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Abstract. We consider nonclassical entropy solutions to hyperbolic conservation laws with
concave-convex flux functions, whose undercompressive shocks are selected by a kinetic
function ¢”. Extending earlier work of Baiti, LeFloch and Piccoli, we reinterpret their con-
struction of the (generalized) strength of classical and nonclassical shocks, allowing us to
simplify it, highlight its true nature and identify new degrees of freedom. Relying mainly
upon the natural assumption that the composite function ¢’ o ¢” is uniformly contracting,
we establish that the generalized total variation of front-tracking approximations is non-in-
creasing in time, and we conclude with the existence of nonclassical solutions to the initial
value problem. We also propose a definition of a generalized interaction potential, and in-
vestigate its monotonicity properties. In particular, we established that the interaction
functional is globally non-increasing along a splitting-merging interaction pattern.
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1. Introduction

Consider the following initial value problem associated with a conservation law in
one-space variable:

ur + f(“)x =0,
u(0,-) = uy,

where up: R — R is a function with bounded variation (BV) on R, and the
(smooth) flux f : R — R is a concave-convex function in the sense that

uf"(u) >0  (u#0), f"(0)=#£0,

lim f'(u) = +o0.
—+0

(1.1)

(1.2)

Jue



280 M. Laforest and P. G. LeFloch

Following LeFloch [13], we consider nonclassical entropy solutions to this
problem. Recall that, in many applications, only a single entropy inequality can
be imposed on the solutions, i.¢.,

U(u), + F(u), <0, (1.3)

where the so-called entropy U is a given, strictly convex function and the entropy
flux F(u) := [“U'(v)f'(v) dv is determined by U. It is not difficult to construct
multiple weak solutions to the initial value problem (1.1)—(1.3), so that one real-
izes that the single entropy inequality is too lax to determine a unique weak
solution. In fact, for initial data restricted to lie in one region of concavity or con-
vexity, the classical theory applies and leads to a unique entropy solution. Non-
uniqueness arises when weak solutions contain transitions from positive to nega-
tive values, or vice-versa.

The above non-uniqueness property is closely related to the fact that discontin-
uous solutions, in general, depend upon their regularization, that is, different reg-
ularizations or approximations to the conservation law (1.1) may lead to different
solutions in the limit. This, in particular, is true for solutions to the Riemann
problem, corresponding to the initial data

u;, x<0,
w) = {1 Y20 (1.4

where u;, u, are constant states. Indeed, for a wide class of regularizations, includ-
ing regularizations by nonlinear diffusion-dispersion terms, there exist nonclassical
shocks which satisfy (1.3) yet violate Oleinik’s entropy inequalities. The selection
of nonclassical solutions is based on a kinetic function ¢” : R — R which, by defi-
nition, provides a characterization of admissible nonclassical shocks connecting
two states u_, u,, that is,

uy = (). (1.5)

For scalar conservation laws and, more generally, nonlinear hyperbolic sys-
tems, LeFloch and co-authors initiated the development of a theory of nonclassi-
cal entropy solutions selected by the kinetic relation (1.5); many analytical and nu-
merical issues have been covered. We refer to [12], [13], [14] for a review of the
theory and to [16] for recent developments on the numerical approximation. On
the other hand, the kinetic relation was originally introduced in the context of a
hyperbolic-elliptic model describing the dynamics of phase transitions in liquids
or solids, for which we refer the reader to Slemrod [20], Truskinovsky [21],
Abeyaratne and Knowles [1], and LeFloch [11]. In particular, in [11] an existence
theorem based on the Glimm scheme was established for a class of kinetic rela-
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tions arising in phase dynamics. This subject has developed extensively since then,
and we will not try to review this literature here.

Our objective in the present paper is to design functionals measuring the (gen-
eralized) total variation and wave interaction potential of nonclassical entropy
solutions, in light of the earlier works [11], [2], [3], [4], [13], [17]. We consider solu-
tions generated by Dafermos’ front-tracking method [7], [8], when the local Rie-
mann solutions are nonclassical and are determined by a given kinetic relation.
We are interested in deriving uniform estimates for the total variation of solutions
and showing that the scheme converges to global-in-time, nonclassical entropy so-
lutions to the initial value problem (1.1).

This paper can be interpreted, in part, as a re-examination of the general defi-
nition of wave strength introduced by Baiti, LeFloch, and Piccoli [3]. The defini-
tion proposed there was somehow too abstract to be usable for systems of conser-
vation laws while other simpler and more explicit definitions, such as those in [2],
[4], [17] were somehow too simple to extend to systems of conservation laws.
Therefore, in the present paper, we re-interpret the general definition of wave
strength given in [3] as a straightforward change of variable in the u-variable.
We then show that the change of variable can be constructed so as to satisfy addi-
tional identities and certain Lipschitz bounds. These results considerably clarify
the analysis of BV bounds for solutions to conservation laws in that the arguments
are simpler and allow the kinetic function to appear explicitly in the functionals.
Most importantly, it appears that our new arguments are robust and may be gen-
eralized to tackle systems of equations. Yet, the notion of generalized wave
strength under consideration possesses the same weaknesses as the one in [3] since
it does not appear to be of use for kinetic functions defined by degenerate regular-
izations [3], [6]; see Example 2.3 below.

An outline of this paper follows. In Section 2, we begin with a brief review of
the theory of kinetic relations and emphasize what we will need in the rest of this
paper. We then introduce the definition of generalized wave strength from [3] and
show that it can be constructed so as to satisfy two new properties. In Section
3, we establish that the proposed generalized total variation functional is non-
increasing along a sequence of Dafermos’ front-tracking solutions; cf. Theorem
3.1. In Section 4, we turn to the construction of an interaction functional based
on Glimm’s original construction. In Theorem 4.2 we show that Glimm’s defini-
tion leads to an interaction functional which is non-increasing in all but four inter-
action patterns. Next, in Section 5 we establish that, despite the caveats of Theo-
rem 4.2, the proposed interaction functional is actually globally non-increasing, at
least in the significant case of merging-splitting wave patterns originally intro-
duced by LeFloch and Shearer [17]. Hence, Theorem 5.1 below demonstrates the
relevance of the proposed interaction functional to handle nonclassical entropy
solutions.
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2. Kinetic functions and generalized wave strength

2.1. Assumptions on the kinetic function. We begin by discussing some aspects
of the theory of kinetic functions ¢” for nonclassical entropy solutions to (1.1).
This theory provides a synthetic description of the class of solutions generated by
regularizations.

As a starting point, we consider the problem of describing the set of solutions u
to the Riemann problem (1.4) that can be realized as limits # — u of solutions to
the regularized conservation law

i+ £ (@), = B(b(a, i) .+ y(er (@) (e2(@)iry) ) (2.1)

where it — u as ,y — 0, with « := ?/y fixed. The purpose of the kinetic function
¢’ is to describe this class of solutions u without requiring the explicit evaluation
of the limit (2.1). The general theory [13] shows that for each conservation law
(1.1), each entropy condition (1.3), and each regularization (including but not lim-
ited to those of the form (2.1)), the admissible undercompressive shocks are those
whose right- and left- and hand states satisfy u, = ¢’(u_), for some function
9 R— R

The fundamental conditions required on the kinetic function are the following
ones:

(A1) The map ¢” : R — R is Lipschitz continuous and one-to-one.

(A2) ¢°(0) =0 and ¢’ is monotone decreasing.

(A3) There exists a compact neighborhood /; of the origin in which Lip,, (p°) < 1.
(A4)

A4) The second iterate ¢” o ¢” is a strict contraction, i.e., for some C; € (0,1),
|9 0’ (uw)| < Cilu|, wueR. (2.2)

These assumptions do hold for a large class of (non-degenerate) regularizations,
two of which are discussed in Examples 2.1 and 2.2, below. Natural analogues
of the properties (A1), (A2), (A3) and (A4) are known to hold for systems, when
¢’ is properly defined in this more general setting. The same conditions were as-
sumed in [3], and we refer the reader to the monograph [13] and the references
cited therein for more detailed information.

We now proceed to describe, with the help of the kinetic function, the set of
admissible states u_, u, arising on the left- and the right-hand sides of a dis-
continuity. When u_ > 0 (u_ < 0, respectively), nonclassical shocks are required
when the amplitude of the shock is large enough and the threshold u, < ¢*(u_)
(p*(u_) < u,, resp.) is reached. This threshold function ¢*: R — R is defined
from ¢” as the unique value ¢*(u_) ¢ {u_,¢"(u_)} such that

flus) = f0" (W) — flus) = f(o(u-))

RS B Tl N 23)
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Geometrically, (¢*(u-), f(*(u-))) is the point at which the line connecting the
points (u_, f(u_)) and (¢’ (u_), f(¢’(u_))) crosses the graph of f and, therefore,
for instance when u_ > 0 the following inequalities must hold

) <pfu)<u_. (2.4)

For concave-convex flux (1.2), the nonclassical entropy solution to the Rie-
mann problem with data (1.4) and u; > 0, is

i) a shock if (/) < u,, or

ii) a nonclassical shock connecting u; to ¢”(u;) followed by a classical shock con-
necting ¢ (1) to u, if ¢°(u;) < u, < ¢*(uy), or else

iii) a nonclassical shock connecting u; to ¢’ (1) followed by a rarefaction connect-
ing ¢’ (u)) to u, if u, < ¢’ (w)).

