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Vinı́cius Vieira Fávaro*, Mário Carvalho Matos and
Daniel Marinho Pellegrino**

(Communicated by João Paulo Dias)

Abstract. In this paper we introduce the classes of Lorentz nuclear homogeneous polyno-
mials and characterize their duals. These type of results are related to the study of convo-
lution equations and Malgrange-type theorems on infinite-dimensional Banach spaces.

Mathematics Subject Classification (2010). Primary 46G25; Secondary 46B28.

Keywords. Lorentz nuclear homogeneous polynomials, Banach spaces, approximation
property.

1. Introduction

The investigation of dual theory of polynomials in Banach spaces plays an impor-

tant role in Functional Analysis (for example, characterizations of the duals of

approximable n-homogeneous polynomials and nuclear n-homogeneous polyno-

mials can be found in [6], [12], respectively). In this paper we introduce the notion

of Lorentz nuclear homogeneous polynomials and characterize the dual of these

classes, extending results from [20]. Besides its own interest, we believe that our

results can contribute to the investigation of convolution equations, as it will be

explained in the next paragraph.

The study of polynomial and holomorphic nuclear mappings between Banach

spaces appears in 1966 with Gupta’s work [12] on an infinite-dimensional exten-

sion of a theorem due to Malgrange on the existence and approximation of con-

volution equations (see [13]). One year later, Martineau [14] investigated partial

di¤erential equations (of order infinity) from the point of view of convolution
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equations in certain spaces of entire functions. About ten years later, the second

named author, in [16], [18], [19] extended [13], [14] for nuclear entire mappings and

a decisive role is played in [16], [18], [19] by the characterizations of the duals of

some classes of nuclear mappings. Recent works [9], [21] in the same direction

also reinforce the importance played by the characterization of duals of spaces

of mappings of nuclear type. We believe that the duality results obtained in the

present article can lead to more general extensions of Gupta’s and Malgrange’s

results, following the lines of [9], [21].

2. Lorentz sequence spaces

Henceforth, N represents the set of positive integers and if m a N, Im :¼
f1; . . . ;mg. The letters E and F will always denote Banach spaces over K ¼ R

or C. As usual, E 0 represents the topological dual of E and BE 0 denotes its unit

ball. We denote by c0ðEÞ the sequence space (with the sup norm k:kl) composed

by the sequences ðxjÞlj¼1 in E so that limn!l xn ¼ 0 and c00ðEÞ is the subspace

of c0ðEÞ formed by the sequences ðxjÞlj¼1 for which there is a N0 such that xn ¼ 0

for all nbN0. When E ¼ K we write c0 and c00 instead of c0ðKÞ and c00ðKÞ,
respectively. If u ¼ ðujÞ a c00ðEÞ, the symbol cardðuÞ denotes the cardinality of

the set f j; uj A 0g.
As usual llðEÞ represents the vector space of bounded sequences in E, with the

sup norm and ll :¼ llðKÞ. If m a N, ðxjÞmj¼1 denotes ðx1; . . . ; xm; 0; 0; . . .Þ, and
when ðxjÞlj¼1 is a sequence of non-negative real numbers, we say that ðxjÞlj¼1 ad-

mits a non-increasing rearrangement if there is an injection p : N ! N such that

xpð1Þbxpð2Þ b � � �b 0 and p�1ð jÞAt whenever xj A 0. If pb 1, then p 0 denotes
the conjugate of p, i.e., 1

p
þ 1

p 0 ¼ 1.

Definition 2.1. Let E be a Banach space, x ¼ ðxjÞlj¼1 a llðEÞ and

aE;nðxÞ :¼ inffkx� ukl; u a c00ðEÞ and cardðuÞ < ng:

For 0 < r; q < þl, the Lorentz sequence space lðr;qÞðEÞ consists of all sequences
x ¼ ðxjÞlj¼1 a llðEÞ such that�

n1=r�1=qaE;nðxÞ
�l
n¼1

a lq:

For x a lðr;qÞðEÞ we define the quasi-norm

kxkðr;qÞ ¼
���n1=r�1=qaE;nðxÞ

�l
n¼1

��
q
:

It is well known that lðr;qÞðEÞH c0ðEÞ and it is also easy to prove that if

x ¼ ðxjÞlj¼1 a c0ðEÞ, then the sequence ðkxjkÞlj¼1 admits a non-increasing rear-

rangement.
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2.1. Estimates for Lorentz sequence spaces. Usually, we are investigating the

space lðr;qÞðEÞ with the quasi-norm

kxkðr;qÞ ¼
���n1=r�1=qaE;nðxÞ

�l
n¼1

��
q
:

However, if 1 < r < l and 1a q < l,

kxknorm
ðr;qÞ ¼

hXl
n¼1

�
n1=r�1=q 1

n

Xn

k¼1

aE;kðxÞ
�qi1=q

defines an equivalent norm on lðr;qÞðEÞ. This result, for the case E ¼ K, appears

in [27], 13.9.5. The general case is a simple consequence; in fact, if x ¼ ðxjÞlj¼1 a
lðr;qÞðEÞ, then

aE;nðxÞ ¼ aK;nðzÞ;

where

z ¼ ðkx1k; kx2k; . . .Þ:

From now on, will write anðxÞ instead of aE;nðxÞ:

Proposition 2.2. Let 1 < r < l and 1a q < l. If x ¼ ðxjÞlj¼1 a lðr;qÞðEÞ and

y ¼ ðyjÞlj¼1 a lðr;qÞðEÞ, then z ¼ ðzjÞlj¼1 a lðr;qÞðEÞ, where z2k�1 ¼ xk and z2k ¼ yk,

for k a N, and

ðkzknorm
ðr;qÞ Þ

q
a 2q½ðkxknorm

ðr;qÞ Þ
q þ ðkyknorm

ðr;qÞ Þ
q�:

Proof. It is enough to show that���ajðzÞ�nj¼1

��q
1
a 2q

����ajðxÞ�nj¼1

��q
1
þ
���ajðyÞ�nj¼1

��q
1

�
ð1Þ

for all n a N.

