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Abstract. This work is devoted to study the asymptotic behavior of the total energy associ-
ated with a coupled system of anisotropic hyperbolic models: the elastodynamic equations
and Maxwell’s system in the exterior of a bounded body in R3. Our main result says that
in the presence of nonlinear damping, a unique solution of small initial data exists globally
in time and the total energy as well as higher order energies decay at a uniform rate as
t ! þl.
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1. Introduction

The propagation of electromagnetic waves in very special materials (like crystals)

is quite di¤erent and interesting: The energy in general does not propagate along

the normals to the fronts, but along rays which may be distinct from the normals

(see [18]). Thus, in these kind of mediums the so-called permittivity and perme-

ability are no more scalar-valued functions, but 3� 3 symmetric matrices. Very

seldom both will be diagonal matrices (see [18]). As a consequence, in this case

the Maxwell equations cannot be reduced (in general) to a second order vector-

wave equation for which a large amount of results are available.

Maxwell’s equations provide a natural mathematical framework to understand

the propagation of electromagnetic waves through bodies like the above special

materials. These are the so-called anisotropic Maxwell equations. Due to recent

Industrial applications specially with the so-called ‘‘smart materials’’ (see [1]) engi-

neers needed to consider the interaction of anisotropic Maxwell equations with

anisotropic elastic waves. In the mathematical literature we find very few articles



giving exact properties of such coupled systems (see [13], [16] and references

therein).

Motivated by the above discussion this paper is devoted to study the asymp-

totic behavior of a coupled system of equations: The elastodynamic system and

Maxwell equations both anisotropic. The phenomenon happens in the exterior

of a bounded body. Let us describe the model: Let WHR3 be an exterior domain

(unbounded with bounded complement) with boundary qW of class C2. We de-

note points in the space/time cylinder W� ð0;þlÞ by ðx; tÞ where x a W is the

spatial variable and t denotes time. Let u ¼ uðx; tÞ, E ¼ Eðx; tÞ and H ¼ Hðx; tÞ
be vector valued functions each of them with three components denoting the dis-

placement vector, the electric field intensity and the magnetic field intensity,

respectively. We consider the coupled system

utt �
X3
i; j¼1

q

qxi
AijðxÞ

qu

qxj

� �
þ g curlE þ FðutÞ ¼ 0; ð1:1Þ

eðxÞEt � curlH þ sE � g curl ut ¼ 0; ð1:2Þ
mðxÞHt þ curlE ¼ 0; ð1:3Þ

div
�
mðxÞH

�
¼ 0 ð1:4Þ

in W� ð0;þlÞ. Here, e ¼ eðxÞ and m ¼ mðxÞ denote the electric permittivity

and magnetic permeability respectively. They are 3� 3 symmetric matrices which

are uniformly positive definite almost everywhere for x in W. The parameter

s > 0 is called the electric conductivity, g is the coupling constant and F ðutÞ ¼�
F1ðutÞ;F2ðutÞ;F3ðutÞ

�
is a nonlinear damping term which will satisfy suitable

growth assumptions.

We complement system (1.1)–(1.4) with initial conditions

ðu; ut;E;HÞjt¼0 ¼ ðu0; u1;E0;H0Þ in W ð1:5Þ

and boundary conditions

u ¼ 0; h� E ¼ 0 on qW� ð0;þlÞ; ð1:6Þ

where h ¼ hðxÞ denotes the unit normal vector at x a qW pointing the exterior

of W. Here � is the usual vector product in R3.

The total energy associated with system (1.1)–(1.6) is given by

L1ðtÞ ¼
1

2

ð
W

½jutðtÞj2 þ JuðtÞ þ eðxÞEðtÞ � EðtÞ þ mðxÞHðtÞ �HðtÞ� dx ð1:7Þ
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where

JuðtÞ ¼
X3
i; j¼1

AijðxÞ
qu

qxj
ðtÞ � qu

qxi
ðtÞ and jutðtÞj2 ¼

X3
j¼1

quj

qt
ðtÞ

� �2
: ð1:8Þ

Here the dot � means the usual inner product in R3.

Let us mention briefly a reason for choosing the coupling g curlE and �g curl ut
between the Lame system and the Maxwell system: It is known that several

materials of the family of crystals, polymers or ceramics have the property that

an electric field acting on the material creates stress and as a response to deforma-

tions is ‘‘produced’’ a polarization vector. These are the so called piezoelectric

materials. The theory of linear piezoelectricity can be found in references [11]

or [14]. The coupling for these electromechanical interaction is given by the termsP3
i¼1

q
qxi

ðA�
i EÞ and

P3
i¼1Ai

qut
qxi

(see the above references or [17]) where Ai are 3� 3

symmetric matrices. In the simplest case, if the medium is isotropic, then the

matrices Ai are such that
P3

i¼1
q
qxi

ðA�
i EÞ ¼ g curlE and

P3
i¼1 Ai

qut
qxi

¼ �g curl ut.

There is a large literature concerning the decay of semilinear hyperbolic prob-

lems in exterior domains. E. Zuazua [23] considered the semilinear wave equation

with localized damping in unbounded domains. M. Nakao [19] considered the

semilinear scalar wave equation with a ‘‘localized’’ dissipation on a neighborhood

of a part of the boundary and ‘‘near’’ infinity. He proved the existence of global

solutions for small initial data and found polynomial decay rates in time for the

total energy (see also R. Ikehata [15] and C. R. da Luz and R. C. Charão [4]).

R. C. Charão and R. Ikehata [3] proved that the solutions of a nonlinearly

damped of elastic waves with a localized damping near infinity decay in an alge-

braic rate to zero (see also [12]). Recently, the coupled model of elastodynamic

with the isotropic Maxwell equation was treated in exterior domains by M. V.

Ferreira and G. Perla Menzala [13] assuming that FðutÞ ¼ ut � f ðutÞ with suitable

assumptions on f . The main result in [13] was the uniform decay as t ! þl of

the ‘‘second level’’ energy

1

2

ð
W

½juttðtÞj2 þ JutðtÞ þ ejEtðtÞj2 þ mjHtðtÞj2� dx:

The final results given in [13] (see Theorems 3.1 and 3.2) did not give any infor-

mation about the decay of the quantities
Ð
W mjHj2 dx and

Ð
W Ju dx. The results

presented in this work improve the ones in [13] considering model (1.1)–(1.6) in

appropriate function spaces and treating the full anisotropic case.

In [7] we have found polynomial decay rates for the total energy of the linear

coupled system of anisotropic elastic waves and by the anisotropic Maxwell

system in exterior domains. In the present work we use some ideas given in [7]
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in order to treat the coupled system (1.1)–(1.4). The discussion given in [7] for the

linear problem is not enough to obtain the existence of solutions for the non-

linearly damped problem. We will need more regular solutions to conclude our

results. In Theorem 4.1 we obtain several uniform rates of decay as t ! þl using

an iterative procedure using ideas in [7].