When u; < 0, the nonclassical Riemann solver is similar.

Given two states u_ and u, separating a discontinuity, the rate of entropy pro-
duction, say D(u_,u.) (associated with a given entropy) can be used to character-
ize nonclassical solutions. It is proven in [13] that, say for u_ > 0, D admits two
distinct roots (pg(u,) and u_, between which D is negative, and admits a unique
global minimum at ¢%(u_), where ¢(u) is the function defined by the tangency
condition

(2.5)

Given that all shocks with ¢*(u_) < u, < u_ are classical (i.e., would satisfy Olei-
nik’s entropy conditions), the nonclassical entropy admissible shocks are those
corresponding to (pg(u,) <u, <¢"u_). In fact, for all u # 0 one can check that

" ()] < |9’ ()] < lgg(w)]- (2.6)

Our assumptions on f and U (and independently of the chosen regularization)
imply that ¢} satisfies (A1) and (A2) as well as the stronger condition

9} 0 ph(u) = u. (2.7)

A key point here is that these properties of ¢* and ¢ are independent of the regu-
larization which defines ¢”. One may also show that ¢? and gog are piecewise C'!
[13].

We conclude the discussion of kinetic functions with the description of three
important regularizations, defined in terms of the functions b, ¢; and ¢, appearing
in (2.1).
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Example 2.1 (Linear diffusion and dispersion). As shown in [17] for the flux
f(u) = u?, the entropy U(u) = u*/2, and the regularization b = ¢; = ¢; = 1, the
zero dissipation kinetic function is ¢} (1) = —u while ¢*(u) = —u/2 and

—u+1A(0), u=A(x),

0w = { pi(u), U] < A(), (2.8)
—u—1A(2), u<-A),

where o := %/y in (2.1) and A(a) = 2av/2/3.

Example 2.2 (General non-degenerate diffusion and dispersion). Bedjaoui and
LeFloch [5] considered f satisfying (1.2), b(u,v) = b(u) smooth and bounded
0 < B < b(u,v) < B and the entropy U” = ¢|/c;. For each value of o := f/y,
they showed that there exists thresholds 4 («) and A, («) such that ¢} satisfies
either

0,(u) = ¢*(u)  for A_(2) <u < A (2), (2.9)
or, the inequalities
0 < [p*(w)] < lps(w)] < log(w), (2.10)

when either u < A_(x) or A4 () < u. The thresholds vanish only if o vanishes.
Moreover, for any fixed u # 0, ¢2(u) — ¢} (u) as o — 0.

Example 2.3 (Degenerate diffusion-dispersion model). Bedjaoui and LeFloch [6]
also analyzed regularizations of the form (2.1) where b vanished nonlinearly as
uy — 0, namely ¢; = ¢; = 1 and b(u,v) = |v|”v in (2.1). Such nonlinear diffusion-
dispersion models occurs in certain models of fluids and in particular when using
Von Neumann-Richtmyer artificial viscocity. For f(u) =u* and U(u) = u?/2,
then we again have ¢)(«) = —u and ¢*(u) = —u/2. The kinetic function depends
strongly on both « and the exponent p. It was shown that there still exists thresh-
olds A_ and A, such that both (2.9) and (2.10) hold. However, these thresholds
may degenerate in the following manner:

(i) For 0 < p <1, we have

(co,i,a)’(o):—%, A:(0) =0,  A,(04) = +oo.

(i) Fort< p <3, wehave (p) ,)'(0) = —1 and 4. (2) = 0.
(iii) For1 < p, we have ((p;“)’(O) = —1and 4,(x) = 0.
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This description provides a portrait of the complexity that may be found in degen-
erate regularizations. We note that when p > 1/2 the kinetic function fails to sat-
isfy assumption (A4). See Theorems 2.2 and 2.3 in [6] for more detailed state-
ments.

2.2. Generalized wave strength. Building on the pioneering work by Baiti, Le-
Floch, and Piccoli [3], we simplify here the original notion of generalized wave
strength introduced therein, and we relate it directly to the fundamental contrac-
tion property (A4) of the kinetic function. Whereas the definition of wave strength
in [3] was the most general possible, we show that a specialization of their argu-
ment allows one to recover an explicit and rather natural form of the wave
strength. We begin by taking a fresh look at the results in [3] using a slightly dif-
ferent notation.
Consider a general change of variable defined by

_ Y (w), 0<u,
=) "{Wu), u<o,

in which (to begin with) we assume only that i is monotone increasing. Given
any function g = g(u) we write §(i) = o g oy~ ' (&t) to distinguish its equivalent
in the variables # from the original mapping ¢ in the variables u. In [3], the au-
thors essentially established the following result.

(2.11)

Lemma 2.4. For ¢’ satisfying (A1)—(A4) and M := |uo||;.. (uo being the initial
data in (1.1)), there exists a change of variable (2.11) for which

it + ¢ (@1) (2.12)

is monotone increasing for all it € [—M, M]. Moreover, ¢ satisfies (A1)—(A4) with
respect to u, and the change of variable \y can be chosen to satisfy the following four
properties:

(B1) s is Lipschitz continuous and one-to-one.

(B2) /(0) = 0 and v is monotone increasing.

(B3) There exists a Lipschitz constant such that

V() — ()|

u—=uv

0 < Lip(y) := inf (2.13)

UF#v

(B4) Moreover, (2.12) is uniformly increasing in the sense that, for some constants
0<a < as,

ay < Lip(ii+ ¢’ (@) < Lip(i + ¢’ (i) < a». (2.14)
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Proof. In fact, [3] proves that there exists a Lipschitz continuous and monotone
increasing change of variable (2.11) such that

V() = (—¥_o9’)(u) (2.15)
is monotone increasing for u > 0, while
W (u) = (b 0 9")(w) (2.16)

is monotone decreasing for v < 0. Writing # = /(u), then for u > 0 expression
(2.15) becomes

Yo (u)+y_op oyl oy, (u) =i+ ¢ (@),

while for # < 0, expression (2.16) becomes
—Y () =09’ oy oy (u) = —(a+¢"(@)).

Therefore the fact that functions (2.15) and (2.16) are respectively monotone in-
creasing and decreasing is equivalent to the fact that (2.12) is monotone in-
creasing.

The properties (B1)—(B4) are consequences of the construction described in [3]
although (B3) and (B4) are somewhat hidden in the proof. Equation (5.11) in [3]
implies property (B3), while equation (5.6) states that

V(W) +yop’(u)=u, uel
To check (B4), we use the previous identity to compute, for every & # ¥,

u—7uv

’w(u) — ()]

Therefore, it is easy to see that
Lip(a + ¢’ (@)) = 1/Lip(¥) > 0,
Lip(ii + ¢’ (1)) = 1/Lip(y)) < oo.
This completes the proof of Lemma 2.4. O

Relying on the previous lemma, the authors in [3] proposed a definition of
wave strength and showed that the resulting total variation functional is strictly
decreasing at interactions in front-tracking approximations; see Section 3 below.
We state here the definition from [3].
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Definition 2.5 (Notion of generalized wave strength). For each choice of change
of variable # = y/(u), one defines the generalized strength o(u_,u) of a classical
or nonclassical wave (u_,u.) as follows:

- —w.], w-uy >0,

2.17
|l~lf =+ 1/~l+|, u,u+ < 0 ( )

o) = {
We note immediately that the change of variable i and its properties (B1)-
(B4) guarantee that o has two important properties.

o The proposed generalized strength is continuous when u, crosses ¢*(u_) and
the solution of the Riemann problem goes from a single crossing shock (i.e.,
u_uy < 0) to a nonclassical shock followed by a classical shock.

For u_ > 0, this follows from inequalities ¢’(u_) < ¢*(u_) < 0 and as-
sumption (B3)

o, gt () = la- — ()|
=l — ¢ (@) + 1§ (@) — ()|
= o(u_. ¢’ (u)) + o9’ (u-). 9% ().

In fact, if pf(u_) were positive then the monotonicity of i would imply that
¢'(i) <@’ 0@’ (i) < ¢ (i) and a similar computation would show that
continuity still holds.

e The generalized strength is its equivalence with the usual notion of strength.
When the rarefaction and the non-crossing shocks have two neighboring
states of the same sign, then assumption (B3) implies

o(u,uy) = |a- —ay| = Lip(y)|u- —u. (2.18)

For crossing shocks, it suffices to use assumptions (A4), (B4), and the prop-
erty (2.6) to show that the definition is equivalent to the usual notion of
strength

Lip(y)

lm lu_ — ¢’ (u_)]. (2.19)

o’ (u)) = i + ()| > a

In view of the presentation in the previous section, the results in [3] already

provides a generalization of the contraction property (A4) of the kinetic function.

Since ¢”(0) = 0 and (0) = 0, then the positivity of (2.12) implies that |¢°(&)| < |i|

for all u # 0 and the strict positivity of Lip(& + ¢’(@1)) implies that the kinetic
function satisfies

P

4 g‘ <1 (2.20)

max g’ 70
o

(M. M]
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In fact, the existence of the lower Lipschitz constant for & + ¢’ (i) is equivalent to
the above result. As a matter of fact, this simple observation was not mentioned
explicitly in [3]. In this vein, we will now show that even the Lipschitz constant of
the kinetic function can be manipulated with the help of a well-chosen change of
variable. This will be particularly important in Section 5 when we study splitting-
merging solutions.

