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Introduction

This paper is concerned with bounded lattice structured discriminator varieties,
i.e., discriminator varieties interpreting the variety .%;; of bounded lattices. The
many examples of such varieties found in the literature are in fact varieties in-
terpreting bounded distributive lattices or even Heyting algebras. The theory of
discriminator varieties, developed by many authors, started with a paper by A.
Pixley in 1971 [21]. It relies on the existence of a term defining the discriminator
function on all the subdirectly irreducible algebras of a variety. It plays a unifying
role for a large class of varieties, providing for some of them the results previously
obtained by many authors.

Our search of all bounded lattice structured discriminator varieties covering
the variety 7.4 of tetravalued modal algebras, aroused our interest in studying
the class of varieties in the title, with tools from the general theory of discriminator
varieties. The variety 7.4, generated by a four-element quasi-primal algebra,
covers the variety £ of three-valued Lukasiewicz—Moisil algebras. The latter
was introduced and studied by Gr. C. Moisil in 1940, 1941; the former was intro-
duced by A. A. Monteiro in 1978, and studied by I. Loureiro for her thesis [16],
under the guidance of A. A. Monteiro.

Our work started by recognizing that, for the special discriminator varieties
under study, the role played by the ternary discriminator may be played by a bi-
nary function. This function was called a (0, 1)-switching function in [23], where
some results concerning these varieties were given without proofs, and examples of
discriminator varieties covering 7.4 were presented.

This paper is an expanded version of the first part of [23]. A version of the
remaining part will be given in another paper. To avoid repetitions when we
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speak of a variety ¥~ we mean a variety interpreting the variety %y;. In Section 1,
basic facts from discriminator varieties are recalled and some facts regarding
known varieties, which are generalized here, are focused. In Section 2, discrimina-
tor varieties ¥~ are characterized by equational conditions on a binary term. The
proof of the equational characterization theorem provides a description of the
principal congruences on each algebra from 77, and a characterization of its sub-
directly irreducible (simple) algebras. In Section 3, a discriminator variety % w.%;
interpreting %y, which is interpretable in every variety 7~ is considered. The study
of some questions regarding discriminator varieties ¥~ amounts to studing them
for the variety Yw%;;. Four special unary terms for a variety ¥~ are derived
from the special binary term: a term defining an existential quantifier, a term de-
fining a universal quantifier, a term defining a weak pseudocomplementation, and
a term defining a weak dual pseudocomplentation. All these terms determine in
any algebra the same subreduct which is a Boolean algebra, and is the core of
the algebra. It is also shown that the variety 7.4 as well as Z./5 are termwise
equivalent to subvarieties of Yw.%);. In Section 4, it is shown that the Boolean
subreduct B(A) of an algebra A € 7~ is isomorphic to the lattice of principal con-
gruences on A, and it determines all congruences of A. Moreover, A and B(A)
have isomorphic congruence lattices. Descriptions of congruences are presented,
and the 1-cosets and O-cosets are characterized. Finally, in Section 5, we consider
a term operation of weak implication for any variety 7, generalizing the one
introduced and studied by A. A. Monteiro for the variety #.#5; the deductive
systems relative to this operation are precisely the 1-cosets.

1. Preliminaries

The ternary discriminator function (the discriminator, for short), and the quater-
nary switching function (also called the normal transform) on a nonempty set A
are functions d : 43 — A4, and 5 : A* — A4 defined by

x ifx#y

v if x#y
z ifx=y '

) S<xayaz7v):{z lf_X,':y

d(x,y,z) = {
The two functions are interrelated by
d(x,,2) = s(x,3,2,x);  s(x,,z,0) =d(d(x, ,2),d(x, y,v),0v).
The ternary switching function on A is derived as follows:

s(x,p,2) = s(x, y,z,d(x,z,y)) = af(d(x7 »,2),x,d(x, z,y)).
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A discriminator [quasi-primal | algebra is a nontrivial [finite] algebra A having a
term which induces the discriminator on A (equivalentely, having a term which
induces the quaternary switching function on A); any such term is called a discrim-
inator term (a switching term) for A. Any discriminator algebra is simple. A class
of nontrivial algebras having a common discriminator term is called a discrimina-
tor class.

A discriminator variety (D-variety, for short) is a variety generated by a dis-
criminator class of algebras. For any variety 77, Si#~ denotes the class of all its
nontrivial subdirectly irreducible algebras. A variety 7~ is a D-variety iff Si 7~
is a discriminator class. Some properties of a discriminator variety 7~ are recalled
next.

" is semisimple, i.e., each A € Si 7" is simple; each finite algebra of " is a
direct product of finite simple algebras; ¥~ is arithmetical (i.e., congruence-
distributive (CD), and congruence-permutable (CP)); 7~ is congruence-regular
i.e., any congruence of any algebra is determined by any of its equivalence classes:
0 =0(ald) ={(x,y) : s(x, y,a) € [a]0}; each algebra A € ¥~ has equationally de-
finable principal congruences (EDPC): @(a,b) = {(x, y) : d(a,b,x) = d(a,b,y)};
the congruence lattice of each algebra A € #~, Con A, has as a sublattice the set
Con, A of principal congruences of A, and Con, A is a generalized Boolean lat-
tice; Con, A is a Boolean lattice iff the largest congruence V is principal. From
[14], Lemma 5.3, using the congruence regularity (see also [24], and [3]):

O(a,b) vO(a,c) =0O(a,s(a,b,c,b)),

O(a,b) AO(a,c) = O(a,s(a,b,b,c)),
O(a,b) ~ O(a,c) = O(a,d(a,c,b)),

where — denotes the dual relative pseudocomplement of ®(a,c) in ®(a,b) (the
complement of ®(a, ¢) in [A, O(a,b) v O(a, c)]).

A variety /" is said to be interpretable (or representable) into a variety ¥~
if there exists a system of ¥"-terms t = {t;: j € J) such that for each algebra
A e 7" the algebra A¢ = <{A4;t;,j e J) e #'. We also say that ¥ interprets %~
via the system t. This system is called an interpretation (or a representation) of
W into V7, A¢ is said to be a t-reduct of A, and any subalgebra of Ay is said to
be a t-subreduct of A. If t is formed by basic operations of 7~ this variety is
said to be an expansion of #".

Two algebras A and B (not necessarily of the same type) are said to be equiv-
alent (or term equivalent) if they have the same universe and the same n-ary term
operations for every n, i.e., the same clone of operations. This means that each
basic operation of A is a term operation of B and vice-versa.

Two varieties ¥~ and ¥~ are (termwise) equivalent if there is an interpretation
t of #" into ¥~ and an interpretation q of ¥~ into ¥/ such that A = A for all



488 M. Ramalho

A e 7", and By = B for all B € #". It is worth remembering that: Two varieties
" and W are equivalent iff ¥~ = V" (A) and W = V" (B), for some equivalent alge-
bras A and B ([19], 4.140).

