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Abstract. Here we prove that the homological dimension of the category of sheaves on a
topological space satisfying some suitable conditions is finite. In particular, we find condi-
tions to bound the homological dimension of o-minimal and subanalytic sheaves.
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1. Introduction

In [9] we studied the category ModðkXsa
Þ of sheaves on the subanalytic site Xsa

associated to a real analytic manifold X . We defined the subcategory of quasi-

injective sheaves (i.e., F is quasi-injective if the restriction GðU ;FÞ ! GðV ;F Þ is
surjective for each U KV open subanalytic relatively compact) and we saw that

quasi-injective sheaves are injective with respect to the functors of direct image,

proper direct image and HomðG; �Þ when G is a R-constructible sheaf on X .

Moreover we proved that the quasi-injective dimension of ModðkXsa
Þ is finite,

which implies that the cohomological dimension of the above functors is finite.

However we had no answer concerning the homological dimension of ModðkXsa
Þ

(see Remark 2.3.5 of [9]). The aim of this paper is to show that under some con-

ditions (concerning the cardinality 2@0 of the reals) it is possible to bound this

dimension. The key point is the fact that locally the category of subanalytic

sheaves is equivalent to the category of sheaves on a topological space ~XX . We

are reduced to work with k-sheaves on a topological space, and in this case the

homological dimension is equal to the flabby dimension. Hence we are reduced

to bound the cohomological dimension of GðU ; �Þ for any open subset U of ~XX .

In order to do that we need to assume that the cardinality of subanalytic subsets

(which is equal to 2@0 ) is smaller than @k, k < l.



The content of this paper is as follows.

In §2 we recall some notions such as the definitions of injective and flabby sheaf

and the homological and flabby dimension of the category of sheaves. We refer to

[6] for more details.

In §3 we study the general case of sheaves on a topological space X with a basis

T whose elements are Lindelöf and stable under finite unions and intersections.

We define the subcategory of T-flabby sheaves on X by saying that F is T-flabby

if the restriction GðU ;FÞ ! GðV ;FÞ is surjective for each U ;V a T with U KV .

Since T forms a basis of the topology of X , we have that each open U of X has a

covering fUigi A I with Ui a T. Hence

RGðU ;FÞUR lim �
i A I

RGðUi;F Þ;

and to bound the cohomological dimension of the functor GðU ; �Þ it is su‰cient to

bound the cohomological dimension of the functors GðV ; �Þ, V a T, and the co-

homological dimension of the projective limit. The cohomological dimension of

the projective limit is bounded if the cardinality of the index set I is smaller than

@k for some k < l (see [8] or [10] in the more general setting of quasi-abelian

categories). Hence it is bounded if the cardinality of T is smaller than @k, k < l.

In §4 we consider an o-minimal structure M ¼ ðM; <; . . .Þ. Let ~XX be the

o-minimal spectrum of a definable space X . In this case T is the family of open

constructible subsets of ~XX . In the case of an o-minimal expansion of an ordered

group, by a result of [4], the T-flabby dimension of ~XX is finite. Moreover the car-

dinality of T is bounded by the product of the cardinality of M and the cardinal-

ity of the language of the structure M.

The case of subanalytic sheaves on a real analytic manifold is studied in §5.

We first reduce to ModðkUXsa
Þ where U is a relatively compact subanalytic subset

of X isomorphic to RN endowed with the Grothendieck topology induced by X .

This category is equivalent to Modðk ~UU Þ, where ~UU is the o-minimal spectrum of U .

In this case T is the family of open globally subanalytic subsets of U , and its car-

dinality is 2@0 . Hence if we assume that 2@0 is smaller or equal than @k, k < l (in

the case k ¼ 1 this is the continuum hypothesis), then the homological dimension

of Modðk ~UU Þ (and hence of ModðkUXsa
Þ) is bounded.

We end this work with an example showing that in ~XX there are open subsets

which admit coverings without countable refinements.
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2. Some preliminaries

We introduce some fundamental results about sheaves we will use in the rest of the

paper. We refer to [6] for more details. Let X be a topological space and let k be

a field. As usual, we denote by ModðkX Þ the category of sheaves of k-vector

spaces.

Definition 2.1. Let F a ModðkX Þ.
– F is injective if the functor Homð�;FÞ is exact on ModðkX Þ.
– F is flabby if for any open subset U of X the restriction morphism GðX ;F Þ !

GðU ;F Þ is surjective.