In fact, if we prove (1) we can conclude that

ðkzknorm
ðr;qÞ Þ

q ¼
Xl
n¼1

h
n1=r�1=q 1

n

Xn

k¼1

akðzÞ
iq

¼
Xl
n¼1

�
n1=r�1=q 1

n

	 
q�Xn

k¼1

akðzÞ
�q
�

a
ð1Þ Xl

n¼1

�
n1=r�1=q 1

n

	 
q

2q
��Xn

k¼1

akðxÞ
�q

þ
�Xn

k¼1

akðyÞ
�q��

¼ 2q½ðkxknorm
ðr;qÞ Þ

q þ ðkyknorm
ðr;qÞ Þ

q�:
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So, let us prove (1).

Since lðr;qÞðEÞH c0ðEÞ, we have x a c0ðEÞ and y a c0ðEÞ. So, z a c0ðEÞ and

there is an injection p such that ðkzpð jÞkÞlj¼1 is non-increasing. We denote by s

and d the injections such that ðkxsð jÞkÞlj¼1 and ðkydð jÞkÞlj¼1 are non-increasing. We

know that

ajðzÞ ¼ kzpð jÞk; ajðxÞ ¼ kxsð jÞk and ajðyÞ ¼ kydð jÞk;

for every positive integer j. We define

In;s ¼ f j a f1; . . . ; ng; kzpð jÞk ¼ kxsðkÞk for some k ¼ 1; . . . ; ng
In; d ¼ f j a f1; . . . ; ng; kzpð jÞk ¼ kydðkÞk for some k ¼ 1; . . . ; ng:

Now we have

�X
j A In; s

kzpð jÞk
�q

a

�Xn

j¼1

kxsð jÞk
�q

a

�Xn

j¼1

kxsð jÞk
�q

þ
�Xn

j¼1

kydð jÞk
�q

and

�X
j A In; d

kzpð jÞk
�q

a

�Xn

j¼1

kydð jÞk
�q

a

�Xn

j¼1

kxsð jÞk
�q

þ
�Xn

j¼1

kydð jÞk
�q

:

Then

X
j A In; s

kzpð jÞk þ
X
j A In; d

kzpð jÞka 2
h�Xn

j¼1

kxsð jÞk
�q

þ
�Xn

j¼1

kydð jÞk
�qi1=q

and hence

�Xn

j¼1

kzpð jÞk
�q

a

�X
j A In; s

kzpð jÞk þ
X
j A In; d

kzpð jÞk
�q

a 2q
h�Xn

j¼1

kxsð jÞk
�q

þ
�Xn

j¼1

kydð jÞk
�qi

: r

The following proposition appears, in essence, in [27], Remark 13.9.5:
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Proposition 2.3 ([27], Remark 13.9.5). If 1 < r < l and 1a q < l, then

kxkðr;qÞa kxknorm
ðr;qÞ a

r

r� 1
kxkðr;qÞ

for all x a lðr;qÞðEÞ.

Proof. In [27], Remark 13.9.5, the result appears for E ¼ K. The extension to the

general case is straightforward. r

We end this section with an useful inequality for the quasi-norm k:kðr;qÞ.

Proposition 2.4. Let 1 < r < l and 1a q < l. If x ¼ ðxjÞlj¼1 a lðr;qÞðEÞ and

y ¼ ðyjÞlj¼1 a lðr;qÞðEÞ then z ¼ ðzjÞlj¼1, defined by z2k�1 ¼ xk and z2k ¼ yk, is in

lðr;qÞðEÞ and

ðkzkðr;qÞÞ
q
a 2q r

r� 1

	 
q

½ðkxkðr;qÞÞ
q þ ðkykðr;qÞÞ

q�:

Proof. Using Propositions 2.2 and 2.3, we get

ðkzkðr;qÞÞ
q
a ðkzknorm

ðr;qÞ Þ
q
a 2q½ðkxknorm

ðr;qÞ Þ
q þ ðkyknorm

ðr;qÞ Þ
q�

a 2q r

r� 1
kxkðr;qÞ

	 
q

þ r

r� 1
kykðr;qÞ

	 
q� �

¼ 2q r

r� 1

	 
q

½ðkxkðr;qÞÞ
q þ ðkykðr;qÞÞ

q�: r

3. Lorentz summing polynomials—preparatory results

The concept of Lorentz summing polynomials was recently introduced and ex-

plored in [23]; in this section, for the sake of completeness, we will recall the results

concerning Lorentz summing polynomials that will be needed in the present paper.

The space of continuous linear operators from E to F will be denoted by

LðE;FÞ and the space of continuous n-homogeneous polynomials from E to F

will be represented by PðnE;F Þ. In both classes, we consider the sup norm. We

also represent the space of finite type polynomials from E to F by Pf ðnE;FÞ. For

the theory of polynomials and multilinear mappings in Banach spaces we refer to

[5], [24].

Let p > 0. Recall that l wp ðEÞ denotes the vector space composed by the

sequences ðxjÞlj¼1 in E such that
�
jðxjÞ

�l
j¼1

a lp for all j a E 0. We define, for

0 < s; q < l, l wðs;qÞðEÞ as the space of the sequences ðxjÞlj¼1 in E such that
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���jðxnÞ�ln¼1

��
ðs;qÞ < l for every j a E 0. An application of the Closed Graph

Theorem assures that

sup
kjka1

���jðxnÞ�ln¼1

��
ðs;qÞ < l ð2Þ

and one can verify that

kðxnÞln¼1kw; ðs;qÞ :¼ sup
kjka1

���jðxnÞ�ln¼1

��
ðs;qÞ

defines a quasi-norm on l wðs;qÞðEÞ.

Definition 3.1. If 0 < p; q; r; s < l, an n-homogeneous polynomial P a PðnE;FÞ
is Lorentz

�
ðs; pÞ; ðr; qÞ

�
-summing if

�
PðxjÞ

�l
j¼1

a lðs;pÞðF Þ for each ðxjÞlj¼1 a
l wðr;qÞðEÞ.