The notion of an existential (and a universal) quantifier for a Boolean algebra
was considered by P. Halmos in [13]; it was extended to bounded special lattices
by many authors. For a bounded lattice an existential quantifier D is an additive,
semi-multiplicative, and normal closure operator. Equivalently, it can be defined
by the following conditions [8§]:

Q0. D(0) = 0; Ql. xAD(x) =x;
Q2. D(xAD(y)) =D(x)AD(y); Q3. D(xvy)=D(x)vD(y).

Dually, a universal quantifier E is a semi-additive, multiplicative, normal interior
operator. Equivalently, it can be defined by

Qo. E(l) =1, Ql. xv E(x) = x;

Q2. E(xAy)=E(X)AE(y); Q3. E(xVE(y) =E(x)VvE(y).
An existential [universal] quantifier is simple if D(x) =1, for all x # 0 [E(x) =0,
for all x # 1].

An algebra having two distinct constant term operations, denoted 0, 1, is usu-
ally called a (0, 1)-pointed algebra.

Let A be any (0, 1)-pointed discriminator algebra. Then (4;d,0, 1) is a reduct
of A, and ({0,1};d,0,1) is a subreduct. We note that the algebra ({0,1};4d,0,1)
is equivalent to the Boolean algebra B, = ({0,1};A,v,—,0,1). The binary terms
s(x, y) = s(x, »,1,0) = d(d(x, p,1),d(x, y,0),0) = d(0,d(x, y,0),d(x, y, 1)), and

S‘(xv y) = S(xa Vs 07 1) = d(d(xa y,O),d(X, 2 1)7 1) = d(17 d(x7 Vs l)ad(xv )40))

induce on A the following functions:

0 ifx#y N I ifx#y
A _ A —

These functions [terms| will be called the (0, 1)-switching function [term], and the
dual (0, 1)-switching function [term)], respectively; they are related to each other by:

S(x,p) = S(O,s(x, y)), and  s(x,y) = E(l,i(x, y))

Thus, (4;s,0,1) and (4;5,0, 1) are equivalent reducts of A. The operations s and
§ characterize equality in any algebra from a (0, 1)-pointed discriminator variety.
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We now present some facts concerning known discriminator varieties for
comparison with facts, given for the discriminator varieties ¥~ under study, in the
forthcoming sections, where the role played by the binary switching functions is
emphasized.

The variety 4 of Boolean algebras, the most important (0, 1)-pointed discrim-
inator variety, is generated by the (quasi-)primal algebra B,. Besides the basic
operations A, and v, the term operations x — y := —x Vv y, and its dual x — y :=
—x A y allow one to equationally characterize the partial order on each algebra
B e %:

x<y iff xAy=x iff xvy=yp iff x—y=1 iff x«—ypy=0.
Hence equality can be equationally characterized by:

x=y ff xAy=xvy iff (x—=p)a(y—x)=1 iff
(x=p)v(y—x) =0

In {0, 1}, the switching functions defined above are induced by the following
terms:

—xVY)A(xv—y)=—(xVvy)Vv(xAyp),

/C?\
=
=
I
=
!
=
>
!
=
I

—XAY)V(xA=p)=—(xAy)A(xVy).

<y
=
=
|
=
T
N
1
Na¥
I

Note that §(x, y) is the symmetric difference, usually denoted x @ y, and its dual
s(x, y) = —3(x, y) is sometimes called equivalence and denoted by <.
Among the discriminator terms for B, we choose:

d(x,,2) = [(=xvy) A(xv —p) Azl v (x A=)
=[x = Ay =x)azv{=[(x = »)A(y = x)]rx}
=[xy nzlv[=s(x, p) Ax] = [50x, p) vzl A [=5(x, p) v x].

For B e #, Con, B>~ B. For a,b e B, we choose some ways of giving the
principal congruence generated by (a, b) by means of binary operations:

O(a,b) =O((—avb)a(av—b),1) =0((a— b)r(b—a),1) =O(s(a,b), 1)
={(x,») : s(a,b) Ax = s(a,b) A y} = Oy (s(a, b), 1)
=0(0,(—anb)v(an—b)) =0(0,(a <« b)v(b—a))=0(0,—-s(a,b))
={(x,») : =s(a,b) vx = —s(a,b) v y} = O, (0, —s(a,b)),
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where @(,,(C) [@,5(C)] denotes the congruence of B,y [Be.y], the {A)-reduct
[(v)-reduct] of B, generated by C.
For 6 € Con B, the 1-coset, [1]6, is a filter, the 0-coset, [0]6, is an ideal, and

0=0([1]0) = {(x,») : s(x,y) € 1|0} = {(x,y) : x = y € [1]0,y — x € [1]0}
=00 ([1]0) = {(x,y): Y e 10, xnf =y S}
=0([0]0) = {(x, ) : =s(x, ) € [0]0} = {(x, ) : x — y € [0]0, y — x € [0]6}
=00, ([010) = {(x,y) : 3 € [0]0,xvi=yvi}.

The variety .4 of three-valued Lukasiewicz—Moisil algebras is another im-
portant (0, 1)-pointed discriminator variety generated by the quasi-primal algebra
L3 = ({0,a,1};A,v,~,D,0,1), where ({0,a,1};A,v,~,0,1) is a simple Kleene
algebra, and D is the unary operation: D(0) =0, D(a) = D(1) = 1. Among the
discriminator terms for L3 we point out (see [24] for another):

d(x, y,2) = [~s(x, 9) v 2l Afs(x, ) v x] = [s(x, 9) A 2] v [~s(x, y) A x]

where s(x, y) := [~D(xVvy)vVD(XxAY)|A[D~ (xvy)v~D~ (xAy)]isa (0,1)-
switching term for [3.

The operation D determines an endomorphism on the bounded lattice reduct
of each algebra from £.#;. The variety 4 may be considered as a subvariety of
L5, by adding the trivial unary operation D. Then 4 is the subvariety of L./
characterized by the identity Dx = x.

The variety £ interprets the variety #.o/ of Heyting algebras (see [20], Ch.
VII, §3, and [2], Ch. 4, §3). More precisely, the variety %/ is equivalent to the
variety generated by a 3-element Heyting algebra H; = ({0,4,1}; A,v,=,~,0,1)
with a dual automorphism ~ of period 2 ([20], Ch. VII, Th. 3.5). The Heyting
implication = is given by the #4#;3-term x = y = ~Dxv yv (D ~ x A Dy), and
D is given by Dx = (~x = X).

PAl-algebras (and L4 ,-algebras, n > 3), were introduced and studied by Gr.
C. Moisil in 1940, 1941, as an algebraic counterpart of three-valued propositional
logic.

The variety Z.4 of tetravalent modal algebras is generated by the algebra
T=({0,a,b,1};n,v,~,D,0,1), where ({0,a,b,1};A,v,~,0,1) is a simple De
Morgan algebra, and D is the unary operation: D(0) =0, D(a) = D(b) =
D(1) = 1. Discriminator terms given above for L3 are also discriminator terms
for T, as also is the (0, 1)-switching term.