Proposition 2.6 (General class of changes of variable). Consider a kinetic function
that satisfies (A1)—(A4) and the condition

0 < Lip(p"). (2.21)

Then, for any ¢ > 0 and M = ||uy||; ., there exists a change of variable it = (u) for
which @+ ¢’ (ii) is monotone increasing, (B1)—(B4) are satisfied, and, moreover,

Lip(¢°) € (1/2,1)  in [-M, M]\[—¢,e]. (2.22)

Proof. We start with a change of variable provided by Lemma 2.4. To simplify
the notation, this new variable is simply denoted as u. From any fixed ¢ > 0 and
any parameters 4, p > 0, we construct a new (smooth) change of variable

u = (u) = sign(u)ul’, (2.23)

which we consider away from [—¢,¢]. Near the origin, it is always possible to
modify the above expression of s so that condition (B3) is satisfied.

The kinetic function ¢’ is Lipschitz continuous, only. Away from the origin,
we can compute the new Lipschitz constant

dy _d Sy - W00 @)
%_ﬁ(lpogobo,/, (@) = v
_sien(o’ )l (P 0) @) _ o) ("o
sign (u)* Aplul” u du

Given that ¢” satisfies (2.20) and (2.21), there exist positive constants ¢ and &
such that

—1+e < (9")(u) < —a.
Then, picking p > 0 sufficiently small so that

1/2 < ¢,
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we get

n?

dg
g’dﬁ

g] S @) GNP @) () > o > 172

for some &,. On the other hand, the supremum of the Lipschitz constant is

~b

g% ‘< (") (€I (@) (W) < (1 =) < 1,

which implies that & + ¢’ (i) is monotone increasing. The other conditions (B1),
(B2) and (B4) follow easily from the fact that the change of variable is smooth.
U

The main difficulty within the previous lemma was not to decrease the (ab-
solute) value of the derivative of ¢” but to increase it and guarantee that it falls
within a given interval. For example, it is an easy exercise to show using a
change of variable of the form y = u + Au(u), with x4 odd and concave-convex,
that the (absolute) value of the derivative can be decreased arbitrarily close to
Zero.

Example 2.7 (Cubic flux with linear diffusion and linear dispersion). Given the
importance of the analysis of the kinetic function for a hyperbolic conservation
law with a constant ratio of linear diffusion and dispersion (Example 2.1), we pres-
ent an explicit example of a change of variable satisfying (2.22). At the moment,
the derivative of ¢’ is either —1/2 or —1 and therefore the Lipschitz constant is
just outside the interval (1/2,1). Recall that for each value of o := */y in (2.1),
there exists a threshold 4 = A(«) on the strength of waves below which all waves
are classical.
For a fixed «, we consider the piecewise smooth change of variable

u, |u\ < A/2,
Yu) == (u+ A/2)/2+nu—A/2)*, A/2<u, (2.24)
(u—A/2))2 —n(u+ A4/2)*, u<—4)2.

Simple calculations show that

—u/2, lul < 4,
Yog'(u) = —u/2—n(-u+A4)>°, A<u,
—uf2+n(—u—A)?, u<-—A,
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and
-1/2, lu| < A,
o) (u) =< ~1/2+2p(~u+ A4), A<u,
—1/2=2np(—u—A), u<-A.
Therefore
Wy o)W
du v'(u)
-1/2, u| < 4/2,
—(1+2pQu—a)) ", A2 <u< A,
= —(1—=27Q2u+4))", —A<u<-—A4)2,
—(1+4n(u A))/(1+277 2u—A)), A<u,
—(1=4n(u+A)/(1 = 27Qu+ A)), u<-A.
When nonclassical shocks appear, the derivative is |(¢?)'(+4)| = |—1/(1 + 2n4)|

< 1. 1In fact, if 74 < 1/2 the absolute value of this derivative is superior to 1/2.
Since the derivative is increasing with respect to u, for any bound on the size of the
initial data u in (1.1), the condition (2.22) will be satisfied if it is satisfied when
u= A. For any fixed o, it suffices to take # sufficiently small to guarantee that
the kinetic function uniformly satisfies (2.22).

2.3. Specific choice of interest. We now introduce an explicit and natural
change of variable that one might want to consider. The purpose of the following
change of variable would be to remove any asymmetry present in (pg due to the
flux or the entropy. Define the Lipschitz continuous change of variable

u>0,

Wo(u) = {f’% 0, w<o. (2.25)

Although this explicit change of variable will not be required in Sections 3, 4 and
5, we have included a discussion of it because it is an obvious candidate and much
of this work was initially motivated by the desire to understand to what extent the
choice 1, was valid.

We begin by looking at (pg in the new coordinates (2.25). With respect to
i = y(u), we have when > 0

o(it) =W _ ooy (@) = —pg o gg(u) = —o(u) = —i
and

Goit) = W o gy oy (@) = ¢} o 9y (—it) = —i.
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Rather than looking directly at the change of variable (2.25), we will construct a
change of variable satisfying (2.22) and ¢;(&1) = —ii.

Proposition 2.8. Assume that the kinetic function ¢’ and the zero-dissipation func-
tion (pg satisfy

0 < min(Lip(p’), Lip(g;)), ~ max(Lip(gg o ¢”), Lip(¢’ o pg)) < 1. (2.26)

There exists a change of variable i = y(u) satisfying (B1)—(B4) and (2.22), for
which @i + ¢ (it) is monotone increasing and such that the identity

Po(it) = —ii. (2.27)
holds.

Proof: We begin by studying the change of variable y/, before showing that the
technique in Proposition 2.6 can also be used to satisfy (2.22).

Using the Lipschitz change of variable i, (B1)—(B2) hold because of the equiv-
alent to (A1)—(A2) holds for ;. The property (B3) holds because of our assump-
tion (2.26). To check (B4), we begin by assuming that # = (u) = u > 0 and
compute

i+ ¢ (i) = @+ o'y (@) = & — pjo g’ (@),
while for i = o (u) = —p(u) < 0 we find
i+ @' (i) =i+, 09"y (@) = i+ ¢’ o pj(—i).
We can now see that for R
Lip(ii+ ¢’ (@) < 1 — Lip(p; 0 ¢°),
and for R~
Lip(i+ ¢’ (@) < 1 — Lip(¢p” o p).

Since @ + ¢’ (i) is already Lipschitz continuous, we have proved (B4).

In the proof of Proposition 2.6, we introduced a change of variable of the form
W(u) = sign(u)l|ul”, at least away from the origin. Assume that the correction
near the origin is such that i becomes an odd function. Then for & = v o Y, (u)
>0,

P =V ogoo @ =y ogy(@) =y (~i) =~ (@) = &
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and for & = y o ¢} (u) < 0, we find

P =0 @0y @) = vy o)) = v (—i) = —y_(@) = @

Therefore, the technique used in Proposition 2.6 preserves the property (2.27).
([l

Remark 2.9. In the case of a regularization defined by linear diffusion and disper-
sion, Example 2.1, ¢} (1) = —u is already equal to the condition (2.27). However,
¢’ and ¢ do not satisfy conditions (2.26). Moreover, for & > 0

i+ ¢ (it) = u+ <—u +;A(oc)) = %A(a) (2.28)

is not monotone increasing.

Nonetheless, there could be cases where such a change of variable might be
convenient. In fact, Proposition 2.8 can be interpreted as saying that in some vari-
able #, the correct way to measure the strength of nonclassical waves is with the
quantities u — @] o ¢’(u) when u > 0 and ¢} (u) — ¢’ (u) when u < 0.

Example 2.10. For a kinetic function corresponding to a regularization with lin-
ear diffusion and dispersion, as in Example 2.1, property (2.27) is already satisfied
but conditions (2.26) are not, and neither are (B4). We propose to look at a slight
perturbation of y = qog which will asymptotically satisfy condition (2.27). In this
example, the change of variable will be a smooth and arbitrarily small perturba-
tion of (pg near the origin. (This example suggests that a theory exists for changes
of variable based on higher-order perturbations of the zero diffusion kinetic func-
tion ¢}. Such a theory will not be necessary in this paper.) Consider

Ale™ — 1 >0
(@), =0 229
Ale™ —1), u<0,

where 4 > 0 and A € (0,1/2). Using (2.8), we find
W) (@) =1=Ae™ () (u) =1-Ae™,

(b_09”) (u) = {

—148e 2 0<u< A,
-1 —|—A67}'u+2A/27 A<u.

For simplicity, we will only show that & 4 ¢ (i1) is monotone increasing for i > 0.
We begin by computing the quantity
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L @@) =L 4 op o) @)
o)) () - [(hy) ()]

{_%. (1 —Ae /%) /(1 — Ae ™) for 0 < u < A,

d
dit
(W

—(1 = Ae2e=2) /(1 — Ae™™)  for A < u.

When u < 4, 1 > ¢ #/2 > ¢~ and therefore the quotient is always positive and
less than 1 and the derivative of the kinetic function is greater than —1/2. When
u > A, then the quotient is again less than one and the derivative is greater than
—1. By taking A positive and large, one may make this derivative less than —1/2
over any compact interval. This change of variable therefore satisfies (2.27)
asymptotically and properties (2.22) and (B4) exactly.

