Fq2 solutions of the equation xqþ1 ¼ z. Thus,

S2 ¼ 1þ
X
x A F

q2

xA0

c2ðxqþ1Þ ¼ 1þ ðqþ 1Þ
X
y A Fq
yA0

c2ðyÞ ¼ �qþ ðqþ 1Þ
X
y A Fq

c2ðyÞ:

With (2.10) and (2.11) we obtain

S2 ¼ �qþ ðqþ 1Þ
X
y A Fq

ð�1Þt2ðyÞ ¼ �qþ ðqþ 1Þ
X
y A Fq

ð�1Þt1ðt2; 1ðyÞÞ ¼ q2:

This proves (2.16) in the case where n ¼ 1.

(III) From [13], formulas 4.13, 4.14, p. 119, there exist algebraic integers

l1; . . . ; lq of modulus q such that

S2n ¼ �
Xq
i¼1

ln
i :

We have S2 ¼ q2. Thus, for each index i, li ¼ �q. Therefore,

S2n ¼ �qð�qÞn ¼ ð�1Þnþ1
qnþ1: r

2.4. Sums of k-th powers in F . Let i be a positive integer. For a a F , let niðaÞ
denote the number of solutions ðx1; . . . ; xiÞ a F i of the equation

a ¼ xk
1 þ � � � þ xk

i : ð2:17Þ

Proposition 2.6. Suppose that m=d odd. Then, for any positive integer i and for

any a a F,

niðaÞ ¼ 2mði�1Þ:
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Proof. From Proposition 2.1, gcdðk; jF j � 1Þ ¼ 1, so that the map a 7! ak is a

permutation of F . r

Proposition 2.7. Suppose m=d even. Then

n1ð0Þ ¼ 1; n2ð0Þ ¼ ðqþ 1Þ2m � q; n3ð0Þ ¼ 22m þ f ð1Þðq� 1Þð2m � 1Þ

and for a a F � we have

n1ðaÞ ¼
qþ 1 if a a B;

0 if a B B;

�

n2ðaÞ ¼ 2m � qþ ðq� 1Þ f ðaÞ;

n3ðaÞ ¼ 22m � 2m � ðq� 1Þ f ð1Þ þ ðq� 1Þ f ð1Þ f ðaÞ þ 2mn1ðaÞ:

Proof. Observe that a k-th power in F is a ðqþ 1Þ-th power. Let a a F �. If a B B,

then n1ðaÞ ¼ 0. If a a B, then n1ðaÞ is equal to the number of ðqþ 1Þ-th roots of 1

in F , that is, n1ðaÞ ¼ qþ 1. Let i ¼ 1; 2; 3. By orthogonality,

niðaÞ ¼
X
x AF

1

jF j
X
t AF

c
�
tðaþ x

qþ1
1 þ � � � þ x

qþ1
i Þ

�
:

Thus, after inverting the order of summation, we get with (2.9),

2mniðaÞ ¼
X
t AF

cðatÞ f ðtÞ i: ð1Þ

Let i ¼ 2; 3. From Proposition 2.4,

2mniðaÞ ¼ 2 im þ q22m
X
t AB

cðatÞ f ðtÞ i�2 þ 2m
X
t AF �
t BB

cðatÞ f ðtÞ i�2:

Hence,

niðaÞ ¼ 2ði�1Þm � 2ði�2Þm þ ðq2 � 1Þ
X
t AB

cðatÞ f ðtÞ i�2 þ
X
t AF

cðatÞ f ðtÞ i�2: ð2Þ

Suppose that i ¼ 2. Then with (2.8),

n2ð0Þ ¼ 2m � 1þ ð2m � 1Þðq2 � 1Þ
qþ 1

þ 2m ¼ q2m þ 2m � q:
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Let a a F �. From (2),

n2ðaÞ ¼ 2m � 1þ ðq2 � 1Þ
X
t AB

cðatÞ:

If t a B, the equation t ¼ uqþ1 has qþ 1 solutions. Thus,

n2ðaÞ ¼ 2m � 1þ ðq� 1Þ
X
u AF �

cðauqþ1Þ ¼ 2m � qþ ðq� 1Þ
X
u AF

cðauqþ1Þ;

so that

n2ðaÞ ¼ 2m � qþ ðq� 1Þ f ðaÞ:

Suppose that i ¼ 3. Then from (2) and (1),

n3ðaÞ ¼ 22m � 2m þ ðq2 � 1Þ
X
t AB

cðatÞ f ðtÞ þ 2mn1ðaÞ;

so that

n3ðaÞ ¼ 22m � 2m þ ðq� 1Þ
X
u AF �

cðauqþ1Þ f ðuqþ1Þ þ 2mn1ðaÞ:

From Proposition 2.4,

n3ðaÞ ¼ 22m � 2m þ ðq� 1Þ f ð1Þ
X
u AF �

cðauqþ1Þ þ 2mn1ðaÞ;

so that with (2.6),

n3ðaÞ ¼ 22m � 2m � ðq� 1Þ f ð1Þ þ ðq� 1Þ f ð1Þ f ðaÞ þ 2mn1ðaÞ: r

The following proposition completes Small’s theorem ([14]), which states that

if m > 4r, then F is a k-Waring field with lð2m; kÞa 2.

Proposition 2.8. (I) F is a Waring field for the exponent k if and only if m
d
A 2.

(II) If m
d
is odd, then lð2m; kÞ ¼ 1.

(III) If m
d
is even and if m

d
b 4, then lð2m; kÞ ¼ 2.

(IV) If m
d
¼ 2, every x a F which is a sum of k-th powers is a k-th power.
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Proof. From Proposition 2.1, if m
d
is odd, then Dð2m; kÞ ¼ 1 and F is a k-Waring

field with lð2m; kÞ ¼ 1. Now we suppose m
d
even. Then Dð2m; kÞ ¼ 1þ 2d . Let

n ¼ m=2d. Since Dð2m; kÞ > 1, we have lð2m; kÞb 2. We prove that, with the

exception n ¼ 1, F is a k-Waring field with lð2m; kÞa 2. Let a a F be di¤erent

from a k-th power. From Propositions 2.7 and 2.4,

n2ðaÞ ¼ 2m � qþ ðq� 1Þ f ðaÞb 2m � q� ðq� 1Þ2m=2 ¼ q2n � q� qnþ1 þ qn:

If n > 1, then n2ðaÞ > 0, so that a is the sum of two k-th powers. Thus, if a a F ,

either a is a k-th power, or a is a sum of two k-th powers. Hence, lð2m; kÞ ¼
lðF ; kÞa 2.

Now suppose that F ¼ Fq2 . If x a F is a ðqþ 1Þ-th power, say x ¼ yqþ1 with

y a F . Then xq ¼ x and x a Fq. If a a F is a sum of ðqþ 1Þ-th powers, then

a a Fq and a is a ðqþ 1Þ-th power. r

Proposition 2.9. For a a F, let N3ðaÞ denote the number of ðx; y; zÞ a F 3 such that

xk þ yk þ zk ¼ a; ðe1Þ
xyA 0; ðe2Þ
xQ2�1A yQ2�1: ðe3Þ

8><
>:

�
FðaÞ

�

(I) Suppose that m=d odd. Then, for a a F, we have

N3ðaÞ ¼ ð2m � 1Þð2m � qÞ:

(II) Suppose that m=d even. Then

N3ð0Þ ¼ 22m � 2mðq3 þ 1Þ þ q3 þ ðq� 1Þð2m � 1Þ f ð1Þ;

and for a a F �, we have

N3ðaÞ ¼
22m þ 2mðq3 � 3q2 � 1Þ þ 2q3 � ðq� 1Þðq2 � qþ 1Þ f ð1Þ if a a B;

22m � 2mð2q2 � 2qþ 1Þ þ q3 � q2 þ ðq� 1Þðq� 2Þ f ð1Þ if a B B;

�

where f is as in (2.9).

Proof. (I) Suppose that m=d odd. From Proposition 2.1, gcdðk; 2m � 1Þ ¼ 1, so

that the map x 7! xk is bijective. Thus, for each pair ðx; yÞ a F 2 satisfying (e2)

and (e3), there is one and only one z a F such that ðx; y; zÞ is solution of
�
FðaÞ

�
.

