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Abstract. In this paper we consider the regularity of weak solutions and find some regular
criteria for 3D non-stationary Navier–Stokes equations. Moreover, we establish decay
rates for weak solutions in general domains by means of the spectral decomposition method
of fractional powers of the Stokes operator.
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1. Introduction and main results

Let W be a general domain in R3, and 0 < T al. We consider the initial value

problem of the Navier–Stokes equations

qtu� Duþ ðu � ‘Þuþ ‘p ¼ f in W� ð0;TÞ;
‘ � u ¼ 0; ujqW�ð0;TÞ ¼ 0; uðx; 0Þ ¼ a;

�
ð1:1Þ

where u ¼
�
u1ðx; tÞ; u2ðx; tÞ; u3ðx; tÞ

�
and p ¼ pðx; tÞ denote the unknown velocity

vector and the pressure respectively, while a ¼ aðxÞ is a given initial velocity vec-

tor field, and f ¼
�
f1ðx; tÞ; f2ðx; tÞ; f3ðx; tÞ

�
is the given external force.

Definition 1.1. u is called a weak solution of (1.1) if u a Ll
�
0;T ;L2

sðWÞ
�
B

L2
loc

�
½0;TÞ;H 1

0 ðWÞ
�
satisfies
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�
ðT

0

ð
W

uqtv dx dtþ
ðT

0

ð
W

‘u � ‘v dx dtþ
ðT

0

ð
W

u � ‘u � v dx dt

¼
ð
W

avð0Þ dxþ
ðT

0

ð
W

fv dx dt for all v a Cl
0

�
½0;TÞ;Cl

0;sðWÞ
�
;

where a a L2
sðWÞ and f a L1

�
0;T ;L2ðWÞ

�
, qtv ¼ q

qt
vðx; tÞ. Furthermore, we

say that u is a strong solution of (1.1) if u a Ls
�
0;T ;LqðWÞ

�
, 2

s
þ 3

q
a 1 with

2a s < l, 3 < qal. In addition, the weak solution u is said to satisfy the

energy inequality if

kuðtÞk22 þ 2

ð t

0

k‘uðtÞk22 dta kak22 þ 2

ð t

0

ð
W

fu dx dt ð1:2Þ

for a.e. t a ½0;TÞ.

The weak solution of (1.1) is so far known to be unique only if it belongs to

a certain class of functions which, however, does not cover the whole space

Ll
�
0;T ;L2

sðWÞ
�
BL2

loc

�
½0;TÞ;H 1

0 ðWÞ
�
. The results of G. Prodi [15], J. L. Lions

and G. Prodi [10], Foias [6], Serrin [17], Kozono and Sohr [9] and others showed

the uniqueness in Ls
�
0;T ;LqðRNÞ

�
with 2

s
þ N

q
a 1, N < qal for weak solu-

tions of (1.1) satisfying (1.2). That is, if u is a weak solution of (1.1) satisfying

(1.2), and if v is another weak solution of (1.1) in Ls
�
0;T ;LqðRNÞ

�
with s, q

as above, then u ¼ v in RN � ½0;TÞ. In fact, the uniqueness result also holds

for any unbounded domain W, see [18], [19]. Recently Escauriaza et al. [5]

proved that if W ¼ R3 and f ¼ 0, then each suitable weak solution in the class

Ll
�
0;T ;L3ðR3Þ

�
is unique and smooth in R3 � ð0;TÞ.

It is well known that any weak solution of (1.1) is regular in the Serrin class

(see [16], [18], [19]). We try to establish another regular class for the 3D Navier–

Stokes system:

qtu� Duþ ðu � ‘Þuþ ‘p ¼ 0 in R3 � ð0;TÞ;
‘ � u ¼ 0; uðx; 0Þ ¼ a in R3:

�
ð1:3Þ

Recently, Chae and Choe [3] proved regularity by imposing conditions on the gra-

dients of two components of the velocity. Subsequently, Beirão da Veiga [1] also

reduced Serrin’s condition to two components of the velocity field. Neustupa and

Penel [13] verified the regularity for suitable weak solutions of (1.3) if one velocity

component is essentially bounded. The regularity with respect to one component

of the velocity was also proved by Neustupa et al. in [12]. Here for the first time

the authors came up with the inequality 2
s
þ 3

q
a 1

2 in connection with one compo-

nent of the velocity. Subsequently, He [7] and Zhou [21] also imposed the regular-

ity criterion on one component of the weak solutions of (1.3). In the following we
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find a new regularity criterion for weak solutions of (1.3), which can be viewed as

another form of Serrin’s condition.

Theorem 1.2. Suppose that a a H 1
s ðR3Þ and 0 < T < l. Assume that u is a weak

solution of (1.3) satisfying the energy inequality (1.2) with f ¼ 0. Let u ¼ ðu1; u2; u3Þ
satisfy one of the following conditions:

for some s a ½2;lÞ, q a ð3;l� with 2
s
þ 3

q
a 1,

u1 a Ll
�
0;T ;L3ðR3Þ

�
; u2; u3 a Ls

�
0;T ;LqðR3Þ

�
; ð1:4Þ

or

u1; u2 a Ll
�
0;T ;L3ðR3Þ

�
; u3 a Ls

�
0;T ;LqðR3Þ

�
; moreover

ku1kLlð0;T ;L3ðR3ÞÞ þ ku2kLlð0;T ;L3ðR3ÞÞa h0 for some small

number h0 > 0: ð1:5Þ

Then u is regular on R3 � ð0;TÞ.