3. Diminishing total variation functional

In this section, we establish that the total variation functional associated with the
generalized wave strengths (cf. Definition 2.5) is non-increasing in time for solu-
tions generated by front-tracking approximations. Although a proof of such a re-
sult was already provided in [3], we establish here more detailed estimates of the
decrease of the total variation and, in this manner, provide basic estimates re-
quired later in Sections 4 and 5. In particular, we measure the change in the total
variation functional associated with the wave strength (2.5), and show that at in-
teractions involving rarefactions the change is proportional to the strength of the
incoming rarefaction and, if required, involves the Lipschitz constant of i + ¢’ (i).
These estimates are new, easy to interpretn and will be important for the analysis
of systems.

We now introduce front-tracking approximate solutions to (1.1) based on a
nonclassical Riemann solver, following Dafermos [7] in the classical setting.
These approximations are piecewise constant in space and are determined from
the nonclassical Riemann solver described in the previous section.

The first step of the construction is to build a piecewise constant approx-
imation of the initial data uy which admits finitely many discontinuities and
approaches 1y in the L' norm with an error ¢, for some small &. The Rankine—
Hugoniot condition can be used to propagate, in a conservative manner, the dis-
continuities of the initial data. When the Riemann solver calls for continuous
waves, one replaces them by a sequence of small discontinuities (u_,u;) whose
strength satisfy o(u_,u, ) < e.

When two discontinuities meet, the nonclassical Riemann solver is used, but
we continue to enforce that all outgoing waves be discontinuities. One can check
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(see [13] for details) that for a kinetic function satisfying (A1)—(A4), the total num-
ber of discontinuities remains bounded for all times, so that the front-tracking ap-
proximation can be defined for all times.

For a front-tracking approximation u : R, x R — R, formed entirely of prop-
agating discontinuities (each denoted by o), the inequalities (2.18) and (2.19), as
well as the fact that ¢” and y are Lipschitz continuous, imply that

V(u(t)) == Za(uf,ui) (3.1)

o

is equivalent to the total variation norm

TV (u(t)) ==Y [u” —u, (3.2)

where u} denote the left- and right-hand states of the discontinuity o.

As described in Section 4.3 of [13], when the kinetic function satisfies (A1)—
(A4) then the set of wave interactions appearing in front-tracking approximations
can be classified in 16 different categories, depending on the type and strength of
the incoming and outgoing waves. Classical shocks and rarefactions joining two
positive states are denoted by C}r and Rl, respectively. Similarly, when both
neighboring states are negative, we write C! and R'. When a shock joins a posi-
tive state with a negative state, we write C i or N. i depending on whether or not
the shock is classical or nonclassical, respectively. When the signs of the neighbor-
ing states are reversed, we simply write CﬁF and N}.

Theorem 3.1 (Diminishing total variation functional; see also [3], [4]). Let ¢’ be a
kinetic function satisfying the properties (A1)—(A4) and let  be a change of variable
satisfying (B1)—(B4) and used to define the wave strength in Definition 2.5. Then,
for every front-tracking approximation u: R, x R — R to the conservation law
(1.1) based on the nonclassical Riemann solver associated with ¢, the generalized
total variation functional V (u(t)) is non-increasing. Precisely, the change in V
during an interaction is given by

_20(R™), cases RC-1, RC-3, CR-1, CR-2, CR-4,
—2 Lip(u + @’ (i1))o(R™), cases RC-2, RN,

—2(a(R™) — a(R*™)), case CR-3,

0, all other cases.

V] < (3.3)

Here, R™ and R°"“ denote the incoming and outgoing rarefactions at an interaction,
respectively. (The list of interactions is specified in the proof below.)
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From this theorem, standard techniques allow one to deduce the following ex-
istence result.

Corollary 3.2 ([3], [4] Existence of nonclassical entropy solutions). For any
initial data uy € L™ (R) nBV(R) of (1.1) and any sequence of front-tracking ap-
proximations u® such that u®(-,0) converges to uy(-) in L'(R), there exists a sub-
sequence of front-tracking approximations that converge in Lip([0,T), L'(R)) N
L*([0,T),BV(R)) 0 a solution of the initial value problem (1.1).

Proof of Theorem 3.1. We need here to compute the variation of our functional
V' by distinguishing between 16 possible interactions, after assuming u; > 0 for
definiteness. We will assume that the change of variable iy has been applied, all
quantities are to be considered in the coordinates @ and therefore it will be conve-
nient to omit the tilde superscripts.

The subscript ’ is used to indicate that a wave is outgoing and with some abuse
of notation for the wave strength we write, for example, o(N}) for the shock
strength of a nonclassical wave. During a generic interaction between two waves,
we denote the states on both sides of the left-hand wave by «; and u,, while those
associated with the right-hand wave are denoted by u,, and u,. Finally, the bounds
on the change of " depend only on the properties (2.4) and (2.12) which are there-
fore used freely throughout.

Case RC-1: (R C)-(C"). This case is determined by the constraints
max(¢ﬁ(”1)a(pﬁ(un1)) <u <u, 0< up < Upy.

This is further subdivided into two subcases depending on the sign of #,. When
u, > 0, then the interactions are entirely classical (R C*)-(C}') and the inequal-
ities 0 < u, < u; < u,, suffice to check that

[V]=0o(CY) = o(R]) = o(Cy)
= |us — | — [ty — ] — |ty — 1| = —20(RL).

When u, < 0, then the interaction involves crossing shocks (Rl C i)-(C i’) and the
states involved in measuring the strengths of the waves are

0 < —u <y <y, (3.4)
since —u, < —¢’(1;) < w;. The conclusion is therefore the same.
Case RC-2: (RT+ Ci)—(NiyRi’). This case is defined by

goﬁ(um) <u < gob(u;) <0< u <uy,.
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In the first subcase, we assume that —u, < u; and use the previous conditions to
deduce

—" () < =ty < 1y < . (3.5)

The analysis when u; < —u, will not be treated since —u, < u,, continues to hold
and the conclusions remain the same.

V] =a(N{) + o(RY) — a(R) — o(C})
= |y + ¢ ()| + 0" (ur) — | — |ty — 11| — |14y + 10|
= 200" (ur) — uy| — 2ty — .

Since ¢*(u,) < u, < 0, from properties (2.4) and (2.12) we deduce 0 < —u, <
—0*(up) < ¢”(,). Combining this with (3.5), we find

V] < 2|‘Pb(”l> - (ﬂb(”m” =2ty — | = *2L_ip<” + ¢7)U(R«D~

Case RC-3: (RL.CY)-(N'CV"). The conditions initially satisfied by the neighboring
states of the incoming waves are

max(gpb(u,),(p’j(um)) <u < goﬁ(”/)v 0 <uy <y

In the first subcase, we assume u, < 0 and the interaction is (RIr Ci)-(N i“cj’ ) with
the following states appearing in the strength of the waves

—uy < —@" (uy) < up < Uy (3.6)
Therefore, the change in V' is

V] = 6(NY) + o(C1") - o(R]) — o(CL)
= lu + ¢’ (u)| + I@b(“l) — | = [ — wi| = [t + wy|
= _2|um - u/| = _ZJ(R-T"-)
In the second subcase with 0 < u,, we have u, < ¢f(u;) < ¢’ 0 9 (w)) < —¢’(u))

(because given two successive nonclassical shocks, the speed of the second must
be less than the first) and therefore

U < —¢ () < wy < thy,. (3.7)
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The change in V is then

V] = o(N) +o(CL) — o(RL) — o(C})

= [uy + ¢ ()| + 10" () — ] — [t — t] = |t — 10

= _2|um - ul' = _2G(R<T‘r)
Case RN: (RlNil)-(Nif'Rl_’ ). The states on both sides of the waves satisfy
O<wuy<uwu, and u = (pb(um).

Two cases again occur depending on the relative order of u; with respect to —u, =
—¢"(u,,). We consider only the case where

—0" () < =" () < 1 < thy, (3.8)

the other, —¢°(1;) < u; < —@°(u,,) < w,,, being similar. In this case, the change in
V is
[V]=o(N{') + o(RY) = o(R}) — a(N})
= s + 0" ()| + 19" () = 0" ()| = |t = 1] =t + 9" ()|
=2[¢"(u1) = ¢’ (t)| — 2ty — w4
< —2Lip(u+ ¢") |t — w| < —2Lip(u + ¢")a(R}).

Case CR-1: (CiRﬁ )-(Ci'). This is a simple case where the states are initially or-
dered as

0 (w) <ty < thy <0 < uy.
This provides —u,, < —u, < _¢ﬁ(u1) < _¢b(u1) < w, and we get

V] =a(C) —a(C}) — a(R")

= |uy + w,| — g + | — |ty — 10| = =2\t — 11| = —25(R}).

Case CR-2: (C iRl)-(C /). The waves are entirely classical since 0 < u,, < u, < u;.
There is nothing new to check and the change in V' is immediately found to be

V] = =2/t — | = —20(RL).
Case CR-3: (C{R})-(N}'RY). The states begin in the order

ur < 9 () < 0 () <ty <0 < .
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One subcase is obtained when we assume that u; < —u,. The important states ap-
pearing in the definition of the strength of waves are then ordered as

—u, < —gob(u/) <u < —up. (3.9)
The change in V is then found to be

[V]=a(NY) +o(RY) —a(Cy) = a(RL)

= w4 0" ()| + 9" () — we| — |ty + 1ty — |t — 11y
= =2ty — ¢’ (ur)].