Let us mention recent related results: For the anisotropic Maxwell equations

in bounded regions W, M. Eller [10] established an observability inequality also

known as an inverse inequality. By a duality argument this observability inequal-

ity implies exact controllability of an electromagnetic field in W by a current flux

on the boundary qW. C. R. Luz and G. P. Menzala [5] studied the asymptotic

behavior of the anisotropic Maxwell equations with internal dissipation in exterior

domains. In [6], the problem with boundary dissipation of Silver-Muller’s type in

bounded domains was treated. B. V. Kapitonov and G. P. Menzala [16] studied

a transmission problem for a system of isotropic electromagneto-elasticity in a

bounded domain. Under suitable geometric conditions imposed on the domain

they proved results of stabilization and exact controllability for the model.

S. Nicaise [20] studied the stabilization problem for the electromagneto-elastic

system. Higher order energy decay for damped wave equations was recently

studied by P. Radu et.al. in [22].

The paper is organized as follows. Well posedness of the linear problem is

analyzed in Section 3 using semigroup theory. In Section 4 we study the asymp-

totic behavior for the linear problem using multiplier methods and properties of

an auxiliary evolution coupled system of first order. In Section 5 we study global

existence and decay properties for the nonlinearly damped system. Here we use

some ideas due to M. Nakao [19] and R. Ikehata [15] where they studied the

wave equation in exterior domains in the presence of dissipations. We adapted

their techniques to our more complicated situation.

2. Notations and assumptions

Let W be an exterior domain in R3, that is, W ¼ R3nO, being O open and bounded

with boundary qO of class C2. We consider the set M of all 3� 3 matrices

a ¼ aðxÞ ¼ ½aijðxÞ�3�3 which are symmetric and uniformly positive definite ones

for almost every x in W, that is, there exist a0 > 0 in such a way that

xaðxÞx t
b a0jxj2 for any x a R3 almost everywhere in W: ð2:1Þ

The entries aij are real-valued functions and belong to LlðWÞ. In (2.1) we denote

by x t ¼
�

x1
x2
x3

�
whenever x ¼ ðx1 x2 x3Þ with xj a R, j ¼ 1; 2; 3. Also jxj2 ¼

P3
j¼1 x

2
j .
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Let a a M; we define the space

L2ðW; aÞ ¼
n
vðxÞ ¼

�
v1ðxÞ; v2ðxÞ; v3ðxÞ

�
in such a way thatð

W

vðxÞaðxÞvtðxÞ dx ¼
X3
i; j¼1

ð
W

ai; jðxÞviðxÞvjðxÞ dx < þl
o

with the norm

kvk2L2ðW;aÞ ¼
X3
i; j¼1

ð
W

ai; jðxÞviðxÞvjðxÞ dx:

Clearly L2ðW; aÞ ¼ ½L2ðWÞ�3 where ½L2ðWÞ�3 ¼ L2ðWÞ � L2ðWÞ � L2ðWÞ and

the norms in L2ðW; aÞ and ½L2ðWÞ�3 are equivalent in the space ½L2ðWÞ�3. Besides

that, L2ðW; aÞ is a Hilbert space with the following inner product:

ðv;wÞL2ðW;aÞ ¼
X3
i; j¼1

ð
W

ai; jðxÞviðxÞwjðxÞ dx

where vðxÞ ¼
�
v1ðxÞ; v2ðxÞ; v3ðxÞ

�
and wðxÞ ¼

�
w1ðxÞ;w2ðxÞ;w3ðxÞ

�
.

From now on, we will always assume the following conditions:

(H1): The matrices e and m belong to M.

(H2): Each Aij is a 3� 3 matrix whose entries belong to W 1;lðWÞ and there exists

a positive constant a0 such that

X3
i; j¼1

½AijðxÞxj� � xi b a0
X3
i¼1

jxij2 ð2:2Þ

for any vectors xi a R3, i ¼ 1; 2; 3.

(H3): The entries Cij
klðxÞ of the matrix AijðxÞ are of the form

C
ij
klðxÞ ¼ ð1� dildjkÞaikjlðxÞ þ dikdjlailjkðxÞ

where dlk ¼ 1 if l ¼ k;

0 if lA k;

�
and aikjlðxÞ are the Cartesian components of the

elastic tensor with the symmetric properties

aijklðxÞ ¼ ajiklðxÞ ¼ aklijðxÞ almost everywhere in W: ð2:3Þ

The symmetric assumptions (2.3) imply that the transpose of AijðxÞ is AjiðxÞ.
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Observe that (H1) implies that e and m are invertible almost everywhere in W.

In fact, since they belong to M then their eigenvalues are positive. Consequently,

the determinant of each one of them is also positive. Hence, eðxÞ and mðxÞ are

invertible. We can easily prove that the entries of e�1 and m�1 belong to LlðWÞ.
Without loss of generalization we can assume that Fð0Þ ¼ 0 thus we will

consider F of the form F ðxÞ ¼ kxþ f ðxÞ where k > 0, x a R3 and f ðxÞ ¼�
f1ðxÞ; f2ðxÞ; f3ðxÞ

�
will satisfy suitable growth conditions given in the Section 5.

In order to simplify notations we will denote by kvk the norm of v in ½L2ðWÞ�3.
All notations we use in this article follow the ones given in [8]. From now on

we will denote by C a positive constant which may be of di¤erent values from

line to line.

3. Linear system: existence and uniqueness

In this section we recall a result proved in [7] (Theorem 3.1) where we considered

the linear coupled system:

utt �
X3
i; j¼1

q

qxi
Aij

qu

qxj

� �
þ kut þ g curlE ¼ 0 in W� ð0;lÞ; ð3:1Þ

eEt � curlH þ sE � g curl ut ¼ 0 in W� ð0;lÞ; ð3:2Þ
mHt þ curlE ¼ 0 in W� ð0;lÞ; ð3:3Þ

divðmHÞ ¼ 0 in W� ð0;lÞ; ð3:4Þ
uðx; 0Þ ¼ u0ðxÞ; utðx; 0Þ ¼ u1ðxÞ in W; ð3:5Þ

Eðx; 0Þ ¼ E0ðxÞ; Hðx; 0Þ ¼ H0ðxÞ in W; ð3:6Þ
u ¼ 0; E � h ¼ 0 on qW� ð0;lÞ: ð3:7Þ

We used semigroup theory in the Hilbert space X ¼ ½H 1
0 ðWÞ�3 � ½L2ðWÞ�3�

L2ðW; eÞ � L2ðW; mÞ with the inner product:

3v;w4X ¼
ð
W

�X3
i; j¼1

AijðxÞ
qv1

qxj
ðxÞ

� �
� qw1

qxi
ðxÞ þ v1ðxÞ � w1ðxÞ

�
dx

þ
ð
W

v2ðxÞ � w2ðxÞ dxþ ðv3;w3ÞL2ðW; eÞ þ ðv4;w4ÞL2ðW;mÞ

for any v ¼ ðv1; v2; v3; v4Þ, w ¼ ðw1;w2;w3;w4Þ in X .