The lattice of subvarieties of 7.4 is the chain: # < L3 < T.4. The variety
Ll 1s the subvariety of 7.4 characterized by D being an endomorphism, i.e.
characterized by the equation: D(x A y) = D(x) AD(y). Unlike what happens
for L5, the variety A</ is not interpretable in 7.4, and the operation D deter-
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mines an existential quantifier on the bounded lattice reduct of any algebra from
TM .

The variety 7.4 was defined by A. A. Monteiro in 1978, and studied by I.
Loureiro in [16].

The variety .#% of monadic Boolean algebras is another important example of
a discriminator variety, introduced and studied by P. Halmos in [13]. Monadic
Boolean algebras are Boolean algebras with an existential quantifier D. The sim-
ple algebras are those having a simple quantifier. The proper subvarieties of .#%
form an w-chain of discriminator varieties .#%,, n € N. Each .#%, is generated
by a simple algebra having n atoms; .#%, the least nontrivial subvariety of .#%,
is equivalent to the variety 4, since its simple algebra is a two-element Boolean
algebra with the trivial quantifier D. Discriminator terms for the simple algebras
of /% are found in [3], and [24]:

d(x7 yaZ> = [-S(X,y) VZ} A [S(X,y) Vx] = [S(X, y)/\Z] v [—S(X, y) /\x]

where s(x,y) = —-D[(xvy)Aa—(xAp)=—-D—[-(xvy)v(xay)] are (0,1)-
switching terms.

All these examples are discriminator varieties interpreting the variety %
of bounded distributive lattices. All but one, 7.4, interpret the variety #./ of
Heyting algebras.

General references for notions and facts on universal algebra, lattices and vari-
eties are [19], [4], [12], and [1]. For discriminator varieties we refer the reader to
[24], [4], [14] and [3] and the references given therein. For interpretations and
equivalence of algebras and varieties the reader may consult [11] and [19]. For
the main results about £.#5, the reader is referred to [1], and to [20], where A.
A. Monteiro gives an excellent account of his own works and those of other mem-
bers of his School in Bahia Blanca. Also the book [2], published in 1991, is an
excellent survey of all the results about these algebras and their generalizations,
obtained until 1988, without tools from discriminator varieties.

2. Characterizations of discriminator varieties interpreting %

As was observed in the previous section, any (0, 1)-pointed discriminator algebra
A has necessarily a (0, 1)-switching term and a dual (0, 1)-switching term. The
converse is not true. For instance, the algebra ({0,1};®,0, 1) is not a discrimina-
tor algebra. It was also observed that the existence of a (0, 1)-switching term for
any algebra is equivalent to the existence of a dual (0, 1)-switching term.

In this section we are concerned with varieties ¥~, for which there is an inter-
pretation of the variety % into 7, which will be denoted by (A, v, 0,1).
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As is suggested by the examples recalled in the previous section, it is easily
checked that for any algebra having a (v, A, 0, 1)-reduct in %, the existence of a
(0, 1)-switching term s(x, y) implies the existence of a discriminator term:

(s(x, ) Az) v (s(0,(x, ) Ax).

Hence, discriminator varieties interpreting %, may be characterized by the exis-
tence of a binary [dual] (0, 1)-switching term for the class of their subdirectly irre-
ducibles, as stated in our first theorem.

Theorem 2.1. For a variety V" interpreting Lo, the following are equivalent:
(1) There exists a discriminator term for SiV".

(2) There exists a (0, 1)-switching term for Si V.
[There exists a dual (0, 1)-switching term for Si "]

Theorem 2.2. Let V" be a variety and (n,v,0,1) be a family of terms giving an
interpretation of Ly into V. For a binary term s(x, y), the following are equivalent:

(1) s(x,y) is a (0,1)-switching term for Si/".

(2) (s(x,») ~z) v (s(0,s(x, y)) AX) is a discriminator term for Si V.
[(s(0,5(x, »)) vz) A (s(x, y) v x) is a discriminator term for Si /"]

Proof. (2) = (1) Let A e Si7", and d(x, y,z) == (s(x, ») rz) v (s(0,s(x, »)) Ax)
be a discriminator term. We first show that s(a,a) = 1, for all « € A. We obtain
from (2): 0 = d(a,a,0) = 5(0,s(a,a)) Aa, for every a € A. Hence, z = d(a,a,z) =
s(a,a) nz, forevery z € A,s0 1 =d(a,a,1) = s(a,a). Fora,b e A, with a # b, we
obtain from (2): a = (s(a,b) Ac) v (s(0,5(a,b)) na). For ¢ =0, we obtain

a=s(0,s(a,b)) na. (%)

Hence a = (s(a,b) Ac) va, for all c € A. But, if ¢ = 1, we obtain a = s(a,b) v a.
Thus, taking a = 0,

b#0 = s(0,b)=0. ()

If a #0, and b # a, we have s(a,b) = 0, since otherwise, by (xx), we would have
5(0,s(a,b)) = 0 and, by (x), a = 0, a contradiction. O

Discriminator varieties were characterized in [18] (see also [22]) by equational
conditions on a ternary term. In the following theorem discriminator varieties in-
terpreting the variety %, are characterized by equational conditions on a binary
term.
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Theorem 2.3. For a variety v~ with a family of terms (A, v, 0, 1) giving an interpre-
tation of Loy into V", and a binary term s(x, y), the following are equivalent:
(1) s(x, p) is a (0,1)-switching term for Si¥".
(2) 1 satisfies the following identities:
SI. s(x,x) =1,
S2. s(x, y) Ax = s(x, y) Ay,
S3. s(x, ) vs(O,s(x, y)) =1,
and, for each n-ary operation symbol [ of V",
Sr. s, V) A Sz, ozn) = s Y) A S (s(x, p) Azr, o s(x, Y) Azy)
(s(x, M)A Sf(z1yeeyzn) = f(s(x, VIAZLy e 8(x, ) /\z,,), whenever f(0,...,0)
=0).
(3) v satisfies the identity
SL. s(x,x) =1,
and, for each A € V", and any a,b € A, with a # b, (a,b) ¢ ®(0,s(a,b)).

Proof. (1) = (2) It is easily checked that these identities hold in Si 7", hence they
hold in 7.

(2) = (3) We first observe that properties of bounded semilattices together
with S1, S2 ensure that for A € 7~, and 8 € Con A,

(a,b)e0 < (s(a,b),1) el < (s(a,b)rx,x)el, forallxed. (x)
In fact,
(a,b) €0 = (s(a,b),1) = (s(a,b),s(b,b)) €0 by S1
= (s(a,b)Ax,x) €0, forallxe A
= (s(a,b)na,a) €0, (s(a,b) Ab,b) €0
= (a,b) €0. by S2 and transitivity
Let A € 77, and a,b € A. The equivalence relation
t={(x,y) e Ax A:s(a,b) Ax =s(a,b) Ay}

is a congruence on A, since it is compatible with each basic operation f of 7~ by
the identities S;. By S2, (a,b) € 7. We shall now prove that 7 is the least congru-
ence containing (a, b).