In general, injective implies flabby. If k is a field, injective is equivalent to

flabby ([6], Exercise II.10).

Definition 2.2. The homological (resp. flabby) dimension of the category

ModðkX Þ is the smallest N a NA flg such that for any F a ModðkX Þ there exists
an exact sequence

0! F ! I0 ! � � � ! I N ! 0

with I j injective (resp. flabby) for 0a jaN.

We shall need the following results.

– The homological dimension of ModðkX Þ is finite if and only if there exists

N a N such that R j HomðG;F Þ ¼ 0 for any F ;G a ModðkX Þ and any j > N.

– The flabby dimension of ModðkX Þ is finite if and only if there exists N a N such

that for any open subsets U of X , any F a ModðkX Þ and any j > N we have

R jGðU ;F Þ ¼ 0 (i.e., if the functor GðU ; �Þ has finite cohomological dimension).

In particular, when k is a field, since injective , flabby, the homological di-

mension is finite if and only if the functor GðU ; �Þ has finite cohomological dimen-

sion for any open subset U of X .

3. T-flabby sheaves and homological dimension

Definition 3.1. A Lindelöf space is a topological space in which every open cover

has a countable subcover.

Definition 3.2. The Lindelöf degree lðXÞ of a topological space X is the smallest

cardinal k such that every open cover of the space X has a subcover of size at most

k. In this notation, X is Lindelöf i¤ lðXÞ ¼ @0.
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Let k be a field. Let X be a topological space and suppose that X admits a

family T of open subsets such that

T1: each element of T is Lindelöf,

T2: T is stable under finite unions and intersections,

T3: T forms a basis for the topology of X .

Definition 3.3. A sheaf F a ModðkX Þ is said to be T-flabby if the restriction

morphism GðU ;F Þ ! GðV ;F Þ is surjective for each U ;V a T with V JU .

Observe that flabby implies T-flabby.

Definition 3.4. The T-flabby dimension of ModðkX Þ is the smallest N a NAl
such that for any F a ModðkX Þ there exists an exact sequence

0! F ! I0 ! � � � ! I N ! 0

with I j T-flabby for 0a jaN.

Proposition 3.5. Let 0! F 0 ! F ! F 00 ! 0 be an exact sequence in ModðkX Þ
with F 0 T-flabby. Then for any open subset U which is Lindelöf the morphism

GðU ;F Þ ! GðU ;F 00Þ
is surjective.

Proof. We first consider a section s 00 a GðU ;F 00Þ. Since F ! F 00 is surjective, we
may find a covering U ¼6

i A I Ui, Ui a T and si a GðUi;FÞ whose image is s 00jUi
.

Since U is Lindelöf, we may find a countable subcover U ¼6
n AN Un, Un a T

and sn a GðUn;FÞ whose image is s 00jUn
.

Set Vn ¼6n

i¼1 Ui. We prove by induction on n that there exists a section

tnþ1 a GðVnþ1;F Þ whose image is s 00jVnþ1
and tnþ1jVn

¼ tn.

This is clear for n ¼ 0; 1 and we assume it is proved for n. By the induction

hypothesis there exists a section tn a GðVn;FÞ whose image is s 00jVn
and tnjVm

¼ tm
if m < n. We set for short Vn ¼W1 and Unþ1 ¼W2. We have seen that there

exists tj a GðWj;FÞ whose image is s 00jWj
for j ¼ 1; 2. On W1BW2 t1 � t2 defines

a section of GðW1BW2;F
0Þ which extends to t 0 a GðVnþ1;F

0Þ because F 0 is T-

flabby. Replace t2 with t2 þ t 0. We may suppose that t1 ¼ t2 on W1BW2.

Then there exists tnþ1 a GðVnþ1;F Þ such that tnþ1jWj
¼ tj, j ¼ 1; 2. The tn’s glue

together into a section

s a lim �
n AN

GðVn;FÞUGðU ;FÞ

which is sent to s 00, which proves the surjectivity of the morphism. r
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Proposition 3.6. Let F 0;F ;F 00 a ModðkX Þ, and consider the exact sequence

0! F 0 ! F ! F 00 ! 0:

Suppose that F 0 is T-flabby. Then F is T-flabby if and only if F 00 is T-flabby.