Therefore, N3ðaÞ is the number of ðx; yÞ a F 2 satisfying (e2) and (e3). Let ðx; yÞ a
F � � F �. Then ðx; yÞ does not satisfy (e3) if and only if ðy=xÞQ

2�1 ¼ 1, that is, if

and only if ðy=xÞ a F BFQ2 . Thus,

N3ðaÞ ¼ jF �j2 � jF �jðq� 1Þ ¼ ð2m � 1Þð2m � qÞ:
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(II) Suppose that m=d even. Let AðaÞ denote the set formed by the

ðx; y; zÞ a F 3 satisfying conditions (e1), (e2) and (e3). Then

N3ðaÞ ¼ jAðaÞj: ð1Þ

Let

B0ðaÞ ¼ fðx; y; zÞ a F 3 j xk þ yk þ zk ¼ a; xy ¼ 0g

and

B1ðaÞ ¼ fðx; y; zÞ a F 3 j xk þ yk þ zk ¼ a; xyA 0; xQ2�1 ¼ yQ2�1g:

Then

n3ðaÞ ¼ jAðaÞj þ jB0ðaÞj þ jB1ðaÞj: ð2Þ

Firstly, we deal with B0ðaÞ. We have

B0ðaÞ ¼ B0;0ðaÞAB0;1ðaÞAB1;0ðaÞ; ð3Þ

with the Bi; jðaÞ defined as follows. For ðx; y; zÞ a B0ðaÞ,

ðx; y; zÞ a B0;0ðaÞ , ðx; yÞ ¼ ð0; 0Þ;
ðx; y; zÞ a B0;1ðaÞ , yA 0;

ðx; y; zÞ a B1;0ðaÞ , xA 0:

Now ð0; 0; zÞ a B0;0ðaÞ , a ¼ zk, so that

jB0;0ðaÞj ¼ n1ðaÞ ð4Þ

and ð0; y; zÞ a B0;1ðaÞ , a ¼ yk þ zk with yA 0, so that

jB0;1ðaÞj ¼ n2ðaÞ � n1ðaÞ: ð5Þ

By symmetry, with (3), (4) and (5),

jB0ðaÞj ¼ 2n2ðaÞ � n1ðaÞ: ð6Þ

Now we deal with B1ðaÞ. Let ðx; yÞ a F � � F �. Then xQ2�1 ¼ yQ2�1 , y ¼ ux

with uQ2�1 ¼ 1. Thus,

jB1ðaÞj ¼
X
u AF

uQ2�1¼1

nuðaÞ;
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where nuðaÞ is the number of ðx; zÞ a F � � F such that

a ¼ xkð1þ ukÞ þ zk: ð7Þ

Let u a F �. Then uQ2�1 ¼ 1 if and only if u a F �BFQ2 ¼ ðFq2Þ�. Thus,

jB1ðaÞj ¼
X
u A F

q2

uA0

nuðaÞ: ð8Þ

If u a ðFq2Þ�, then ðuQþ1ÞQ�1 ¼ 1, so that uk ¼ uQþ1 a FQBF . Thus, uk a ðFqÞ�.
Since gcdðq� 1;Qþ 1Þ ¼ 1, there exists a unique element wðuÞ a Fq such that

wðuÞk ¼ 1þ uk. Let x a F � and let u a ðFq2Þ�. If uk ¼ 1, then ðx; zÞ satisfies (7)
if and only if a ¼ zk, so that

nuðaÞ ¼ jF �jn1ðaÞ:

If uk A 1, then ðx; zÞ satisfies (7) if and only if a ¼ xkwðuÞk þ zk, so that nuðaÞ ¼
n2ðaÞ � n1ðaÞ.

There are exactly qþ 1 elements u a ðFq2Þ� such that uk ¼ 1. Therefore, by

(8),

jB1ðaÞj ¼ ðq2 � q� 2Þn2ðaÞ þ
�
ðqþ 1Þð2m � 1Þ � ðq2 � q� 2Þ

�
n1ðaÞ: ð9Þ

Combining (1), (2), (6) and (9), we get

N3ðaÞ ¼ n3ðaÞ � ðq2 � qÞn2ðaÞ � ðq2m þ 2m � q2Þn1ðaÞ:

We conclude using Propositions 2.4 and 2.7. r

Corollary 2.10. Let a a F.

(I) If aA 0 and m=db 3, or if a ¼ 0 and m=db 3 with m=dA 4, then
�
FðaÞ

�
has solutions in F 3.

(II) If m=da 2, then
�
FðaÞ

�
has no solutions in F 3.

(III) Suppose that m ¼ 4d. Then
�
Fð0Þ

�
has no solutions in F 3. Let a a F.

Then there exists ðx; y; z; uÞ a F 4 such that

xk þ yk þ zk þ uk ¼ a; ðe1Þ;
xyA 0; ðe2Þ;
xQ2�1A yQ2�1: ðe3Þ:

8><
>:

�
GðaÞ

�

Proof. Let a a F . Suppose that m=d odd. From the previous proposition, part

(I), N3ðaÞ > 0 , m > d. Thus
�
FðaÞ

�
has solutions if and only if m=d > 1.
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Suppose that m=d even, say m ¼ 2nd. The case n ¼ 1 is obvious since the

condition (e3) is not satisfied in a field with q2 ¼ 22d elements. For every a a F ,�
FðaÞ

�
has zero solutions. Suppose that n > 1. From the previous proposition,

(2.14) and (2.16),

N3ð0Þ ¼ ð2m � 1Þ
�
q2n � q3 þ ð�qÞnþ1ðq� 1Þ

�
:

If n > 2, then N3ð0Þ > 0, so that
�
Fð0Þ

�
has solutions. If n ¼ 2, then N3ð0Þ ¼ 0,

so that
�
Fð0Þ

�
has zero solutions. Let a a B. From Propositions 2.4 and 2.9,

N3ðaÞb 22m þ 2mðq3 � 3q2 � 1Þ þ 2q3 � ðq� 1Þðq2 � qþ 1Þq2m=2

> 22m þ 2m
�
q3 � 3q2 � 1� qðq� 1Þðq2 � qþ 1Þ

�
¼ 22m � 2mðq4 � 3q3 þ 5q2 � qþ 1Þ > q4n � q2nþ4

b 0:

Thus,
�
FðaÞ

�
has solutions. Let a a F � � B. From Propositions 2.4 and 2.9,

N3ðaÞb 22m � 2mð2q2 � 2qþ 1Þ þ q3 � q2 � ðq� 1Þðq� 2Þq2m=2

> 22m � 2mðq3 � q2 þ 1Þ

> 22m � 2mq3 ¼ q4n � q2nþ3 > 0:

If nb 2, then N3ðaÞ > 0. Thus,
�
FðaÞ

�
has solutions.

Suppose that n ¼ 2. If aA 0, for each ðx; y; zÞ solution of
�
FðaÞ

�
, ðx; y; z; 0Þ is

a solution of
�
GðaÞ

�
; if a ¼ 0, for each ðx; y; zÞ solution of

�
Fð1Þ

�
, ðx; y; z; 1Þ is a

solution of
�
GðaÞ

�
. r

3. The numbers v(2m,k)

Proposition 3.1. We have vð2m; kÞb 3. Moreover, if m divides 2r, then

vð2m; kÞ ¼ l.

Proof. Suppose that vð2m; kÞ ¼ s. Then there exists ðu1; v1; . . . ; us; vsÞ a F 2s such

that

T ¼
Xs
i¼1

ðuiT þ viÞQþ1;

so that

0 ¼
Xs
i¼1

u
Q
i vi ð1Þ
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and

1 ¼
Xs
i¼1

uiv
Q
i : ð2Þ

Raising (1) to the power Q gives

0 ¼
Xs
i¼1

u
Q2

i v
Q
i :

If m divides 2r, that is, if F H FQ2 , then u
Q2

i ¼ ui for all i, contradicting (2).