Let O € Con A be such that (a,b) € 0. We want to show that t = . Let
(x,») et ie, s(a,b) Ax=s(a,b)ny. As (s(a,b) Ax,x) €0, and (s(a,b) Ay, p)
€ 0 by (%), we conclude that (x, y) € 6 by the transitivity of 6. Thus, for any
a,b € A, 7 is the congruence of A generated by (a, b):

O(a,b) ={(x,y) e Ax A:5(a,b) Ax = s(a,b) A y}. ()
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Now, let a,b € A, with a # b. We have that (a,b) ¢ ©(0,s(a,b)), since otherwise
we would obtain a contradiction:

(a,b) € ©(0,s(a,b)) < (s(a,b),1) € ©(0,s(a,b)) by (*)
& 5(0,5(a,b)) As(a,b) =5(0,5(a, b)) by (x*)
= 0=1s(0,s(a,b) by S2
= s(a,b)=1 by S3
= a=h by S2

(3) = (1) By SI, s(x,x) =1, for all x e A. It remains to show that for any
AeSi?, s(x,y) =0 for all x,y e A, with x # y. Let A € Si ", with monolith
O(a,b), a # b. The hypothesis (a,b) ¢ ©(0,s(a, b)) implies that @(0, s(a, b)) = A.
Hence s(a,b) = 0. By S1, (s(a,b),1) € O(a,b). So (0,1) € O(a,b), i.c., O(a,b)
=V, and A is a simple algebra. Let x, y € A, with x # y. By the hypothesis,
©(0,s(x, y)) # V. Then, by the simplicity of A, ©(0,s(x, y)) = A, and s(x, y) = 0.

0

Another equational characterization, dual to the one in Theorem 2.3 is given
next. It can be stated in terms of 5(x, y).

Theorem 2.3'. For a variety V", such that (A,v,0,1) is an interpretation of Lo
into V", and a binary term s(x, y) [S(x, y)], the following are equivalent:
(1) s(x,p) [8(x, p)] is a [dual] (0, 1)-switching term for Si?¥".
(2) " satisfies the following identities:
S17. 5(0,s(x,x)) =0, [$(x,x) = 0],
52", 5(0.5(x. ) v x = 5(0.5(x, ) v B s )
S3'. s(x,¥) As(0,5(x, ¥)) =0, [5(1,5(x, p)) AS =0],
and, for each n-ary operation symbol f of V",
S 5(0,5(x, ) v f(z1,. -, 2n)
=5(0,5(x, »)) v £ (s(0,5(x, »)) vz1,...,5(0,5(x, ) v zu)
[5(x, y) v f(z1,. ) =8(x, p) v [ (S ( JY)) V., 8(x, Y) Voz

(S(O s(x, y)vf ZlyeneyZp) = f( (O,s(x,y))vzl,...,S(O,s(x,y))vzn)
[5(x, ») v f(z1, .. )—f( S(x, y)vzi, ..., 8(x, ) vz)]
whenever f(1, ) 1).

Remarks. (1) The proof of Theorem 2.3 provides us with the following facts:
principal congruences of algebras from 7~ can be equationally described as
principal congruences of semilattices; the subdirectly irreducible algebras are
simple (known fact), and are those for which s(x,y) is a (0, 1)-switching
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function. The proof of Theorem 2.3’, with arguments dual to those in the
proof of Theorem 2.3, would provide us with the facts:

(a,b)e0 < (0,5(0,s(a,b))) €0 < (s(0,s(a,b)) vx,x) e, forallxe A
O(a,b) = {(x,y) e Ax A:5(0,s(a,b)) vx=15(0,5(a,b)) v y}.

(2) The axiom S2 [S2’], and properties of bounded semilattices ensure that:
(a) s(0,x) Ax=0((a’) 5(0,5(x,1)) vx = 1]. This implies that: s(0,1) = 0.
(b) s(x, ) Ax=s(x,y) AxAy[(b)s(0,5(x, ) vx=s(0,s(x,y) vxvy]
©) s(x,y)=1=x=y[()s(0,5(x,3) =0=x=yl.

(3) The commutativity of s(x, y) follows from the commutativity of A together
with S1, S2, and S;:

s(x, y) As(y,x) = s(x, p) /\s(s(x, Y)A Y, s(x, ) /\x) =s(x,y), and
s(y,x) As(x,y) =s(y,x) As(s(y,x) AX,8(y,x) A y) =s(y,x).

@) x<y iff s(xay,x)=11iff s(x,xvy)=1 x=yp iff s(xAay,xvy)=1iff
s(xay,x)as(xay,y)=1iff s(x,xvy)as(y,xvy) =1.

A variety which is interpretable in each discriminator variety 7~ in which the
variety % is interpretable is next defined.

Definition 2.4. Let ¥w.%y denote the class of all algebras (4; A, v, s,0,1), with
(4;A,v,0,1) € Py, satisfying the following identities:

SL. s(x,x) =1,
S2. s(x,y
S3. s
S.. s

Ss. s

By Theorem 2.3, #w%y; is a discriminator variety. Theorem 2.3’ provides
another equational basis for #w.%y;:

S1’. s(O,s(x7 x)) =0,

S2'. 5(0,5(x, ¥)) vx=s(0,5(x, ) vy,

S3'. s(x, y) As(0,s(x, ) =0,

Sa. 5(0,5(x,)) v (zi Az2) = (s(x,y) vzi) v (s(x,y) v z2),

Sy 8(0,5(x, ¥)) vs(u,v) = 5(0,5(x, ¥)) vs(s(0,s(x, ) vu,s(0,5(x, y)) vv)
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Theorem 2.3 yields now the following:

Theorem 2.5. A4 variety ¥ interpreting Ly is a discriminator variety iff it inter-
prets the variety S'w%y1, and satisfies the identities Sy (or S}), for each basic opera-
tion symbol f.

3. The variety SwLy

In this section, every theorem established for the variety #w.%y, also holds for
any discriminator variety 7~ interpreting %y, (equivalently, interpreting & w.%y;).
Other identities holding in ¥w.%); and therefore also holding in 7~ are given
in the following proposition. It is routine to check that they hold in each
AeSi7.

Proposition 3.1. The following identities hold in the variety Sw%Ly;:
S4. s(x, 1) vx=x

S4'. 5(0,5(0,x)) Ax = x;

S5. s(s(x, y),1) = s(x, »);

S5'. 5(0,5(0,s(x, y))) = s(x, y),

S6. s(x s s(y, 1
S6'. 5(0,5(0, (xv y))) =s(0,s(
S7. s(0,xv y) =s(0,x) As(0, y
S8. s(s(x, 1) vy, 1) =s(x,

S8'. 5(0,s(v,x) A y)

Proposition 3.2. For any A € $wLy, and v,x, y,z € A, the set {s(v,x), y,z} gen-
erates a distributive sublattice.