Proof. Let U ;V a T with V JU and let us consider the diagram

0 ���! GðU ;F 0Þ ���! GðU ;F Þ ���! GðU ;F 00Þ ���! 0???ya

???yb

???yg

0 ���! GðV ;F 0Þ ���! GðV ;F Þ ���! GðV ;F 00Þ ���! 0;

where the row are exact by Proposition 3.5 and the morphism a is surjective since

F 0 is T-flabby. It follows from the five lemma that b is surjective if and only if g is

surjective. r

Proposition 3.7. Let F be T-flabby. Then F is GðU ; �Þ-injective for each open

U JX which is Lindelöf.

Proof. The family of T-flabby sheaves contains injective sheaves, hence it is

cogenerating. Then the result follows from Propositions 3.5 and 3.6. r

Now let us consider the case of open subsets of Lindelöf degree @k, k < l. In

order to do that we need the following result.

Proposition 3.8. Let X be a topological space admitting a family T satisfying T1–

T3. Suppose that X has finite T-flabby dimension. Let U be an open subset of X of

Lindelöf degree @k, k < l. Then the cohomological dimension of GðU ; �Þ is finite.

Proof. We have

RGðU ;F ÞUR lim �
i A I

RGðUi;FÞ

where U ¼6
i A I Ui with Ui a T and ]I smaller than @k. Since X has finite T-

flabby dimension and using Proposition 3.7 for each i we may replace RGðUi;FÞ
with GðUi; I

�Þ, where I� is a T-flabby resolution of F of length N < l. Since

cohomological dimension of lim �
i A I

is finite if ]I is smaller than @k, k < l (see

[8], [10]), the j-th cohomology of R lim �
i A I

RGðUi;FÞ vanishes for j > N þM. Since

M;N < l are independent of F and i, the result follows. r

Theorem 3.9. Let X be a topological space admitting a family T satisfying T1–

T3. Suppose that X has finite T-flabby dimension. Suppose that there exists
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k < l such that every open subset of X has Lindelöf degree @k. ThenModðkX Þ has
finite homological dimension.

Proof. By Proposition 3.8 X has finite flabby dimension. In the case of sheaves of

k-vector spaces we have flabby , injective and the result follows. r

4. Homological dimension of o-minimal sheaves

Let M ¼ ðM; <; . . .Þ be an o-minimal structure. We refer to [1], [11] for the theory

of o-minimal structures. In [4] the authors studied the cohomology of sheaves on
~XX , the o-minimal spectrum of a definable space X . The category of sheaves on ~XX

is equivalent to the category of sheaves on the o-minimal site, consisting of open

definable subsets of X and coverings admitting a finite refinement.

Let T be the family of open constructible subsets of ~XX . Then T satisfies T1–

T3, indeed

– T forms a basis for the topology of ~XX ,

– every element of T is quasi-compact,

– T is stable under finite unions and intersections.

For each open subset U of ~XX and each F a Modðk ~XX Þ we have

RGðU ;FÞUR lim �
i A I

RGðUi;F Þ;

where U ¼6
i A I Ui and Ui a T for each i a I . In order to apply Theorem 3.9 we

need that

– the T-flabby dimension of ~XX is finite,

– ]I a@k, k < l.

If every open constructible subset U of X is normal (this is true in the case of an

o-minimal expansion of an ordered group), then by Proposition 4.2 of [4] we have

R jGðU ;FÞ ¼ 0 for all j > dimU ¼ dimX .

Concerning ]I , we have that ]I a ]T, and ]Ta ]LAM ¼ ]L � ]M, where

L denotes the language of the structure M.

5. Homological dimension of subanalytic sheaves

Let X be a real analytic manifold, let Xsa be the associated subanalytic site and

denote by ModðkXsa
Þ the category of sheaves of k-vector spaces on Xsa. We refer
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to [7], [9] for the theory of subanalytic sheaves. We will see that under suitable

hypothesis the homological dimension of ModðkXsa
Þ is finite, i.e., there exists

N a N such that R j HomðG;F Þ ¼ 0 for any F ;G a ModðkXsa
Þ and any j > N.

The manifold X has an atlas ðUn; fnÞn AN, fn : Un !
P

RM , Un relatively com-

pact open subanalytic subset. In order to bound RHomðF ;GÞ for any F ;G a
ModðkXsa

Þ it su‰ces to bound RHomðF ;GÞ. Indeed we have RHomðF ;GÞU
RG

�
X ;RHomðF ;GÞ

�
and GðX ; �Þ has finite cohomological dimension (see [9]).