Next, we consider the unbounded linear operator A: DðAÞHX ! X ; with

domain

DðAÞ ¼ ½H 2ðWÞBH 1
0 ðWÞ�3 � ½H 1

0 ðWÞ�3 �H0ðcurl;WÞ �Hðcurl;WÞ ð3:8Þ
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given by

Aw ¼ ðw2;Lw1 � w1 � g curlw3; ge
�1 curlw2 þ e�1 curlw4;�m�1 curlw3Þ

for any w ¼ ðw1;w2;w3;w4Þ a DðAÞ, where L is the operator defined by

L ¼
X3
i; j¼1

q

qxi
AijðxÞ

q

qxj

� �
:

In (3.8) we denote by

Hðcurl;WÞ ¼ fv in ½L2ðWÞ�3 such that curl v belong to ½L2ðWÞ�3g

with inner product

3v;w4Hðcurl;WÞ ¼
ð
W

½vðxÞ � wðxÞ þ curl vðxÞ � curlwðxÞ� dx

and

H0ðcurl;WÞ ¼ fv in Hðcurl;WÞ such that h� vjqW ¼ 0g

where h ¼ hðxÞ is the unit normal vector at x a qW pointing the exterior of W.

It can be verified that H0ðcurl;WÞ is a closed subspace of Hðcurl;WÞ (see [9])

and the property ð
W

vðxÞ � curlwðxÞ dx ¼
ð
W

curl vðxÞ � wðxÞ dx ð3:9Þ

holds for any v a H0ðcurl;WÞ and w a Hðcurl;WÞ.
We consider now the bounded linear operator B : X ! X given by

Bw ¼ ð0;w1 � kw2;�se�1w3; 0Þ

for any w ¼ ðw1;w2;w3;w4Þ in X .

The infinitesimal generator of problem (3.1)–(3.3), (3.5)–(3.7) is given by

A ¼ Aþ B with domain DðAÞ ¼ DðAÞ: Clearly (3.4) will be satisfy for any t if

we choose initial data H0 such that divðmH0Þ ¼ 0. Since we are interested in decay

properties of the solutions of problem (1.1)–(1.6) using the techniques we will

describe in the following sections, we will need more regular solutions. Therefore

by standard procedure we can obtain:
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Theorem 3.1. Let WHR3 be as in Section 2 and assume that (H1), (H2) and (H3)

hold. If ðu0; u1;E0;H0Þ belongs to DðA2ÞBY, then, system (3.1)–(3.7) has a

unique (strong) solution

ðu; ut;E;HÞ a C
�
½0;þlÞ;DðA2ÞBY

�
BC1

�
½0;þlÞ;DðAÞBY

�
BC2

�
½0;þlÞ;Y

�
where Y ¼ fðw1;w2;w3;w4Þ in X such that divðmw4Þ ¼ 0 in Wg.

By definition, DðA2Þ ¼ fw a DðAÞ such that Aw a DðAÞg. We can easily

verify that

DðA2Þ ¼ fw ¼ ðw1;w2;w3;w4Þ such that w1;w2 a ½H 2ðWÞBH 1
0 ðWÞ�3;

w3 a H0ðcurl;WÞ;w4 a Hðcurl;WÞ;Lw1 � g curlw3 a ½H 1
0 ðWÞ�3;

�se�1w3 þ ge�1 curlw2 þ e�1 curlw4 a H0ðcurl;WÞ;

m�1 curlw3 a Hðcurl;WÞg

and the norms

kwk2DðA2Þ ¼ kwk2DðAÞ þ kAwk2DðAÞ

and

kwk2 ¼ kw1k2½H 2ðWÞ�3 þ kw2k2½H 2ðWÞ�3 þ kw3k2Hðcurl;WÞ þ kw4k2Hðcurl;WÞ

þ k�se�1w3 þ ge�1 curlw2 þ e�1 curlw4k2Hðcurl;WÞ

þ kLw1 � g curlw3k2½H 1ðWÞ�3 þ km�1 curlw3k2Hðcurl;WÞ ð3:10Þ

are equivalent.

4. Linear system: asymptotic behavior

In this section we study the asymptotic behavior of the solutions of the linear

coupled system described in Theorem 3.1. The information we have from our

previous work [7] are not enough to obtain de decay of the nonlinearly damped

problem (1.1)–(1.6). We have:

Theorem 4.1. Let us assume that W, e, m and the matrices Aij, 1a i; ja 3, have

the same assumptions as in Theorem 3.1. Let ðu0; u1;E0;H0Þ a DðA2ÞBY such
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that mH0 ¼ curlc0, for some c0 a H0ðcurl;WÞ and ðu0 þ u1Þ a ½L6=5ðWÞ�3. Then,

the corresponding solution ðu; ut;E;HÞ of system (3.1)–(3.7) satisfies the decay

properties

iÞ kuðtÞk2 þ kHðtÞk2aCI0ð1þ tÞ�1

iiÞ
ð
W

Juðx; tÞ dxþ kEðtÞk2 þ kcurlHðtÞk2aCI0ð1þ tÞ�2

iiiÞ kutðtÞk2 þ kLuðtÞk2 þ kHtðtÞk2 þ kcurlEðtÞk2aCI0ð1þ tÞ�3

ivÞ kEtðtÞk2 þ kcurlHtðtÞk2 þ
ð
W

Jutðx; tÞ dxaCI0ð1þ tÞ�4

vÞ kutttðtÞk2 þ
ð
W

Juttðx; tÞ dxþ kEttðtÞk2 þ kHttðtÞk2 þ kcurlEtðtÞk2

þ kuttðtÞk2 þ kLutðtÞk2aCI0ð1þ tÞ�5

where C > 0 is a constant independent of the initial data,

I0 ¼ kðu0; u1;E0;H0Þk2DðA2Þ þ ku0 þ u1k2½L6=5ðWÞ�3 þ kc0k
2;

J is given by (1.8) and i)–v) hold for any t > 0.

In order to provide a more transparent proof, we divided the discussion into

some Lemmas. In all Lemmas below we will assume all hypothesis of Theo-

rem 4.1, C will denote a positive constant which may be of di¤erent values from

line to line.

Lemma 4.2. The estimate

ð1þ tÞL1ðtÞ þ k

ð t
0

ð1þ sÞkusðsÞk2 dsþ s

ð t
0

ð1þ sÞkEðsÞk2 dsaCI0

holds for any tb 0.

