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Abstract. In this paper, we investigate the e¤ect of time delays in boundary or internal
feedback stabilization of the Schrödinger equation. In both cases, under suitable assump-
tions, we establish su‰cient conditions on the delay term that guarantee the exponential
stability of the solution. These results are obtained by using suitable energy functionals
and some observability estimates.
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1. Introduction

It is well known that certain infinite dimensional damped second order systems

become unstable when arbitrary small time delays occur in the damping (see

e.g. [4]). This lack of stability robustness was first shown to hold for the one-

dimensional wave equation (see [3]). Later, further examples illustrating this

phenomenon were given in [2]: the two-dimensional wave equation with damping

introduced through Neumann-type boundary conditions on one edge of a square

boundary and the Euler–Bernoulli beam equation in one dimension with damp-

ing introduced through a specific set of boundary conditions on the right end

point.

More recently, Xu et al. [17] established su‰cient conditions that guarantee the

stability of the one-dimensional wave equation with a delay term in the boundary

feedback. Nicaise and Pignotti [11] extended this result to the multidimensional

wave equation with a delay term in the boundary or internal feedbacks; they

further underline some instability phenomena. Similar results were obtained by

Nicaise and Valein [12] for a class of second order evolution equations in one-

dimensional networks with delay in unbounded feedbacks.



Motivated by the papers ([17], [11], [12]), we analyze in this paper the e¤ect

of time delays in internal feedback or boundary feedback stabilization of the

Schrödinger equation in general domains of Rn.

Let W HRn be an open bounded domain with a boundary G of class C2: Let

ðG0, G1Þ be a partition of G, i.e., G ¼ G0AG1 such that G0BG1 ¼ j, G0A j and

G1A j. In addition to these standard hypotheses, we assume the following.

(A) There exists a real-valued vector field h a
�
C2ðWÞ

�n
such that

(i) h is coercive in W, that is, there exists a > 0 such that the Jacobian matrix J of

h satisfies

Re
�
JðxÞx � x

�
b ajxj2 for all x a W; x a Cn;

(ii) hðxÞ � nðxÞa 0 for all x a G0,

where nðxÞ is the unit normal to G at x a G pointing towards the exterior of W and

Re z means the real part of the complex number z.

Remark 1.1. A particular example of a vector field h satisfying Assumption A

is the radial vector field hðxÞ ¼ x� x0 for some x0 a Rn: Another example is

given by hðxÞ ¼ ‘dðxÞ where d is a real strictly convex function in W: For further

examples see [15] and the references therein.

In this paper, we are interested in the asymptotic behaviour of the solution of

the initial boundary value problem

ytðx; tÞ � iDyðx; tÞ ¼ 0 in W� ð0;þlÞ;
yðx; 0Þ ¼ y0ðxÞ in W;

yðx; tÞ ¼ 0 on G0 � ð0;þlÞ;
qy

qn
ðx; tÞ ¼ im1yðx; tÞ þ im2yðx; t� tÞ on G1 � ð0;þlÞ;

yðx; t� tÞ ¼ f0ðx; t� tÞ on G1 � ð0; tÞ;

8>>>>><
>>>>>:

ð1:1Þ

where
qy

qn
is the normal derivative, t is the time delay, m1 and m2 are positive real

numbers.

In the absence of delay, that is m2 ¼ 0, Lasiecka et al. [6] have shown that the

solution of (1.1) decays exponentially to zero in the energy space L2ðWÞ. If m2 > 0,

according to the results from ([4], [3], [2], [17], [11], [12]), we may expect to

encounter either instability results or stability results according to the value of m2
with respect to m1. The main purpose of this work is to provide su‰cient con-

ditions on the coe‰cients m1 and m2 that guarantee that the system (1.1) remains

exponentially stable. Indeed, we show as in ([11], [12]) that the exponential stabil-

ity is preserved if

m1 > m2: ð1:2Þ
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This is done, as in [11], by introducing the energy functional

EðtÞ ¼ 1

2

ð
W

jyðx; tÞj2 dxþ x

2

ð
G1

ð1
0

jyðx; t� trÞj2 dr dsðxÞ; ð1:3Þ

where

tm2 < x < tð2m1 � m2Þ; ð1:4Þ

and using an energy estimate at the L2ðWÞ level for a Schrödinger equation with

gradient and potentiel terms stated in [5], Theorem 2.6.1 and established in [6],

Section 10. This result can be summarized as follows: Assume that the hypothesis

ðAÞ holds and let y be a smooth solution of the partial di¤erential equation in

(1.1) satisfying

yðx; tÞ ¼ 0 on G0 � ð0;TÞ:

Then there exists a constant c > 0 depending on T such that

ð
W

jyðx; 0Þj2 dxa c

 
kyk2L2ð0;T ;L2ðG1ÞÞ þ

ðT
0

ð
G1

qyðx; tÞ
qn

����
���� jyðx; tÞj dsðxÞ dt

þ qy

qn

����
����
2

H�1
a ðð0;TÞ�G1Þ

þ kyk2H�1ðð0;TÞ�WÞ

!
: ð1:5Þ

In (1.5), H�1
a

�
ð0;TÞ � G1

�
is the dual space of the space

H 1
a

�
ð0;TÞ � G1

�
¼ H 1=2

�
0;T ;L2ðG1Þ

�
BL2

�
0;T ;H 1ðG1Þ

�
with respect to the pivot space L2

�
ð0;TÞ � G1

�
:

On the other hand, if m2bm1, we show that some instability results may ap-

pear, namely we show that there exists a sequence of delays for which the system

(1.1) is not asymptotically stable.