The vector space composed by the Lorentz
�
ðs; pÞ; ðr; qÞ

�
-summing n-

homogeneous polynomials from E to F is denoted by Pasððs;pÞ; ðr;qÞÞðnE;F Þ. When

n ¼ 1 we write Lasððs;pÞ; ðr;qÞÞðE;FÞ.
When s ¼ p, we write Lasðs; ðr;qÞÞ instead of Lasððs; sÞ; ðr;qÞÞ; when r ¼ q, we denote

Lasððs;pÞ;qÞ instead of Lasððs;pÞ; ðq;qÞÞ.
Note that when n ¼ 1, s ¼ p and r ¼ q we have the usual concept of absolutely

ðp; qÞ-summing operator. The space of absolutely ðp; qÞ-summing operators from

E to F is represented by Lasðp;qÞðE;FÞ. When p ¼ q, we simply write Las; p in-

stead of Lasðp;qÞ. For the theory of absolutely summing linear operators we refer

to [4].

The next characterization of Lorentz summing mappings was proved in [23]:

Theorem 3.2. For P a PðnE;F Þ, the following conditions are equivalent:

(1) P is Lorentz
�
ðs; pÞ; ðr; qÞ

�
-summing.

(2) There is Cb 0 such that

���PðxjÞ�mj¼1

��
ðs;pÞaCkðxjÞmj¼1k

n
w; ðr;qÞ

for all m a N and x1; . . . ; xm a E.

(3) There is Cb 0 such that

���PðxjÞ�lj¼1

��
ðs;pÞaCkðxjÞlj¼1k

n
w; ðr;qÞ

for all ðxjÞlj¼1 a lw
ðr;qÞðEÞ.

The infimum of the constants C for which the above inequalities hold is a quasi-

norm (denoted by k:kasððs;pÞ; ðr;qÞÞ) for Pasððs;pÞ; ðr;qÞÞðnE;F Þ and under this quasi-norm,

Pasððs;pÞ; ðr;qÞÞðnE;FÞ is complete.
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4. Lorentz nuclear polynomials

The following lemma is simple but useful, and appears in [28], p. 111:

Lemma 4.1. If r; q; p; s a ½1;l½ are such that ra q, sa p, then

lðr;qÞ H lq; with k:kqa k:kðr;qÞ; lðs;pÞ H lp; with k:kpa k:kðs;pÞ: (3)

Let E and F be Banach spaces, n a N and r; q; s; p a �1;l½ such that ra q,

s 0a p 0 and

1a
1

q
þ n

p 0 :

If ðljÞlj¼1 a lðr;qÞ, ðjjÞ
l
j¼1 a l wðs 0; p 0ÞðE 0Þ and ðyjÞlj¼1 a llðF Þ, note that for every x a E

we have ���lj�jjðxÞ�nyj���lj¼1
a l1:

Thus, denoting by J the canonical inclusion of E into E 00, we have

Xl
j¼1

��lj�jjðxÞ�nyj��a kðyjÞlj¼1kl
Xl
j¼1

��lj�jjðxÞ�n��
a kðyjÞlj¼1kl

���jjðxÞ�lj¼1

��n

p 0 kðljÞlj¼1kq

a
Lemma 4:1

kðyjÞlj¼1kl
���jjðxÞ�lj¼1

��n

ðs 0; p 0ÞkðljÞ
l
j¼1kðr;qÞ

¼ kðyjÞlj¼1kl
���JxðjjÞ�lj¼1

��n

ðs 0; p 0ÞkðljÞ
l
j¼1kðr;qÞ

a kxknkðyjÞlj¼1klkðjjÞ
l
j¼1k

n
w; ðs 0; p 0ÞkðljÞ

l
j¼1kðr;qÞ:

We conclude that the map P : E ! F given by

PðxÞ ¼
Xl
j¼1

lj
�
jjðxÞ

�n
yj ð4Þ

is a well-defined n-homogeneous polynomial. Besides, P is also continuous, since

kPðxÞka kxknkðyjÞlj¼1klkðjjÞ
l
j¼1k

n
w; ðs 0; p 0ÞkðljÞ

l
j¼1kðr;qÞ: ð5Þ
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So, we have

kPka kðyjÞlj¼1klkðjjÞ
l
j¼1k

n
w; ðs 0; p 0ÞkðljÞ

l
j¼1kðr;qÞ: ð6Þ

Definition 4.2. Let E and F be Banach spaces, n a N and r; q; s; p a �1;l½ such
that ra q, s 0a p 0 and

1a
1

q
þ n

p 0 :

An n-homogeneous polynomial P : E ! F is Lorentz
�
ðr; qÞ; ðs; pÞ

�
-nuclear if

PðxÞ ¼
Xl
j¼1

lj
�
jjðxÞ

�n
yj; ð7Þ

with ðljÞlj¼1 a lðr;qÞ, ðjjÞ
l
j¼1 a l wðs 0; p 0ÞðE 0Þ and ðyjÞlj¼1 a llðFÞ.

We denote by PN; ððr;qÞ; ðs;pÞÞðnE;F Þ the subset of PðnE;F Þ composed by the

n-homogeneous polynomials which are Lorentz
�
ðr; qÞ; ðs; pÞ

�
-nuclear. We define

kPkN; ððr;qÞ; ðs;pÞÞ ¼ infkðljÞlj¼1kðr;qÞkðjjÞ
l
j¼1k

n
w; ðs 0; p 0ÞkðyjÞ

l
j¼1kl; ð8Þ

where the infimum is considered for all representations of P a PN; ððr;qÞ; ðs;pÞÞðnE;FÞ
of the form (7).

Note that from (6) and (8) we have

kPka kPkN; ððr;qÞ; ðs;pÞÞ: ð9Þ

From now on, unless stated otherwise, r; q; s; p a �1;l½, with ra q and

s 0a p 0.

Proposition 4.3. The space
�
PN; ððr;qÞ; ðs;pÞÞðnE;F Þ; k:kN; ððr;qÞ; ðs;pÞÞ

�
is a quasi-

normed space. Besides, for tn given by

1

tn
¼ 1

q
þ n

p 0 ;

there is a Mb 0 so that

kPþQktnN; ððr;qÞ; ðs;pÞÞaMðkPktnN; ððr;qÞ; ðs;pÞÞ þ kQktnN; ððr;qÞ; ðs;pÞÞÞ: ð10Þ

For this reason we call this quasi-norm by ‘‘quasi tn-norm’’.
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Proof. If P ¼ 0 it is clear that kPkN; ððr;qÞ; ðs;pÞÞ ¼ 0. Conversely, if kPkN; ððr;qÞ; ðs;pÞÞ
¼ 0, then (9) implies that P ¼ 0.