Proof. Let us take the inner product in ½L2ðWÞ�3 of (3.1) with utðtÞ, (3.2) with EðtÞ
and (3.3) with HðtÞ. By adding the corresponding identities we find

dL1

dt
ðtÞ þ kkutðtÞk2 þ skEðtÞk2 ¼ 0 ð4:1Þ

where L1ðtÞ is given by (1.7). Multiplying (4.1) by ð1þ tÞ and integrating by parts

over ½0; t� we obtain
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ð1þ tÞL1ðtÞ þ k

ð t
0

ð1þ sÞkusðsÞk2 dsþ s

ð t
0

ð1þ sÞkEðsÞk2 ds

¼ L1ð0Þ þ
ð t
0

L1ðsÞ ds: ð4:2Þ

We take the inner product in ½L2ðWÞ�3 of (3.1) with uðtÞ and integrate it over

the interval ½0; t� to obtain

k

2
kuðtÞk2 þ

ð t
0

ð
W

JuðsÞ dx ds ¼ k

2
ku0k2 þ

ð t
0

kusðsÞk2 ds

�
ð
W

utðtÞ � uðtÞ dxþ
ð
W

u1 � u0 dx� g

ð t
0

ð
W

curlEðsÞ � uðsÞ dx ds: ð4:3Þ

Clearly if v a ½H 1ðWÞ�3 then by condition (2.2) we have

ð
W

jcurl vðxÞj2 dxa 2
X3
i¼1

ð
W

qv

qxi
ðxÞ

���� ����2 dxa 2

a0

ð
W

JvðxÞ dx: ð4:4Þ

Using (3.9) and (4.4) we obtain from (4.3) for any d > 0 the estimate

k

2
kuðtÞk2 þ

ð t
0

ð
W

JuðsÞ dx dsaCI0 þ
ð t
0

kusðsÞk2 dsþ
1

k
kutðtÞk2

þ k

4
kuðtÞk2 þ g

d

ð t
0

kEðsÞk2 dsþ Cd

ð t
0

ð
W

JuðsÞ dx ds: ð4:5Þ

Choosing d > 0 su‰ciently small in (4.5) it follows that

ð t
0

ð
W

JuðsÞ dx dsaCI0 ð4:6Þ

for some positive constant C.

We also know (see [7]) that

ð t
0

kHðsÞk2L2ðW;mÞ dsaCI0 þ C

ð t
0

ð
W

JuðsÞ dx ds: ð4:7Þ

Using (4.6), (4.7) and (4.1) we deduce from (4.2) the estimate the conclusion of

Lemma 4.2. r
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Lemma 4.3. The estimate

ð1þ tÞbL2ðtÞ þ
sb

4
ð1þ tÞb�1kEðtÞk2 þ 2k

ð t
0

ð1þ sÞbkussðsÞk2 ds

þ 2s

ð t
0

ð1þ sÞbkEsðsÞk2 dsaCI0

holds for b ¼ 1; 2 or 3 and any tb 0.

Proof. By taking the derivative with respect to t of problem (3.1)–(3.7) we

obtain

uttt �
X3
i; j¼1

q

qxi
Aij

qut

qxj

� �
þ kutt þ g curlEt ¼ 0 in W� ð0;lÞ; ð4:8Þ

eEtt � curlHt þ sEt � g curl utt ¼ 0 in W� ð0;lÞ; ð4:9Þ
mHtt þ curlEt ¼ 0 in W� ð0;lÞ; ð4:10Þ

divðmHtÞ ¼ 0 in W� ð0;lÞ; ð4:11Þ
uttð0Þ ¼ u2 ¼ Lu0 � ku1 � g curlE0 in W; ð4:12Þ

Etð0Þ ¼ E1 ¼ e�1 curlH0 � se�1E0 þ ge�1 curl u1 in W; ð4:13Þ

Htð0Þ ¼ H1 ¼ �m�1 curlE0 in W; ð4:14Þ
ut ¼ 0; Et � h ¼ 0 on qW� ð0;lÞ: ð4:15Þ

We take the inner product in ½L2ðWÞ�3 of (4.8), (4.9) and (4.10) with uttðtÞ, EtðtÞ
and HtðtÞ respectively. By adding the corresponding identities we find

dL2

dt
ðtÞ þ kkuttðtÞk2 þ skEtðtÞk2 ¼ 0 for any tb 0 ð4:16Þ

where L2ðtÞ is the second order analogous of (1.7)

L2ðtÞ ¼
1

2

n
kuttðtÞk2 þ

ð
W

JutðtÞ dxþ kEtðtÞk2L2ðW; eÞ þ kHtðtÞk2L2ðW;mÞ

o
:

Integration of identity (4.16) on ½0; t� give us

L2ðtÞ þ k

ð t
0

kussðsÞk2 dsþ s

ð t
0

kEsðsÞk2 ds ¼ L2ð0ÞaCI0: ð4:17Þ
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Multiplying (4.16) by ð1þ tÞb where b ¼ 1; 2 or 3 and integrating the result by

parts over ½0; t� we obtain

ð1þ tÞbL2ðtÞ þ k

ð t
0

ð1þ sÞbkussðsÞk2 dsþ s

ð t
0

ð1þ sÞbkEsðsÞk2 ds

¼ L2ð0Þ þ b

ð t
0

ð1þ sÞb�1L2ðsÞ ds: ð4:18Þ

Clearly our next step will be to estimate the term b
Ð t
0ð1þ sÞb�1L2ðsÞ ds and

ð1þ tÞb�1kEðtÞk2 by CI0.

Next, we take the inner product in ½L2ðWÞ�3 of (3.1), (4.9) and (3.3) with uttðtÞ,
EðtÞ and HtðtÞ respectively and add the corresponding identities to obtain

kuttðtÞk2 þ kHtðtÞk2L2ðW;mÞ � kEtðtÞk2L2ðW; eÞ �
ð
W

JutðtÞ dx

þ d

dt

�
k

2
kutðtÞk2 þ

s

2
kEðtÞk2 þ

�
EtðtÞ;EðtÞ

�
L2ðW; eÞ

þ
ð
W

X3
i; j¼1

Aij
qu

qxj
ðtÞ

� 	
� qut
qxi

ðtÞ dx
�

¼ 0: ð4:19Þ

Multiplying (4.19) by ð1þ tÞb�1 and integrating the result by parts over ½0; t�
give usð t
0

ð1þ sÞb�1kussðsÞk2 dsþ
ð t
0

ð1þ sÞb�1kHsðsÞk2L2ðW;mÞ ds

þ k

2
ð1þ tÞb�1kutðtÞk2 þ

s

2
ð1þ tÞb�1kEðtÞk2 ¼ k

2
ku1k2 þ

s

2
kE0k2

þ k

2
ðb � 1Þ

ð t
0

ð1þ sÞb�2kusðsÞk2 dsþ
s

2
ðb � 1Þ

ð t
0

ð1þ sÞb�2kEðsÞk2 ds

þ
ð t
0

ð1þ sÞb�1kEsðsÞk2L2ðW; eÞ dsþ
ð t
0

ð
W

ð1þ sÞb�1
JusðsÞ dx ds

� ð1þ tÞb�1�
EtðtÞ;EðtÞ

�
L2ðW; eÞ þ ðE1;E0ÞL2ðW; eÞ

þ ðb � 1Þ
ð t
0

ð1þ sÞb�2�
EsðsÞ;EðsÞ

�
L2ðW; eÞ ds

þ
ð
W

X3
i; j¼1

Aij

qu0

qxj

� 	
� qu1
qxi

dx� ð1þ tÞb�1

ð
W

X3
i; j¼1

Aij

qu

qxj
ðtÞ

� 	
� qut
qxi

ðtÞ dx

þ ðb � 1Þ
ð t
0

ð
W

ð1þ sÞb�2
X3
i; j¼1

Aij

qu

qxj
ðsÞ

� 	
� qus
qxi

ðsÞ dx ds: ð4:20Þ
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Using condition (2.2) we obtain from (4.20) for any d > 0 the estimateð t
0

ð1þ sÞb�1kHsðsÞk2L2ðW;mÞ dsþ
s

2
ð1þ tÞb�1kEðtÞk2aCI0

þ C

ð t
0

ð1þ sÞb�2kusðsÞk2 dsþ C

ð t
0

ð1þ sÞb�2kEðsÞk2 ds

þ C

ð t
0

ð1þ sÞb�1kEsðsÞk2 dsþ C

ð t
0

ð
W

ð1þ sÞb�1
JusðsÞ dx ds

þ 1

d
ð1þ tÞb�1kEtðtÞk2L2ðW; eÞ þ Cdð1þ tÞb�1kEðtÞk2

þ C

d
ð1þ tÞb�2

ð
W

JuðtÞ dxþ Cdð1þ tÞb
ð
W

JutðtÞ dx

þ C

ð t
0

ð
W

ð1þ sÞb�3
JuðsÞ dx ds ð4:21Þ

for some positive constant C.