To be more precise, our results concerning the system (1.1) are as follows.

Theorem 1.2. Assume that there exists a vector field h satisfying ðAÞ, that m1 > m2
(see (1.2)) and that the energy E of the system (1.1) is given by (1.3) with

tm2 < x < tð2m1 � m2Þ. Then there exist constants Mbb 1 and db > 0 such that

EðtÞaMbe
�dbtEð0Þ:

Theorem 1.3. If m1am2 (i.e., (1.2) is not satisfied ), then there exists a sequence of

delays for which the problem (1.1) is not asymptotically stable.
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Remark 1.4. Theorem 1.2 remains true if the Laplacian is replaced by a second

order elliptic di¤erential operator with space variable coe‰cients. To this end,

one invokes the Riemannian geometric approach of [16] and [5], Remark 2.6.2.

In this paper, we also investigate the stability of the Schrödinger equation with

a distributed delay term. More precisely, we consider the system described by

ytðx; tÞ ¼ iDyðx; tÞ � aðxÞfm1yðx; tÞ
þ m2ðx; tÞyðx; t� tÞg in W� ð0;þlÞ;

yðx; 0Þ ¼ y0ðxÞ in W;

yðx; tÞ ¼ 0 on G� ð0;þlÞ;
yðx; t� tÞ ¼ g0ðx; t� tÞ in W� ð0; tÞ:

8>>>>><
>>>>>:

ð1:6Þ

In (1.6) að�Þ is an LlðWÞ-function which satisfies

aðxÞb 0 a:e: in W and aðxÞ > a0 > 0 a:e: in o; ð1:7Þ

where oHW is an open neighborhood of G0.

In [10], Machtyngier and Zuazua have shown in the case m2 ¼ 0 that the

L2ðWÞ-energy of the solution of (1.6) decays exponentially to zero. Their proof

relies on an observability inequality established previously by the first author in

[9]. We use this inequality together with (1.2) to establish the exponential decay

of the energy of the solution of the system (1.6) defined by

FðtÞ ¼ 1

2

ð
W

jyðx; tÞj2 dxþ x

2

ð
W

aðxÞ
ð1
0

jyðx; t� trÞj2 dr dx: ð1:8Þ

As before if m2bm1, we construct an explicit sequence of delays that destabilize

the system.

The main results concerning the problem (1.6) can be summarized as follows.

Theorem 1.5. Assume that there exists a vector field h satisfying ðAÞ, that m1 > m2
(see (1.2)) and that the energy F of the system (1.6) is given by (1.8) with

tm2 < x < tð2m1 � m2Þ. Then there exist constants Md b 1 and dd > 0 such that

FðtÞaMde
�dd tF ð0Þ:

Theorem 1.6. If m1am2 (i.e., (1.2) is not satisfied ), then there exists a sequence of

delays for which the problem (1.6) is not asymptotically stable.

The paper is organized as follows. Theorem 1.2 and Theorem 1.3 are proved

in Section 2 whereas Section 3 contains the proof of Theorem 1.5 and Theorem

1.6. Both sections start with the study of the well-posedness of the system under

consideration.
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2. Stability of the Schrödinger equation with a delay term in the boundary
feedback

2.1. Well-posedness of system (1.1). In order to be able to manage the bound-

ary condition with the delay term and inspired from ([17], [11]) we introduce the

auxiliary variable zðx; r; tÞ ¼ yðx; t� trÞ. With this new unknown, problem (1.1)

is equivalent to

ytðx; tÞ � iDyðx; tÞ ¼ 0 in W� ð0;þlÞ;
ztðx; r; tÞ þ 1

t
zrðx; r; tÞ ¼ 0 on G1 � ð0; 1Þ � ð0;þlÞ;

yðx; 0Þ ¼ y0ðxÞ in W;

zðx; r; 0Þ ¼ f0ðx;�rtÞ on G1 � ð0; 1Þ;
yðx; tÞ ¼ 0 on G0 � ð0;þlÞ;
qy

qn
ðx; tÞ ¼ im1yðx; tÞ þ im2zðx; 1; tÞ on G1 � ð0;þlÞ;

zðx; 0; tÞ ¼ yðx; tÞ on G1 � ð0;þlÞ:

8>>>>>>>>>><
>>>>>>>>>>:

ð2:1Þ

Let us define on the Hilbert space

H ¼ L2ðWÞ � L2
�
G1 � ð0; 1Þ

�
;

the inner product

y1

z1

� �
;

y2

z2

� �� �
¼ Re

ð
W

y1ðxÞy2ðxÞ dxþ xRe

ð
G1

ð1
0

z1ðx; rÞz2ðx; rÞ dr dsðxÞ:

Define further

H 1
G0
ðWÞ ¼ fv a H 1ðWÞ j u ¼ 0 on G0g:

Setting YðtÞ ¼ yð�; tÞ
zð�; �; tÞ

	 

(from now on the notation yð�; tÞ (resp. zð�; �; tÞ) means the

function that maps x to yðx; tÞ (resp. the function that maps ðx; rÞ to zðx; r; tÞ)) we
may rewrite problem (2.1) as follows

d
dt
YðtÞ ¼ AY ðtÞ;

Yð0Þ ¼ y0
f 0
t

	 

;

8<
: ð2:2Þ

where f 0t means the function that maps ðx; rÞ to f0ðx;�rtÞ and the operator A is

defined by

A
y

z

� �
¼

iD 0

0 �t�1 q
qr

 !
y

z

� �
; ð2:3Þ
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with domain DðAÞ defined by

DðAÞ ¼
�
ðy; zÞ a

�
H 3=2ðWÞBH 1

G0
ðWÞ
�
� L2

�
G1;H

1ð0; 1Þ
�
j

Dy a L2ðWÞ; qy
qn

¼ im1yþ im2zð�; 1Þ on G1; y ¼ zð�; 0Þ on G1

�
:

Theorem 2.1. For any initial data Y0 a H, there exists a unique (weak) solution

Y a C
�
½0;þlÞ;H

�
of (2.1). If in addition we assume that Y0 a DðAÞ, then the

solution Y a C
�
0;þl;DðAÞ

�
BC1ð0;þl;HÞ and is called a strong solution.

Proof. The well-posedness of the problem (2.1) or its abstract version (2.2) follows

via Lumer–Phillips Theorem (see for instance [13], Theorem I.4.3).

Let Y ¼ y

z

� �
a DðAÞ. Then

Re3AY ;Y4 ¼ Re
iDy

�t�1zr

� �
;

y

z

� �� �

¼ Re

ð
W

iDyðxÞyðxÞ dx� xt�1 Re

ð
G1

ð1
0

zrðx; rÞzðx; rÞ dr dsðxÞ:

From Green’s second theorem, we have

Re3AY ;Y4 ¼ Re

ð
G1

i
qy

qn
ðxÞyðxÞ dsðxÞ � xt�1 Re

ð
G1

ð1
0

zrðx; rÞzðx; rÞ dr dsðxÞ:

Integrating by parts in r, we obtainð
G1

ð1
0

zrðx; rÞzðx; rÞ dr dsðxÞ ¼ �
ð
G1

ð1
0

zðx; rÞzrðx; rÞ dr dsðxÞ

þ
ð
G1

�
jzðx; 1Þj2 � jzðx; 0Þj2

�
dsðxÞ;

or equivalently

2Re

ð
G1

ð1
0

zrðx; rÞzðx; rÞ dr dsðxÞ ¼
ð
G1

�
jzðx; 1Þj2 � jzðx; 0Þj2

�
dsðxÞ:

Therefore

Re3AY ;Y4 ¼ Re

ð
G1

i
qy

qn
ðxÞyðxÞ dsðxÞ

� xt�1

2

ð
G1

�
jzðx; 1Þj2 � jzðx; 0Þj2

�
dsðxÞ: ð2:4Þ

24 S. Nicaise and S. Rebiai



Insertion of the boundary conditions of (2.1) into (2.4) yields

Re3AY ;Y4 ¼ �m1

ð
G1

jyðxÞj2 dsðxÞ � m2 Re

ð
G1

zðx; 1ÞyðxÞ dx

� xt�1

2

ð
G1

�
jzðx; 1Þj2 � jzðx; 0Þj2

�
dsðxÞ;

from which follows, using the Cauchy–Schwarz inequality

Re3AY ;Y4a� m1 �
m2
2
� xt�1

2

� �ð
G1

jyðxÞj2 dsðxÞ

� xt�1

2
� m2

2

� �ð
G1

jzðx; 1Þj2 dsðxÞ:

From (1.4), we conclude that

Re3AY ;Y4a 0:

Thus A is dissipative.