Suppose that s ¼ 2. In that case there exists ðx; y; u; vÞ a F 4 such that

0 ¼ xk þ uk; ð3Þ
0 ¼ xQyþ uQv; ð4Þ
1 ¼ xyQ þ uvQ: ð5Þ

If xu ¼ 0, (3) yields that ðx; uÞ ¼ ð0; 0Þ so that (5) is not satisfied. Thus, xuA 0.

From (3), u ¼ xz with z a k-th root of 1, so that with (4), v ¼ zy, and by (5),

1 ¼ xyQ þ zxðzyÞQ ¼ 0, leading to a contradiction. r

Proposition 3.2. (I) If m=d B f1; 2; 4g, then vð2m; kÞ ¼ 3.

(II) If m=d ¼ 4, then vð2m; kÞ ¼ 4.

Proof. (I) Suppose that m=d B f1; 2; 4g. From Proposition 3.1, it is su‰cient to

prove that vð2m; kÞa 3.

By Corollary 2.10 (I), there exists ða1; a2; a3Þ a F 3 such that

ða1Þk þ ða2Þk þ ða3Þk ¼ 0;

a1a2A 0;

ða1ÞQ
2�1A ða2ÞQ

2�1:

8><
>:

Let ðb1; b2Þ a F 2 be a solution of
�
Eða1; a2; 0; 1Þ

�
with

�
Eðx; y; u; vÞ

�
defined by

(2.3). Then

ða1ÞQb1 þ ða2ÞQb2 ¼ 0;

a1ðb1ÞQ þ a2ðb2ÞQ ¼ 1;

so that

ða1T þ b1Þk þ ða2T þ b2Þk þ ða3TÞk ¼ T þ ðb1Þk þ ðb2Þk:

Thus, T þ ðb1Þk þ ðb2Þk is sum of three k-th powers of linear polynomials. There-

fore, vðF ; kÞa 3.
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(II) Suppose that m=d ¼ 4. We first prove that vð2m; kÞ > 3. Indeed, suppose

vð2m; kÞ ¼ vðF ; kÞ ¼ 3. Then there is ða1; b1; a2; b2; a3; b3Þ a F 6 such that

T ¼ ða1T þ b1Þ
k þ ða2T þ b2Þ

k þ ða3T þ b3Þ
k:

If a3 ¼ 0, the change of the variable U ¼ T þ bk
3 shows that vð2m; kÞ ¼ 2 and

leads to a contradiction. Thus, a3A 0. Now, the change U ¼ T þ b3a
�1
3 shows

that there exists ða1; a2; b1; b2; a3Þ a F 4 such that

T ¼ ða1T þ b1Þk þ ða2T þ b2Þk þ ða3TÞk;

so that the system
�
Fð0Þ

�
has a solution, contradicting Corollary 2.10. Thus,

vð2m; kÞ > 3.

By Corollary 2.10 (II), there exists ða1; a2; a3; a4Þ a F 4 such that

ða1Þk þ ða2Þk þ ða3Þk þ ða4Þk ¼ 0;

a1a2A 0;

ða1ÞQ
2�1A ða2ÞQ

2�1:

8><
>:

Let ðb1; b2Þ a F 2 be solution of
�
Eða1; a2; 0; 1Þ

�
. Then

ða1T þ b1Þk þ ða2T þ b2Þk þ ða3TÞk þ ða4TÞk ¼ T þ ðb1Þk þ ðb2Þk;

so that T is sum of four k-th powers of linear polynomials. Therefore, vðF ; kÞa 4.

r

Corollary 3.3. We have SðF ; kÞ ¼ F ½T � if and only if m=db 3. More precisely, if

either m=d is odd and mA d, or if m=d is even and m=d > 4, then every A a F ½T � is
sum of three k-th powers; if m ¼ 4d, then every A a F ½T � is sum of four k-th powers.

We are ready to present our first result.

Proposition 3.4. We suppose that m does not divide 2r.

(I) Let sb log k
logðk=ðk�1ÞÞ

h i
. Then every P a F ½T � of degreeb dðs; kÞ ¼

k
k2�2k�k2 1�1

kð Þsþ1

1�k 1�1
kð Þsþ1

& ’
� k þ 1 is the strict sum of

�
sþ vð2m; kÞ þ 2

�
k-th powers.

Moreover, if sb log k
logðk=ðk�1ÞÞ , then dðs; kÞa k4 � 3k3 þ 2k2 � 2k þ 1.

(III) Let sb
logðkðk�1Þ=2Þ
logðk=ðk�1ÞÞ . Then every P a F ½T � of degreeb k3 � 3k þ 1 is the

strict sum of
�
sþ vð2m; kÞ þ 2

�
k-th powers.

(III) Let sb 3 log k
logðk=ðk�1ÞÞ � 1. Then every P a F ½T � such that k3 � 2k2 � k þ 1

adegPa k3 � 3k is the strict sum of
�
sþ vð2m; kÞ þ 2

�
k-th powers.
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Proof. From Propositions 2.8 and 3.2, F is a k-Waring field and vð2m; kÞ is finite.
Let wðm; kÞ ¼ vð2m; kÞ þmax

�
lð2m; kÞ; 1þ lð2m; kÞ

�
. From [1], Proposition 5.3,

we have:

(I) Let sb log k
logðk=ðk�1ÞÞ

h i
. Then every P a F ½T � of degreeb dðs; kÞ ¼

k
k2�2k�k2 1�1

kð Þsþ1

1�k 1�1
kð Þsþ1

& ’
� k þ 1 is a strict sum of sþ wðm; kÞ k-th powers. Moreover,

if sb log k
logðk=ðk�1ÞÞ , then dðs; kÞa k4 � 3k3 þ 2k2 � 2k þ 1.

(II) Let sb
logðkðk�1Þ=2Þ
logðk=ðk�1ÞÞ . Then every P a F ½T � of degreeb k3 � 3k þ 1 is the

strict sum of sþ wðm; kÞ k-th powers.

(III) Let sb 3 log k
logðk=ðk�1ÞÞ � 1. Then every P a F ½T � such that

k3 � 2k2 � k þ 1adegPa k3 � 3k

is the strict sum of sþ wðm; kÞ k-th powers.

From Proposition 2.8, lð2m; kÞa 2. We conclude the proof by noting that

lð2m; kÞ ¼ 1. r

Corollary 3.5. (I) If m does not divide 2r and mA 4d, then Gð2m; kÞa k log k þ 5.

(II) If m ¼ 4d, then Gð2m; kÞa k log k þ 6.

Proof. Given by Proposition 3.4 (I). r

Corollary 3.6. For odd m > 1 or for even m ¼ 2n with odd n > 1, or for m ¼ 4n

with n > 2, we have Gð2m; 5Þa 12 and we have Gð256; 5Þa 13.

The proof of the following proposition uses an argument already used in the

proof of Proposition 4.4 in [1].

Proposition 3.7. Suppose that m ¼ 2d. Let a a F be such that a B Fq. Let b a F

be such that bQ ¼ a. For nbQ, let

Bn ¼ aT nk þ bT nkþ1�Q2

:

Then Bn is sum of three k-th powers and is not a strict sum of k-th powers.

Proof. We have

Bn ¼ ðbT nþ1 þ T n�QÞk þ ðbT nþ1Þk þ ðT n�QÞk:

Since m ¼ 2d, the field F has q2 elements and a sum of k-th powers in F is in the

subfield Fq. Since a is not in Fq, and Bn has degree multiple of k, Bn is not a strict

sum of k-th powers. r

Corollary 3.8. If m ¼ 2d, then Gð2m; kÞ ¼ l.
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4. Identities and strict sums of small degree

First we begin by stating two simple and useful lemmas.

Lemma 4.1. For each a a Fq, there exists a a Fq2 such that a ¼ aq þ a. Let y a Fq2

be such that

yq þ y ¼ 1: ð4:1Þ

Suppose that Fq2 HF. Then for every positive odd integer j and every pair ðX ;YÞ
of polynomials in F ½T �, we have

yq j þ y ¼ 1 ð4:2Þ

and

X q j

Y þ XY q j ¼ ðyX þ YÞq
jþ1 þ

�
ðyþ 1ÞX þ Y

�q jþ1
: ð4:3Þ

Proof. The trace map x 7! xq þ x from Fq2 to its subfield Fq is onto. There is

y a Fq2 such that yq þ y ¼ 1. On the other hand, yq2 ¼ y, so that, by induction,

for every positive integer s, we have yq2s ¼ y and yq2sþ1 ¼ ðyq2sÞq ¼ yq ¼ yþ 1.