It is routine to verify that klPkN; ððr;qÞ; ðs;pÞÞ ¼ jlj kPkN; ððr;qÞ; ðs;pÞÞ.

The triangular inequality is the property that needs justification.

We consider P;Q a PN; ððr;qÞ; ðs;pÞÞðnE;FÞ of the form

PðxÞ ¼
Xl
j¼1

lj
�
jjðxÞ

�n
yj and QðxÞ ¼

Xl
j¼1

hj
�
QjðxÞ

�n
zj: ð11Þ

Define

RðxÞ ¼
Xl
j¼1

gj
�
cjðxÞ

�n
wj;

with

g2j�1 ¼ lj and g2j ¼ hj; c2j�1 ¼ jj and c2j ¼ Qj;

w2j�1 ¼ yj and w2j ¼ zj:

Note that

lim
m!l

hX2m�1

j¼1

gj
�
cjðxÞ

�n
wj

i
¼ lim

m!l

hXm
j¼1

lj
�
jjðxÞ

�n
yj þ

Xm�1

j¼1

hj
�
QjðxÞ

�n
zj

i

¼ PðxÞ þQðxÞ;

lim
m!l

hX2m
j¼1

gj
�
cjðxÞ

�n
wj

i
¼ lim

m!l

hXm
j¼1

lj
�
jjðxÞ

�n
yj þ

Xm
j¼1

hj
�
QjðxÞ

�n
zj

i

¼ PðxÞ þQðxÞ;

and hence R is well defined and

RðxÞ ¼ lim
m!l

hXm
j¼1

gj
�
cjðxÞ

�n
wj

i
¼ PðxÞ þQðxÞ:

It follows (from Proposition 2.4) that there are a > 0 and b > 0 such that

kðgjÞ
l
j¼1k

q

ðr;qÞa a½kðljÞlj¼1k
q

ðr;qÞ þ kðhjÞ
l
j¼1k

q

ðr;qÞ�;

kðcjÞ
l
j¼1k

p 0

w; ðs 0; p 0Þa b½kðjjÞ
l
j¼1k

p 0

w; ðs 0; p 0Þ þ kðQjÞlj¼1k
p 0

w; ðs 0; p 0Þ�:

(
ð12Þ
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For a given e > 0 we choose representations of P and Q as in (11) in such a way

that

kðyjÞlj¼1kl ¼ kðzjÞlj¼1kl ¼ 1;

kðljÞlj¼1kðr;qÞa ½ð1þ eÞkPkN; ððr;qÞ; ðs;pÞÞ�
tn=q;

kðhjÞ
l
j¼1kðr;qÞa ½ð1þ eÞkQkN; ððr;qÞ; ðs;pÞÞ�

tn=q;

kðjjÞ
l
j¼1kw; ðs 0; p 0Þ a ½ð1þ eÞkPkN; ððr;qÞ; ðs;pÞÞ�

tn=p
0
;

kðQjÞlj¼1kw; ðs 0; p 0Þ a ½ð1þ eÞkQkN; ððr;qÞ; ðs;pÞÞ�
tn=p

0
:

8>>>>>>>><
>>>>>>>>:

ð13Þ

From (12) and (13) we get

kðgjÞ
l
j¼1kðr;qÞa ½að1þ eÞtnðkPktnN; ððr;qÞ; ðs;pÞÞ þ kQktnN; ððr;qÞ; ðs;pÞÞÞ�

1=q;

kðcjÞ
l
j¼1kw; ðs 0; p 0Þa ½bð1þ eÞtnðkPktnN; ððr;qÞ; ðs;pÞÞ þ kQktnN; ððr;qÞ; ðs;pÞÞÞ�

1=p 0
;

kðwjÞlj¼1kl ¼ 1:

8>><
>>:

It follows that for M ¼ maxfa; bg, we have (since 1
q
þ n

p 0 ¼ 1
tn
),

kPþQkN; ððr;qÞ; ðs;pÞÞaM 1=tnð1þ eÞðkPktnN; ððr;qÞ; ðs;pÞÞ þ kQktnN; ððr;qÞ; ðs;pÞÞÞ
1=tn

and

kPþQktnN; ððr;qÞ; ðs;pÞÞaMð1þ eÞtnðkPktnN; ððr;qÞ; ðs;pÞÞ þ kQktnN; ððr;qÞ; ðs;pÞÞÞ:

Since e > 0 is arbitrary, we conclude that

kPþQktnN; ððr;qÞ; ðs;pÞÞaMðkPktnN; ððr;qÞ; ðs;pÞÞ þ kQktnN; ððr;qÞ; ðs;pÞÞÞ:

A standard argument provides

kPþQkN; ððr;qÞ; ðs;pÞÞa ð2MÞ1=tnðkPkN; ððr;qÞ; ðs;pÞÞ þ kQkN; ððr;qÞ; ðs;pÞÞÞ

and so k:kN; ððr;qÞ; ðs;pÞÞ is a quasi-norm. r

The proof of the next result is standard.

Proposition 4.4. PN; ððr;qÞ; ðs;pÞÞðnE;FÞ with the metrizable topology defined by

k:kN; ððr;qÞ; ðs;pÞÞ is complete.

Example 4.5. It is clear that Pf ðnE;F Þ is contained in PN; ððr;qÞ; ðs;pÞÞðnE;FÞ and

kjnbkN; ððr;qÞ; ðs;pÞÞ ¼ kjnbk:
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In fact,

kjnbkN; ððr;qÞ; ðs;pÞÞa kjknkbk ¼ kjnbk a
ð9Þ

kjnbkN; ððr;qÞ; ðs;pÞÞ:

The following result (ideal property) has a straightforward proof.