Using (4.6) and Lemma 4.2 we deduce from (4.21), d > 0 su‰ciently small and

b ¼ 1; 2 or 3ð t
0

ð1þ sÞb�1kHsðsÞk2L2ðW;mÞ dsþ
s

4
ð1þ tÞb�1kEðtÞk2aCI0

þ C

ð t
0

ð1þ sÞb�1kEsðsÞk2 dsþ C

ð t
0

ð
W

ð1þ sÞb�1
JusðsÞ dx ds

þ Cð1þ tÞb�1kEtðtÞk2L2ðW; eÞ þ
1

2b
ð1þ tÞb

ð
W

JutðtÞ dx: ð4:22Þ

Next, we take the inner product in ½L2ðWÞ�3 of (4.8) with utðtÞ. The resulting

identity we multiply by ð1þ tÞb�1 and integrate by parts over ½0; t� to obtain

k

2
ð1þ tÞb�1kutðtÞk2 þ

ð t
0

ð
W

ð1þ sÞb�1
JusðsÞ dx ds ¼

k

2
ku1k2

þ k

2
ðb � 1Þ

ð t
0

ð1þ sÞb�2kusðsÞk2 ds� ð1þ tÞb�1

ð
W

uttðtÞ � utðtÞ dx

þ ðb � 1Þ
ð t
0

ð
W

ð1þ sÞb�2
ussðsÞ � usðsÞ dx ds

þ
ð
W

u2 � u1 dxþ
ð t
0

ð1þ sÞb�1kussðsÞk2 ds

� g

ð t
0

ð
W

ð1þ sÞb�1
EsðsÞ � curl usðsÞ dx ds
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aCI0 þ C

ð t
0

ð1þ sÞb�2kusðsÞk2 dsþ
1

k
ð1þ tÞb�1kuttðtÞk2

þ k

4
ð1þ tÞb�1kutðtÞk2 þ C

ð t
0

ð1þ sÞb�1kussðsÞk2 ds

þ g

2d

ð t
0

ð1þ sÞb�1kEsðsÞk2 dsþ
gd

2

ð t
0

ð1þ sÞb�1kcurl usðsÞk2 ds ð4:23Þ

for any d > 0 and b ¼ 1; 2 or 3. Using (4.23), Lemma 4.2 and choosing d > 0

su‰ciently small we deduce

1

2

ð t
0

ð
W

ð1þ sÞb�1
JusðsÞ dx dsaCI0 þ Cð1þ tÞb�1kuttðtÞk2

þ C

ð t
0

ð1þ sÞb�1kussðsÞk2 dsþ C

ð t
0

ð1þ sÞb�1kEsðsÞk2 ds: ð4:24Þ

Now, we use estimate (4.22) into (4.18) and use (4.24) to obtain

ð1þ tÞb

2
L2ðtÞ þ

sb

8
ð1þ tÞb�1kEðtÞk2 þ k

ð t
0

ð1þ sÞbkussðsÞk2 ds

þ s

ð t
0

ð1þ sÞbkEsðsÞk2 dsaCI0 þ Cb

ð t
0

ð1þ sÞb�1kussðsÞk2 ds

þ Cb

ð t
0

ð1þ sÞb�1kEsðsÞk2 dsþ Cbð1þ tÞb�1kEtðtÞk2L2ðW; eÞ

þ Cbð1þ tÞb�1kuttðtÞk2 ð4:25Þ

for b ¼ 1; 2 or 3 and any tb 0.

Setting b ¼ 1 in (4.25) and using (4.17) we get

ð1þ tÞL2ðtÞ þ
s

4
kEðtÞk2 þ 2k

ð t
0

ð1þ sÞkussðsÞk2 ds

þ 2s

ð t
0

ð1þ sÞkEsðsÞk2 dsaCI0: ð4:26Þ

Now, letting b ¼ 2 in (4.25) and using (4.26) it follows

ð1þ tÞ2L2ðtÞ þ
s

2
ð1þ tÞkEðtÞk2 þ 2k

ð t
0

ð1þ sÞ2kussðsÞk2 ds

þ 2s

ð t
0

ð1þ sÞ2kEsðsÞk2 dsaCI0:
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Similarly if b ¼ 3 we get

ð1þ tÞ3L2ðtÞ þ
3s

4
ð1þ tÞ2kEðtÞk2 þ 2k

ð t
0

ð1þ sÞ3kussðsÞk2 ds

þ 2s

ð t
0

ð1þ sÞ3kEsðsÞk2 dsaCI0 ð4:27Þ

which concludes the proof of Lemma 4.3. r

Lemma 4.4. The estimates

a) ð1þ tÞ2
ð
W

JuðtÞ dxþ k

ð t
0

ð1þ sÞ2kusðsÞk2 dsaCI0

and

b) kð1þ tÞ3kutðtÞk2 þ 2

ð t
0

ð
W

ð1þ sÞ3JusðsÞ dx dsaCI0

hold for any tb 0.

Proof. Taking inner product in ½L2ðWÞ�3 of (3.1) with utðtÞ we obtain

1

2

d

dt
kutðtÞk2 þ

1

2

d

dt

ð
W

JuðtÞ dxþ kkutðtÞk2 þ g

ð
W

curlEðtÞ � utðtÞ dx ¼ 0: ð4:28Þ

Multiplying identity (4.28) by ð1þ tÞ2 and integrating by parts over ½0; t� we
obtain

1

2
ð1þ tÞ2kutðtÞk2 þ

1

2
ð1þ tÞ2

ð
W

JuðtÞ dxþ k

ð t
0

ð1þ sÞ2kusðsÞk2 ds

¼ 1

2
ku1k2 þ

1

2

ð
W

Ju0 dxþ
ð t
0

ð1þ sÞkusðsÞk2 ds

þ
ð t
0

ð
W

ð1þ sÞJuðsÞ dx ds� g

ð t
0

ð
W

ð1þ sÞ2 curlEðsÞ � usðsÞ dx ds: ð4:29Þ

Now, we use Lemma 4.1, (3.3) and the following result obtained in [7]

(Theorem 4.2)

ð1þ tÞkuðtÞk2 þ
ð t
0

ð
W

ð1þ sÞJuðsÞ dx dsaCI0 ð4:30Þ

to deduce from (4.29) for any d > 0 the estimate
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1

2
ð1þ tÞ2

ð
W

JuðtÞ dxþ k

ð t
0

ð1þ sÞ2kusðsÞk2 ds

aCI0 þ g

ð t
0

ð1þ sÞ2
�
HsðsÞ; usðsÞ

�
L2ðW;mÞ ds

aC1I0 þ
g

d

ð t
0

ð1þ sÞ2kHsðsÞk2L2ðW;mÞ dsþ C1d

ð t
0

ð1þ sÞ2kusðsÞk2 ds: ð4:31Þ

Choosing d > 0 su‰ciently small, using (4.22), (4.24) (with b ¼ 3) and (4.27)

together with (4.31) we obtain the conclusion of part a) of Lemma 4.4.