Proof. Let A eSi¥w%y. As on A s(v,x)e{0,1}, it is obvious that
{s(v, x), y,z} generates a distributive sublattice. Hence the same holds for any
algebra from Yw.%;;. Alternatively, it is readily seen that A satisfies the identity:
S9. (s(v,x)vy)A(yvz)A(zvs(v,x)) = (s(v,x) Ap) v (yAz) v (zAs(y, X)),
i.e., the elements s(v, x) are neutral. Then the claim follows from [12], pg 140.
O

For shorter notation in what follows, we will write:
so(x) for s(0, x); s1(x) for s(x, 1); s00(x) for sps0(x); so1(x) for sps7(x).



Bounded lattice structured discriminator varieties 497

These four unary term operations form a semigroup generated by {so,s;} as
well as by {S()],So()}, and {SOI,S()}.

|So ST So0  Sol

So | Soo So1 S0 S1
51 So St Soo  So1
So0 | So S1 Soo  So1
So1 | Soo  So1 S0 S1

Proposition 3.3. For each A € $wLy,,

s01(A) = s0(A) = 51(A) = s00(A4) = {s(a,b) : a,b € A}.

Proof. Let A € Yw¥y. As can be seen by the above table, so;(a) = sos1(a),
so(a) = s1(so(a)), s1(a) = so0s1(a), for all a € A. Thus,

s01(A) € 50(A) = 51(A) = s00(A) < {s(a,b) :a,b e A}.

The equalities hold since, by S5', s(a,b) = soo(s(a, b)) = s01(s0s(a, b)) € so1(A),
for all a,b € A. |

Theorem 3.4. For any A € Sw%y, the algebra
B(A) := (s0(4); A, V, 50,0, 1)
is the largest Boolean (A, v, 59,0, 1)-subreduct of A.

Proof. Let A € $w%y. Taking into account Proposition 3.3, B(A) is closed
under A by S6, it is closed under v by S6’, and it is closed under sy by S5’. So,
B(A) is a subalgebra of (4;A,Vv,s0,0,1). Moreover, by Proposition 3.2, B(A) is
a distributive lattice, and the operation sy is the complementation, by S5’, S7, and
S3.

Let (B;v,A,s,0,1) be a Boolean subalgebra of (4; A, Vv,sp,0,1). Then, for
any b € B, so(b) € B, and b = s050(b) € s0(A4). So, B = s0(A4). O

Proposition 3.5. For any A € $wZy,
(@) so [so1] induces a weak |dual] pseudocomplementation, and sy(x) < so1(x).
(b) s1 [s00] induces a universal [existential| quantifier. Moreover, sopo = 05150, and

§1 = 01500501 -

Proof. (a) We have 5p(x) Ax = 0, by Remark 2(a); x < y implies so(») < so(x), by
S7; x < s0(s0(x)), by S4’. [Dually for so;.]
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(b) We have s;(1) = 1, by SI; s1(x) < x, by S4; s1(s1(x) v y) = s1(x) vsi(),
by S8; s1(x A y) = s1(x) As1(y), by S6. [Dually for s¢0.] O

Notice that in B(A), S0 = So1, S1 = Spo = 1d.
As a consequence of Theorem 3.4, Proposition 3.5 and Remark 1, in §2, we
have:

Corollary 3.6. Let A € SwLy. Then, A is simple iff B(A) is simple iff so is a
simple existential quantifier iff s| is a simple universal quantifier.

Theorem 3.7. For a subvariety W of SwLo1, the following are equivalent:
(@) Soo [s1] is an endomorphism of A, v 0,15, for each A € W'
(b) so [So1] is a dual endomorphism of A, \.0.1y, for each A € W".
(c) In each simple algebra of W, 0 [1] is A-irreducible [v-irreducible].

Proof. (a) = (b) Let A € #". We have 50(0) = 1, and s¢(1) = 0, and by S7, for
all a,b € A, so(av b) =so(a) Aso(b). Supposing that sgy is an endomorphism we
obtain:

so(anb) = sosoo(anb) =sp (soo(a) A soo(b)) = 5050 (so(a) v so(b))

= 500 (s0(@) v s0(b)) = s00(s0(a) v 50050 (b)) = so(a) v 50(b).

(b) = (c) Let A e Si#", and assume that sy is a dual endomorphism of
A¢av.o1y. If 0=anb, with a,b e A\{0}, then 1 =so(anb) = so(a)vso(b) =
0v 0 =0, a contradiction. Thus 0 is A-irreducible.

(c) = (a) Let us suppose that in every simple algebra of #", 0 is A-irreducible.
As, by Corollary 3.6, sy is a simple existential quantifier, it is easily seen that sq is
an endomorphism of A, v 0. 1. O

The subvariety of ¥w.%y; consisting of all algebras (4;A,v,s,0,1) in which
(A; A, v,0,1) € Dy, and satisfying S1, S2, S3, and S; will be denoted by ¥wZy;.

We will now focus the bottom of the lattice of subvarieties of w%y;. The
least subvariety of #w.%, is the variety 7'(S,), generated by the simple algebra
S, = ({0,1};A,v,s,0,1) equivalent to B,. As B, is a primal algebra, the equiva-
lence of S; and B, follows from the observation that the negation in B,, —, is the
term operation s(0, x) of S;. Obviously, 7°(S,) is the subvariety of #w%, char-
acterized by the equation s(x, 1) = x (or by the equation 5(0, (0, x)) = x).

Theorem 3.8. The variety 7.4 = v (T) is equivalent to the variety ¥ (Ay), where
Ay = ({0,a,b,1}; A, v,5,0,1) € WL, with a and b atoms.
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Proof. Tt suffices to show that Ay = ({0,a,b,1};A,v,s,0,1) is equivalent to
T = ({0,a,b,1};A,v,~,D,0,1). They have the same bounded lattice reduct and,
as pointed out in §1, the operation s of A4 is a term operation of T:

s(x,») = (~D(xvy)vD(xAp)) A (D~ (xvy)v~D~ (xAp)).

On the other side, the De Morgan negation ~, and the operator D of T are term
operations for Ay:

~x = (xvso(x)) Asor(x) = (xAs01(x)) vso(x),  D(x) = s0(x). O
Corollary 3.9. The variety Ly = ¥ (13) is equivalent to the variety ¥ (Aj),
where Az = ({0,a,1};A,v,5,0,1) € WwL.