Proposition 4.6. If P a PN; ððr;qÞ; ðs;pÞÞðnE;FÞ, T a LðF ;GÞ and S a LðD;EÞ, then
T � P � S a PN; ððr;qÞ; ðs;pÞÞðnD;GÞ and

kT � P � SkN; ððr;qÞ; ðs;pÞÞa kSknkPkN; ððr;qÞ; ðs;pÞÞkTk:

The following definition will be useful for technical reasons:

Definition 4.7. If P a Pf ðnE;FÞ we set

kPkNf ; ððr;qÞ; ðs;pÞÞ ¼ infkðljÞmj¼1kðr;qÞ½kðjjÞ
m
j¼1kw; ðs 0; p 0Þ�

nkðyjÞmj¼1kl;

where the infimum is taken for all finite representations of P of the form

PðxÞ ¼
Xm
j¼1

lj
�
jjðxÞ

�n
yj:

Remark 4.8. As in Proposition 4.3, we can prove that k:kNf ; ððr;qÞ; ðs;pÞÞ is a quasi tn-
norm. In this case we see that the constant that appears on the triangular inequal-

ity is the same for both quasi tn-norms. We denote by M as we have done before.

It is clear that

kPkN; ððr;qÞ; ðs;pÞÞa kPkNf ; ððr;qÞ; ðs;pÞÞ; ð14Þ

for all P a Pf ðnE;FÞ. The natural question is to know if these quasi tn-norms are

equivalent for some choices of E and F .

Since
�
Pf ðnE;F Þ; k:kN

�
and

�
Pf ðnE;F Þ; k:kNf

�
are not complete, we cannot

use the Open Mapping Theorem in addition to (14) to conclude that these quasi-

norms are equivalent.

The next lemmata are easy, but useful. We omit their proofs:

Lemma 4.9. If ðljÞlj¼1 a lðr;qÞ, then

lim
t!l

kðljÞlj¼tkðr;qÞ ¼ 0:
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Lemma 4.10. Pf ðnE;F Þ is dense in
�
PN; ððr;qÞ; ðs;pÞÞðnE;FÞ; k:kN; ððr;qÞ; ðs;pÞÞ

�
. Pre-

cisely, if

P ¼
Xl
j¼1

ljðjjÞ
n
yj a PN; ððr;qÞ; ðs;pÞÞðnE;F Þ;

then Qm :¼
Pm

j¼1 ljðjjÞ
n
yj converges to P in k:kN; ððr;qÞ; ðs;pÞÞ.

From now on, the symbols M and tn will be the same as in Proposition 4.3.

Proposition 4.11. If E is finite-dimensional, then

kPkNf ; ððr;qÞ; ðs;pÞÞaM 1=tnkPkN; ððr;qÞ; ðs;pÞÞ ð15Þ

for all P a PðnE;F Þ.

Proof. In this case we know that Pf ðnE;F Þ ¼ PðnE;FÞ is complete for the quasi

tn-norms k:kN; ððr;qÞ; ðs;pÞÞ and k:kNf ; ððr;qÞ; ðs;pÞÞ. By the Open Mapping Theorem,

these quasi tn-norms are equivalent. Hence, there is C > 0 such that

kPkNf ; ððr;qÞ; ðs;pÞÞaCkPkN; ððr;qÞ; ðs;pÞÞ

for each P. For e > 0 we choose a representation

PðxÞ ¼
Xl
j¼1

lj
�
jjðxÞ

�n
yj

such that

kðljÞlj¼1kðr;qÞkðjjÞ
l
j¼1k

n
w; ðs 0; p 0ÞkðyjÞ

l
j¼1kla ð1þ eÞkPkN; ððr;qÞ; ðs;pÞÞ: ð16Þ

From Lemma 4.10, there is a m a N such that

���X
j>m

ljðjjÞ
n
yj

���
N; ððr;qÞ; ðs;pÞÞ

¼
���P�

Xm
j¼1

ljðjjÞ
n
yj

���
N; ððr;qÞ; ðs;pÞÞ

a
e

C
kPkN; ððr;qÞ; ðs;pÞÞ:

We thus have

���Xm
j¼1

ljðjjÞ
n
yj

���
Nf ; ððr;qÞ; ðs;pÞÞ

a kðljÞmj¼1kðr;qÞ½kðjjÞ
m
j¼1kw; ðs 0; p 0Þ�

nkðyjÞmj¼1kl

a kðljÞlj¼1kðr;qÞ½kðjjÞ
l
j¼1kw; ðs 0; p 0Þ�

nkðyjÞlj¼1kl
a ð1þ eÞkPkN; ððr;qÞ; ðs;pÞÞ:
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Now, from Remark 4.8 we get

kPktnNf ; ððr;qÞ; ðs;pÞÞ

aM
���Xm

j¼1

ljðjjÞ
n
yj

���tn

Nf ; ððr;qÞ; ðs;pÞÞ
þM

���X
j>m

ljðjjÞ
n
yj

���tn

Nf ; ððr;qÞ; ðs;pÞÞ

aMð1þ eÞtnkPktnN; ððr;qÞ; ðs;pÞÞ þMCtn

���X
j>m

ljðjjÞ
n
yj

���tn

N; ððr;qÞ; ðs;pÞÞ

aMð1þ eÞtnkPktnN; ððr;qÞ; ðs;pÞÞ þMetnkPktnN; ððr;qÞ; ðs;pÞÞ

aM½ð1þ eÞtn þ etn �kPktnN; ððr;qÞ; ðs;pÞÞ:

Since e > 0 is arbitrary, this proves our result. r

Using Proposition 4.6 and Proposition 4.11 we easily prove the following

lemma:

Lemma 4.12. If P a PN; ððr;qÞ; ðs;pÞÞðnE;F Þ and S a Lf ðD;EÞ, then

kP � SkNf ; ððr;qÞ; ðs;pÞÞaM 1=tnkPkN; ððr;qÞ; ðs;pÞÞkSk
n: ð17Þ

Proposition 4.13. If E 0 has the bounded approximation property, then

kPkNf ; ððr;qÞ; ðs;pÞÞaM 1=tnkPkN; ððr;qÞ; ðs;pÞÞ

for every P a Pf ðnE;F Þ.