Identity (4.3) is an immediate consequence of (4.2). r

Lemma 4.2. For i a f0; . . . ;Q� 1g and X a F ½T �, let

LiðXÞ ¼ XQT i þ XTQi: ð4:4Þ

Then the map X 7! LiðXÞ is additive, and the following identities are satisfied:

LiðXÞ ¼ ðX þ T iÞQþ1 þ XQþ1 þ T ðQþ1Þi: ð4:5Þ

For every b a F,

LiðX þ bT iÞ ¼ LiðXÞ þ ðbQ þ bÞT iðQþ1Þ: ð4:6Þ

Moreover, if F H FQ2 , then, for every c a F �,

LiðXÞ þ cQþ1T ðQþ1Þi ¼ 1

cQ
X þ cT i

� �Qþ1

þ 1

cQ
X

� �Qþ1

; ð4:7Þ

If Fq2 HF, then

LiðXÞ ¼ ðyX þ T iÞQþ1 þ ðyX þ X þ T iÞQþ1: ð4:8Þ
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Proof. The proof of (4.5) and (4.6) is immediate. The proof of (4.7) follows from

observing that cQ
2 ¼ c. We use (4.3) to prove (4.8). r

Proposition 4.3. Suppose that m=db 3.

(I) Let 0 < N < k � 2 and let

A ¼
XkN
n¼0

anT
n

be a polynomial of F ½T � such that

kðN � 1Þ < degAa kN:

Then A is a strict sum of k-th powers if and only if an ¼ 0 for each n a
6N�1

i¼0 ½iQþN þ 1; ði þ 1ÞQ� 1�. Thus, if k > 3, then SðF ; kÞAS�ðF ; kÞ and

gð2m; kÞ ¼ l.

(II) Let A a F ½T � be such that

kðk � 3Þ < degAa kðk � 2Þ:

Then A is a strict sum of k-th powers.

(III) Let A a F ½T � of degreea kðk � 2Þ be a strict sum of k-th powers. Then A

is a strict sum of vð2m; kÞ degA

k

l m
þ lð2m; kÞ k-th powers.

(IV) Let A a F ½T � of degreea kðk � 2Þ. Then

A ¼
Xs
i¼1

ðXiÞk

with s ¼ vð2m; kÞðk � 2Þ þ lð2m; kÞ and degXi a k � 2 for i ¼ 1; . . . ; s.

Proof. By Propositions 2.8 and 3.2, the numbers lð2m; kÞ and vð2m; kÞ are finite.

Let N be a positive integer such that N < Q. Let A a F ½T � with kðN � 1Þ <
degAa kN be a strict sum of s k-th powers. Thus,

A ¼
Xs
i¼1

ðYiÞQþ1;

where for i ¼ 1; . . . ; s,

Yi ¼
XN
n¼0

yi;nT
n
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with yi;n a F . Then

A ¼
Xs
i¼1

XN
n¼0

ðyi;nÞQTQnYi ¼
XN
n¼0

TQn
�Xs

i¼1

ðyi;nÞQYi

�
:

Let

Xn ¼
Xs
i¼1

ðyi;nÞQYi:

Then

A ¼
XN
n¼0

XnT
nQ:

If N < Q� 1, in the above sum, there are no monomials aiT
i with exponent

i in the intervals ½N þ 1;Q� 1�; ½QþN þ 1; 2Q� 1�; . . . ; ½ðN � 1ÞQþN þ 1;

NQ� 1�. The necessary condition in (I) is proved. Moreover, if QA 2, there

exist polynomials of degreea kðQ� 2Þ which are not strict sums of k-th

powers. By Corollary 3.3, SðF ; kÞ ¼ F ½T �. If k > 3, then SðF ; kÞAS�ðF ; kÞ
and gð2m; kÞ ¼ l.

Now let A a F ½T � with degAa kðk � 2Þ, that is, degAaQ2 � 1. Let N be

defined by

kðN � 1Þ < degAa kN: ð1Þ

Let

A ¼
XQ2�1

n¼0

anT
n:

In addition, if N < Q� 1, we suppose that an ¼ 0 for each n a 6N�1

i¼0 Ji with

Ji ¼ ½iQþN þ 1; ði þ 1ÞQ� 1�:

In order to prove parts (I) and (II), we shall prove that there is a positive

integer s and, for i ¼ 1; . . . ; s, there are polynomials

Xi ¼
XN
n¼0

xi;nT
n
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such that

A ¼
Xs
i¼0

ðXiÞQþ1: ð2Þ

The proof will show that (2) is solvable when s ¼ vð2m; kÞN þ lð2m; kÞ, proving
the part (III) of the proposition.

Let

I ¼ IðNÞ ¼
f0; . . . ;Q2 � 1g if N ¼ Q� 1;

f0; . . . ; kNg �6N�1

i¼0 Ji if N < Q� 1:

(

Observe that

I ¼ fn ¼ Qb þ r j 0a b; raNg:

We begin by proving that there is a positive integer s such that the system

ðrnÞn A I is solvable, where ðrnÞ denotes the equation

an ¼
Xs
i¼1

X
n¼Qbþr
0abaN
0araN

ðxi;bÞQxi;r ðrnÞ

with unknowns xi;b a F , 1a ia s, 0a baN.

Let v ¼ vð2m; kÞ. From Proposition 3.2,

v ¼ 3 if m=dA 4;

4 if m=d ¼ 4:

�

For each non negative integer naQ2 � 1, there is a unique ordered pair ðb; rÞ
such that

n ¼ Qb þ r; 0a baQ� 1; 0a raQ� 1;

and a unique naQ2 � 1 with n ¼ Qrþ b. The map n 7! n is bijective with fixed

points the integers n which are divisible by Qþ 1 ¼ k. We distinguish two classes

of equations ðrnÞ, the special ones and the ordinary ones. The special equations

are the equations ðrnÞ with index n multiple of Qþ 1. The ordinary equations

will be considered by pairs frn; rng. We introduce a notation. Let ðu;wÞ a F 2 be

such that uwA 0 and uQ2�1AwQ2�1. By Lemma 2.2, for each ða; bÞ a F 2, there

exists a unique ðx; yÞ a F 2 solution of Eðu;w; a; bÞ, that is ðx; yÞ satisfies

a ¼ uQxþ wQy;

b ¼ uxQ þ wyQ:

�
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We put

ðx; yÞ ¼ jðu;w; a; bÞ:

We construct a solution recursively. At each step, we consider a special equa-

tion together with some pairs of ordinary equations. If v ¼ 3, we denote
�
FðaÞ

�
by
�
HðaÞ

�
, and if v ¼ 4, we denote

�
GðaÞ

�
by
�
HðaÞ

�
, with

�
FðaÞ

�
and

�
GðaÞ

�
defined as in Corollary 2.10.

Level N: Corollary 2.10 implies the existence of ðx1;N ; . . . ; xv;NÞ solution of�
HðakNÞ

�
, that is,

bN ¼ akN ¼ ðx1;NÞk þ � � � þ ðxv;NÞk

with

x1;Nx2;N A 0

and

ðx1;NÞQ
2�1A ðx2;NÞQ

2�1:

For j ¼ 1; . . . ;N, let ðx1;N�j; x2;N�jÞ ¼ jðx1;N ; x2;N ; akN�j; akN�j
Þ, and let

xi;N�j ¼ 0 for 2 < ia v. At this step, with s ¼ v, equations ðrnÞ and ðrnÞ are satis-
fied by ðxi; jÞ1aiav for n a fQN; . . . ; kNg. Observe that for each j ¼ 1; . . . ;N, we

have kN � j ¼ QðN � jÞ þN, so that kðN � 1Þ is the greatest n a I for which the

exponent n has not been considered.