Remarks. (1) The four operators in Proposition 3.5 are as follows for 7.4:
so(x) = ~D(x);  soo(x) =D(x);  s1(x) =~D ~(x);  so1(x) =D ~ (x).
Thus, we obtain

= (so(x v ) visoo(x A y)) A (so1(x v p) visi(x A p))
= (s0(x) vsoo(x A »)) A (s0(») v soo(x A ¥))
A (so1(x v p) visi(x)) A (sor(x v y) vsi(y))

(so( )vsoo(x/\y)) (so(y)vsoo(x/\ y))
A (s01(x) vs1(2) A (s01(¥) v s1(x)).

the last equality, because in the algebra T the following identity holds:

(s0(x) vsoo(x A p)) A (sor(x v p) vsi(y))
= (s0(x) vso0(x A ¥)) A (s01(x) v s1(p))-

(2) Taking into account that, for £.#5, the operator sgo = D is an endomorphism,
we obtain from (1)

5(x,¥) = (s0(x) vs00(»)) A (s0(1) v s00(x)) A (s01(x) v51()) A (s01(x) v s1())-

By Theorem 2.5, the variety #w.%y; is interpretable into the discriminator
variety .#% of monadic Boolean algebras; (0, 1)-switching terms for Si.#% were
given in §1.

Theorem 3.10. For each n e N, the variety generated by the simple algebra
(2" A, v, 8,0, 1) € Wy is interpretable in the variety MAB,. In particular, the
variety T is interpretable in the variety M%,.
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Proof. As seen above, (2";A,v,s,0,1) is a reduct of the simple algebra MB, =
(2" A, v,—, D,0,1) which generates .#%,. By Theorem 3.8, the variety 7.4 is
equivalent to the variety generated by the simple algebra (2%; A, v,s,0,1). Hence
the conclusion is obvious. We only point out that the De Morgan negation ~ is
given by the unary term (x v —D(x)) A D(—x) for MB;. ]

However the variety .#%, is not interpretable in Yw.%y;; hence .#%, is
not equivalent to J.#, because L3 cannot be a reduct of any monadic Boolean
algebra.

4. Descriptions of congruences

As recalled in Section 1, any discriminator variety is congruence regular. This
means that for each algebra A and any a € A, 0 — [a]0 defines an order isomor-
phism between Con A and the closure system of all a-cosets {[a]0 : 0 € Con A},
being 0 = @([a]0) the congruence generated by [a]0.

Throughout this Section 7~ denotes any discriminator variety interpreting the
variety Yw.%y;. We shall present descriptions of congruences on algebras from
these special discriminator varieties, and we shall characterize the 1-cosets and
the 0-cosets.

As was shown in the proof of Theorem 2.3, for A € ¥" and 0 € Con A,

(x,9) €l = (s(x,»),1)el < (s(x,y)nz,z)e0, forallzed
= (v,p) €. (4.1)

From these equivalences we obtain that for any a,b € A4:
O(a,b) = O(s(a,b),1) (4.2)
and, since (4.1) also holds for any 0 € Con A¢, sy, A¢a sy = (45 A, 5), we have:
On (@, b) = Oy sy (s(a, b), 1). (43)
But the description of ®(a,b), given in the proof of Theorem 2.3, means that
©(a, b) is precisely the congruence generated by (s(a,b),1) on the {A)-reduct of
A. Hence, it is also the congruence generated by (s(a, b), 1) on any reduct of A

having reduct A(,y. So, taking into account (4.2) and (4.3), we obtain:

O(a,b) = O(s(a,b),1) = Oy (s(a,b),1) = O 5 (s(a, b),1) = O, s (a,b).
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Dually, by applying sy, we obtain:
(x,y)e®@ & (O,s(O,s(x7 y))) e
& (z,zvs(0,s(x,y))) €0, Vzed (4.4)
and the other dual facts summarized in (a) of the following theorem.
Theorem 4.1. Let A € . Then:
(a) Forany a,b € A,
O(a,b) = {(x,y) € A x A:s(a,b) nx = s(a,b) Ay} = Oy (s(a, b), 1)
= 0O(s(a,b),1) = O 5 (s(a,b), 1) = Oy s (s(a,b), 1)
= ®</\‘S>(a7 b) = ®</\,v,s>(a7 b)
={(x,») € A x A : s0s(a,b) v x = sos(a,b) v y} = O (0, s05(a, b))
= 0(0,505(a,b)) = O 5 (0, 505(a, b)) = Ocrv.55 (0, 505(a, b))
= (’“)<\/7 s> (a, b)
(b) [1]©(a,b) is the principal filter [s(a,b)) = {x € A : s(a,b) < x}.
[0]®(a, b) is the principal ideal (sos(a,b)] = {x € A : x < sos(a,b)}.
[c]®(a,b) = [s(a,b) A c,sos(a,b) v c].
Proof. (b) Follows immediately from (a). O

Lemma. For any algebra A and any reduct Ay,
ConA =ConA; iff Con, A = Con,Ay.

Proof. Obviously Con A = Con A. If Con A = Con Ay, then Con, A = Con, Ay.
If Con, A = Con,, Ay, then for any 0 € Con A, we also have 0 € Con A, since 0 is
the join of principal congruences, and joins in A and A are the same. O

Thus, we have as a consequence of Theorem 4.1(a) together with this Lemma:
Corollary 4.2. Let A € v". Then,
Con A = Con A<A,v,s,0,l> = Con AQ\M‘»O»D = Con A(v#,o_’w.

The first equivalence in (4.1) and its dual in (4.4) yield, respectively, the follow-
ing descriptions of a congruence 0:

0=0(1]10) ={(x,y) e 4 x 4 :s(x, ) € [1]6}. (4.5)
0=0([0]0) ={(x,y) e A x 4 :sps(x, ) € [0]0}. (4.6)
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For A € 7" and 0 € Con A, the 1-coset [1]0 is a filter of A, [the 0-coset [0]0 is
an ideal of A(,y]. By (4.1) and (4.4), the filter [1]0 and the ideal [0]@ have the fol-
lowing properties:

xe[ll0 & (x,1)el < (s(x,1),1)el < s(x)e][l1]0.

xe0]0 & (0,x)el < (0,5(0,50,x))) €l < s00(x) € [0]0.

Thus s1([1]0) < [1]6, and s500([0]0) < [0]6.
Theorem 4.3. Let A € v". Then, for any 6 € Con A,

0= 0(110) = {(x,7) € 4 x A:5(x, ) € 110} = Oy (1110) = Oy (110)
=00 ([1]0) = {(x,y) € 4> f Ax = f Ay, for some f  [1)0}
={(x,y) € A% :51(f) Ax = 51(f) A y, for some f € [1]0}
= 0([0]0) = {(x,y) € A4 x 4 : 50(x, y) € [0]0} = Oy, 5 ([0]0) = v, ([0]0)
=0 ([0]0) = {(x,y) € A% :ivx =iV y, forsome i€ [0]0}
= {(x,y) € 4% : 500(i) v x = s500(i) v y, for some i € [0]0}.
Proof. The two first equalities are (4.5). That 0 = O, ,([1]0) = O\ v, 5 ([1

10
a consequence of Corollary 4.2, since ©([1]0) = (){x € ConA : [1]0 x [1]0 =
To show that 0 = O([1]0) = O,([1]0), we first recall that

) is
o}.