In the second subcase, when —u, < u;, we use
—thy < =" () < —ut, < uy (3.10)
to deduce the same equality:
V1= [wr + 9" ()| + 10" ) = ] = wr + | = |ty = 1] = =2ty — 9 (1),

We now observe that in both subcases, the change is equal to a physically relevant
quantity

V] = 2((R") — o(R)).
Case CR-4: (C{R')-(N}'C!"). The states of the incoming waves satisfy
0 () < up < 0% (u) <ty <0 < . (3.11)
This leads us to the inequalities
—thyy < —ttp < —¢’ () < . (3.12)
The change in our functional is therefore
V] =0(N) +a(C) — o(C) — a(RY)

= |w + " ()| + |ur — ¢” ()| — | + | — |t — 14y
= *2|“m - ul‘l = 720_(R£)

Case CC-1: (Ci CY-(C!). This is another simple case. We begin with

max((p’j(ul),gou(um)) <u <up<w, and 0 <u,.
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When 0 < u,, all the waves are classical and it is easy to show that [I'] = 0. When
u, < 0, we still have ¢’(u,,) < u, and therefore the important states are ordered

—tty < =" (Up) < thyy < 1.
It then easy to check that even in this case, [V] = 0.

Case CC-2: (CiCT)—(CV ). This interaction is constrained by the initial states such
that

0 (u) < thy < tty < @* () <w, and 1, <O.
Two subcases appear depending on the sign of u,. When u, > 0, the interaction is
(Crch-(ct). Since ¢*(w) < t, we have —u,, < —¢’(u;) < u;. Combining this
with the fact that u, < ¢*(u,) < gob(um) < —u,,, we deduce that the states appear-
ing in [V/] are ordered,
Uy < —Up < U
The change in V' is then

V) = 0(CL) — o(CH) — o(CL) = s — ] — a4 tin] — [ty + 1] = 0.

The second subcase treats u, < 0 and interactions (Cil CI)—(Ci’). The states used
in our definition of the strength of the waves are

—Uy < —Up, < U.
A short computation shows that
V] =0a(C}') - a(Ch) —a(CL) = 0.

Case CC-3: (C}C l)-(NJ_rl'C 1"). This interaction represents a typical transition from
one crossing shock to a nonclassical shock. The states are

(ﬂb(u/) <O ) < < 0 W) <ty < upy, 0 <y,

The first (and most common) subcase occurs when #, < 0 and the interaction is
(CLCH-(NYC!). The first subcase needs to further subdivided into two cases.
Assuming u,, < —¢’(u;), and observing that —u, < —¢”(u,,) < u,, we find that
the important states can be ordered

—Uty < Uy < —(pb(u/) < u. (3.13)
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Under these circumstances, the functional V' does not change.
[V]=o(Ni) +a(Cl') — o(C}) - a(CY)
= [uy + 0" ()| + [ — 0" ()] = [y — thn| = |ty + 1] = 0.
On the other hand, when u, < 0 and —(pb(u/) < u,,, we have
—uy < =@ (ug) < Uy, < uy. (3.14)

It is easy to see that we again have [V] = 0.

In the second subcase, 0 < u,, we again need to introduce two additional sub-
cases to handle the interactions (C }r C i)-(NiUCjt/). When u,, < —¢’(u;), then the
states used in the definition of wave strengths are

U < Uy < —(pb(u/) < u.
The change in [V] is
(V] =a(Ny) +0(CY) —a(Cy) —a(CY)
= lur + 0" ()| + =" () = ur| = |ty = | = |ty — ;] = 0.
When 0 < u, and —¢(1;) < u,,, we obtain the same result.

Case CN-1: (C iNJ_rl)-(CJ_f’). The states defining the waves are characterized by the
inequalities

0<u,<u and ¢ () <u, = ¢ (up).
This implies that
—0 () < U < .
We deduce
V] = o(C) = a(C) = o(NL) = [t + 9 ()] — It = ] = [t + 9 ()] = 0.
Case CN-2: (CilN})—(Cf). We begin with states satisfying
0 () <up <0 and  u = ¢ (uy).

To measure the wave strengths, we observe that ¢’(u;) < u,, implies —u, <
—¢"(u7) < u; and therefore

ty = @ (Up) < =ty < uy.
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The jump in V' is now
V] = o(CY) = a(CL) — a(NY)
= [ — 0 ()| — [t + th] — |~thyy — ¢ ()] = 0.
Case CN-3: (C iN il)-(N i“Cl’ ). The states are initially ordered as

0<uy<u and  u, =@ (uy) < *(uy).

A first subcase occurs when u,, < —¢’(1;). To compute the change in ¥, we can
then use the inequalities

—0" (t) < thy < =" (ur) < 1y, (3.15)

to deduce that
[V]=o(N{) +a(C!) = a(C}) — a(N))
= lus + 0" ()| + 9’ () = 0" ()| = |t = th] = [t + 9" (tm)| = 0.
Similarly, if —¢"(1;) < w,,, then the important inequalities become

—0" () < =" (W) < ty, < uy, (3.16)
and [V] = 0.
Case NC: (NLC")-(CV). This interaction is constrained by the states

un =" () and  *(ur) < ur < @) < uy.

The first subcase occurs when u, < 0 and the interaction is precisely (Nil CI)—(Ci’).
The important states are then ordered as

—u, < =" (u) < uy.
With these observations, we find that
[V] = a(CL) = a(Ng) = o(CL) = Jur + | — uy + 9" ()| = 19" (wr) — ] = 0.
In the second subcase, u, > 0, it is easy to check that
uy < =) < —9°(uy) < uy,

and [V] = 0.
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Case NN: (NiN%)-(C i’) This interaction is the limiting case u, — ¢’(u,,) of Case
NC. By continuity of wave strengths, we must also have [V] = 0. O

4. Quadratic interaction potential

In the rest of this paper, we investigate Glimm’s quadratic interaction potentials,
keeping in mind from experience with classical shock waves, that different func-
tionals may be of particular interest in different circumstances. We begin by
searching for a functional of the form

Oun) = > oluf,ul)o(u),ul), (4.1)

o approaches 8

where the proper definition of “pairs of approaching waves” is essential and is
now specified.

In Glimm’s original paper [9] for systems of conservation laws, a definition is
proposed which, in the scalar case, imposes that two waves are always approach-
ing unless both are rarefactions. The purpose of this section is to investigate the
original definition of Glimm in the context of nonclassical shocks.

Definition 4.1. A wave o is said to weakly approach a wave f3, unless both are rar-
efaction waves. As far as this definition is concerned, waves R]r, R! are both to
be considered as rarefaction waves and C i, Ci{, Nii, ct, CI?, N% are all to be con-
sidered as shock waves.

Our main result in the present section is as follows.

Theorem 4.2 (“Weak interaction” potential for nonclassical shocks). Let ¢’ be
a kinetic function satisfying the properties (A1)—(A4) and a change of variable
satisfying (B1)—(B4). Consider the functional Q.eq defined by (4.1) where the sum-
mation is made over all weakly interacting waves in the sense of Definition 4.1.
Then, when evaluated on a sequence of front-tracking solutions, Qear is strictly de-
creasing during all interactions except in the cases RC-3, CR-4, CC-3 and CN-3. In
fact, for each of these exceptional interactions, there exist initial data for which
V 4+ CyOvear is increasing during the interaction for every positive Cj.

We will actually show below that the potential decreases even in Case CN-3
provided the incoming wave is sufficiently small, so that in this regime our interac-
tion potential increases only when a nonclassical shock is generated at an interac-
tion between classical waves.
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In contrast, in Chapter 8 of [13] different definitions of wave strengths and ap-
proaching waves are used and the resulting Glimm functional V' + KQ is strictly
decreasing for some K. In this sense, the interaction functional Qyea,x above may
appear to be less satisfactory. However, our assumptions on the kinetic func-
tion are completely natural—a major advantage toward a future extension to
systems—and, furthermore, an analysis of “‘splitting/merging” solutions (in the
following section) will show that globally in time the functional Qe does de-
crease.

Several justifications for our definition of potential are now provided, the
strongest argument being the requirement of continuity:

1. Given that ¥ is continuous in BV(R) (endowed with its usual total variation
semi-norm), it is tempting to assume that any reasonable interaction potential
O should also be continuous in BV(R). We observe that any shock C i can be
continuously deformed (as measured by Definition 2.5) into, first, a crossing
shock Ci and, then, a pair of shocks Nirl C!. Itis easy to see that imposing con-
tinuity and an interaction potential of the form (4.1) would imply Definition
4.1.

2. Another argument can be found by looking at a class of solutions called
splitting/merging solutions, introduced in [17] and discussed further in Sec-
tion 5. These solutions illustrate that some initial data can go through a
nearly periodic process of creation and cancellation of nonclassical shocks. In
particular, nonclassical shocks can indirectly have non-trivial interactions with
shocks on their right-hand side and such interactions cannot be excluded a
priori.

3. In [13], nonclassical shocks are precluded from interacting with their right-hand
neighbours, and it is argued that nonclassical shocks are (slow) undercompres-
sive and, thus, move away from their right-hand neighbors. However, this def-
inition of approaching waves ignores the above-mentioned possibility of non-
classical shocks having indirect interactions with shocks on their right-hand
side. In any case, such an interaction functional would not be continuous in
BV(R).