Remark. Neustupa and Penel [14] also formulated criterions for regularity (see

Theorem 1 in [14]) by means of di¤erent assumptions on the first two and on the

third component of velocity, where the authors need q > 6, however without a

smallness condition. Some ideas (taking curl on both sides of the equations of

(1.1) for example) in the proofs are similar or even identical, but the corresponding

results do not overlap in [14] and the present paper.

In recent years, much attention has been paid to the decay properties of

solutions for problem (1.1) in general unbounded domains. Kozono and Ogawa

[8] proved that if a a DðA1=4ÞBRðAmÞ with 0ama 1
2 , there is a strong solution

u of (1.1) with f ¼ 0 such that if 0am < 1
4 , then kAauðtÞk2 ¼ Oðt�m�aÞ for

0a aa 1, and if 1
4 ama 1

2 , then kAauðtÞk2 ¼ oðt�m�aÞ for 0a aa 1. Mare-

monti [11] also considered the time decay of some strong solution for (1.1) in

unbounded domains, and obtained similar results. Crispo and Tartaglione [4]

studied the asymptotic stability in the L2-norm of solutions of (1.1) in three-

dimensional unbounded domains with non-compact boundary, that is, they con-

sidered the perturbations to the rest state and to the stationary motions. Borchers

and Miyakawa [2] considered the L2-decay for weak solutions of (1.1) in general

domains. By using a specific approximate scheme, they first showed the decay of

the time average t�1
Ð t

0 kuðsÞk2 ds for the general weak solution u, which satisfies

the energy inequality, and then proved Theorem 1.3 below. However, the authors

in [2] believed that it was di‰cult to obtain the decay properties for weak solutions

of (1.1) by applying the spectral decomposition. In this paper, we give an alterna-

tive proof of Theorem 1.3 by employing the spectral decomposition method which

is simpler and easier than the one in [2].
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Theorem 1.3. Let WJR3 be any general C2-domain, and let T ¼ l. If

a a L2
sðWÞ, f a L1ð0;l; V̂V �Þ, and if

Ðl
0 ðsþ 1Þk f ðsÞk2 ds < l, then there is a

weak solution u of (1.1) satisfying (1.2) such that if ke�tAak2 ¼ Oðt�aÞ for some

a > 0 as t ! l, then

kuðtÞk2 ¼
Oðt�aÞ if a < 1

2 ;

Oðte�1=2Þ if ab 1
2 ;

(
ð1:6Þ

where e a 0; 12
� �

, V̂V � is the dual of V ¼ ĤH 1
0;sðWÞ.

Throughout this paper, we denote the norms of LlðWÞ, Ls
�
0;T ;LlðWÞ

�
ð1a s; l < lÞ by kukl ¼ ð

Ð
W jujl dxÞ1=l and kukLsð0;T ;LlðWÞÞ ¼

�Ð T

0 kuðtÞksl dt
�1=s

respectively, and positive constants (possibly di¤erent from line to line) by C.

2. Regularity criteria for weak solutions of (1.3)

In this section we first state two technical lemmas and then give the proof of

Theorem 1.2.

Lemma 2.1. Suppose that a a H 1
s ðR3Þ. Assume that u ¼ ðu1; u2; u3Þ is a strong

solution of (1.3) with ‘u a Ll
�
0;T ;L2ðR3Þ

�
and Du a L2

�
R3 � ð0;TÞ

�
. If u3 a

Ls
�
0;T ;LqðR3Þ

�
with 2

s
þ 3

q
a 1, 2a sal, 3a qal, then for any 0a t < T,

the vorticity o ¼ curl u ¼ ðo1;o2;o3Þ satisfies

ko3ðtÞk22 þ
ð t

0

k‘o3ðtÞk22 dt

a

ko3ð0Þk22 þ Cku3k2Lsð0; t;LqðR3ÞÞk‘uk
4=s

Llð0; t;L2ðR3ÞÞkDuk
6=q

L2ðR3�ð0; tÞÞ if 3 < q < l;

ko3ð0Þk22 þ Cku3k2L2ð0; t;LlðR3ÞÞk‘uk
2
Llð0; t;L2ðR3ÞÞ if q ¼ l;

ko3ð0Þk22 þ Cku3k2Llð0; t;L3ðR3ÞÞkDuk
2
L2ðR3�ð0; tÞÞ if q ¼ 3:

8>><
>>:

Proof. We first consider the case when 3 < q < l. After a direct calculation, we

find out that o ¼ curl u ¼ ðo1;o2;o3Þ satisfies

qo

qt
� Doþ ðu � ‘Þo� ðo � ‘Þu ¼ 0 in R3 � ð0;TÞ: ð2:1Þ

By multiplying both sides of the equation on o3 in (2.1) by o3, and integrating by

parts over R3 � ð0; tÞ, we get
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ko3ðtÞk22 þ 2