Level N � 1: Set

bN�1 ¼ akðN�1Þ þ
Xv
i¼1

ðxi;N�1Þk:

Corollary 2.10 implies the existence of ðxvþ1;N�1; . . . ; x2v;N�1Þ solution of�
HðbN�1Þ

�
. For j ¼ 1; . . . ;N � 1, let ðxvþ1;N�1�j; xvþ2;N�1�jÞ ¼ jðxvþ1;N�1;

xvþ2;N�1; a; bÞ with

a ¼ ðx1;N�1ÞQx1;N�1�j þ ðx2;N�1ÞQx2;N�1�j þ akðN�1Þ�j;

b ¼ x1;N�1ðx1;N�1�jÞQ þ x2;N�1ðx2;N�1�jÞQ þ a
kðN�1Þ�j

;

and let xi;N�j ¼ 0 for 2þ v < ia 2v. At this step, with s ¼ 2v, equations ðrnÞ
and ðrnÞ are satisfied by ðxi; jÞ1aia2v for n a fQN; . . . ; kNgA fQðN � 1Þ; . . . ;
kðN � 1Þg. Observe that for each j ¼ 1; . . . ;N � 1, we have kðN � 1Þ � j ¼
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QðN � 1� jÞ þN � 1, so that kðN � 2Þ is the greatest n a I for which the expo-

nent n has not been considered.

Levels N � 2, . . . ; N � h, with h < N: The level N � h deals with exponents n

and n for n a fQðN � hÞ; . . . ; kðN � hÞg.
Suppose that the previous steps have given ðxi; jÞ1aiahv satisfying equations ðrnÞ

and ðrnÞ with s ¼ hv and n running through 6N

i¼N�hþ1
fQi; . . . ; kig. Let

bN�h ¼ akðN�hÞ þ
Xvh
i¼1

ðxi;N�hÞk:

Let ðxhvþ1;N�h; . . . ; xðhþ1Þv;N�hÞ be solution of
�
HðbN�hÞ

�
. For j ¼ 1; . . . ;N � h,

let

ðxhvþ1;N�h�j; xhvþ2;N�h�jÞ ¼ jðxhvþ1;N�h; xhvþ2;N�h; aj; bjÞ

with

aj ¼ akðN�hÞ�j þ
Xvh
n¼1

ðxn;N�hÞQxn;N�h�j;

bj ¼ a
kðN�hÞ�j

þ
Xvh
n¼1

xn;N�hðxn;N�h�jÞQ;

and let xi;N�j ¼ 0 for 2þ hv < ia ðhþ 1Þv. At this step, with s ¼ ðhþ 1Þv, we
have obtained ðxi; jÞ1aias satisfying equations ðrnÞ for n and ðrnÞ with n run-

ning over 6N

i¼N�h
fQi; . . . ; kig. We note that for each j ¼ 1; . . . ;N � h, we have

QðN � hÞ � j ¼ kðN � h� jÞ þN � h, so that kðN � h� 1Þ is the greatest n a I

for which the exponent n has not been considered. Thus, the process goes on.

After level 1, with s ¼ vN, we have obtained ðxi; jÞ1aias satisfying the equa-

tions ðrnÞ for all n a I apart from n ¼ 0. For i ¼ 1; . . . vN, let

Xi ¼
XN
n¼0

xi; nT
n: ð3Þ

Level 0: Let

b0 ¼ a0 þ
XNv

i¼1

ðxi;0Þk:

Then by (3),

39Sums of ð2 r þ 1Þ-th powers in the polynomial ring F2m ½T �

(AutoPDF V7 28/1/10 12:48) EMS (170�240mm) Tmath J-2232 PMS, 67:1 (idp) PMU:(KN/)7/1/2010 AC1: WSL 22/01/2010 pp. 13–56 2232_67-1_02 (p. 39)



Aþ
XNv

i¼1

ðXiÞk ¼ b0: ð4Þ

Since F is a k-Waring field, b0 is sum of l ¼ lð2m; kÞ k-th powers, say

b0 ¼ ðz1Þk þ � � � þ ðzlÞk: ð5Þ

From (4) and (5),

A ¼
XNv

i¼1

ðXiÞk þ
Xl
i¼1

ðziÞk:

From (1) and (5), A is a strict sum of ðvN þ lÞ k-th powers.

Observe that, if degAa kðk � 3Þ, the same process works with Q� 1 at the

place of N. In that case we get that

A ¼
XðQ�1Þv

i¼1

ðXiÞk þ
Xl
i¼1

ðziÞk

with degXi aQ� 1 for i ¼ 1; . . . ; ðQ� 1Þv. This remark proves the part (IV).

r

Lemma 4.4. Suppose that F H FQ2 . Let A a F ½T � be a sum of k-th powers. Then

TQ2 þ T divides AQ þ A.

Proof. Let x a FQ2 . Since A a FQ2 ½T �, AðxÞ is a sum of k-th powers in FQ2 , so that

AðxÞ a FQ. Thus, AðxÞQ þ AðxÞ ¼ 0. Therefore, AQ þ A is divisible by ðT þ xÞ
for each x a FQ2 and

TQ2 þ T ¼
Y

x A F
Q2

ðT þ xÞ

divides AQ þ A. r

Proposition 4.5. Suppose that F H FQ2 . Let

A ¼
XQ2�1

n¼0

anT
n

be a polynomial of F ½T � with degA < Q2 such that AQ þ A is multiple of T Q2 þ T.

Then
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(I) for every n ¼ Qj þ i with 0a j < Q, 0a i < Q, we have

an ¼ ðanÞQ;

where n ¼ Qi þ j;

(II) if F H FQ, then A is a strict sum of ð3k � 5Þ k-th powers;

(III) if F Q FQ, then A is a strict sum of ð2k � 3Þ k-th powers.

Proof. Let

A ¼ A0 þ A1T
Q þ � � � þ AQ�1T

ðQ�1ÞQ

be the expansion of A in base TQ. Thus, for j ¼ 0; . . . ;Q� 1,

Aj ¼ aQ j þ aQ jþ1T þ � � � þ aQ jþQ�1T
Q�1:

Then

AQ ¼
XQ�1

j¼1

ðAjÞQðT jQ2 þ T jÞ þ
XQ�1

j¼0

ðAjÞQT j:

For j ¼ 1; . . . ;Q� 1, T jQ2 þ T j is congruent to 0 ðmodTQ2 þ TÞ. Thus,

AQC
XQ�1

j¼0

ðAjÞQT j ðmodTQ2 þ TÞ

and

Aþ AQC
XQ�1

j¼0

�
ðAjÞQT j þ AjT

Q j
�

ðmodTQ2 þ TÞ: ð1Þ

For j ¼ 0; . . . ;Q� 1, deg
�
ðAjÞQT j þ AjT

Q j
�
aQ2 � 1, so that by (1),

XQ�1

j¼0

�
ðAjÞQT j þ AjT

Q j
�
¼ 0;

that is,

XQ�1

j¼0

XQ�1

i¼0

�
ðaQ jþiÞQTQiþj þ aQ jþiT

Q jþi
�
¼ 0: ð2Þ

Let n a f0; . . . ;Q2 � 1g. Then n is uniquely written as n ¼ Qaþ r, with a; r < Q.

By (2),
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an ¼ aQaþr ¼ ðaQrþaÞQ ¼ ðanÞQ: ð3Þ

This proves (I).

Let n a f1; . . . ;Q2 � 2g be non-divisible by Qþ 1. If n ¼ Qj þ i, with

0a i < Q, 0a j < Q, then

anT
n þ anT

n ¼ ðaQiþjÞQTQ jþi þ ðaQiþjÞTQiþj ¼ LiðaQiþ jT
jÞ

and so

A ¼
XQ�1

i¼0

aðQþ1ÞiT
iðQþ1Þ þ

XQ�2

i¼0

XQ�1

j¼iþ1

LiðaQiþjT
jÞ: ð4Þ

For n divisible by Qþ 1, equality (2) gives an ¼ ðanÞQ, proving that an a FQ,

this fact being obvious when F H FQ.