O ([110) = {(x,y) € A*: f Ax = f Ay, for some f € [1]0}.

Then we observe that:

{(x,y) e A>: f Ax=f Ay, for some [ € [1]0}
={(x,y) € A% :51(f) Ax = 51(f) A y, for some f € [1]0}.

In fact, by (4.7), the second member is contained in the first. Conversely, if
fAax=fAyforsome f e [l]0, then s;(f) Ax =s51(f) Ay, since s;(f) < f, and

s1(/) € [1]0 by (4.7).
The identities Sy ensure that

O ([110) = {(x,») € 4% : 51(f) Ax = 51(f) A y for some 51(f) € [1]0} € Con A.

As the only congruence of A having l-coset [1]0 is ©([1]0), we must have

O([1]0) = ©¢.»([1]0).
The subsequent equalities are proved dually. O
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Definition 4.4. For any A € ¥", a strong filter or s|-filter [strong ideal or syy-ideal]
is a filter F [an ideal ] of A,y [A¢y3] such that:

Sl(F)gF [S()()(I)EI}.

The poset of all strong filters [ideals] of A will be denoted by Zil; A [ Zd, A].

We note that if F is a strong filter, then F is the order filter generated by s;(F),
since s1(F) is closed under A. Dually for strong ideals.

In the following theorem it is shown that the strong filters [ideals] of A are
precisely the 1-cosets [0-cosets].

Theorem 4.5. Let A € v~ with B(A) its largest Boolean subreduct. Then, for
F < A [I < A], the following are equivalent:

(a) F=[1]0 [I = [0]0], for some 0 € Con A.

(b) F is a strong filter [I is a strong ideal].

(c) F is the filter of Anv,0.1y generated by a filter of B(A) [I is the ideal of
A¢av.0.1y generated by an ideal of B(A)].

Proof. (a) = (b) Shown in (4.7).

(b) = (c) Let F be a strong filter of A. Then s, (F) is a filter of B(A), since s; is
a (A, 1)-endomorphism of A, , with range B(A). Moreover, F is the (order)
filter of A generated by s(F). From s,(F) = F we obtain [s;(F)) < F. Since
forany f € F, we have s,(f) < f, we conclude that f € [s;(F)). So, F = [s1(F)).

(c) = (a) The filter F of A generated by a filter F of B(A) is the order filter
generated by F, F = {x € A : X < x, for some X € F}. The equivalence relation
on A, defined by

0:={(x,y)e A*>: fax=f Ay, forsome f € F}.

is compatible with every basic operation of A by the identities S;. So 0 € Con A.
Moreover, [1]0 = F, since

(x,)e0 & I eF:fax=f & FeF:f<x & xeF. [

Theorem 4.6. Let A € /7, and B(A) be its largest Boolean subreduct. Then, there
is an order isomorphim between the lattice of filters [ideals] of B(A) and the lattice
of strong filters lideals] of A.

Proof. By the proof of Theorem 4.5 (b) = (c), we have an onto mapping
Fil B(A) — Zil; A
F

— [F) ={x e A:x<x, for some x € F}
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For any Fy,F, € Zil B(A), it is clear that F| = F, = [F|) S [F2). To show
the converse implication, assume that [F|) < [F,). Then, xe€ F| = x e [F|) <
[F,) = X, < X, for some X, € Fy = X € F,. Thus F| € F,. n

By this fact strong filters [ideals] in any algebra A € ¥~ have the same proper-
ties as filters [ideals] in Boolean algebras. For instance, we have immediately that
each proper strong filter [ideal] is an intersection of maximal strong filters [ideals].
This could also follow from the congruence regularity and the semisimplicity of A,
since every 0 € Con A\{V} is an intersection of maximal congruences.

Theorem 4.7. Let A € ¥~ with B(A) its largest Boolean subreduct. Then,
Con A =~ Con B(A).

Proof. By the congruence regularity of A and of B(A), together with Theorem 4.5
and Theorem 4.6, we have Con A =~ Zil, A =~ Zil B(A) =~ Con B(A). O

Some of these general results provide, under a different approach, results for
algebras from .#% proved by P. Halmos in [13], results for algebras from £
proved by A. Monteiro, in the early sixties of the last century (see Chap. VII of
[20]), and similar results for algebras from 7.4 proved by 1. Loureiro in [15] and
[17].

5. 1-Cosets and 0-cosets as deductive systems

Generalizing the Boolean implication, A. A. Monteiro introduced, in 1963, the
notion of a weak implication for algebras from £.#5 (see [20]; Ch. VII). This op-
eration, denoted —, is induced by the term D ~ x v y, which also induces a weak
implication on algebras from 7.4 [15]. The weak implication was extended to
algebras from Z.4,, n >3, by R. Cignoli in [7]. Gr. C. Moisil considered in
1942 and 1963, the intuitionistic or Heyting implication for algebras from £/,
which gives for any two elements a, b the greatest element in {z € 4 :zAa < b}.
As is pointed out in §1, the Heyting implication for £.#5, denoted =, is induced
by the terms ~Dxv yv (D ~xADy) = (D ~xv y)A(~Dxv Dy). By Remark
1, in §3, we can write:

x=y = (s01(x) v ¥) A (s0(x) vsoo(y)) = (=s1(a) v y) A (=s00(x) v s00(¥));
x—y:=s0(x)vy=—s1(x)Vvy.

We will show that for any discriminator variety ¥ interpreting Yw.%y; (via
(A, Vv,5,0,1)) the weak implication induced by the term so;(x) v y allows us to
extend to these varieties the characterization of 1-cosets, given for algebras from
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KAl in [20], for algebras from L.4,, n > 3, in [7], and for algebras from 7.4 in
[15].

For A € 77, and a,b € A, we shall see in the next proposition that there exists a
greatest element in {z € 4 : zAa < b} whenever a € B(A); in this case, the great-
est element is « = b = —a v b. This is not the case if « ¢ B(A). Noticing that for

a¢ B(A), s1(a) < a < spla),and [s)(a),so(a)] n B(A) = {s1(a), sw(a)}, we could
consider two term operations as weak implications: sy(x) v y = —spo(x) v y and
so(x)vy=—si(x)vy. ForAe?, y=be A, and x = a € B(A), both coincide
with the Heyting implication, so they give the Boolean implication if a,b € B(A).
As s1(x) < sp0(x), the weak implication, —, induced by —s;(x) v y is more conve-
nient than the other.