Observe that (4.23) remains valid for b ¼ 4; 5; . . . . Finally, we use (4.23) with

b ¼ 4 to obtain

k

4
ð1þ tÞ3kutðtÞk2 þ

ð t
0

ð
W

ð1þ sÞ3JusðsÞ dx ds

aCI0 þ C

ð t
0

ð1þ sÞ2kusðsÞk2 dsþ
1

k
ð1þ tÞ3kuttðtÞk2

þ C

ð t
0

ð1þ sÞ3kussðsÞk2 dsþ
g

2d

ð t
0

ð1þ sÞ3kEsðsÞk2 ds

þ gd

2

ð t
0

ð1þ sÞ3kcurl usðsÞk2 ds:

Using (4.27), part a) of lemma and choosing d > 0 su‰ciently small we con-

clude part b) of Lemma 4.4. r

Lemma 4.5. The estimate

ð1þ tÞ5kutttðtÞk2 þ ð1þ tÞ5
ð
W

JuttðtÞ dxþ ð1þ tÞ5kEttðtÞk2L2ðW; eÞ

þ ð1þ tÞ5kHttðtÞk2L2ðW;mÞ þ
5s

2
ð1þ tÞ4kEtðtÞk2

þ 4s

ð t
0

ð1þ sÞ5kEssðsÞk2 dsaCI0

hold for any tb 0.

Proof. We di¤erentiate system (4.8)–(4.15) with respect to t to get

utttt �
X3
i; j¼1

q

qxi
Aij

qutt

qxj

� �
þ kuttt þ g curlEtt ¼ 0 in W� ð0;lÞ; ð4:32Þ

eEttt � curlHtt þ sEtt � g curl uttt ¼ 0 in W� ð0;lÞ; ð4:33Þ
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mHttt þ curlEtt ¼ 0 in W� ð0;lÞ; ð4:34Þ
divðmHttÞ ¼ 0 in W� ð0;lÞ; ð4:35Þ

Uttð0Þ ¼ ðu2; u3;E2;H2Þ ¼ A2U0 in W; ð4:36Þ
utt ¼ 0; Ett � h ¼ 0 on qW� ð0;lÞ ð4:37Þ

where A2 is given as in Section 3. We take the inner product in ½L2ðWÞ�3 of (4.32)
with utttðtÞ, (4.33) with EttðtÞ and (4.34) with HttðtÞ. By adding the corresponding

identities we obtain

dL3

dt
ðtÞ þ kkutttðtÞk2 þ skEttðtÞk2 ¼ 0; for any tb 0 ð4:38Þ

where

L3ðtÞ ¼
1

2

n
kutttðtÞk2 þ

ð
W

JuttðtÞ dxþ kEttðtÞk2L2ðW; eÞ þ kHttðtÞk2L2ðW;mÞ

o
:

Multiplying (4.38) by ð1þ tÞl where l ¼ 1; 2; 3; 4 or 5 and integrate the result-

ing identity by parts over ½0; t� give us

ð1þ tÞlL3ðtÞ þ k

ð t
0

ð1þ sÞlkusssðsÞk2 dsþ s

ð t
0

ð1þ sÞlkEssðsÞk2 ds

¼ L3ð0Þ þ l

ð t
0

ð1þ sÞl�1L3ðsÞ: ð4:39Þ

Now, we take the inner product in ½L2ðWÞ�3 of identities (4.8), (4.33) and (4.10)

with utttðtÞ, EtðtÞ and HttðtÞ respectively. Adding the corresponding results we

obtain

kutttðtÞk2 þ kHttðtÞk2L2ðW;mÞ � kEttðtÞk2L2ðW; eÞ �
ð
W

JuttðtÞ dx

þ d

dt

�
k

2
kuttðtÞk2 þ

s

2
kEtðtÞk2 þ

�
EttðtÞ;EtðtÞ

�
L2ðW; eÞ

þ
ð
W

X3
i; j¼1

Aij
qut

qxj
ðtÞ

� 	
� qutt
qxi

ðtÞ dx
�

¼ 0: ð4:40Þ

Now, we can use similar calculations we did to get (4.22) in order to obtain the

estimate
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ð t
0

ð1þ sÞl�1kHssðsÞk2L2ðW;mÞ dsþ
s

4
ð1þ tÞl�1kEtðtÞk2

aCI0 þ C

ð t
0

ð1þ sÞl�1kEssðsÞk2 dsþ Cð1þ tÞl�1kEttðtÞk2L2ðW; eÞ

þ C

ð t
0

ð
W

ð1þ sÞl�1
JussðsÞ dx dsþ

1

2l
ð1þ tÞl

ð
W

JuttðtÞ dx ð4:41Þ

for l ¼ 1; 2; 3; 4 or 5. Let us take the inner product in ½L2ðWÞ�3 of (4.32) with uttðtÞ
we obtain the equality

k

2

d

dt
kuttðtÞk2 þ

ð
W

JuttðtÞ dx ¼ � d

dt

ð
W

utttðtÞ � uttðtÞ dx

þ kutttðtÞk2 � g

ð
W

EttðtÞ � curl uttðtÞ dx: ð4:42Þ

We multiply (4.42) by ð1þ tÞl�1 and integrate the result by parts over ½0; t� to
obtain for any d > 0

k

2
ð1þ tÞl�1kuttðtÞk2 þ

ð t
0

ð
W

ð1þ sÞl�1
JussðsÞ dx ds

¼ k

2
ku2k2 þ

k

2
ðl� 1Þ

ð t
0

ð1þ sÞl�2kussðsÞk2 ds� ð1þ tÞl�1

ð
W

utttðtÞ � uttðtÞ dx

þ
ð
W

u3 � u2 dxþ ðl� 1Þ
ð t
0

ð
W

ð1þ sÞl�2
usssðsÞ � ussðsÞ dx ds

þ
ð t
0

ð1þ sÞl�1kusssðsÞk2 ds� g

ð t
0

ð
W

ð1þ sÞl�1
EssðsÞ � curl ussðsÞ dx ds

aCI0 þ C

ð t
0

ð1þ sÞl�2kussðsÞk2 dsþ
1

k
ð1þ tÞl�1kutttðtÞk2

þ k

4
ð1þ tÞl�1kuttðtÞk2 þ C

ð t
0

ð1þ sÞl�1kusssðsÞk2 ds

þ g

2d

ð t
0

ð1þ sÞl�1kEssðsÞk2 dsþ
gd

2

ð t
0

ð1þ sÞl�1kcurl ussðsÞk2 ds: ð4:43Þ

Now we use (4.27) to get from (4.43), l ¼ 1; 2; 3; 4 or 5 and d > 0 su‰ciently

small the estimate

1

2

ð t
0

ð
W

ð1þ sÞl�1
JussðsÞ dx dsaCI0 þ Cð1þ tÞl�1kutttðtÞk2

þ C

ð t
0

ð1þ sÞl�1kusssðsÞk2 dsþ C

ð t
0

ð1þ sÞl�1kEssðsÞk2 ds:
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Using the previous estimate and (4.41) in (4.39) we obtain