Proof of Theorem 4.2. During any isolated interaction between two waves in an
approximation, the change in Q = Qyeax 18 of two types

[Q] - [Q]l + [Q}z (4-2)

In this decomposition, [Q], denotes the change in the products of the strengths
of waves either incoming or exiting the interaction and [Q], denotes the change
in products of strengths of waves where only one of the waves was directly in-
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volved in the interaction. Moreover, if a wave C is involved in an interaction, we
define

W(C):= E a(B).
B approaches C
B did not interact

According to Definition 4.1, if the incoming wave C;, and the outgoing wave Coy¢
are of the same type (i.e. both of rarefaction or shock type), then W(Cj,) =
W (Cou). Throughout the proof, we use liberally the estimates derived in the
proof of Theorem 3.1 and omit the superscripts tilde since the change of variable
¥ will be assumed to have been to every quantity and function.

Case RC-1: (RL.CYH-(CY). After examining (3.4), it is immediate that o(C') >
a(CV)and W(C') = W(CV). Therefore,

(0], = —a(RL)a(C) <0
and

0], = W(C")a(C) = W(RL)a(R,) — W(Cha(CH)
= —W(RL)a(RL) — W(CYH(a(Ch) —a(CY)) < 0.

Case RC-2: (Rl Ci)-(Ni%'Rﬁ’ ). The conditions defining this case imply two sub-
cases:

either —¢” (1) < —u, < uy < ty, or —gpb(u;) <up < —uy < Uy,
Given that ¢*(u,,) < u, < 0, then property (2.12) leads to
0 < —tt, < =0 (i) < =" (1) < th.
This means that in the first subcase,
o(RY) = |=u, — (=" (un)| < |[=0"(wn) = (=" ()| < tm — wi| = o(RL).
In that subcase, we also have
o(Ch) = o(RL) +lu+ul,  o(NY) = o(RY) + | + ],

so a(N. J_rl') <a(C i) Similar arguments imply the same inequalities in the second
case. These inequalities therefore imply that

0], = o(NL)a(RY) — 6(CL)a(RL) < 0.
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Using the proposed definition of weakly approaching waves, we also deduce

0], = W(N)a(N)') + W(RY)a(RY) — W(RL)a(RL) = W(Cl)a(C})
= —W(RY)(a(R.) - a(RY)) = W(N{)(o(C2) — o(NL)) <.

Case RC-3: (RlCl)—(N inT’ ). Two subcases occur depending on the sign of u,. If
u, < 0, then (3.6) holds and when u, > 0, then (3.7) holds. In both of these cases

a(CY) = a(R]) = a(C") + a(NL). (4.3)
The change in [Q], is
(0], (ur, thms ;) = o(NL)a(C) = a(RL)a(Cy).

Clearly, the RC-3 interaction can still occur even as the strength O'(RI_) — 0 and
the strengths a (V. il/), a(C") approach non-zero values. These observations imply
that [Q], > 0 in that limiting case. For the other interaction term, we use (4.3) to
check that

(0, = WNY)o(NY) + W(CMo(CT) — W(RL)a(R]) — W(Cha(Ch)
= —W(NY)(o(CY) ~ o(NY) — o(C1)) — W(RL)a(R]) <0.

Case RN: (RlNil)-(NiURﬁ’ ). The states appearing in the shock strengths describe
two subcases:

either —¢" (1)) < —¢’ () < ) < thyy,  OF  —@" (1)) < w; < =" (tyn) < Uy
For both sets of inequalities (RY) < o(R]) and <7(Nl ) < a(N. ) As a result,
[0, = o(N{)o(RY) = a(R})a(N}) < 0.

For the second term, using the bounds on the wave strengths given in the previous
lemma, we again have a negative contribution

(0], = W(Na(N)) + W(RY)a(RY) — W(R])a(R}) — W(N})a(NY)

= —W(NL)(o(N2) = a(NL) = W(RL)(a(RL) — o(RY)) < 0.

Case CR-1: (C{R")-(C}"). In this case, the states satisfy —u, < —u, < —¢ (1)) <
u; and the wave strengths satisfy o(C. l/) <a(Cy }). Since only one wave is outgo-
ing, [Q], = —a(Ci) (RY) < 0. On the other hand, it is easy to check that

(0], = W(CY)a(

)o(CE) — W(CHa(CL) — W(R")a(RY)
=—w(ch)(a(

C}) —a(Cl)) — W(RY)a(RY) < 0.
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Case CR-2: (C JLFRL)-(C i’) This case is entirely classical, so it is easy to check
that

(0], = —a(C1)a(R}) <0,
(0], = —W(C)(a(Cy) —a(CY)) = W(RL)a(R)) < 0.

Case CR-3: (CLRV)-(NJRY). A first subcase is defined by the additional condi-
tion u; < ¢’(u,) which provides (3.9). The relative strengths of the waves are
then seen to be o(R") < g(R!) and 6(N}') < a(C}). In the second subcase, given
by (3.10), these two inequalities still hold. It is now easy to conclude

0], = a(zvil )o(R") — a(CH)a(R") <0,
(0], = =W (C)(a(C) = o(NL)) = W(RL)(a(RL) = o(RY)) < 0.
Case CR-4: (C{R})-(N}'C1"). The states satisfy (3.12),
—Uy < —U, < —(pb(u;) < uy,
and therefore
(0], (s, s wr) = 6(NL)a(C) = a(CL)a(RY)
= (w4 9" ()) (0 () + 1) — (2t + ) (10 + 1),
If u, and u,, approach each other while maintaining the condition

U < (P:(”l) < Up,

then —u, + u,, — 0 while u; + u,, remains bounded. Upon inspection, it is clear
that in this limit [Q], — o(N})a(C!") > 0. The inequalities defining this case suf-
fice to show that (I(N+ )+a(Cl) < O'(Cl) and therefore that the second term is
negative

(0], = —W(C)(a(CY) — a(Nf) —a(C")) — W(RY)a(RY) < 0.

Case CC-1: (CLCH-(CY). When u, is positive, all waves are classical and it is easy
to show that [Q], < 0 and [Q], = 0. It is an exercise to see that when u, < 0, then
[0], < 0 is still negative and [Q], vanishes.

Case CC-2: (Cii_CT)-(CV ). Two subcases appear depending on the sign of u,, but
each time we have

[V]=a(C") = a(C}) —a(CT) = 0.
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Only one wave is outgoing, so [Q], < 0 and the previous identity implies that

[Q]z =0.

Case CC-3: (C1CH)-(N}'C!). As mentioned in the proof of Theorem 3.1, the set
of states are subdivided into two subcases depending on the sign of u,. When
u, < 0, we identify two possibilities (3.13) and (3.14), namely,

either —u, < u,, < —gpb(ul) <wu, or —u < —gob(ul) < Uy, < uy,

where the second set of inequalities corresponds to a weak C i The change in [Q],
is then

100t s ) = (N ) (C1') = a(Cya(CL)
= (= (0" (w))) (=¢" (1) = (—ur)) = (w — th) (th — (—1,)).
Consider the function B(1) := A(1 — 1) which is symmetric about its maximum at

/.= 1/2. There exists constants 4, 4" € [0, 1] such that the change can be rewritten
as

(0] = (ur+u,)* (B(2) — B(2))).

It is therefore clear that [Q]; will be negative if and only if |1 — 1/2] < |4 —1/2].
As far as [Q], is concerned, since all waves are shocks, then [V] =0 and

[0, =0.

Case CN-1: (CIN il)-(C i’). This is another simple case where the fact that [V] =0
and that W(-) is equal for all waves involved implies that [Q], = 0.

Case CN-2: (CiN;)—(C}r’). Same as Case CN-1.

Case CN-3: (C iNil)-(NiUCl’ ). We identify two subcases:
either —¢" (i) <t < —¢° () <y,  or  —¢" () < —0"(w)) < thy < uy,

where the second one occurs when the incoming shock C* is weak. The change
can be written as

0], (1, thy ;) = a(N})a(CL) — 6(CL)a(N})

= (ul + wb(u/)) (—(P’(U/) + wb(“m)) - (“I - um)(um + ¢’b(um))-
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Using a bit of algebra, we rewrite the change as

[Q]l - (ul + (/) ul))( (ﬂ ul + (ﬂ um))
(ul + (”b(ul) 4 ( ) - um) (um + (ﬂ)(um))
(-

= (wr+ 0" (W) (—¢" () — t)
(um + qob(”l ) (um + (17 (U )
- (um + (0 )) ((ul um (¢b(u1) - (pb(um)))a (44)

thus concluding that [Q], < 0 as long as C 1 is weak. Clearly, (0], will be positive
when C! is strong. To show that [Q], = 0, it suffices to observe that [V'] = 0.

Case NC: (N/C")-(CV). Same as Case CN-1.

Case NN: (N} ND)-(CY). Same as Case CN-1. ]

5. Global diminishing property for splitting-merging patterns

We will now show that, despite the fact that the quadratic interaction potential
Oweak Increases at interactions CR-3, RC-4, CN-3 and CC-3, this potential is in-
deed strictly decreasing globally in time for a large class of perturbations of cross-
ing shocks. Hence, with the bound we describe below, we provide the first step
towards an analysis of the global-in-time change of Qyeax for arbitrary nonclassi-
cal entropy solutions. This section, therefore, provides a strong justification for
the potential proposed in the previous section.