Now we show that for a fixed l > 0 and ðg; hÞ a H, there exists Y ¼ ðy; zÞ a
DðAÞ such that

ðlI � AÞ y

z

� �
¼ g

h

� �
;

or equivalently

ly� iDy ¼ g; ð2:5Þ

lzþ t�1zr ¼ h: ð2:6Þ

Suppose that we have found y with the appropriate regularity, then we can deter-

mine z. Indeed, from (2.6) and the last line of (2.1) we have

zrðx; rÞ ¼ �ltzðx; rÞ þ thðx; rÞ; x a G1; r a ð0; 1Þ;
zðx; 0Þ ¼ yðxÞ; x a G1:

The unique solution of the above initial value problem is given by

zðx; rÞ ¼ yðxÞe�lt þ te�ltr

ð r
0

hðx; sÞelts dsðxÞ; x a G1; r a ð0; 1Þ;
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and in particular

zðx; 1Þ ¼ yðxÞe�lt þ te�lt

ð1
0

hðx; sÞelts dsðxÞ; x a G1:

The identity (2.5) can be reformulated as follows

ð
W

ðly� iDyÞwdx ¼
ð
W

gw dx for all w a L2ðWÞ: ð2:7Þ

Integrating by parts, we get

ð
W

ðly� iDyÞwdx ¼
ð
W

ðlywþ i‘y‘wÞ dx� i

ð
G1

qy

qn
wdsðxÞ

¼
ð
W

ðlywþ i‘y‘wÞ dxþ
ð
G1

�
m1ywþ m2zðx; 1Þw

�
dsðxÞ

for all w a H 1
G0
ðWÞ. Therefore (2.7) can be rewritten as

ð
W

ðlywþ i‘y‘wÞ dxþ
ð
G1

ðm1 þ m2e
�ltÞyw dsðxÞ

¼
ð
W

gw dx�
ð
G1

	
te�lt

ð1
0

hðx; sÞeltsdsðxÞ


wdsðxÞ

for all w a H 1
G0
ðWÞ. Multiplying this equation by 1� i, we obtain

ð1� iÞ
ð
W

ðlywþ i‘y‘wÞ dxþ ð1� iÞ
ð
G1

ðm1 þ m2e
�ltÞyw dsðxÞ

¼ ð1� iÞ
ð
W

gw dx� ð1� iÞ
ð
G1

	
te�lt

ð1
0

hðx; sÞeltsdsðxÞ


wdsðxÞ ð2:8Þ

for all w a H 1
G0
ðWÞ. Since the left-hand side of (2.8) is coercive on H 1

G0
ðWÞ (in

the sense that if we denote this left-hand side by bðy;wÞ, then Re bðy; yÞb
minf1; lgkyk2H 1ðWÞ for all y a H 1

G0
ðWÞ), and since the right-hand side defines a

continuous linear form on H 1
G0
ðWÞ (since ðg; hÞ a H) the Lax–Milgram Theorem

guarantees the existence and uniqueness of a solution y a H 1
G0
ðWÞ of (2.8).

If we consider w a DðWÞ in (2.8), then y has a solution in D 0ðWÞ,

ly� iDy ¼ g;
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and thus Dy a L2ðWÞ. Using Green’s formula in (2.8), we get

ð
G1

ðm1 þ m2e
�ltÞyw dsðxÞðxÞ þ i

ð
G1

qy

qn
wdsðxÞ

¼
ð
G1

	
te�lt

ð1
0

hðx; hÞelth dh


wdsðxÞ;

for all w a H 1
G0
ðWÞ, from which it follows that

i
qy

qn
þ ðm1 þ m2e

�ltÞy ¼ te�lt

ð1
0

hðx; hÞelth dh on G1:

Hence

qy

qn
¼ i
�
m1yþ m2zð�; 1Þ

�
on G1:

As this right-hand side belongs to L2ðG1Þ, we deduce that qy

qn
a L2ðG1Þ and by [8],

Theorem 2.7.4 we deduce that y a H 3=2ðWÞ (reminding that G0 and G1 are dis-

joint, this theorem guarantees that if y a H 1
G0
ðWÞ is such that Dy belongs to

H 1=2ðWÞ0 and qy

qn
a L2ðG1Þ, then y a H 3=2ðWÞ). So we have found ðy; zÞ a DðAÞ,

which satisfies (2.5) and (2.6). By the Lumer–Phillips Theorem, A is the generator

of a C0-semigroup of contractions on H. r

2.2. Boundary feedback stabilization. Theorem 1.2 will be proved for smooth

initial data. The general case follows by a standard density argument. We first

show that the energy EðtÞ of every solution of (1.1) is decreasing.

Proposition 2.2. The energy corresponding to any strong solution of the problem

(1.1) is decreasing and there exists C > 0 such that

d

dt
EðtÞa�C

ð
G1

�
jyðx; tÞj2 þ jyðx; t� tÞj2

�
dsðxÞ:

Proof. Di¤erentiating EðtÞ defined by (1.3) in time, we obtain

d

dt
EðtÞ ¼ Re

ð
W

yt y dxþ xRe

ð
G1

ð1
0

ytðx; t� trÞyðx; t� trÞ dr dsðxÞ

¼ Re

ð
W

ðiDyÞy dxþ xRe

ð
G1

ð1
0

ytðx; t� trÞyðx; t� trÞ dr dsðxÞ:
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Applying Green’s second Theorem and recalling the boundary conditions in (1.1),

we obtain

d

dt
EðtÞ ¼ �m1

ð
G1

jyðx; tÞj2 dsðxÞ � m2 Re

ð
G1

yðx; t� tÞyðx; tÞ dsðxÞ

þ xRe

ð
G1

ð1
0

ytðx; t� trÞyðx; t� trÞ dr dsðxÞ: ð2:9Þ

Now observe that

ytðx; t� trÞ ¼ �t�1yrðx; t� trÞ;

and

d

dr
jyðx; t� trÞj2 ¼ 2Re

�
yrðx; t� trÞyðx; t� trÞ

�
: ð2:10Þ

Insertion of (2.10) into (2.9) yields

d

dt
EðtÞ ¼ �m1

ð
G1

jyðx; tÞj2 dsðxÞ � m2 Re

ð
G1

yðx; t� tÞyðx; tÞ dsðxÞ

� x

2t

ð
G1

ð1
0

d

dr
jyðx; t� trÞj2 dr dsðxÞ

¼ �m1

ð
G1

jyðx; tÞj2 dsðxÞ � m2 Re

ð
G1

yðx; t� tÞyðx; tÞ dsðxÞ

� x

2t

ð
G1

�
jyðx; t� tÞj2 � jyðx; tÞj2

�
dsðxÞ:

From Cauchy–Schwarz inequality, we have

d

dt
EðtÞa� m1 �

m2
2
þ x

2t

� �ð
G1

jyðx; tÞj2 dsðxÞ

� x

2t
� m1

2

� �ð
G1

jyðx; t� tÞj2 dsðxÞ:

This last inequality can be written

d

dt
EðtÞa�C

ð
G1

�
jyðx; tÞj2 þ jyðx; t� tÞj2

�
dsðxÞ;
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where

C ¼ min m1 �
m2
2
þ x

2t
;
x

2t
� m1

2

� �
;

which is positive due to the assumption (1.4). r

We now establish an observability inequality which will be used to prove the

exponential decay of the energy EðtÞ:

Proposition 2.3. Let y be a strong solution of (1.1). Then there exists a positive

constant C0 depending on T such that for all T > t, the following inequality holds

Eð0ÞaC0

ðT
0

ð
G1

�
jyðx; tÞj2 þ jyðx; t� tÞj2

�
dsðxÞ; ð2:11Þ

Proof. Set

EðtÞ ¼ EðtÞ þ E1ðtÞ;

where

EðtÞ ¼ 1

2

ð
W

jyðx; tÞj2 dx and E1ðtÞ ¼
x

2

ð
G1

ð1
0

jyðx; t� trÞj2 dr dsðxÞ:

From [5], Theorem 2.6.1 (see (1.5)), we have the following estimate

Eð0Þa c

 
kyk2L2ð0;T ;L2ðG1ÞÞ þ

ðT
0

ð
G1

qy

qn

����
���� jyj dsðxÞ dt

þ qy

qn

����
����
2

H�1
a ðG1�ð0;TÞÞ

þ kyk2H�1ðW�ð0;TÞÞ

!
ð2:12Þ

for T > 0 and for a suitable constant c depending on T .

We now impose the boundary conditions in (2.1). Then (2.12) becomes

Eð0Þa c
	ðT

0

ð
G1

�
jyðx; tÞj2 þ jyðx; t� tÞj2

�
dsðxÞ þ kyk2H�1ðW�ð0;TÞÞ



; ð2:13Þ

since the H�1
a

�
G1 � ð0;TÞ

�
-norm is dominated by the L2

�
G1 � ð0;TÞ

�
-norm.

E1ðtÞ can be rewritten, via a change of variable, as

E1ðtÞ ¼
x

2

ð
G1

ð t
t�t

jyðx; sÞj2 ds dsðxÞ:
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Hence

E1ð0Þa c

ð
G1

ð0
�t

jyðx; sÞj2 ds dsðxÞ: ð2:14Þ

By another change of variable in (2.14), we have

E1ð0Þa c

ðT
0

ð
G1

jyðx; t� tÞj2 dsðxÞ dt; ð2:15Þ

for T b t. Combining (2.13) and (2.15), for any T b t, we obtain

Eð0Þa c
	ðT

0

ð
G1

�
jyðx; tÞj2 þ jyðx; t� tÞj2

�
dsðxÞ dtþ kyk2H�1ðW�ð0;TÞÞ



; ð2:16Þ

for a suitable constant c depending on T .

Naturally, (2.16) implies a fortiori

Eð0Þa c
	ðT

0

ð
G1

�
jyðx; tÞj2 þ jyðx; t� tÞj2

�
dsðxÞ dtþ kyk2Llð0;T ;H�1ðWÞÞ



: ð2:17Þ

To get the requested inequality (2.11) from (2.17), we need to absorb the lower

order term kyk2Llð0;T ;H�1ðWÞÞ: To achieve this, we employ as in [11] and [15], a

compactness/uniqueness contradiction argument.