We have R jHomðF ;GÞ ¼ 0 if R jHomðF ;GÞjUn
¼ 0 for each n a N. Then we

may reduce to the case Un with the Grothendieck topology induced by the sub-

analytic site, i.e., the category of globally subanalytic open subsets of RM with

coverings admitting a finite subcover. Globally subanalytic geometry is defined

by the o-minimal structure given by the ordered field of real numbers expanded

by globally analytic functions Ran ¼
�
R; <; 0; 1;þ; �; ð f Þf A an

�
, where f is a restric-

tion to ½�1; 1�m of a convergent power series on some neighborhood of ½�1; 1�m.
Set X ¼ Un and let ~XX be the o-minimal spectrum of X . The family T of

open sets ~UU where U is open globally subanalytic satisfies T1–T3. Moreover the

T-flabby dimension of Modðk ~XX Þ is finite. Indeed by Proposition 4.2 of [4] the

cohomological dimension of Gð ~UU ; �Þ is finite for each ~UU a T.

Let us see that ]Ta 2@0 . In order to see that we have to show that ]L ¼ 2@0 ,
where L denotes the language of Ran. This is true if ]fð f Þf A ang ¼ 2@0 . This is

seen by identifying f ¼
P

I ANm aIx
I with ðaI ÞI ANm a RNm

. Then ]fð f Þf A anga
]RNm ¼ ð2@0Þ@0 ¼ 2@0�@0 ¼ 2@0 (see [5]).

Let U be an open subset of ~XX . Then U ¼6
i A I Ui with Ui a T and ]I is

smaller than ]T ¼ 2@0 . Hence every open subset of X has Lindelöf degree

at most 2@0 . If we assume that 2@0 is smaller than @k for some k < l (if we

supposea@1 it is the continuum hypothesis), then Theorem 3.9 implies that the

homological dimension of Modðk ~XX Þ is finite.

Remark 5.1. In ~XX there are open subsets which admit coverings without count-

able refinements. For example let us consider the open set (in ~XX ¼ f
R2R2 with respect

to Ran)

U ¼ 6
r A ð0;1ÞnQ

~VVr;

where

Vr ¼ fðx; yÞ a R2; 0 < x < 1; r < y < rþ xg:

We prove that f ~VVrgr A ð0;1ÞnQ has no countable refinements.

We argue by contradiction. Suppose that there exists a countable refinement

f ~UUngn AN of f ~VVrgr A ð0;1ÞnQ in ~XX . In particular, for each n a N there exists rn a
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ð0; 1ÞnQ such that Un JVrn . Let 0þ be the ultrafilter defined by 0þ ¼ fSI
ð0; eÞg, where e > 0 and S is globally subanalytic. Let p : R2 ! R be the projec-

tion onto the first coordinate. We have

U B ~pp�1ð0þÞ ¼
G

r A ð0;1ÞnQ

�
~VVrB ~pp�1ð0þÞ

�
:

Indeed, let x a ~VVrB ~pp�1ð0þÞ, and let sA r. Let e < jr� sj, then VsBp�1
�
ð0; eÞ

�
B

Vr ¼ j and ~VVsB ~pp�1ð0þÞH ~VVsB ~pp�1
� gð0; eÞð0; eÞ

�
since 0þH gð0; eÞð0; eÞ for any e > 0. Hence

~VVrB ~pp�1ð0þÞB ~VVs ¼ j if rA s. Moreover,

G
r A ð0;1ÞnQ

�
~VVrB ~pp�1ð0þÞ

�
H 6

n AN

~UUn ¼ U :

Since ]
�
ð0; 1ÞnQ

�
¼ 2@0 > @0, there exists n a N such that

]ft a ð0; 1ÞnQ; eVtVt B ~pp�1ð0þÞJ ~UUngb 2:

But eVtVtB ~pp�1ð0þÞJ ~UUn J ~VVrn implies that Vt ¼ Vrn , so t ¼ rn which is a contradic-

tion.

Remark 5.2. More generally, as in Remark 5.1, given an o-minimal expansion of

an ordered group ðR; <;þ; . . .Þ, for any definable manifold X of dimensionb 2

the space ~XX has open subsets which have Lindelöf degree 2@0 .

Remark 5.3. It seems that the right setting is that of locally definable spaces in an

o-minimal structure. In that setting the o-minimal (definable) case and the sub-

analytic case would be treated uniformly. However, to work on that setting one

has to take into account the (or a special case of the) theory locally semi-algebraic

spaces developed in [2], [3].
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