The splitting-merging solutions considered now were introduced in LeFloch
and Shearer [17], where a modification of the total variation functional [13] was
shown to be strictly decreasing along the evolution of such splitting-merging solu-
tions. The total variation functional V" presented in Section 3 also accomplishes
this, but here we improve on those results by establishing a similar monotonicity
result for the quadratic functional Qye,x. Our analysis also brings to light some
interesting aspects of splitting-merging solutions that were not seen in [17].

Splitting-merging solutions are, roughly speaking, perturbations of crossing
shocks that lead to the creation and cancellation of a nonclassical shock. Such
solutions contain two (classical and nonclassical) big waves that may merge to-
gether (as a classical shock) and also interact with (classical) small waves. A typ-
ical initial data for splitting-merging patterns is formed of

(i) an isolated crossing shock with left- and right-hand states u_, u, satisfying
u_>0and ¢*(u_) < uy, but u, — ¢*(u_) small,

(i) followed, on the right-hand side, by a small rarefaction and a small shock.
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The rarefaction is sufficiently strong that it has an interaction of type CR-4 with
the crossing shock, thereby leading to the creation of a pair of shock waves N. ii,
C'. If the right-most shock is sufficiently strong, then when it eventually interacts
with CT and the resulting shock will begin to approach Nil. The final interaction
of type NC will involve N. J_f and the shock just described, thereby eliminating the
nonclassical N. J_rl By adding more waves to the left and the right, this process of
creation and cancellation of Nil can be repeated indefinitely.

We consider a slightly more general configuration in the sense that we do not
explicitly demand that a small shock on the right be responsible for the penulti-
mate NC interaction. Fix some value #* > 0 and define

. u*, x <0,
MO(X)_{gﬂﬂ(u*), X>O (51)

Let 0, be some function of locally bounded total variation and of oscillation
bounded by some small positive ¢, i.e.,

0(0.(x),0) <e, xeR.
Furthermore, assume that ¢ is small with respect to the quantities
u” + o )| and  |f(u) — ¢’ ()], (5.2)

which will be the generic strength of a nonclassical and classical shock to be de-
fined below. Without loss of generality, we may assume that 6, is piecewise
constant. Let u, be the nonclassical solution to the conservation law (1.1) with ini-
tial data u; + 0,, as generated by the front-tracking method. Assuming the solu-
tion initially possesses a single isolated crossing shock located at the origin x = 0,
that is, assuming that ¢*(u,(0—)) < u,(0+), we see that the crossing shock will be
adjacent to many small classical shocks and rarefactions. After an interaction of
type RC-3, CR-4, or CC-3, the small waves neighboring Ci may lead to the cre-
ation of a pair of waves, a nonclassical shock N. J_f and a classical shock C'. After
the creation of Ni, the only types of interaction involving small waves incoming
from the left of Nii are RN and CN-3. The only types of interaction involving
small waves and the shock C', coming from either the left or the right, are entirely
classical (CC-1, RC-1 or CR-1). Moreover, no waves can cross C' from the right
or the left although the small waves that reach Nil from the left, will cross and
eventually reach C'. Therefore, the only way that the nonclassical shock N ii can
be destroyed is if the shocks N iL and C' change their speeds and eventually inter-
act back together, leading us back to (a perturbation of) the original crossing
shock.
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These observations imply, among other things, that no waves can exit the do-
main Q bounded by the trajectories of N. J_f and C'. Our goal, in the present sec-
tion, is to obtain a local bound on the change of the potential Qyeax relative only
to the waves entering the domain Q. It should already be clear that the key here is
to compare the total strength of the waves crossing N. ii to the total strength of the
waves terminating at C'.

Before stating our main result, we introduce some additional notation. Let 7
be a time of creation of a nonclassical wave N. ii and denote by ¢, %,...,t, the
times of the next m interactions between N. il and small waves W; on the left, and
let #,,.1 be the time at which N+ is destroyed from an interaction with the shock
C'. Similarly, let #; and 7; be the times at which an interaction occurs between C'!
and left-incoming waves W; or right-i 1ncom1ng waves W, respectively. We define
the total variation along the trajectory Ni to be

m

Z}a (1i+)) fa(Nil(li—))

) (5.3)

and its signed variation

SV(NY) := 6(NL(tmi1—)) — a(NL(t9+)). (5.4)
Completely similar definitions also apply to the wave C', but an additional de-
composition is introduced by separating the contributions from the left- and the
right-hand sides:

- g(gm: Sio(Wi)g) + g(z si0(Wi)g) = SVL(CT) + SVA(C),
i=1 i=1

where §; (5;) is +1 if W; (W) is a shock and —1 otherwise. For convenience, the
strengths of the small wave W;, before and after it has crossed Nil_ at some time t;,
are denoted by W, and W', respectively.

1

Theorem 5.1 (Global diminishing property for splitting-merging patterns).
Suppose that ¢° is a kinetic function satisfying conditions (A1)—(A4) and prop-
erty (2.22). Moreover, assume that ¢° is a C' function over the open interval
{u| 9’ (u) # ¢°}, that is, for the set of u for which nonclassical shocks exist.

Let u, be the nonclassical solution to the conservation law (1.1) with initial
data ug + 0, where uj is defined in (5.1) and the perturbation 0, is of locally
bounded variation, of small amplitude and satisfies (5.2). Suppose that u, exhibits
a splitting-merging pattern on the time interval [ty, 1] along successive interac-
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tions with small waves (cf. the notation above). If ¢ is sufficiently small and the total
effect of all waves on the classical shock C' increases its total strength, that is,

sv(ch) >0, (5.5)
then the variation of the interaction potential (4.1) is negative,

[Qweak] | [t0, tms1] <0.

Our main assumption SV(C'T) > 0 requires that the total effect of the interac-
tion of all waves on C! is to increase its strength. In fact, this is always the case
for the perturbations of splitting-merging solutions within the setting [17]. In our
slightly more general setting though, waves crossing through N. il will change the
critical state ¢(1;) and therefore could conceivably lead to an NC interaction
even if C! interacted only with rarefactions on the right (SV(C'") < 0). A precise
statement can be found in the following.

Lemma 5.2 (Necessary condition for merging). Consider a splitting-merging solu-
tion under the same assumptions as Theorem 5.1. Let u; be the left-hand state of the
nonclassical shock N. J_i and define the strength of the splitting to be

Yo := |ii(to+) + 6% (@ (to+))| — o(NL(t04)) — o (CT(10+)).

Under these conditions,
po+ @ (@)Y sio(W;) < SV(CT) (5.6)
i=1

up to a constant of order 0(¢) TV(N. ii)

Proof. Throughout, we will assume that the wave strength and the states are mea-
sured in the variables & = (u), if such a change of variable was necessary, and we
will therefore omit the tilde superscript. If the waves N. il(tmﬂf) and C'(ty41—)
meet at time 7,1, then there are no waves between them and the speed of N. il
must be greater than the speed of C'. Graphically, if the states are u;(t,.1—),
U (tye1—) and u,(t,,+1—) then we have

q)j (ul(Zerl _)) < Up(tmi1—).

Note that ¢’ is C! in a neighborhood of u* and therefore ¢f, which satisfies (2.3),
must also be C!. Exploiting the smoothness of ¢* and the identity u,(t+) + 7, =
ot (u,(to—i-)), we can therefore deduce that, for some £,

vo + (9%)'(&) (i (i1 =) — wi(t0+)) < tr(tmi1—) — ur(to+).
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The right-hand side is clearly SVz(C') and
u(tm1—) — wi(to+) Zsl

To complete the proof, it suffices to observe that, because & (M[(tm+1 =), u;(to—i—))
is within & of u*, the continuity of the derivative of ¢’ and the fact that
(¢")'(u*) < 1 together imply that

5 (iszﬂ(Wﬂ) _ (Zs )+ O(&)TV(NY). O
i=1

Example 5.3. Despite the conclusion of Lemma 5.2 that condition (5.5) is not
optimal, it is interesting to study the application of condition (5.6) in the case
of a simple interaction. Quite surprisingly, the bound (5.6) is too tight to imply
[Q] < 0. The analysis will show that the speed at which the interactions occur
(i.e., whether 7,1 — 1) is large or small) plays a role in ultimately making Qweak
globally decreasing. This should not come entirely as a shock since it is well
known that in the presence of nonclassical shocks, the asymptotic profile is not en-
tirely determined by the BV structure of the initial data but also by the relative
positions of these waves.

We consider initial data involving a single rarefaction R crossing the nonclas-
sical shock N il and we assume that ¢ is monotonically increasing (or else a single
rarefaction would be insufficient). Suppose that the strength of the rarefaction
wave after crossing V. ii is vg and that the change in N. ii during this interaction is
—vr. In Lemma 5.5 below, we will check that v; < vg and that v; + v is the
strength of the original rarefaction. Suppose the initial splitting is created by a
CR-4 interaction, where the incoming waves are

Ct = (w(to—),u(to—)), R: = (uto—),u(to+)),
and the outgoing waves are
N2 = (). o (o)), €1 = (0 (o) (i),
The strength of the splitting is, as defined in the statement of Lemma 5.2,
Yo = 0* (wi(to—)) — ur(to+).
The change in Qyeax during the first interaction CR-4 is therefore

(0], (t0) = a(N2)a(CT) = a(CHa(RL) < a(N{)a(CT) = (a(N{) + (€))7
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The above bound is optimal in the sense that if the rarefaction R! in the front-
tracking approximation splits into two rarefactions (u,(fo—), ¢*(u;(to—))) and
(9" (ui(to—)),ur(to+)) just prior to the interaction at time 7y, then this is exactly
the change which would be computed (and also the largest possible).