Suppose that (2.11) does not hold. Then there exists a sequence yn of solutions

of problem (1.1) with ynðx; 0Þ ¼ yn;0ðxÞ and ynðx; t� tÞ ¼ fn;0ðx; t� tÞ such that

Enð0Þ > n

ðT
0

ð
G1

�
jyðx; tÞj2 þ jyðx; t� tÞj2

�
dsðxÞ dt: ð2:18Þ

Here Enð0Þ is the energy corresponding to yn at time t ¼ 0.

From (2.17), we have

Enð0Þa c
	ðT

0

ð
G1

ðjynðx; tÞj2 þ jynðx; t� tÞj2
�
dsðxÞ dt

þ kynk2Llð0;T ;H�1ðWÞÞ



: ð2:19Þ

(2.19) together with (2.18) yield

n

ðT
0

ð
G1

�
jynðx; tÞj2 þ jynðx; t� tÞj2

�
dsðxÞ dt

a c
	ðT

0

ð
G1

�
jynðx; tÞj2 þ jynðx; t� tÞj2

�
dsðxÞ dtþ kynk2Llð0;T ;H�1ðWÞÞ



;
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that is,

ðn� cÞ
ðT
0

ð
G1

�
jynðx; tÞj2 þ jynðx; t� tÞj2

�
dsðxÞ dta ckynk2Llð0;T ;H�1ðWÞÞ: ð2:20Þ

Renormalizing, we obtain a sequence of solutions of problem (1.1) satisfying

kynk2Llð0;T ;H�1ðWÞÞ ¼ 1 for all n > c; ð2:21Þ

and ðT
0

ð
G1

�
jynðx; tÞj2 þ jynðx; t� tÞj2

�
dsðxÞ dta c

n� c
for all n > c: ð2:22Þ

From (2.19), (2.21) and (2.22) we deduce that the sequence Yn;0 ¼ ðyn;0; fn;0Þ is

bounded in H. Thus there is a subsequence still denoted by Yn;0 which converges

weakly to some Y0 ¼ ðy0; f0Þ a H: Let c be the solution of problem (1.1) with

such initial condition Y0. We have

c a C
�
0;T ;L2ðWÞ

�
from Theorem 2.1 andðT

0

ð
G1

jcðx; tÞj2 dsðxÞ dtþ
ðT
0

ð
G1

qcðx; tÞ
qn

����
����
2

dsðxÞ dtaC

from Proposition 2.2 for some C > 0. It then follows that

yn ! c in Ll
�
0;T ;L2ðWÞ

�
weak star;

ðynÞt ! ct in Ll
�
0;T ;H�2ðWÞ

�
weak star;

and hence

kynk2Llð0;T ;L2ðWÞÞ þ kðynÞtk
2
Llð0;T ;H�2ðWÞÞaC for all n a N: ð2:23Þ

Since the embedding L2ðWÞ ,! H�1ðWÞ is compact, (2.23) implies (see [1] and [14])

that for 0 < T < þl the injection

Z ,! Ll
�
0;T ;H�1ðWÞ

�
is also compact, where Z is the Banach space equipped with the norm on the left-

hand side of (2.23), is also compact. As a consequence there is a subsequence still

denoted by yn such that

yn ! c in Ll
�
0;T ;H�1ðWÞ

�
strongly:

31Stabilization of the Schrödinger equation with a delay term



Hence by (2.21) we obtain

kckLlð0;T ;H�1ðWÞÞ ¼ 1: ð2:24Þ

On the other hand, we have from (2.22)

cðx; tÞ ¼ 0 on G1 � ð0;TÞ:

Thus c satisfies

ctðx; tÞ � iDcðx; tÞ ¼ 0; in W� ð0;TÞ;
cðx; tÞ ¼ 0; on G� ð0;TÞ;
qc
qn
ðx; tÞ ¼ 0; on G1 � ð0;TÞ:

8><
>:

From Holmgren’s uniqueness theorem (see [7], Chapter 1, Theorem 8.2), we con-

clude that

cðx; tÞ ¼ 0 in W� ð0;TÞ;

which contradicts (2.24). This ends the proof of Proposition 2.3. r

We are now ready to finish the proof of Theorem 1.2.

Proof of Theorem 1.2. From Proposition 2.2, we have

EðTÞ � Eð0Þa�C

ðT
0

ð
G1

�
jyðx; tÞj2 þ jyðx; t� tÞj2

�
dsðxÞ:

The observability estimate (2.11) implies

EðTÞaEð0ÞaC0

ðT
0

ð
G1

�
jyðx; tÞj2 þ jyðx; t� tÞj2

�
dsðxÞ

aC0C
�1
�
Eð0Þ � EðTÞ

�
:

Hence

EðTÞa C0C
�1

1þ C0C�1
Eð0Þ:

Combining this estimate with the invariance by translation of the system (1.1), we

obtain the desired conclusion.