ð1þ tÞl

2
L3ðtÞ þ

sl

8
ð1þ tÞl�1kEtðtÞk2 þ k

ð t
0

ð1þ sÞlkusssðsÞk2 ds

þ s

ð t
0

ð1þ sÞlkEssðsÞk2 dsaCI0 þ Cl

ð t
0

ð1þ sÞl�1kusssðsÞk2 ds

þ Cl

ð t
0

ð1þ sÞl�1kEssðsÞk2 dsþ Clð1þ tÞl�1kEttðtÞk2L2ðW; eÞ

þ Clð1þ tÞl�1kutttðtÞk2: ð4:44Þ

Choosing l ¼ 1 in (4.44) we obtain

ð1þ tÞL3ðtÞ þ 2k

ð t
0

ð1þ sÞkusssðsÞk2 dsþ 2s

ð t
0

ð1þ sÞkEssðsÞk2 dsaCI0 ð4:45Þ

due to (4.38). Next, choosing l ¼ 2 in (4.44) and using (4.45) we have

ð1þ tÞ2L3ðtÞ þ 2k

ð t
0

ð1þ sÞ2kusssðsÞk2 dsþ 2s

ð t
0

ð1þ sÞ2kEssðsÞk2 dsaCI0:

Similarly, choosing l ¼ 3; 4 and 5 using the same idea we obtain the estimates

ð1þ tÞ3L3ðtÞ þ 2k

ð t
0

ð1þ sÞ3kusssðsÞk2 dsþ 2s

ð t
0

ð1þ sÞ3kEssðsÞk2 dsaCI0;

ð1þ tÞ4L3ðtÞ þ 2k

ð t
0

ð1þ sÞ4kusssðsÞk2 dsþ 2s

ð t
0

ð1þ sÞ4kEssðsÞk2 dsaCI0

and

ð1þ tÞ5L3ðtÞ þ
5s

4
ð1þ tÞ4kEtðtÞk2 þ 2k

ð t
0

ð1þ sÞ5kusssðsÞk2 ds

þ 2s

ð t
0

ð1þ sÞ5kEssðsÞk2 dsaCI0 ð4:46Þ

which proves Lemma 4.5. r

Lemma 4.6. The estimates

a) ð1þ tÞ4
ð
W

JutðtÞ dxaCI0

and

b) ð1þ tÞ5kuttðtÞk2aCI0
hold for any tb 0.

223Decay rates of coupled anisotropic elastodynamic/Maxwell equations



Proof. We take the inner product in ½L2ðWÞ�3 of (4.8) with uttðtÞ. Afterwards, we

multiply the identity by ð1þ tÞ4, integrate by parts over ½0; t� and use estimates

obtained in Lemmas 4.3 and 4.4 to obtain

1

2
ð1þ tÞ4kuttðtÞk2 þ

1

2
ð1þ tÞ4

ð
W

JutðtÞ dxþ k

ð t
0

ð1þ sÞ4kussðsÞk2 ds

¼ 1

2
ku2k2 þ

1

2

ð
W

Ju1 dxþ 2

ð t
0

ð1þ sÞ3kussðsÞk2 ds

þ 2

ð t
0

ð
W

ð1þ sÞ3JusðsÞ dx ds� g

ð t
0

ð
W

ð1þ sÞ4 curlEsðsÞ � ussðsÞ dx ds

aCI0 � g

ð t
0

ð
W

ð1þ sÞ4 d

ds
½ curlEsðsÞ � usðsÞ� dx ds

þ g

ð t
0

ð
W

ð1þ sÞ4 curlEssðsÞ � usðsÞ dx ds

¼ CI0 � gð1þ tÞ4
ð
W

curlEtðtÞ � utðtÞ dxþ g

ð
W

curlE1 � u1 dx

þ 4g

ð t
0

ð
W

ð1þ sÞ3 curlEsðsÞ � usðsÞ dx ds

þ g

ð t
0

ð
W

ð1þ sÞ4 curlEssðsÞ � usðsÞ dx ds:

Using equation (4.10) it follows

1

2
ð1þ tÞ4

ð
W

JutðtÞ dxþ k

ð t
0

ð1þ sÞ4kussðsÞk2 dsaCI0

þ Cð1þ tÞ5kHttðtÞk2L2ðW;mÞ þ Cð1þ tÞ3kutðtÞk2 þ C

ð t
0

ð1þ sÞ3kEsðsÞk2 ds

þ C

ð t
0

ð1þ sÞ3kcurl usðsÞk2 dsþ C

ð t
0

ð1þ sÞ5kEssðsÞk2 ds: ð4:47Þ

Finally, using our estimates obtained in Lemmas 4.3, 4.4 and 4.5 we conclude

that all terms on the right hand side of (4.47) are bounded by CI0, consequently

1

2
ð1þ tÞ4

ð
W

JutðtÞ dxþ k

ð t
0

ð1þ sÞ4kussðsÞk2 dsaCI0: ð4:48Þ

Next, we consider l ¼ 6 in (4.43) to obtain
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k

4
ð1þ tÞ5kuttðtÞk2 þ

ð t
0

ð
W

ð1þ sÞ5JussðsÞ dx dsaCI0

þ C

ð t
0

ð1þ sÞ4kussðsÞk2 dsþ
1

k
ð1þ tÞ5kutttðtÞk2 þ C

ð t
0

ð1þ sÞ5kusssðsÞk2 ds

þ g

2d

ð t
0

ð1þ sÞ5kEssðsÞk2 dsþ
gd

2

ð t
0

ð1þ sÞ5kcurl ussðsÞk2 ds:

Choosing d > 0 su‰ciently small and using (4.46) and (4.48) we deduce the

part b) of Lemma 4.6. r

Proof of Theorem 4.1. i) follows using Lemma 4.2 and (4.30). Part ii) follows

using Lemmas 4.3, 4.4 together with (3.2). To prove iii) we can use Lemmas 4.3,

4.4 and (3.3) to prove the decay rate for the terms kutðtÞk, kHtðtÞk and kcurlEðtÞk.
The term kLuðtÞk decays at that rate using Lemmas 4.3 and 4.4 together with

(3.1). Next, iv) follows using Lemmas 4.5 and 4.6 together with (4.9). Finally,

v) follows for the terms kutttðtÞk,
Ð
W JuttðtÞ dx, kEttðtÞk and kHttðtÞk due to Lemma

4.5. The term kcurlEtðtÞk decay to the required rate due to Lemma 4.5 and (4.10).

The terms kuttðtÞk and kLutðtÞk decay at rate ð1þ tÞ�5 using Lemma 4.6 and

Lemmas 4.5 and 4.6 together with (4.8) respectively.