Proof. We know that there is a symmetric n-linear mapping T of finite type

on E � � � � � E, with values in F such that PðxÞ ¼ Tðx; . . . ; xÞ for all x a E. It is

not di‰cult to see that T1 a L
�
E;Lðn�1

E;F Þ
�
given by

T1ðx1Þðx2; . . . ; xnÞ ¼ Tðx1; . . . ; xnÞ

belongs to Lf

�
E;Lðn�1

E;FÞ
�
. Since E 0 has the bounded approximation prop-

erty (and hence the l-approximation property for some l > 0), from an adaptation

of [27], 10.2.6, for each e > 0 we can find S a Lf ðE;EÞ such that T1 � S ¼ T1 and

kSka ð1þ eÞl: ð18Þ

We have

T
�
Sðx1Þ; x2; . . . ; xn

�
¼ Tðx1; . . . ; xnÞ
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for all x1; . . . ; xn a E. In fact,

Tðx1; . . . ; xnÞ ¼ T1ðx1Þðx2; . . . ; xnÞ
¼ ðT1 � SÞðx1Þðx2; . . . ; xnÞ
¼ T1ðSx1Þðx2; . . . ; xnÞ
¼ TðSx1; x2; . . . ; xnÞ:

(19)

Since T is symmetric, by repeating the argument of (19), we can easily con-

clude that

P � SðxÞ ¼ TðSx; . . . ;SxÞ ¼ Tðx; . . . ; xÞ ¼ PðxÞ

for all x a E. We thus have

kPkNf ; ððr;qÞ; ðs;pÞÞ ¼ kP � SkNf ; ððr;qÞ; ðs;pÞÞ

a
ð17Þ

M 1=tnkPkN; ððr;qÞ; ðs;pÞÞkSk
n

a
ð18Þ

M 1=tnð1þ eÞnlnkPkN; ððr;qÞ; ðs;pÞÞ:

Now, making e ! 0, we get

kPkNf ; ððr;qÞ; ðs;pÞÞaM 1=tnlnkPkN; ððr;qÞ; ðs;pÞÞ ð20Þ

for every P a Pf ðnE;F Þ.
Let C ¼ M 1=tnln.

For e > 0 we choose a representation

PðxÞ ¼
Xl
j¼1

lj
�
jjðxÞ

�n
yj

such that

kðljÞlj¼1kðr;qÞkðjjÞ
l
j¼1k

n
w; ðs 0; p 0ÞkðyjÞ

l
j¼1kla ð1þ eÞkPkN; ððr;qÞ; ðs;pÞÞ: ð21Þ

So, since

kðljÞlj¼1kðr;qÞkðjjÞ
l
j¼1k

n
w; ðs 0; p 0ÞkðyjÞ

l
j¼1kl < l;

using Lemma 4.9 we know that there exists an integer m a N such that

kðljÞlj¼mþ1kðr;qÞkðjjÞ
l
j¼mþ1k

n
w; ðs 0; p 0ÞkðyjÞ

l
j¼mþ1kla

e

C
kPkN; ððr;qÞ; ðs;pÞÞ:

426 V. V. Fávaro, M. C. Matos and D. Pellegrino



Hence

C
���X
j>m

ljðjjÞ
n
yj

���
N; ððr;qÞ; ðs;pÞÞ

a ekPkN; ððr;qÞ; ðs;pÞÞ: ð22Þ

On the other hand, note that���Xm
j¼1

ljðjjÞ
n
yj

���
Nf ; ððr;qÞ; ðs;pÞÞ

a kðljÞmj¼1kðr;qÞkðjjÞ
m
j¼1k

n
w; ðs 0; p 0ÞkðyjÞ

m
j¼1kl

a
ð21Þ

ð1þ eÞkPkN; ððr;qÞ; ðs;pÞÞ: ð23Þ

Now, from the triangular inequality, we get

kPktnNf ; ððr;qÞ; ðs;pÞÞaM
���Xm

j¼1

ljðjjÞ
n
yj

���tn

Nf ; ððr;qÞ; ðs;pÞÞ

þM
���X
j>m

ljðjjÞ
n
yj

���tn

Nf ; ððr;qÞ; ðs;pÞÞ

a
ð20Þ and ð23Þ

Mð1þ eÞtnkPktnN; ððr;qÞ; ðs;pÞÞ

þMCtn

���X
j>m

ljðjjÞ
n
yj

���tn

N; ððr;qÞ; ðs;pÞÞ

a
ð22Þ

M½ð1þ eÞtn þ etn �kPktnN; ððr;qÞ; ðs;pÞÞ;

and, since e > 0 is arbitrary, the proof is done. r

5. The topological dual of PN , ((r,q); (s,p))(
nE;F )

In this section, we will show that the topological dual of PN; ððr;qÞ; ðs;pÞÞðnE;FÞ is

isomorphic to the space Pasððr 0;q 0Þ; ðs 0; p 0ÞÞðnE 0;F 0Þ provided that E 0 has the bounded
approximation property.

The following intuitive lemma, which is proved in [23], will be needed in the

next results.

Lemma 5.1. Let ðcnÞln¼1 be a decreasing sequence of non-negative real numbers. If

ðbjÞlj¼1 is a sequence of non-negative real numbers so that there exists a bijection

p : N ! N such that ðbpðnÞÞln¼1 is a non-increasing rearrangement, then

Xl
j¼1

cjbj a
Xl
j¼1

cjbpð jÞ:

The same holds for injection instead of bijection.
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Theorem 5.2. If E 0 has the bounded approximation property then, for each P a
Pasððr 0;q 0Þ; ðs 0; p 0ÞÞðnE 0;F 0Þ, we can associate a well defined continuous linear functional

TP on PN; ððr;qÞ; ðs;pÞÞðnE;FÞ given by

TP

�Xl
j¼1

ljj
n
j yj

�
¼

Xl
j¼1

ljPðjjÞðyjÞ;

and

kTPkaM 1=tnkPkasððr 0;q 0Þ; ðs 0; p 0ÞÞ:

Proof. Let P a Pasððr 0;q 0Þ; ðs 0; p 0ÞÞðnE 0;F 0Þ. Define

T
ð f Þ
P :

�
Pf ðnE;FÞ; k:kN; ððr;qÞ; ðs;pÞÞ

�
! K

by

T
ð f Þ
P ðQÞ ¼

Xm
j¼1

ljPðjjÞðyjÞ

for Q ¼
Pm

j¼1 ljj
n
j yj. One can show, using tensor products, that T

ð f Þ
P ðQÞ does not

depend on the particular representation of Q.