ð t

0

k‘o3ðtÞk22 dt

a ko3ð0Þk22 þ 2

ð t

0

ð
R3

jðo � ‘Þo3u3j dx dt

a ko3ð0Þk22 þ
ð t

0

k‘o3ðtÞk22 dtþ
ð t

0

ð
R3

joj2ju3j2 dx dt

a ko3ð0Þk22 þ
ð t

0

k‘o3ðtÞk22 dtþ C

ð t

0

ð
R3

j‘uj2ju3j2 dx dt; ð2:2Þ

where we have used the fact that jojaCj‘uj. In the following we will rather use

the notation 1
s
for s�1, for any s > 0. Next we observe that 2 1� 2

q

� ��1

a ð2; 6Þ for
any q a ð3;lÞ, and so

ð t

0

ð
R3

j‘uj2ju3j2 dx dt

a

ð t

0

ku3k2qk‘uk
2
2ð1�2=qÞ�1 dt

a

ð t

0

ku3k2qk‘uk
2ð1�3=qÞ
2 k‘uk6=q6 dt

aCk‘uk2ð1�3=qÞ�2ð1�2=s�3=qÞ
Llð0; t;L2ðR3ÞÞ

ð t

0

ku3k2qk‘uk
2ð1�2=s�3=qÞ
2 kDuk6=q2 dt

aCk‘uk4=s
Llð0; t;L2ðR3ÞÞ

� ð t

0

ku3ksq dt
�2=s� ð t

0

k‘uk22 dt
�ð1�2=s�3=qÞ� ð t

0

kDuk22 dt
�3=q

aCkak2ð1�2=s�3=qÞ
2 ku3k2Lsð0; t;LqðR3ÞÞk‘uk

4=s

Llð0; t;L2ðR3ÞÞkDuk
6=q

L2ðR3�ð0; tÞÞ: ð2:3Þ

By inserting (2.3) into (2.2) we complete the proof of Lemma 2.1 in the case when

3 < q < l. Following the above arguments, we easily verify the remaining cases

when q ¼ 3 or q ¼ l. r

Lemma 2.2. Suppose that a a H 1
s ðR3Þ. Assume that u is a strong solution of (1.3)

with ‘u a Ll
�
0;T ;L2ðR3Þ

�
and Du a L2

�
R3 � ð0;TÞ

�
. If u ¼ ðu1; u2; u3Þ satisfies

the assumption (1.4) or (1.5), then

sup
0at<T

k‘uðtÞk22 þ
ðT

0

kDuðtÞk22 dtaC:

Here C ¼ CðkakH 1ðR3Þ;T ; q; sÞ if (1.4) holds, and C ¼ CðkakH 1ðR3Þ;T ; q; s; h0Þ if

(1.5) holds.
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Proof. The equation in (1.3) can be rewritten as follows:

qtu� Duþ o� uþ 1

2
‘juj2 þ ‘p ¼ 0 in R3 � ð0;TÞ: ð2:4Þ

By multiplying both sides in (2.4) by Du and integrating by parts, we obtain

k‘uðtÞk22 þ 2

ð t

0

kDuðtÞk22 dt

¼ 2

ð t

0

ð
R3
ðo� uÞ � Du dx dtþ k‘u0k22

¼ 2

ð t

0

ð
R3

�
ðo2u3 � o3u2ÞDu1 þ ðo3u1 � o1u3ÞDu2

þ ðo1u2 � o2u1ÞDu3
�
dx dtþ k‘ak22: ð2:5Þ

Case 1. Asssume (1.4) holds. Then we obtain

���2 ð t

0

ð
R3

�
ðo2u3 � o3u2ÞDu1 � o1u3Du2 þ o1u2Du3

�
dx dt

���
a 2

ð t

0

ð
R3

ju3jðjo2j jDu1j þ jo1j jDu2jÞ dx dt

þ 2

ð t

0

ð
R3

ju2jðjo3j jDu1j þ jo1j jDu3jÞ dx dt

a 2

ð t

0

ku3kqðko2kð1=2�1=qÞ�1kDu1k2 þ ko1kð1=2�1=qÞ�1kDu2k2Þ dt

þ 2

ð t

0

ku2kqðko3kð1=2�1=qÞ�1kDu1k2 þ ko1kð1=2�1=qÞ�1kDu3k2Þ dt

aC

ð t

0

ðku2kq þ ku3kqÞk‘ukð1=2�1=qÞ�1kDuk2 dt

aC

ð t

0

ðku2kq þ ku3kqÞk‘uk
1�3=q
2 k‘uk3=q6 kDuk2 dt

aC

ð t

0

ðku2kq þ ku3kqÞk‘uk
1�3=q
2 kDuk1þ3=q

2 dt

a e

ð t

0

kDuk22 dtþ CðeÞ
ð t

0

ðku2kq þ ku3kqÞ
2ð1�3=qÞ�1

k‘uk22 dt
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a e

ð t

0

kDuk22 dtþ CðeÞk‘uk2�2ð1�3=qÞ�1ð1�2=s�3=qÞ
Llð0; t;L2ðR3ÞÞ

�
ð t

0

ðku2kq þ ku3kqÞ
2ð1�3=qÞ�1

k‘uk2ð1�3=qÞ�1ð1�2=s�3=qÞ
2 dt

a e

ð t

0

kDuk22 dtþ CðeÞk‘ukð4=sÞð1�3=qÞ�1

Llð0; t;L2ðR3ÞÞ

� ðku2kLsð0; t;LqðR3ÞÞ þ ku3kLsð0; t;LqðR3ÞÞÞ
2ð1�3=qÞ�1

�
� ð t

0

k‘uk22 dt
�ð1�3=qÞ�1ð1�2=s�3=qÞ

a e

ð t

0

kDuk22 dtþ Cðkak2; eÞk‘uk
ð4=sÞð1�3=qÞ�1

Llð0; t;L2ðR3ÞÞ

� ðku2kLsð0; t;LqðR3ÞÞ þ ku3kLsð0; t;LqðR3ÞÞÞ
2ð1�3=qÞ�1

: ð2:6Þ

By Lemma 2.1, we conclude

���2 ð t

0

ð
R3

u1ðo3Du2 � o2Du3Þ dx dt
���

a 2

ð t

0

ð
R3

ju1jðjo3j jDu2j þ jo2j jDu3jÞ dx dt

a 2

ð t

0

ku1k3ðko3k6kDu2k2 þ ko2k6kDu3k2Þ dt

aCku1kLlð0;T ;L3ðR3ÞÞ

ð t

0

ðk‘o2k2 þ k‘o3k2ÞkDuk2 dt

aCðk‘o2kL2ðR3�ð0; tÞÞ þ k‘o3kL2ðR3�ð0; tÞÞÞkDukL2ðR3�ð0; tÞÞ

aC
�
ko2ð0Þk2 þ ko3ð0Þk2

�
kDukL2ðR3�ð0; tÞÞ

þ Cðku2kLsð0; t;LqðR3ÞÞ þ ku3kLsð0; t;LqðR3ÞÞÞ

� k‘uk2=s
Llð0; t;L2ðR3ÞÞkDuk

1þ3=q

L2ðR3�ð0; tÞÞ

a e

ð t

0

kDuk22 dtþ CðeÞ
�
ko2ð0Þk22 þ ko3ð0Þk22

�
þ CðeÞðku2kLsð0; t;LqðR3ÞÞ þ ku3kLsð0; t;LqðR3ÞÞÞ

2ð1�3=qÞ�1

� k‘ukð4=sÞð1�3=qÞ�1

Llð0; t;L2ðR3ÞÞ: ð2:7Þ
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By inserting (2.6) and (2.7) into (2.5) and taking e ¼ 1
4 we obtain, for all 0a t < T

and d > 0,

k‘uðtÞk22 þ
ð t

0

kDuðtÞk22 dt

a

Ck‘ak22 þ dk‘uk2Llð0; t;L2ðR3ÞÞ þ CðdÞðku2kLsð0; t;LqðR3ÞÞ

þ ku3kLsð0; t;LqðR3ÞÞÞ
2ð1�2=s�3=qÞ�1

if 2
s
þ 3

q
< 1;

Ck‘ak22 þ Cðku2ksLsð0; t;LqðR3ÞÞ

þ ku3ksLsð0; t;LqðR3ÞÞÞk‘uk
2
Llð0; t;L2ðR3ÞÞ if 2

s
þ 3

q
¼ 1:

8>>>>><
>>>>>:

ð2:8Þ

Set

gðt 0; tÞ ¼ Cðku2ksLsðt 0; t;LqðR3ÞÞ þ ku3ksLsðt 0; t;LqðR3ÞÞÞ with any 0 < t 0 < t < T ;

where C is given in (2.8) with 2
s
þ 3

q
¼ 1.

From the assumption that u2; u3 a Ls
�
0;T ;LqðR3Þ

�
, we infer that gðt 0; tÞ is

continuous on t 0, t, and nondecreasing on time t a ðt 0;TÞ. We assume that

gð0;TÞ > 1
2 , otherwise (2.9) below holds in the case 2

s
þ 3

q
¼ 1. Since gð0; 0Þ ¼ 0,

there exists t0 a ð0;TÞ such that gð0; t0Þ ¼ 1
2 . So from (2.8) with 2

s
þ 3

q
¼ 1, we get

sup
0atat0

k‘uðtÞk22 þ
ð t0

0

kDuðtÞk22 dtaCk‘ak22:

From t0 with uðt0Þ as the initial value for (1.3), we can find t1 a ðt0;TÞ such that

gðt0; t1Þ ¼ 1
2 , and

sup
t0atat1

k‘uðtÞk22 þ
ð t1

t0

kDuðtÞk22 dtaCk‘uðt0Þk22aCk‘ak22:

By repeating the above process, we obtain an increasing sequence ftkglk¼1 satisfy-

ing gðtk�1; tkÞ ¼ 1
2 (here we always assume gðtk;TÞ > 1

2 , otherwise (2.9) below

holds in the case 2
s
þ 3

q
¼ 1). Moreover, the following inequality holds for any

kb 1:

sup
tk�1atatk

k‘uðtÞk22 þ
ð tk

tk�1

kDuðtÞk22 dtaCkk‘ak22:

Denote the lengths of intervals ðtk�1; tkÞ by dk, that is dk ¼ tk � tk�1. If dk ! 0

as k ! l then gðtk�1; tkÞ ! 0 as k ! l, which is a contradiction with

gðtk�1; tkÞ ¼ 1
2 for any kb 1. Therefore, dk n 0 as k ! l. Since 0 < T < l,

after a finite number of steps we obtain that
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sup
0at<T

k‘uðtÞk22 þ
ðT

0

kDuðtÞk22 dtaC: ð2:9Þ

If 2
s
þ 3

q
< 1, from (2.8), we immediately infer that (2.9) also holds.

Case 2. We now assume that (1.5) holds. Following the proof in Case 1 we

know that, for any e > 0,

���2 ð t

0

ð
R3

u3ðo2Du1 � o1Du2Þ dx dt
���

a e

ð t

0

kDuk22 dtþ Cðkak2; eÞku3k
2ð1�3=qÞ�1

Lsð0; t;LqðR3ÞÞk‘uk
ð4=sÞð1�3=qÞ�1

Llð0; t;L2ðR3ÞÞ; ð2:10Þ

and ���2 ð t

0

ð
R3

�
u1ðo3Du2 � o2Du3Þ þ u2ðo1Du3 � o3Du1Þ

�
dx dt

���
a

ð t

0

ð
R3

�
ju1jðjo3j jDu2j þ jo2j jDu3jÞ

þ ju2jðjo1j jDu3j þ jo3j jDu1jÞ
�
dx dt

a

ð t

0

�
ku1k3ðko3k6kDu2k2 þ ko2k6kDu3k2Þ

þ ku2k3ðko1k6kDu3k2 þ ko3k6kDu1k2Þ
�
dt

aCðku1kLlð0;T ;L3ðR3ÞÞ þ ku2kLlð0;T ;L3ðR3ÞÞÞ
ð t

0

kDuk22 dt: ð2:11Þ

By inserting (2.10) and (2.11) into (2.5) we obtain, for every 0a t < T ,

k‘uðtÞk22 þ 2

ð t

0

kDuðtÞk22 dt

a k‘ak22 þ e

ð t

0

kDuk22 dtþ CðeÞku3k2ð1�3=qÞ�1

Lsð0; t;LqðR3ÞÞk‘uk
ð4=sÞð1�3=qÞ�1

Llð0; t;L2ðR3ÞÞ

þ Cðku1kLlð0;T ;L3ðR3ÞÞ þ ku2kLlð0;T ;L3ðR3ÞÞÞ
ð t

0

kDuk22 dt: ð2:12Þ

Thanks to assumption (1.5), we can choose h0 a 0; 1
2C

� �
such that

Cðku1kLlð0;T ;L3ðR3ÞÞ þ ku2kLlð0;T ;L3ðR3ÞÞÞaCh0a
1

2
: ð2:13Þ

Then, by taking e ¼ 1
2 in (2.12) and using also (2.13), we conclude that, for

0a t < T and d > 0,
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k‘uðtÞk22 þ
ð t

0

kDuðtÞk22 dt

a
k‘ak22 þ dk‘uk2Llð0; t;L2ðR3ÞÞ þ CðdÞku3k2ð1�2=s�3=qÞ�1

Lsð0; t;LqðR3ÞÞ if 2
s
þ 3

q
< 1;

k‘ak22 þ Cku3ks
Lsð0; t;LqðR3ÞÞk‘uk

2
Llð0; t;L2ðR3ÞÞ if 2

s
þ 3

q
¼ 1:

8<
:

The next proof is the same to the one in Case 1. So (2.9) also holds in Case 2.

From the above arguments in both two cases, we complete the proof of Lemma

2.2. r

Proof of Theorem 1.2. It is well known that for any a a H 1
s ðR3Þ there is a

unique strong solution ~uu of (1.3) with ~uu a Ll
�
0;T0;H

1ðR3Þ
�
BL2

�
0;T0;H

2ðR3Þ
�

for some T0 a ð0;TÞ. Since u is a weak solution of (1.3) satisfying the energy

inequality

kuðhÞk22 þ 2

ð h

0

k‘uðtÞk22 dta kak22;

for any 0a h < T0, we can conclude (by means of Serrin’s uniqueness theorem)

that u ¼ ~uu in R3 � ð0;T0Þ. By the a priori estimate in Lemma 2.2 and a continua-

tion argument, we can extend the local strong solution u to the whole interval

ð0;TÞ. r

3. Decay rates for weak solutions of (1.1) in general domains

Before giving the proof of Theorem 1.3, we introduce some notations and useful

lemmas, which can be found in [18], [20].