(A) Suppose that F H FQ, that is F ¼ Fq or equivently, m j r. By Proposition

2.1, Dð2m; kÞ ¼ 1. For every i ¼ 0; . . . ;Q� 1, there is ci a F such that

aðQþ1Þi ¼ ðciÞk ¼ ðciÞQþ1:

Therefore, by (4),

A ¼
XQ�1

i¼0

ðciT iÞQþ1 þ
XQ�2

i¼0

XQ�1

j¼iþ1

LiðaQiþjT
jÞ

¼ ðcQ�1T
Q�1ÞQþ1 þ

XQ�2

i¼0

�
ðciT iÞQþ1 þ LiðBiÞ

�
;

with

Bi ¼
XQ�1

j¼iþ1

aQiþjT
j : ð5Þ

By (4.5) and (4.7),

A ¼ ðcQ�1T
Q�1Þk þ

XQ�2

i¼0
aðQþ1Þi¼0

�
ðBi þ T iÞk þ ðBiÞk þ ðT iÞk

�

þ
XQ�2

i¼0
aðQþ1ÞiA0

1

c
Q
i

Bi þ ciT
i

 !k

þ 1

c
Q
i

Bi

 !k

; ð6Þ

so that A is sum of
�
1þ 3ðQ� 1Þ

�
k-th powers of polynomials.
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We consider the degrees. Suppose that

degA ¼ d ¼ ðQþ 1ÞN � r: ð7Þ

with

0a r < N: ð8Þ

We have aðQþ1Þi ¼ 0 for i > N. Thus, the monomials ciT
i which occur in (6) have

degreeaN. For j > N or for j ¼ N and i > N � r, we have aQ jþi ¼ 0 so that,

by part (I), aQiþj ¼ 0. Let i > N. From (5), we have Bi ¼ 0, so that the terms

ðBi þ T iÞk þ ðT iÞk which occur in (6) cancel. By (7) and (8), the sum (6) is

strict. This proves (II) in the case where F H FQ.

(B) Suppose that F Q FQ. Since F H FQ2 , we have F ¼ Fq2 . Thus, m ¼ 2d and

r=d is odd. The trace map x 7! xq þ x from F ¼ Fq2 to Fq is onto. For every

i ¼ 0; . . . ;Q� 2, aðQþ1Þi a F B FQ ¼ Fq, so that there is bi a F such that

aðQþ1Þi ¼ b
q
i þ bi:

For every y a Fq2 , we have yq2 ¼ y, so that, by induction, for every positive inte-

ger j, we have yq2j ¼ y and yq2jþ1 ¼ yq. Since Q ¼ qr=d with r=d odd, for every

i ¼ 0; . . . ;Q� 2, we have

aðQþ1Þi ¼ b
Q
i þ bi:

Moreover, since aQ2�1 a FQ, aQ2�1 is a k-th power of an element cQ�1 a FQ2 ¼ F .

Thus,

aðQþ1ÞiT
ðQþ1Þi ¼

�
ðbiÞQ þ bi

�
T ðQþ1Þi for 0a iaQ� 2;

and

aQ2�1T
Q2�1 ¼ ðcQ�1T

Q�1Þk:

Therefore,

A ¼ ðcQ�1T
Q�1Þk þ

XQ�2

i¼0

��
ðbiÞQ þ bi

�
T ðQþ1Þi þ

XQ�1

j¼iþ1

LiðaQiþjT
jÞ
�

¼ ðcQ�1T
Q�1Þk þ

XQ�2

i¼0

��
ðbiÞQ þ bi

�
T ðQþ1Þi þ LiðBiÞ

�
;

with Bi defined by (5). By (4.6),
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A ¼ ðcQ�1T
Q�1Þk þ

XQ�2

i¼0

LiðBi þ biT
iÞ:

Let y a Fq2 be as in Lemma 4.1. In view of identity (4.8), identity (6) above may

be replaced by

A ¼ ðcQ�1T
Q�1Þk

þ
XQ�2

i¼0

��
yBi þ ðybi þ 1ÞT i

�k þ �yBi þ Bi þ ðybi þ bi þ 1ÞT i
�k�

; ð6 0Þ

so that A is sum of 1þ 2ðQ� 1Þ k-th powers of polynomials. We finish the proof

of the part (II) proving as above that ð6 0Þ is a strict sum. r

5. The descent

In this section we generalize a descent process used in [8] and [7] to deal with the

case k ¼ 3. Using formula (4.5), for a given polynomial

X ¼
XN
i¼0

xiT
i;

we replace the monomial xNT
N by the sum of an appropriate LiðYÞ and two

monomials of lower degree. Then we repeat the process. The method is described

in the following proposition.

Proposition 5.1. Let n be a positive integer and let X a F ½T � with degree < Qn.

Then there exist Y0;Y1; . . . ;YQ�1, R a F ½T � such that

X ¼
XQ�1

i¼0

LiðYiÞ þ R; ð5:1Þ

degðYiÞ < n if 0a iaQ� 1; ð5:2Þ
degR < Q2; ð5:3Þ

R ¼
XQ�1

i¼0

Xi

j¼0

aQ jþiT
Q jþi; ð5:4Þ

with a0; . . . ; aQ2�1 a F.
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Proof. Set

X ¼
XQn�1

j¼0

xjT
j

with xj a F for j ¼ 0; . . . ;Qn� 1. For j ¼ 0; . . . ;Qn� 1, let xj a F be defined by

x
Q
j ¼ xj:

(I) Suppose that naQ. Put xj ¼ xj ¼ 0 if jbQn. Then

X ¼
XQ�2

r¼0

T r
� XQ�1

j¼rþ1

xQ jþrT
j
�Q

þ
XQ�1

r¼0

T r
�Xr

j¼0

xQ jþrT
Q j
�

and by (4.4),

X ¼
XQ�2

r¼0

�
Lr

� XQ�1

j¼rþ1

xQ jþrT
j
�
þ
XQ�1

j¼rþ1

xQ jþrT
Qrþj

�
þ
XQ�1

r¼0

Xr
j¼0

xQ jþrT
Q jþr;

that is,

X ¼
XQ�1

r¼0

Lr

�
YrðXÞ

�
þ RðXÞ ð1Þ

with RðXÞ of the form

RðXÞ ¼
XQ�1

r¼0

Xr
j¼0

aQ jþrT
Q jþr; ð2Þ

with YQ�1 ¼ 0 and

YrðXÞ ¼
XQ�1

j¼rþ1

xQ jþrT
j

for r ¼ 0; . . . ;Q� 2. If n < Q, then for each r and for each jb n, we have

Qj þ rbQn and so xQ jþr ¼ 0 so that degYrðXÞ < n.

(II) Suppose that n ¼ Qþ 1. Then

X ¼ X 0 þ
XQ�1

r¼0

xQ2þrT
Q2þr
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with

degX 0 < Q2: ð3Þ

Thus with (4.4),

X ¼ X 0 þ xQ2TQ2 þ
XQ�1

r¼1

�
LrðxQ2þrT

QÞ þ xQ2þrT
Qðrþ1Þ�;

so that

X ¼ X 00 þ ðxQ2 þ xQ2þQ�1ÞTQ2 þ
XQ�1

r¼1

LrðxQ2þrT
QÞ; ð4Þ

with

degX 00 < Q2: ð5Þ

Set ðxQ2 þ xQ2þQ�1Þ ¼ hQ. Then

ðxQ2 þ xQ2þQ�1ÞTQ2 ¼ L0ðhTQÞ þ hTQ;

so that with (4) and (5),

X ¼ Y þ L0ðhTQÞ þ
XQ�1

r¼1

LrðxQ2þrT
QÞ:

From (3), we have degY < Q2. By (1) and (2),

X ¼
XQ�1

r¼0

Lr

�
YrðXÞ

�
þ RðXÞ; ð6Þ

with RðXÞ of the required form (2) and degYrðXÞaQ for r ¼ 0; . . . ;Q� 1.

(III) Suppose that n > Qþ 1. Let ðnjÞ be the sequence of integers defined by

the conditions:

n0 ¼ n; nj ¼
nj�1

Q

	 

þQ� 1; ð7Þ
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If nj > Qþ 1, then nj > njþ1. Let s denote the least integer such that nsaQþ 1.