2.3. A counter example. In this section we show through an example that the

system (2.1) loses the property of exponential stability when m2bm1:
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We seek a solution of (2.1) in the form

yðx; tÞ ¼ eltjðxÞ;

where

l ¼ �ib2; b a R:

Then j is a solution of the eigenvalue problem

�Dj ¼ ilj in W;

j ¼ 0 on G0;
qj
qn
¼ iðm1 þ m2e

�ltÞj on G1:

8><
>: ð2:25Þ

Assume that

cosðb2tÞ ¼ � m1
m2

: ð2:26Þ

Then

m2 sinðb2tÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2
2 � m2

1

q
: ð2:27Þ

Inserting (2.26) and (2.27) into (2.25) yields

�Dj ¼ b2j in W;

j ¼ 0 on G0;

qj
qn
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2
2 � m2

1

q
j ¼ 0 on G1:

8>><
>>:

This is a classical eigenvalue problem for the Laplacian with Dirichlet–Robin

boundary conditions.

Let fb2
n ; n a Ng be the set of these eigenvalues. It is well known that

b2
n ! þl as n ! þl: Taking 0 < y < 2p such that

cos y ¼ � m1
m2

and m2 sin y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2
2 � m2

1

q
; ð2:28Þ

we obtain a sequence of delays

tn;k ¼
1

b2
n

ðyþ 2kpÞ; n; k a N;
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which become arbitrarily small or large for suitable choices of n; k a N, and for

which the problem (2.1) is not asymtotically stable. Indeed, the energy of the

solution yðx; tÞ ¼ e�ib2
n tjðxÞ is constant. This proves Theorem 1.3.

3. Stability of the Schrödinger equation with a delay term in the internal
feedback

3.1. Well-posedness of system (1.6). Proceeding as in the previous section, we

can see that the system (1.6) is equivalent to

ytðx; tÞ ¼ iDyðx; tÞ � aðxÞfm1yðx; tÞ
þ m2ðx; tÞzðx; 1; tÞg in W� ð0;þlÞ;

ztðx; r; tÞ ¼ �t�1zrðx; r; tÞ in W� ð0; 1Þ � ð0;þlÞ;
yðx; 0Þ ¼ y0ðxÞ in W;

zðx; r; 0Þ ¼ g0ðx;�trÞ in W� ð0; tÞ;
yðx; tÞ ¼ 0 on G� ð0;þlÞ;
zðx; 0; tÞ ¼ yðx; tÞ in W� ð0;þlÞ;

8>>>>>>>>>><
>>>>>>>>>>:

ð3:1Þ

where we have set

zðx; r; tÞ ¼ yðx; t� trÞ; x a W; r a ð0; 1Þ; t > 0:

Let us introduce the operator A0 defined by

A0 y

z

� �
¼

iDy� am1y� am2zð�; 1Þ
�t�1zr

� �
;

and

DðA0Þ ¼
�
ðy; zÞ a

�
H 2ðWÞBH 1

G0
ðWÞ
�
� L2

�
W;H 1ð0; 1Þ

�
j y ¼ zð�; 0Þ in W

�
:

Then we rewrite the system (3.1) as

U 0ðtÞ ¼ A0UðtÞ;
Uð0Þ ¼ U0;

�

where

UðtÞ ¼ yðtÞ
zðtÞ

� �
:
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Denote by H0 the Hilbert space

H0 ¼ L2ðWÞ � L2
�
W� ð0; 1Þ

�
equipped with the inner product

y1

z1

� �
;

y2

z2

� �� �
H0

¼ Re

ð
W

y1ðxÞy2ðxÞ dxþ xRe

ð
W

ð1
0

zðx; rÞzðx; rÞ dr dx:

Repeating the argument used in the proof of Theorem 2.1, we obtain the following

well-posedness result for the problem (3.1).

Theorem 3.1. For any U0 a H0, there exists a unique (weak) solution

U a Cð0;þl;H0Þ

of the problem (3.1). Moreover if U0 a DðA0Þ, then the solution U is more regular,

namely

U a C
�
0;þl;DðA0Þ

�
BC1ð0;þl;H0Þ

and is called a strong solution.

3.2. Internal feedback stabilization

Proposition 3.2. The energy corresponding to any strong solution of the problem

(3.1) is decreasing and there exists a positive constant C such that

d

dt
F ðtÞa�C

ð
W

aðxÞfjyðx; tÞj2 þ jyðx; t� tÞj2g dx: ð3:2Þ

Proof. We di¤erentiate F ðtÞ in (1.8) and use (3.1) to obtain

d

dt
FðtÞ ¼ Re

ð
W

�
iDyðx; tÞ

�
yðx; tÞ dx

�Re

ð
W

aðxÞfm1yðx; tÞ þ m2ðx; tÞyðx; t� tÞgyðx; tÞ dx

þ xRe

ð
W

aðxÞ
ð1
0

ytðx; t� trÞyðx; t� trÞ dr dx:

Applying Green’s second theorem and recalling the boundary condition in (3.1),

we get
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d

dt
F ðtÞ ¼ �m1 Re

ð
W

aðxÞjyðx; tÞj2 dx� m2 Re

ð
W

aðxÞyðx; tÞyðx; tÞ dx

þ xRe

ð
W

aðxÞ
ð1
0

ytðx; t� trÞyðx; t� trÞ dr dx: ð3:3Þ

As in the proof of Proposition 2.2, we have

Re

ð
W

aðxÞ
ð1
0

ytðx; t� trÞyðx; t� trÞ dr dx

¼ �t�1 Re

ð
W

aðxÞ
ð1
0

yrðx; t� trÞyðx; t� trÞ dr dx

¼ � t�1

2

ð
W

aðxÞfjyðx; t� tÞj2 � jyðx; tÞj2g dx: ð3:4Þ

Insertion of (3.4) into (3.3) yields

d

dt
F ðtÞ ¼ �m1 Re

ð
W

aðxÞjyðx; tÞj2 dx� m2 Re

ð
W

aðxÞyðx; tÞyðx; tÞ dx

� xt�1

2

ð
W

aðxÞjyðx; t� tÞj2 þ xt�1

2

ð
W

jyðx; tÞj2 dx: ð3:5Þ

The desired estimate (3.2) follows from (3.5) via the Cauchy–Schwarz inequality.

r

The key step in the proof of Theorem 1.5 is the following observability in-

equality.

Proposition 3.3. Let y be a strong solution of (3.1). Then there exists a positive

constant C0 depending on T such that for all T > t, the following estimate holds

true

F ð0ÞaC0

ðT
0

ð
W

aðxÞfjyðx; tÞj2 þ jyðx; t� tÞj2g dx dt: ð3:6Þ

Proof. Following [10] and [11], we write the solution y of (3.1) as y ¼ uþ v where

u solves

utðx; tÞ ¼ iDuðx; tÞ in W� ð0;þlÞ;
uðx; 0Þ ¼ y0ðxÞ in W;

uðx; tÞ ¼ 0 on G� ð0;þlÞ;

8<
: ð3:7Þ
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and v satisfies

vtðx; tÞ ¼ iDvðx; tÞ � aðxÞfm1yðx; tÞ
þ m2ðx; tÞyðx; t� tÞg in W� ð0;þlÞ;

vðx; 0Þ ¼ 0 in W;

vðx; tÞ ¼ 0 on G� ð0;þlÞ:

8>>><
>>>:

ð3:8Þ

Let us denote by

EuðtÞ ¼
ð
W

juðx; tÞj2 dx

the energy corresponding to the solution of (3.7). Then it follows from [10],

Proposition 3.1 that for all T > 0, there exists a positive constant c depending on

T such that

Euð0Þa c

ðT
0

ð
o

juðt; xÞj2 dx dt:

Using (1.7) we get

Euð0Þa
c

a0

ðT
0

ð
W

aðxÞjuðt; xÞj2 dx dt:

On the other hand we have, for T > t,

x

2

ð
W

aðxÞ
ð1
0

jyðx;�trÞj2 dr dxa c

ðT
0

ð
W

aðxÞjyðx; t� tÞj2 dx dt:

Hence, for T > t,

F ð0Þ ¼ Euð0Þ þ
x

2

ð
W

aðxÞ
ð1
0

jyðx;�trÞj2 dr dx

a c

ðT
0

ð
W

aðxÞfjuðt; xÞj2 þ jyðx; t� tÞj2g dx dt

a c

ðT
0

ð
W

aðxÞfjyðt; xÞj2 þ jvðt; xÞj2 þ jyðx; t� tÞj2g dx dt:

By classical energy estimates on Schrödinger equation we deduce that

F ð0ÞaC0

ðT
0

ð
W

aðxÞfjyðt; xÞj2 þ jyðx; t� tÞj2g dx dt: r
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Combining the estimates (3.2) and (3.6), as in the case of a boundary feedback,

we obtain the exponential stability result of Theorem 1.5.

3.3. A counter example. We proceed as in the case of boundary delay. We

assume (2.26) and we look for a solution of the problem (3.1) in the form

yðx; tÞ ¼ eltjðxÞ with l ¼ �ib2; b a R:

Then j is a solution of the boundary value problem

�
�Dþ aðxÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2
2 � m2

1

q �
j ¼ b2j in W;

j ¼ 0 on G:

(

The operator �Dþ aðxÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2
2 � m2

1

q
with Dirichlet boundary condition is positive

self-adjoint in L2ðWÞ with a compact resolvent. Let fb2
n j n a Ng be the set of its

eigenvalues. Then b2
n ! þl as n ! þl. For 0 < y < 2p given by (2.28), we

obtain a sequence of delays

tn;k ¼
1

b2
n

ðyþ 2kpÞ; n; k a N;

for which the problem (3.1) loses its asymptotic stability. The proof of Theorem

1.6 is complete.
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