Set

Cl
0;sðWÞ ¼ fu a Cl

0 ðWÞ : div u ¼ 0g;

L2
sðWÞ ¼ the closure of Cl

0;sðWÞ in L2ðWÞ;

H 1
0;sðWÞ ¼ the closure of Cl

0;sðWÞ in H 1
0 ðWÞ;

ĤH 1
0;sðWÞ ¼ the closure of Cl

0;sðWÞ in ĤH 1
0 ðWÞ:

Let WJRN ðNb 2Þ be any domain, and A ¼ �PD : DðAÞ ! L2
sðWÞ be the

Stokes operator for W, where P : L2ðWÞ ! L2
sðWÞ is the Helmholtz projection

operator. Then A is positive self-adjoint operator with dense domain DðAÞJ
L2
sðWÞ, Cl

0;sðWÞJDðAÞJH 1
0;sðWÞ. Moreover, NðAÞ ¼ fv a DðAÞ : Av ¼ 0g ¼

f0g. Since A is a positive self-adjoint operator, there exists a uniquely determined

resolution fEl : lb 0g of the identity in L2
sðWÞ such that A has the spectral

representation
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A ¼
ðl
0

l dEl with domain DðAÞ ¼
n
v a L2

sðWÞ : kAvk22 ¼
ðl
0

l2dkElvk22 < l
o
:

More generally, for 0 < a < 1, we define the positive self-adjoint operator

Aa ¼
ðl
0

la dEl with domain DðAaÞ ¼
n
v a L2

sðWÞ :
ðl
0

l2adkElvk22 < l
o
:

Moreover,

NðAaÞ ¼ fv a DðAaÞ : Aav ¼ 0g ¼ f0g:

We define the Yosida approximation of the identity I by

Jm x I þ 1

m
A1=2

� ��1

¼
ðl
0

ð1þm�1lÞ�1
dEl; m ¼ 1; 2; . . . :

Then Jmv a DðA1=2Þ for all v a L2
sðWÞ, and the Yosida approximation operator

norm is given by

kJmkL2
s!DðA1=2Þ ¼ sup

lb0

ð1þm�1lÞ�1
a 1:

In addition,

A1=2Jm ¼
ðl
0

lð1þm�1lÞ�1
dEl

is also a bounded operator with the norm

kA1=2JmkL2
s!L2

s
¼ sup

lb0

�
lð1þm�1lÞ�1�

am:

Moreover, A1=2Jmv ¼ JmA
1=2v for all v a DðA1=2Þ, and

lim
m!l

kJmv� vk2 ¼ 0 for all v a L2
sðWÞ;

lim
m!l

kA1=2Jmv� A1=2vk2 ¼ 0 for all v a DðA1=2Þ:

Lemma 3.1. Set b0 ¼ min a; 12 ;
1
4

	 

, b1 ¼ min a; 12 ;

1
4 þ

b0
2

n o
, and

bnþ1 ¼ min a;
1

2
;
1

4
þ bn

2

� �
; n ¼ 0; 1; . . . :
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Then we have

(i) limn!l bn ¼ 1
2 , and 0 < bn <

1
2 for any n ¼ 0; 1; . . . if ab 1

2 ,

(ii) limn!l bn ¼ a, and 0 < bna a for any n ¼ 0; 1; . . . if 0 < a < 1
2 .

Proof. We first prove (i). Obviously, b0 ¼ min a; 12 ;
1
4

	 

¼ 1

4 <
1
2 if ab

1
2 , and

b1 ¼ min a;
1

2
;
1

4
þ 1

2
� 1

4

� �
¼ 3

8
<

1

2
:

Assume bn <
1
2 for any fixed nb 1. We conclude

1

4
þ bn

2
<

1

4
þ 1

2
� 1

2
¼ 1

2
;

and then

bnþ1 ¼ min a;
1

2
;
1

4
þ bn

2

� �
¼ 1

4
þ bn

2
<

1

2
:

From the above arguments, we conclude that, for any n ¼ 0; 1; . . . ,

0 < bn <
1

2
and bnþ1 ¼

1

4
þ bn

2
:

Therefore, after an elementary calculation, we find that

bnþ1 ¼
1

2
þ b0 �

1

2

� �
1

2

� �nþ1

¼ 1

2
� 1

4

1

2

� �nþ1

:

Hence we immediately get limn!l bn ¼ 1
2 .

The proof of (ii) is a little more complicated. We first show that fbng is an

increasing sequence. Note that

b1 ¼ min a;
1

4
þ b0

2

� �
¼ a if 0 < a < 1

4 ;

min a; 38
	 


if 1
4 a a < 1

2 ;

(
¼

a if 0 < a < 3
8 ;

3
8 if 3

8 a a < 1
2 ;

(

b2 ¼ min a;
1

4
þ b1

2

� �
¼

min a; 14 þ a
2

	 

if 0 < a < 3

8 ;

min a; 14 þ 1
2 � 38

	 

if 3

8 a a < 1
2 ;

(
¼

a if 0 < a < 7
16 ;

7
16 if 7

16 a a < 1
2 :

(

Therefore, b0a b1a b2. Assume that bn�1a bn for any fixed n. Then

bn ¼ min a;
1

4
þ bn�1

2

� �
amin a;