Since ra q, we have r 0b q 0 and ð j q 0=r 0�1Þmj¼1 is non-increasing. Let us choose

a bijection d : Im ! Im such that
�
kPðjdð jÞÞk

�m
j¼1

is non-increasing.

Let p : Im ! Im denote a bijection such that ðjlpð jÞjÞmj¼1 is non-increasing. We

have

jT ð f Þ
P ðQÞj

a
Xm
j¼1

jljj jPðjjÞðyjÞja
Xm
j¼1

jljj kPðjjÞk kyjk

¼
Xm
j¼1

jlpð jÞj kPðjpð jÞÞk kypð jÞk

¼
Xm
j¼1

j1=r�1=qjlpð jÞj j1=r
0�1=q 0 kPðjpð jÞÞk kypð jÞk

a
Hölder Ineq:

kð j1=r�1=qjlpð jÞjÞmj¼1kq
�Xm

j¼1

j q
0=r 0�1kPðjpð jÞÞk

q 0
�1=q 0

kðypð jÞÞmj¼1kl

a
Lemma 5:1

kð j1=r�1=qjlpð jÞjÞmj¼1kq
�Xm

j¼1

j q
0=r 0�1kPðjdð jÞÞk

q 0
�1=q 0

kðyjÞmj¼1kl

a kðljÞmj¼1kðr;qÞkPkasððr 0;q 0Þ; ðs 0; p 0ÞÞkðjjÞ
m
j¼1k

n
w; ðs 0; p 0ÞkðyjÞ

m
j¼1kl:
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This implies that

jT ð f Þ
P ðQÞja kPkasððr 0;q 0Þ; ðs 0; p 0ÞÞkQkNf ; ððr;qÞ; ðs;pÞÞ

for all Q a Pf ðnE;FÞ. Hence, if we consider E 0 with the bounded approximation

property, we use Proposition 4.13 in order to obtain

jT ð f Þ
P ðQÞjaM 1=tnkPkasððr 0;q 0Þ; ðs 0; p 0ÞÞkQkN; ððr;qÞ; ðs;pÞÞ ð24Þ

for all Q a Pf ðnE;FÞ.We conclude that T
ð f Þ
P is continuous.

From Lemma 4.10, we define (in the obvious way)

TP :
�
PN; ððr;qÞ; ðs;pÞÞðnE;FÞ; k:kN; ððr;qÞ; ðs;pÞÞ

�
! K

by

TPðQÞ ¼ lim
m!l

T
ð f Þ
P

�Xm
j¼1

ljj
n
j yj

�

when Q ¼
Pl

j¼1 ljj
n
j yj.

From (24) we have

���T ð f Þ
P

�Xm
j¼1

ljj
n
j yj

����aM 1=tnkPkasððr 0;q 0Þ; ðs 0; p 0ÞÞ

���Xm
j¼1

ljj
n
j yj

���
N; ððr;qÞ; ðs;pÞÞ

and from the definition of TP we get (making m ! l)

jTPðQÞjaM 1=tnkPkasððr 0;q 0Þ; ðs 0; p 0ÞÞkQkN; ððr;qÞ; ðs;pÞÞ

for every Q a PN; ððr;qÞ; ðs;pÞÞðnE;F Þ. r

Theorem 5.3. For each T a PN; ððr;qÞ; ðs;pÞÞðnE;F Þ0, the map PT : E 0 ! F 0 given

by

PT ðjÞðyÞ ¼ TðjnyÞ

belongs to Pasððr 0;q 0Þ; ðs 0; p 0ÞÞðnE 0;F 0Þ and satisfies

kPTkasððr 0;q 0Þ; ðs 0; p 0ÞÞa kTk: ð25Þ
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Proof. Let T a PN; ððr;qÞ; ðs;pÞÞðnE;FÞ0. If m a N and j1; . . . ; jm are in E 0, we con-

sider a bijection p : Im ! Im, such that

�
kPT ðjpð jÞÞk

�m
j¼1

is non-increasing.

For e > 0 we can find ypð jÞ a F , with kypð jÞk ¼ 1, j ¼ 1; . . . ;m, such that

���kPTðjpð jÞÞk
�m
j¼1

��q 0

ðr 0;q 0Þ

a eþ
Xm
j¼1

½ð j1=r 0�1=q 0 Þq
0
kPT ðjpð jÞÞk

q 0�1
lpð jÞTðjn

pð jÞypð jÞÞ� ¼ ð�Þ;

where we choose the lpð jÞ a K, with jlpð jÞj ¼ 1, j ¼ 1; . . . ;m, in a convenient way.

Hence

ð�Þ ¼ eþ
���T�Xm

j¼1

ð j1=r 0�1=q 0 Þq
0
kPTðjpð jÞÞk

q 0�1lpð jÞj
n
pð jÞypð jÞÞ

����
a eþ kTk kQmkN; ððr;qÞ; ðs;pÞÞ;

where

Qm ¼
Xm
j¼1

½ð j1=r 0�1=q 0 Þq
0
kPT ðjpð jÞÞk

q 0�1lpð jÞj
n
pð jÞypð jÞ�:

Note that, since kypð jÞk ¼ 1, j ¼ 1; . . . ;m, we have

kQmkN; ððr;qÞ; ðs;pÞÞ

a
���ð j1=r 0�1=q 0 Þq

0
kPTðjpð jÞÞk

q 0�1lpð jÞ
�m
j¼1

��
ðr;qÞkðjpð jÞÞ

m
j¼1k

n
w; ðs 0; p 0Þkðypð jÞÞ

m
j¼1kl

¼
���ð j1=r 0�1=q 0 Þq

0
kPT ðjpð jÞÞk

q 0�1lpð jÞ
�m
j¼1

��
ðr;qÞkðjpð jÞÞ

m
j¼1k

n
w; ðs 0; p 0Þ:

Now we want to evaluate

ðaÞ ¼
���ð j1=r 0�1=q 0 Þq

0
kPT ðjpð jÞÞk

q 0�1lpð jÞ
�m
j¼1

��
ðr;qÞ:

We recall that jlpð jÞj ¼ 1, j ¼ 1; . . . ;m and that
�
kPTðjpð jÞÞk

�m
j¼1

is non-increasing.