We set X0 ¼ X and we shall prove by induction on j, that for every jb 0,

X ¼
XQ�1

r¼0

LrðBr; jÞ þ Xj ð8Þ

where B0; j; . . . ;BQ�1; j, Xj a F ½T � satisfy the degree conditions

degXj < Qnj; degBr; j < n: ð9Þ

Then we shall conclude the proof, taking j ¼ s.

We start taking X0 ¼ X and B0;0 ¼ � � � ¼ BQ�1;0 ¼ 0. Let j a f0; . . . ; s� 1g.
We suppose that relations (8) and (9) are satisfied. We set n ¼ nj and

Xj ¼
XQn�1

a¼0

yaT
a:

For a ¼ 0; . . . ;Qn� 1, let ha a F be such that ya ¼ ðhaÞ
Q. For r ¼ 0; . . . ;Q� 1,

let

Zr ¼
Xn�1

a¼0

hQaþrT
a

and

Xjþ1 ¼
XQ�1

r¼0

ZrT
Qr;

so that

degZr < n; degXjþ1a nþQ2 �Q� 1: ð10Þ

By (8) and (4.4),

X ¼
XQ�1

r¼0

LrðBr; j þ ZrÞ þ Xjþ1:

We consider the degrees. We have degðBr; j þ ZrÞ < maxðn; njÞ ¼ n, and, by (7),

degXjþ1 < nj þQ2 �Qþ 1aQnjþ1. r
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Corollary 5.2. Suppose that F H FQ2 . Then SðF ; kÞ is the subset of F ½T � formed

by the polynomials A such that T Q2 þ T divides AQ þ A.

Proof. From Lemma 4.4,

SðF ; kÞ ¼ SðF ;Qþ 1ÞH fA a F ½T � : ðTQ2 þ TÞ jAQ þ Ag:

Conversely, let X a F ½T � be such that TQ2 þ T divides XQ þ X . From (5.1) and

(5.3), X may be written as a sum

X ¼
XQ�1

r¼0

LrðYrÞ þ R ð1Þ

with Y1; . . . ;YQ�1, R a F ½T � and

degR < Q2: ð2Þ

By (4.5), for r ¼ 0; . . . ;Q, Lr is a sum of k-th powers and by Lemma 4.4,�
LrðYrÞ

�Q þ LrðYrÞ is multiple of TQ2 þ T . By (1), RQ þ R is multiple of

TQ2 þ T . From (2) and Proposition 4.5, R is a sum of k-th powers so that X is

a sum of k-th powers. r

Lemma 5.3. Let n be a positive integer and let H a F ½T � be such that

kðn� 1Þ < degHa kn: ð5:5Þ

In addition, in the case where m ¼ 2d and degH ¼ kn, we suppose that the leading

coe‰cient of H is a k-th power. Then we have

H ¼ Bk
1 þ Bk

2 þ
XQ�1

i¼0

LiðYiÞ þ R; ð5:6Þ

where B1;B2;Y0; . . . ;YQ�1, R a F ½T � with

degB1; degB2a n; ð5:7Þ
degY0; . . . ; degYQ�1 < n; ð5:8Þ

degR < Q2; ð5:9Þ

R ¼
XQ�1

i¼0

Xi

j¼0

xQ jþiT
Q jþi; ð5:10Þ

with xQ jþi a F for all i and j.

Moreover, if degH ¼ kn, and if either m divides 2d, or m=d is odd, then B1 ¼ 0.
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Proof. Suppose that m=db 3. From Proposition 2.8, F is a k-Waring field with

lð2m; kÞa 2; so that max
�
lð2m; kÞ � 1; 1

�
¼ 1. By [1], Lemma 5.1, there exist B1,

P a F ½T � such that

H ¼ Bk
1 þ P ð1Þ

with

degB1a n; degP ¼ kn;

the leading coe‰cient of P being a k-th power.

Suppose that m=da 2. From Proposition 2.8, if m ¼ d, then F is a k-Waring

field with lð2m; kÞ ¼ 1, so that the leading coe‰cient of H is a k-th power. If

m ¼ 2d and if degH ¼ kn, by hypothesis, the leading coe‰cient of H is a k-th

power. Let P a F ½T � be defined by

H ¼ eðHÞT kn þ P; ð2Þ
where

eðHÞ ¼ 0 if degH ¼ kn;

1 if degH < kn:

�
ð3Þ

We note that the leading coe‰cient of P is a k-th power and that (1) is true with

B1 ¼ 0 in the case where degH ¼ kn.

By [1], Lemma 5.2, there exists B2, X a F ½T � such that

P ¼ Bk
2 þ X ; degX < ðk � 1Þn ¼ Qn; degB2 ¼ n: ð4Þ

By Proposition 5.1, there exist Y0;Y1; . . . ;YQ�1, R a F ½T � such that

X ¼
XQ�1

i¼0

LiðYiÞ þ R; ð5Þ

with

degðYiÞ < n

for 0a i < Q,

degR < Q2;

and R of the form

R ¼
XQ�1

i¼0

Xi

j¼0

xQ jþiT
Q jþi:

We get (5.6) from (1), (4) and (5), the degree conditions (5.7) being satisfied. r
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We are now ready to present our second result.

Proposition 5.4. Suppose that m=db 3. Then the following holds:

(I) Every polynomial H a F ½T � with degreeb k3 � 2k2 þ 1 is the strict sum of

3k þ vð2m; kÞ � 1 k-th powers.

(II) Every polynomial H a F ½T � with degreeb k2 � 3k þ 1 is the strict sum of

ðk � 2Þvð2m; kÞ þ 3k þ lð2m; kÞ � 1 k-th powers. Moreover, if H a F ½T � is such

that k2 � 3k þ 1adegHa k2 � 2k, then H is the strict sum of ðk � 2Þvð2m; kÞþ
lð2m; kÞ k-th powers.

Proof. The last claim in (II) is given by Proposition 4.3 (III). We prove the other

ones. Let H a F ½T � and let n be the integer defined by

kðn� 1Þ < degHa kn:

From (5.6)–(5.9),

H ¼ Bk
1 þ Bk

2 þ
XQ�1

i¼0

LiðYiÞ þ R;

where B1;B2;Y0; . . . ;YQ�1, R a F ½T � with

degB1; degB2a n; degY0; . . . ; degYQ�1 < n; ð1Þ

degR < Q2: ð2Þ

By (4.5),

LiðYiÞ ¼ ðYi þ T iÞk þ Y k
i þ ðT iÞk:

Thus,

H ¼ Bk
1 þ Bk

2 þ
XQ�1

i¼0

�
ðZi;1Þk þ ðZi;2Þk þ ðZi;3Þk

�
þ R; ð3Þ

with Zi;1, Zi;2, Zi;3 polynomials such that

degZi;1; degZi;2; degZi;3amaxði; n� 1Þ: ð4Þ

Set v ¼ vð2m; kÞ. Then there exist a1; b1; . . . ; av; bv in F such that

R ¼ ða1Rþ b1Þk þ � � � þ ðavRþ bvÞk: ð5Þ
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By (3) and (5),

H ¼ Bk
1 þ Bk

2 þ
XQ�1

i¼0

�
ðZi;1Þk þ ðZi;2Þk þ ðZi;3Þk

�
þ ða1Rþ b1Þk þ � � � þ ðavRþ bvÞk; ð6Þ

so that H is a sum of 2þ vþ 3Q k-th powers of polynomials. By (1), (2), (4)

and (5), these polynomials have their degrees bounded by maxðn;Q2 � 1Þ. If

nbQ2 � 1, then (6) is a strict sum. This proves (I).

By Proposition 4.3 (IV), since degR < Q2, R is a sum of

s ¼ ðQ� 1Þvð2m; kÞ þ lð2m; kÞ

k-th powers V k
1 ; . . . ;V

k
s with degVi aQ� 1. Thus, by (3), H is a sum of

2þ 3Qþ s ¼ ðk � 2Þvð2m; kÞ þ 3k þ lð2m; kÞ � 1 k-th powers. If nbQ� 1, this

sum is strict. This proves (II). r

Proposition 5.5. (I) If m divides r, then every H a SðF ; kÞ with degree multiple of

k is a strict sum of ð3k � 4Þ k-th powers.