Proposition 5.1. For A e ¥, and a,b € A, let a — b :=so1(a) vb = —s1(a) v b,
and a — b := so(a) Ab = —soo(a) Ab. Then
a—b=s(a)=b=max{z e A:zAs(a) < b},

a—b=sypl@)<=b=min{ze Ad:b<zvsy(a)}.
Proof. To prove that —s;(a) vb = max{z € A : z As1(a) < b}, first note that:

(=s1(a) vb) Asi(a) = (=s1(a) Asi(a)) v (bAsi(a)) =bAsi(a) <b.
Now let z € 4 be such that z Asj(a) < b. Then

zasi(a) <b & —sl(a)v(Z/\sl(a))<—s1(a)vb
= (=si(@)vz) A (=si(a) vsi(a) < —si(a)
= —si(a)vz<—si(a )vb

= z< —si1(a)vhb.
Dually for a < b. |

In order to give another characterization of the 1-cosets [0-cosets], we need the
notion of a deductive system, introduced by A. Monteiro in 1963 (see [5]; Ch. 9,

§4).

Definition 5.2. A [dual| deductive system of an algebra A € ¥~ relative to the bi-
nary term operation x — y := so1(x) v y [x <= y := 50(x) A y] and a constant 1 [0]
is a subset S [S] of 4 such that:

Dl. 1e S[D1.0eS;

D2. (Vae A) aeS, a—beS imply beS. [D2 (Yacd)aeS, a—beS
imply b € S.]
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Theorem 5.3. For A € V", and F = A [I = A, the following are equivalent:
(@) F is a strong filter [I is a strong ideal].

(b) F [I] is a deductive system relative to — and 1 [« and 0).

Proof. (a) = (b) Let F be a strong filter of A. Then F = [s;(F)). To show that
is a deductive system relative to — and 0, let a € F, and —s;(a) vb € F. Then,
si(a) € F, and sy(a) A (—s1(a) vb) € F. By Proposition 3.2 and Theorem 3.4, we
obtain s;(a) A b € F, which implies b € F.

(b) = (a) Let F be a deductive system of A. Letd € F. As —s1(d) vsi(d) =
1 € F by S3, we have s1(d) € F, by D2. Thus F is closed under s;. We show now
that F' is a filter, i.e., for dj,dr € A, d\,dy e F < di Ady € F. Letd,,d, e F. By
Remark 2(a’), in §2,

1= —Sl(dz/\dl)v(dl /\dz) = —Sl(dz) v—sl(dl)v(dl Adz) el
=D2 —Sl(dl) V(dl /\dz) eF=m dl /\dz e F.

If dindy € F, then as —sj(dy Andy)vdy =1€F, and —s1(dyAdy)vdy=1€F,
we obtain by D2, d),d, € F. O

For any A € 7", any F € Zil;A, and a,b € A, we have seen in Theorem 4.3,
that (a,b) € O(F) iff s(a,b) € F. For the varieties L4/ and 7.4, the terms given
for s(a,b), in Remarks 1, and 2, in §3, will provide descriptions of congruences in
terms of the weak implication, similar to the one for Boolean algebras in terms of
implication.

Theorem 5.4. For A € L5, and F € Fil; A (i.e. F a deductive system),
OF)={(x,y):x—yeF,y—xeF,Dx— Dye F,Dy— Dxe F}.
Proof. From the description of s(x, y) given in Remark 2, in §3, we obtain:

(x,) €O(F) & so(x)vse(y) e F & so(y)Vvso(x)eF
& soi(x)vsi(y)eF & so(y)vsi(x) e F.

Now, it suffices to notice that: so(x) v s00(y) = s00(x) — s00(y) = Dx — Dy, since
so(x) = so1s00(x) (see table in §3); su(x)vsi(y)eF S sp(x)vyeF &
x — y € F, by the strongness of F, the fact that s; is an endomorphism, and

S1501 (x) = 501 (X) D

A characterization of congruences in terms of the weak implication on algebras
from .4 was proved by A. Figallo in [10]. We can now easily obtain such a
characterization, the second in the following theorem.
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Theorem 5.5. For A € 7.4, and F € FilgA (i.e. F a deductive system),

OF) ={(x,y): (xvy) > yeF,(xvy) - xeF,

Dx — D(xAny)e F,Dy — D(xAy) € F}
={(x,y):x—yeF,y—xeF,

Dx — D(xny)e F,Dy — D(xny)eF}.

Proof. From the two ways of describing s(x, y) in Remark 1 in §3, we obtain

(x,) €O(F) & so(x)vspo(xapy)eF & so(y)vso(xay)eF
& so(xvy)vsi(y)eF & so(xvy)vsi(x)eF
< so(x)vsxay)eF & so(y)vso(xAy)eF
& so(x)vsi(y) eF & so1(y)vsi(x) eF.

As in the proof of Theorem 5.4, we have sy(x) v spo(x A y) = Dx — D(x A y), and
so(xvy)vsi(y) =si(soi(xvy)vy). So su(xvy)vsi(y)eF < sop(xvy)v
y€ F < (xvy)— yeF. This proves the first description of ®(F).

The second description of ®(F) is obtained analogously. O

Remarks. The quasi-primal tetravalent modal algebra T has height 2. We point
out that for any variety 7~ generated by a set of quasi-primal algebras with under-
lying bounded lattice of height 2, we would obtain the same results as for 7.4 =
77°(T). An example of such a variety is the discriminator variety generated by the
diamond M3 with the additional (0, 1)-switching operation s. This will be seen in
a forthcoming paper.

The author would like to thank the anonymous referee who provided two
references concerning the possibility of expressing the discriminator by binary
term functions: [9] for algebras with two constants 0 and 1, and [6] for algebras
with only one constant 0.

In [9], a nontrivial algebra A with two distinct constants 0 and 1 is called a
helau (with respect to 0 and 1) if it has two binary terms v and A, and a unary
term ' suchthat xAl=x,0Ax=0=xA0,xv0=x=0vx, 0 =1,1"=0. A
helau has the two-element Boolean algebra ({0,1};A,’,0,1) as a subreduct. In
that paper, a predicate is any term function with values in {0, 1}; the predicate
equal is our (0, 1)-switching term. By Proposition 1.1 in [9], any discriminator
algebra with distinct constants 0 and 1 is a helau; by Theorem 1.6 (iv) < (v) in
[9], for any helau, the existence of a discriminator term is equivalent to the exis-
tence of a predicate equal. We observe that such an equivalence holds for algebras
more general than helaus and algebras having a bounded lattice reduct, namely
for algebras with two distinct constant terms 0 and 1, and two binary operations
vand Asuchthat 0Ax=0,1Ax=x,0vx=x=xVv0.



508 M. Ramalho

In [6], a nontrivial algebra A with a constant 0 is called a 0-semihelau if it has
two binary terms v and A satisfying x Ax =x, 0Ax=0=xA0,xv0=x=0vx,
and xvy=0= x=y. An algebra having a bounded lattice reduct is a 0-
semihelau. By Proposition 1 in [6], for any nontrivial 0-semihelau, the existence
of a discriminator term is equivalent to the existence of two specific binary terms.
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