Since ra q, we have r 0b q 0 and ð j1=r 0�1=q 0 Þmj¼1 is non-increasing. In this case we

have (using that qþ q 0 ¼ qq 0 and ðq 0 � 1Þq ¼ q 0)
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ðaÞ ¼
�Xm

j¼1

ð j1=r�1=qÞqð j1=r 0�1=q 0 Þq
0qkPTðjpð jÞÞk

ðq 0�1Þq
�1=q

¼
�Xm

j¼1

ð j1=r�1=qÞqð j1=r 0�1=q 0 Þðq
0þqÞkPT ðjpð jÞÞk

ðq 0�1Þq
�1=q

¼
�Xm

j¼1

ð j1=r 0�1=q 0 Þq
0
kPTðjpð jÞÞk

q 0
�1=q

:

Now we replace this equality in the above inequalities in order to have

���kPT ðjpð jÞÞk
�m
j¼1

��q 0

ðr 0;q 0Þ

a eþ kTk
�Xm

j¼1

ð j1=r 0�1=q 0 Þq
0
kPTðjpð jÞÞk

q 0
�1=q

kðjpð jÞÞ
m
j¼1k

n
w; ðs 0; p 0Þ:

Since e > 0 is arbitrary, we get

���kPT ðjpð jÞÞk
�m
j¼1

��q 0

ðr 0;q 0Þ

a kTk
�Xm

j¼1

ð j1=r 0�1=q 0 Þq
0
kPT ðjpð jÞÞk

q 0
�1=q

kðjpð jÞÞ
m
j¼1k

n
w; ðs 0; p 0Þ

¼ kTk
���kPTðjpð jÞÞk

�m
j¼1

��q 0=q

ðr 0;q 0Þkðjpð jÞÞ
m
j¼1k

n
w; ðs 0; p 0Þ

and hence

���kPT ðjjÞk
�m
j¼1

��
ðr 0;q 0Þ ¼

���kPT ðjpð jÞÞk
�m
j¼1

��
ðr 0;q 0Þ

a kTk kðjpð jÞÞ
m
j¼1k

n
w; ðs 0; p 0Þ ¼ kTk kðjjÞ

m
j¼1k

n
w; ðs 0; p 0Þ:

So, we conclude that PT a Pasððr 0;q 0Þ; ðs 0; p 0ÞÞðnE 0;F 0Þ and

kPTkasððr 0;q 0Þ; ðs 0; p 0ÞÞa kTk: r

Theorem 5.4. If E 0 has the bounded approximation property, then the linear

mapping

C : PN; ððr;qÞ; ðs;pÞÞðnE;F Þ0 ! Pasððr 0;q 0Þ; ðs 0; p 0ÞÞðnE 0;F 0Þ

given by CðTÞ ¼ PT is a topological isomorphism.
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Proof. Note that if a a K, j a E 0 and y a F , we have

CðT1 þ aT2ÞðjÞðyÞ ¼ PT1þaT2
ðjÞðyÞ

¼ ðT1 þ aT2ÞðjnyÞ
¼ T1ðjnyÞ þ aT2ðjnyÞ
¼ CðT1ÞðjÞðyÞ þ aCðT2ÞðjÞðyÞ

and so C is linear. Theorem 5.3 asserts that

kCðTÞkasððr 0;q 0Þ; ðs 0; p 0ÞÞ ¼ kPTkasððr 0;q 0Þ; ðs 0; p 0ÞÞa kTk

and hence C is continuous.

Note that C is onto. In fact, if P a Pasððr 0;q 0Þ; ðs 0; p 0ÞÞðnE 0;F 0Þ, consider

TP : PN; ððr;qÞ; ðs;pÞÞðnE;FÞ ! K

as defined in Theorem 5.2. So,

CðTPÞ ¼ PTP

and

PTP
ðjÞðyÞ ¼ TPðjnyÞ ¼ PðjÞðyÞ:

We conclude that

PTP
¼ P

and hence

CðTPÞ ¼ P:

Note that C in injective. In fact,

CðTÞ ¼ 0 ¼) CðTÞðjÞðyÞ ¼ 0 ¼) TðjnyÞ ¼ 0

for all j a E 0 and y a F . So, T is null in Pf ðnE;F Þ and since the space�
Pf ðnE;FÞ; k:kN; ððr;qÞ; ðs;pÞÞ

�
is dense in PN; ððr;qÞ; ðs;pÞÞðnE;F Þ it follows that T ¼ 0.

We conclude (using Theorem 5.2) that C�1 is continuous and kC�1kaM 1=tn .

r

A natural continuation of this paper leads us to introduce the spaces of entire

scalar-valued functions of Lorentz
�
ðr; qÞ; ðs; pÞ

�
-nuclear bounded type defined on
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a Banach space E (following the works of Nachbin [25], Gupta [12] and Matos

[21]). Then it seems reasonable to study duality results between the dual of this

space of entire functions and a suitable space of entire functions, following the

lines of Gupta [12], Malgrange [13] and Matos [21]). So, it is possible to try to

investigate existence and approximation results for convolution equations on the

spaces of entire functions of Lorentz
�
ðr; qÞ; ðs; pÞ

�
-nuclear bounded type (for re-

lated results we mention [1], [2], [3], [8], [7], [9], [10], [15], [16], [17], [18], [19], [21]).

The main obstacle in introducing the space of entire functions of Lorentz�
ðr; qÞ; ðs; pÞ

�
-nuclear bounded type is that the topology defined on the space

PN; ððr;qÞ; ðs;pÞÞðnEÞ fails to be a locally convex topology and thus does not generate

a locally convex topology on the spaces of entire functions of this type. We believe

that it is possible followMatos [21] to by-pass this obstacle by considering a suitable

Banach space of n-homogeneous polynomials that contains PN; ððr;qÞ; ðs;pÞÞðnEÞ and
that shares the same dual with PN; ððr;qÞ; ðs;pÞÞðnEÞ. In this new context the related

space of entire functions will be a Fréchet space; so a friendly environment to

study existence and approximation results for convolution equations comes out.
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