(II) If m divides r, then every H a SðF ; kÞ with degree non multiple of k is a

strict sum of ð3k � 3Þ k-th powers.

(III) If m=d ¼ 2 every H a SðF ; kÞ with degree multiple of k and whose leading

coe‰cient is a k-th power in the field F is a strict sum of ð2k � 1Þ k-th powers.

(IV) If If m=d ¼ 2, every H a SðF ; kÞ of degree non multiple of k is a strict sum

of ð2kÞ k-th powers.

Proof. Suppose that F H FQ2 . Then m divides 2r. If m does not divide r, then

m=d ¼ 2.

Let H a SðF ; kÞ be such that

kðn� 1Þ < degHa kn: ð1Þ

In addition, in the case where m ¼ 2d and degH ¼ kn, we suppose that the lead-

ing coe‰cient of H is a k-th power. From (5.6)–(5.10),

H ¼ Bk þ Y k þ
XQ�1

i¼0

LiðYiÞ þ R

where B;Y ;Y0; . . . ;YQ�1, R a F ½T � with
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degBa n; degY ¼ n; ð2Þ

degY0; . . . ; degYQ�1 < n; ð3Þ

R ¼
XQ�1

i¼0

Xi

j¼0

xQ jþiT
Q jþi: ð4Þ

Moreover, from Lemma 5.3, if degH ¼ kn, we have B ¼ 0. In view of (4.5),

RþH is a sum of k-th powers. Since H a SðF ; kÞ, R is also a sum of k-th

powers. From (4) and Proposition 4.5 (I), if n a f0; . . . ;Q2 � 1g is not multiple

of ðQþ 1Þ, then xn ¼ 0, and if n a f0; . . . ;Q2 � 1g is multiple of Qþ 1, then

xn a F B FQ. Thus,

H ¼ Bk þ Y k þ
XQ�1

i¼0

�
LiðYiÞ þ xðQþ1ÞiT

ðQþ1Þi� ð5Þ

with

xðQþ1Þi a FQ for 0a iaQ� 1:

(A) Suppose that m divises r so that F ¼ Fq H FQ. Then for each i ¼ 0; . . . ;

Q� 1,

xðQþ1Þi ¼ y
Qþ1
i : ð6Þ

Let u; v a F be defined by

u2 ¼ xQþ1 þ 1; v2 ¼ x0 þ 1 ð7Þ

and let

Z ¼ Y þ uT þ v: ð8Þ

Observe that uQ ¼ u and vQ ¼ v. Then

Zk ¼ ZQþ1 ¼ Y k þ Y QðuT þ vÞ þ YðuTQ þ vÞ þ u2TQþ1 þ uvT Q þ uvT þ v2:

From (5), (6) and (7), if Q > 2,

H ¼ Bk þ Zk þ
XQ�1

i¼2

�
LiðYiÞ þ xðQþ1ÞiT

ki
�

þ L0ðY0 þ vY Þ þ 1þ L1ðY1 þ uY þ uvÞ þ T k;
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and if Q ¼ 2, then

H ¼ Bk þ Zk þ L0ðY0 þ vY Þ þ 1þ L1ðY1 þ uY þ uvÞ þ T k:

Suppose that Q > 2. Then by (6),

H ¼ Bk þ Zk þ
XQ�1

i¼2

�
LiðYiÞ þ y

ðQþ1Þi
i T ðQþ1Þi�

þ L0ðY0 þ vYÞ þ 1þ L1ðY1 þ uY þ uvÞ þ TQþ1: ð9Þ

Let i ¼ 2; . . . ;Q� 1. From (4.5) or (4.7), according as yi ¼ 0 or yi A 0,

LiðYiÞ þ y
ðQþ1Þi
i T ðQþ1Þi is a sum of three or two k-th powers of polynomials. By

(3), these polynomials have degreea m ¼ maxðn;Q� 1Þ. By (4.7), (2) and (3),

L0ðY0 þ vY Þ þ 1 and L1ðY1 þ uY þ uvÞ þ T k are also sums of two k-th powers

of polynomials of degreeam.

By (9) and (2), H is a sum of
�
wðHÞ þ 3ðQ� 2Þ þ 5

�
k-th powers of polyno-

mials with degree bounded by m with wðHÞ ¼ 0 or 1 according as degH ¼ kn or

degHA kn. In view of (1), when nbQ� 1, this sum is strict. This remains true

if Q ¼ 2. Now, if n < Q� 1, then degH < Q2 � 1. From Proposition 4.5 (II), H

is a strict sum of ð3Q� 2Þ k-th powers.

(B) Suppose that m ¼ 2d. Then Q is an odd power of q and Fq2 HF . For

i ¼ 0; . . . ;Q� 1, we have xðQþ1Þi a Fq, so that there is yi a Fq2 such that xðQþ1Þi ¼
yi þ ðyiÞq ¼ yi þ ðyiÞQ. Thus, by (4.6), LiðYiÞ þ xðQþ1ÞiT

ðQþ1Þi ¼ LiðYi þ yiT
iÞ.

From (4.8) we get that LiðYiÞ þ xðQþ1ÞiT
ðQþ1Þi is sum of two k-th powers. By (5),

H is a sum of
�
wðHÞ þ 2Qþ 1

�
k-th powers. In the case where n < Q� 1 we con-

clude with Lemma 4.4 and Proposition 4.5. r

Corollary 5.6. Suppose that k > 3.

(I) Suppose that m does not divide 2r. Then

S�ðF ; kÞ ¼ A0AAlA
�
6
k�3

N¼1

AN

�

where

A0 ¼ F ; Al ¼ fA a F ½T � : degA > kðk � 3Þg;

AN ¼
n
A a F ½T � : A ¼

XN
n¼0

XN
i¼0

xn; iT
iþnQ

o

with xn; i a F. Moreover:
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(i) If m=db 3 and m=dA 4, then

Gð2m; kÞ ¼ G�ð2m; kÞa 3k þ 2:

(ii) If m=d ¼ 4, then

Gð2m; kÞ ¼ G�ð2m; kÞa 3k þ 3:

(iii) If m=d is odd and > 1, then

gð2m; kÞ ¼ l; g�ð2m; kÞa 6k � 6:

(iv) if m=d is even and > 4, then

gð2m; kÞ ¼ l; g�ð2m; kÞa 6k � 5:

(v) If m=d ¼ 4, then

gð2m; kÞ ¼ l; g�ð2m; kÞa 7k � 7:

(II) Suppose that m divises r. Then

S�ðF ; kÞ ¼ SðF ; kÞ ¼ fA a F ½T � : AQ þ AC 0 ðmodTQ2 þ TÞg;
Gð2m; kÞ ¼ G�ð2m; kÞa 3k � 3;

gð2m; kÞ ¼ g�ð2m; kÞa 3k � 3:

(III) Suppose that m=d ¼ 2. Then

SðF ; kÞ ¼ fA a F ½T � : AQ þ AC 0 ðmodTQ2 þ TÞg;

S�ðF ; kÞ is the set of A a SðF ; kÞ such that either degA is not multiple of k, or

degA is multiple of k and the leading coe‰cient of A is in the field Fq,

Gð2m; kÞ ¼ gð2m; kÞ ¼ l; G�ð2m; kÞa g�ð2m; kÞa 2k:

Proof. Apply Propositions 4.3, 4.5, Corollary 5.2, Propositions 5.4 and 5.5. r

Remarks. (1) In the case Q ¼ 2, Proposition 5.5 gives gð2; 3Þa 6, which is the

upper bound proved in [8].

(2) In the case Q ¼ 4, Corollary above gives gð2; 5Þa 12, gð4; 5Þa 12,

gð16; 5Þ ¼ l and g�ð16; 5Þa 10.

(3) For k ¼ 2r tending to l, we have G�ð2m; kÞf k as well as g�ð2m; kÞf k

unlike to the classical Waring numbers GNðkÞ and gNðkÞ. Indeed, by [5] or [9], we

have gNðkÞg 2k, while by [19], we have GNðkÞf k log k.
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