1

4
þ bn

2

� �
¼ bnþ1;
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and this shows that fbng is an increasing sequence. Since bna a for every

n ¼ 0; 1; 2; . . . , we infer that limn!l bn ¼ b for some b a ð0; a�.
Passing to the limit in the equality bn ¼ min a; 14 þ

bn�1

2

n o
, we obtain

b ¼ min a;
1

4
þ b

2

� �
¼

a if 0 < aa 1
4 þ

b

2 ;

1
4 þ

b

2 if 1
4 þ

b

2 a a < 1
2 :

(

Now in case b ¼ 1
4 þ

b

2 it follows that b ¼ 1
2 , which contradicts the fact that

1
2 > ab 1

4 þ
b

2 ¼ 1
2 . Thus, limn!l bn ¼ a if 0 < a < 1

2 . r

Lemma 3.2. Let WJR3 be any domain. Then, for every u a H 1
0;sðWÞ, we have

that ��ElP
�
ðJmuÞ � ‘u

���
2
aCl1=2kuk1=22 k‘uk3=22 m ¼ 1; 2; . . . ; ð3:1Þ

where C is independent of m and u.

Proof. For any f a Cl
0;sðWÞ, we have

���ElP
�
ðJmuÞ � ‘u

�
;
��� ¼ ���ElP div

�
ðJmuÞn u

�
; f
���

¼
���ðJmuÞn u;‘Elf

���
a kJmuk4kuk4k‘Elfk2
aCðkJmuk2kuk2Þ

1=4ðk‘Jmuk2k‘uk2Þ
3=4kA1=2Elfk2

aCkuk1=22 ðkA1=2Jmuk2kA1=2uk2Þ
3=4

� ðl
0

mdmkEmElfk22
�1=2

aCl1=2kuk1=22 ðkJmA1=2uk2kA1=2uk2Þ
3=4

� ð l

0

dmkEmfk22
�1=2

aCl1=2kuk1=22 k‘uk3=22 kfk2;

which yields that ð3:1Þ. Here we use the fact that

ðl
0

mdmkEmElfk22 ¼
ð l

0

mdmkEmfk22;

and that kEmfk2a kfk2 for all f a Cl
0;sðWÞ; the latter follows by observing that

kEmfk22 ¼ ðEmf;EmfÞ ¼ ðf;EmEmfÞ ¼ ðf;EmfÞa kEmfk2kfk2: r
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Proof of Theorem 1.3. It is well known that (see e.g. [18]) that there exists a strong

solution u ¼ umðx; tÞ of the problem

qtu� Duþ
�
ðJmuÞ � ‘

�
uþ ‘p ¼ f in W� ð0;lÞ;

‘ � u ¼ 0; ujqW ¼ 0; uð0Þ ¼ Jma:

�
ð3:2Þ

Moreover, u ¼ umðx; tÞ satisfies

�
uðtÞ; fðtÞ

�
þ
ð t

s

��
‘uðtÞ;‘fðtÞ

�
þ
�
JmuðtÞ � ‘uðtÞ; fðtÞ

��
dt

¼
�
uðsÞ; fðsÞ

�
þ
ð t

s

��
uðtÞ; qtfðtÞ

�
þ
�
f ðtÞ; fðtÞ

��
dt; ð3:3Þ

for all 0a sa t < l and any f a C
�
½0;lÞ;H 1

0;sðWÞ
�
BC1

�
½0;lÞ;L2ðWÞ

�
. In

addition, the energy equality holds, namely

kuðtÞk22 þ 2

ð t

0

k‘uðtÞk22 dt ¼ kuð0Þk22 þ 2

ð t

0

�
f ðtÞ; uðtÞ

�
dt; ð3:4Þ

for all tb 0. From (3.4) we have

d

dt
kuðtÞk22 þ 2k‘uðtÞk22 ¼ 2

�
f ðtÞ; uðtÞ

�
: ð3:5Þ

We observe that, for any r > 0,

k‘uðtÞk22 ¼ kA1=2uðtÞk22

¼
ðl
0

ldkEluðtÞk22

b r

ðl
r

dkEluðtÞk22

¼ r
� ðl

0

dkEluðtÞk22 �
ð r

0

dkEluðtÞk22
�

¼ r
�
kuðtÞk22 � kEruðtÞk22

�
: ð3:6Þ

By inserting (3.6) into (3.5), we get

d

dt
kuðtÞk2 þ rkuðtÞk2a rkEruðtÞk2 þ k f ðtÞk2: ð3:7Þ

By taking fðtÞ ¼ e�ðt�tÞAErc in (3.3), with c a Cl
0;sðWÞ, we obtain
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�
EruðtÞ;c

�
¼

�
Ere

�tAuð0Þ;c
�
�
ð t

0

�
Ere

�ðt�sÞAPJmuðsÞ � ‘uðsÞ;c
�
ds

þ
ð t

0

�
Ere

�ðt�sÞAPf ðsÞ;c
�
ds: ð3:8Þ

From (3.8) and Lemma 3.2, we infer

kEruðtÞk2a ke�tAuð0Þk2 þ Cr1=2
ð t

0

k f ðsÞkV̂V � ds

þ Cr1=2
ð t

0

kuðsÞk1=22 k‘uðsÞk3=22 ds: ð3:9Þ

By combining (3.7) and (3.9) we deduce that

d

dt
kuðtÞk2 þ rkuðtÞk2a k f ðtÞk2 þ Cr

n
ke�tAuð0Þk2 þ r1=2

ð t

0

k f ðsÞkV̂V � ds

þ r1=2
ð t

0

kuðsÞk1=22 k‘uðsÞk3=22 ds
o
: ð3:10Þ

Next we observe that

ke�tAuð0Þk2 ¼ ke�tAJmak2 ¼ kJme�tAak2a ke�tAak2aCðtþ 1Þ�a:

So, by setting r ¼ kðtþ 1Þ�1 with some large positive integer k, and by multiply-

ing both sides of (3.10) by ðtþ 1Þk, we obtain

d

dt

�
ðtþ 1ÞkkuðtÞk2

�
aCðtþ 1Þkfk f ðtÞk2 þ ðtþ 1Þ�1�a þ ðtþ 1Þ�1�1=2g

þ Cðtþ 1Þk�3=2
� ð t

0

kuðsÞk22 ds
�1=4

�
� ð t

0

k‘uðsÞk22 ds
�3=4

ð3:11Þ

and then

kuðtÞk2a kak2ðtþ 1Þ�k þ Cðtþ 1Þ�1

ðl
0

ðsþ 1Þk f ðsÞk2 ds

þ Cðtþ 1Þ�k

ð t

0

�
ðsþ 1Þk�1�a þ ðsþ 1Þk�3=2 þ ðsþ 1Þk�1�1=4�

ds

aC
�
ðtþ 1Þ�a þ ðtþ 1Þ�1=2 þ ðtþ 1Þ�1=4�: ð3:12Þ

Let b0 ¼ min
	
a; 12 ;

1
4



. Then from (3.12) we have

71Regularity and decay properties of weak solutions to N–S equations

(AutoPDF V7 28/1/10 12:48) EMS (170�240mm) Tmath J-2232 PMS, 67:1 (idp) PMU:(KN/)8/1/2010 pp. 57–74 2232_67-1_03 (p. 71)



kuðtÞk2aC0ðtþ 1Þ�b0 : ð3:13Þ

By inserting (3.13) into (3.11), we get

d

dt

�
ðtþ 1ÞkkuðtÞk2

�
aCðtþ 1Þkfk f ðtÞk2 þ ðtþ 1Þ�1�a þ ðtþ 1Þ�1�1=2g

þ Cðtþ 1Þk�5=4�b0=2:

Then,

kuðtÞk2aC
�
ðtþ 1Þ�a þ ðtþ 1Þ�1=2 þ ðtþ 1Þ�1=4�b0=2

�
: ð3:14Þ

Let b1 ¼ min a; 12 ;
1
4 þ

b0
2

n o
. Then (3.14) can be rewritten as

kuðtÞk2aC1ðtþ 1Þ�b1 : ð3:15Þ

By inserting (3.15) into (3.11) and after a direct calculation, we get

kuðtÞk2aC2ðtþ 1Þ�b2 ;

where b2 ¼ min a; 12 ;
1
4 þ

b1
2

n o
.

By iterating the above arguments, we obtain for any n ¼ 0; 1; 2; . . .

kuðtÞk2aCnðtþ 1Þ�bn ; ð3:16Þ

where

b0 ¼ min a;
1

2
;
1

4

� �
; b1 ¼ min a;

1

2
;
1

4
þ b0

2

� �
; bnþ1 ¼ min a;

1

2
;
1

4
þ bn

2

� �
;

and for n ¼ 0; 1; . . .

Cnþ1 ¼ A0 þ B0C
1=2
n ð1� 2bnÞ

�1=4 with A0;B0 > 0 independent of n: ð3:17Þ

Recall that u ¼ um in the above arguments satisfies (3.2) and (3.4). By using

the convergence properties on Jm we can easily construct a weak solution u of

(1.1) satisfying (1.2). Moreover, from Lemma 3.1 we know that if 0 < a < 1
2 then

limn!l bn ¼ a and 0 < bn <
1
2 for any nb 1. So, according to (3.17), the limit

limn!l Cn is finite. By passing (3.16) to the limit as n ! l we infer that (1.6)

holds for 0 < a < 1
2 . If ab 1

2 , then limn!l bn ¼ 1
2 and 0 < bn <

1
2 for every

nb 1. So, for any given e a 0; 12
� �

there exists a large number ne > 0 such that

bne >
1
2 � e, and from (3.16) we get that
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kuðtÞk2aCneðtþ 1Þ�bne aCneðtþ 1Þ�1=2þe;

that is, (1.6) holds for ab 1
2 . This completes the proof of Theorem 1.3. r

Remark. We cannot take e ¼ 0 in (1.6). Indeed, since the constant Cn in (3.16)

satisfies Cn > B0A
1=2
0 ð1� 2bn�1Þ

�1=4 and by also taking Lemma 3.1 into account,

we immediately infer that Cn ! l as n ! l in case ab 1
2 . So, in case ab 1

2 we

cannot insure that kuðtÞk2aCðtþ 1Þ�1=2 by means of passing (3.16) to the limit.
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