Assuming that the interactions are CR-4, to create N. il and C', followed by

RN when the rarefaction crosses N. ii, RC-1 when the rarefaction reaches C! and
finally NC that returns a crossing shock, we have

[Qlila = a(N2)a(CT)  (due to CR-4)

—v2(a(N}) +vg)  (due to RN)

(Cvg  (due to RC-1)

— (a(N{) —v1) (a(CT) —vg)  (due to NC)
1

= —2vpyr + o(NL) (VR —ve +70) + U(CT)(*VR +vL = 70)-

We immediately note that condition (5.6) is now written as

Yo < (09 (&) (v + vr), (5.7)

and that v, vg and y, are small with respect to o(V. ii) and o(C"). Generically, the
only way [Q], can be negative is if vg — vz < y,. Moreover, Proposition 2.6 allows
us to make v, arbitrarily small, so that the true condition is vg < y,.

In the best possible scenario, |(p?)’(¢)| < 1 (geometrically we expect something
like [(9*)'| < |(¢”)']) and (5.7) becomes an equality. In other words, the rarefac-
tion is just strong enough to bring Ni and C'! back together. This would imply
that [Q], < 0. However, if the interaction period is large then the waves N il and
C' can move arbitrarily far apart and the total strength of the rarefactions enter-
ing Q can be made much larger than y,. In conclusion, the condition (5.6) is in-
sufficient to prove that the interaction potential is globally decreasing.

Remark 5.4. We make two observations concerning Theorem 5.1.

1. Although the condition (5.5) is stronger than (5.6), in contrast to the later,
it appears to be sufficient to prove that the weak interaction potential is globally
decreasing.

2. We have assumed that ¢” is C' away from the threshold where only classical
shocks exist. This rather strong assumption is verified in the examples presented
in Section 2 but does not appear naturally as a result of the general theory [13].
Nonetheless, it is used often in the proof and appears to be necessary, at least to
the analysis in this section.

For the proof of Theorem 5.1 we will need the following two lemmas. The in-
terest of the first lemma is to make more precise the (mainly linear) dependence of
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the change [Q], in terms of the incoming wave o(W;"). The second lemma pro-
vides an estimate which closely relates the signed variations of C' and N il

Lemma 5.5 (Interactions with the nonclassical shock). Consider interactions RN
and CN-3 at the time t; involving a left-incoming weak wave W; and the nonclassical
shock N. J_rl Then there exists a positive constant L; < 1 such that

< ;)= Lio(W;),
o(N2(t4)) = o(N2(6-)) + i1 = L)o(W7),

[ I, = —(1 = L)a(W; ) (a(Ni(t—)) — siLio(W;7)) <0,

where s; is +1 if W;is a shock and —1 otherwise. Moreover, one has
Li=(9) (u") + O(z). (58)

Proof. We consider only an RN interaction, since the calculations for an incom-
ing shock are similar and have been essentially treated in Theorem 4.2; see equa-
tion (4.4). When W; is small, then the states are ordered as in (3.8), namely,

—¢ (u]) < —¢"(u),) < uj <u,.
Then we have
o(W;) = =0’ (u]) + ¢’ (u},)| = Liluj — u),| = Lio(W;),

with L; < 1 since ¢’ is a strict contraction with a Lipschitz constant uniformly
below 1. On the other hand, relation (5.8) is obvious since ¢’ is C! in a neighbor-
hood of u*.
Finally, the outgoing nonclassical shock has strength
o(Ni(ti+)) = |u] + ¢’ (u])]
—[uaf = | + [ty + 0" ()| 4 10 () = 0 (1))
= o(Ny(t=)) = (1 = Lo (W),

while the change [Q], takes the form

(a(Nl (=) — )a(W; ) Lio(W;") — a(NL(ti—))a(W;)
—(1- >a<W,>( (Nl<r, ) + Lio(W;)) < 0. O

0] —6(N+ ti+)) (W) _‘T(N+(Zz )a(W;)
)
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Lemma 5.6 (Property of the signed variations). If L* := (¢p°)'(u*) € (1/2,1), then
A= (1—=L*)/L* € (0,1) and one has

27 SVL(CT) — SV(N})| < O(e) TV(NY). (5.9)

Proof. Using Lemma 5.5, we compute

=) siLio(W )+ (14 25)) si(L* = Lya(W;).  (5.10)

Observe that the waves W;" which crossed N il, but have yet to reach C', may in-
teract in Q. All these waves are weak and therefore the potential interactions are
all classical and will preserve the signed variation. This provides the identity

ZSiLz’U(Wf) = ZS:‘U(VW) = Z 5i0(W;) = SVL(Ch),

which, when substituted into (5.10), proves

SV(NL) = 2°SVL(C) 4 (14 4) SO sd(L* — Lya(W;).
i=1

S

If L* < 1, a difficulty appears because the signs of L* — L; are uncorrelated to the
signs s;. On the other hand, because the kinetic function is smooth in a neighbor-
hood of u*, for each index i, L* — L; = O;(¢). If we take O(¢) = max; 0;(¢) and
use L := max; L;, then the difference is

27 SVL(C) — SV(ND| < 20000 Y (W)

i
i=1

< 700 TV(N)) = 0(e) TV(N,). O
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Proof of Theorem 5.1. To help the reader understand the wave interactions (and
cancellations) in this proof, we begin with a few preliminary comments. Simply
put, the final NC interaction should provide a quadratic term which is, later, can-
celled by a similar quadratic term when the two waves merge. One may naively
expect the sum

—O'(Nil(l,ﬂH —))J(CT(IMH —)) + O'(Nil(lo-i-))O'(CT(l()-l-))

to be negative. Of course, the cumulative strength of the changes during the inter-
actions with the small waves must also be taken into account. The difference be-
tween the strength of the initial and final waves N i, C' is measured by the signed
variation SV along those two shocks. Our proof below shows that, along the tra-
jectories NJ_rl and C', the change [Q], is negative and proportional to the total vari-
ation TV(Nil) +TV(CT). The total variation being larger than the signed varia-
tion, after further analysis one can conclude that [Q],|o < 0. Given that only
classical shocks exist away from Q, the change [Q],, and therefore [Q], is globally
negative over the time interval [z, #,,11].

The key technical information is provided by Lemma 5.6, which implies that,
up to a quantity of order ((e) TV(Nil), we have SV(NiL) = A*SV.(C") and, in
particular, that the signed variations have the same sign. We now have all the
tools necessary to proceed with the proof of Theorem 5.1.

The perturbation 6, has bounded oscillation and therefore it can only alter the
right-hand state of C' by an amount . The small waves entering Q through Nirl
only alter its strength by |(1 — L;)a(W; )| < e. In both cases, we expect that every-
where along their trajectories,

a(NL(1) > a(Ni(to+)) =26, a(Cl(1)) > a(C'(to+)) — 2e.

Ignoring the negative contribution to [Q], coming from the interaction that
generated N J_f (which, anyway, can be arbitrarily small), and neglecting also all
classical interactions inside Q (for which [Q], < 0 and possibly 0), we have

[O]]q < +o(Ni(to+))a(C'(t04))

= > (1= L)o(W; ) (a(NL(ti—)) — siLio(W;))

— (N (tm1=)) 0 (C (tmi1-))- (5.11)
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Using the previous bounds on the strength of shocks bounding Q, we rewrite the
previous expression as

[Qlila < +0(Ni(t0+))o(CT(10+))
— (a(N{(to+)) — 3e) TV(N}) — (a(C'(to+)) — 2¢) TV(CT)
(6(NL(to+)) + SV(ND)) (a(CT (1o +)) +SV(CD)
—(a(NL(to+)) — 3e) TV(NY) — (a(C'(to+)) — 2¢) TV(CT)

—o(Ni(10+)) SV(CT) = a(C' (10+)) SV(N1) = SV(NL) SV(CT).  (5.12)

Clearly, the main difficulty now lies in the sign of SV(NJ_rl) and SV(C'). If both are
positive, then all the terms are negative and the proof is completed. Recall that
SV(C') =0, by assumption so that it suffices to consider the (only possibly un-
favorable) case SV(N+) < 0 which makes the fourth and fifth terms negative.

We immediately note that any correction terms of order (’(e) TV(Ny 1) can be
included into the first term of the decomposition (5.12) and, therefore, taking a
smaller ¢ if necessary, we can make the new term negative:

~(a(Ni(t4)) = 0(e) TV(NVY) < 0.

This fact is used below without further comment.
Using Lemma 5.6 we have [SV(N})|~ A2%|SV.(C!)| < 2" TV(C'), and the
fourth term in (5.12) can be written as

~a(CM(to+)) SV(NL) < —17a(C1(19+)) TV(C!) + O(e) TV(NY).  (5.13)

Taking . = A" suffices to guarantee that the term vanishes.
The fifth term in (5.12) can be bounded as follows

—SV(NL)SV(CT) < SV(CT) TV(N)) < e TV(ND). (5.14)

To conclude, we remark that the last term in (5.13) can be included in the first
term of (5.12) while the upper bound (5.14) can be included in the second term of
(5.12). This completes the proof of Theorem 5.1. O
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