Corollary 4.7. Under the assumptions of Theorem 4:1, the solution ðu; ut;E;HÞ of
system (3.1)–(3.7) satisfies the estimates:

i) kLuðtÞ � g curlEðtÞk2½H 1ðWÞ�3 aCI0ð1þ tÞ�3

ii) k�se�1EðtÞ þ ge�1 curl utðtÞ þ e�1 curlHðtÞk2Hðcurl;WÞaCI0ð1þ tÞ�2

iii) km�1 curlEðtÞk2Hðcurl;WÞaCI0ð1þ tÞ�2

for any tb 0 where C is positive constant independent of the initial data.

Proof. By having U0 a DðA2Þ and UtðtÞ ¼ AUðtÞ then UttðtÞ ¼ AUtðtÞ and

AUtðtÞ ¼ A2UðtÞ. Thus, UttðtÞ ¼ A2UðtÞ, that is,

uttðtÞ ¼ LuðtÞ � kutðtÞ � g curlEðtÞ; ð4:49Þ

utttðtÞ ¼ LutðtÞ � kLuðtÞ þ k2utðtÞ þ kg curlEðtÞ

� g curl
�
�se�1EðtÞ þ ge�1 curl utðtÞ þ e�1 curlHðtÞ

�
; ð4:50Þ

EttðtÞ ¼ s2e�1e�1EðtÞ � sge�1e�1 curl utðtÞ � se�1e�1 curlHðtÞ

þ ge�1 curl
�
LuðtÞ � kutðtÞ � g curlEðtÞ

�
� e�1 curl

�
m�1 curlEðtÞ

�
; ð4:51Þ

HttðtÞ ¼ �m�1 curl
�
�se�1EðtÞ þ ge�1 curl utðtÞ þ e�1 curlHðtÞ

�
: ð4:52Þ
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Using (4.49) and Theorem 4.1 we obtain

kLuðtÞ � g curlEðtÞk2½H 1ðWÞ�3 ¼ kuttðtÞ þ kutðtÞk2½H 1ðWÞ�3 aCI0ð1þ tÞ�3:

By (4.50) we have

curl
�
�se�1EðtÞ þ ge�1 curl utðtÞ þ e�1 curlHðtÞ

�
¼ � 1

g
utttðtÞ þ

1

g
LutðtÞ �

k

g
LuðtÞ þ k2

g
utðtÞ þ k curlEðtÞ: ð4:53Þ

It follows from (4.53) and Theorem 4.1 the estimates

k�se�1EðtÞ þ ge�1 curl utðtÞ þ e�1 curlHðtÞk2Hðcurl;WÞ

¼ k�se�1EðtÞ þ ge�1 curl utðtÞ þ e�1 curlHðtÞk2

þ 1

g2
k�utttðtÞ þ LutðtÞ � kLuðtÞ þ k2utðtÞ þ gk curlEðtÞk2aCI0ð1þ tÞ�2:

By (4.51) and (4.49) we have

curl
�
m�1 curlEðtÞ

�
¼ �eEttðtÞ þ s2e�1EðtÞ

� sge�1 curl utðtÞ � se�1 curlHðtÞ þ g curl uttðtÞ: ð4:54Þ

Using (4.54) and Theorem 4.1 we obtain

km�1 curlEðtÞk2Hðcurl;WÞ ¼ km�1 curlEðtÞk2

þ k�eEttðtÞ þ s2e�1EðtÞ � sge�1 curl utðtÞ

� se�1 curlHðtÞ þ g curl uttðtÞk2

aCI0ð1þ tÞ�2

where we used the estimates

kcurl utðtÞk2aC

ð
W

JutðtÞ dx and kcurl uttðtÞk2aC

ð
W

JuttðtÞ dx:

Thus, the Corollary 4.7 is proved. r

5. The nonlinearly damped system: well posedness and asymptotic behavior

Using the results obtained in Section 4 for the linear system we now we will prove

the global well posedness of system (1.1)–(1.6) and the asymptotic behavior of the
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solutions. Let us write FðxÞ ¼ kxþ f ðxÞ with k > 0 and x a R3. We will assume:

(H4): Let f ¼ ð f1; f2; f3Þ with fi : R
3 ! R such that fi a C2ðR3Þ. There exist

positive constants kj, j ¼ 1; 2; 3 such that for some pb 2 we have the growth

conditions

j f ðxÞja k1jxjp

jtfiðxÞja k2jxjp�1; i ¼ 1; 2; 3

tqfi

qxj
ðxÞ

���� ����a k3jxjp�2; i; j ¼ 1; 2; 3

for any x a R3. Here j � j denotes the norm in R3.

Problem (1.1)–(1.3) with F ðxÞ ¼ kxþ f ðxÞ and initial condition (1.5) is equi-

valent to

dU

dt
ðtÞ ¼ AUðtÞ þ G

�
UðtÞ

�
Uð0Þ ¼ U0

8<: ð5:1Þ

where UðtÞ ¼
�
uðtÞ; utðtÞ;EðtÞ;HðtÞ

�
, U0 ¼ ðu0; u1;E0;H0Þ, A is the operator

defined in Section 3 and G
�
UðtÞ

�
¼
�
0;� f

�
utðtÞ

�
; 0; 0

�
.

Lemma 5.1. Assume that the entries of e and m belong to W 1;lðWÞ. The map

G : DðA2Þ ! DðA2Þ satisfies
i) Given any positive constant M, there exists LM such that

kGðvÞ � GðwÞkDðAÞaLMkv� wkDðAÞ

for any w; v a DðA2Þ such that kwkDðA2ÞaM and kvkDðA2ÞaM.

ii) The map G takes bounded sets of DðA2Þ into bounded sets of DðA2Þ.

Proof. With the same notations as in Section 3, let w; v a DðA2Þ such that

kwkDðA2ÞaM and kvkDðA2ÞaM. Let us denote by w ¼ ðw1;w2;w3;w4Þ and

v ¼ ðv1; v2; v3; v4Þ. Clearly

kGðvÞ � GðwÞk2X ¼ k f ðv2Þ � f ðw2Þk2 ¼
X3
i¼1

k fiðv2Þ � fiðw2Þk2L2ðWÞ: ð5:2Þ

Using the mean value theorem in (5.2) follows the existence of a positive

constant C ¼ CðMÞ such that

kGðvÞ � GðwÞk2X aCðMÞkv2 � w2k2aCðMÞkv� wk2DðAÞ:
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By definition of the operator A we have

A�GðvÞ � GðwÞ
�

2

X
¼


A�0; f ðv2Þ � f ðw2Þ; 0; 0

�

2
X

¼


� f ðv2Þ � f ðw2Þ;�kf ðv2Þ þ kf ðw2Þ; ge�1 curl f ðv2Þ � ge�1 curl f ðw2Þ; 0

�

2
X

aCk f ðv2Þ � f ðw2Þk2½H 1ðWÞ�3 ¼ C
X3
i¼1

k fiðv2Þ � fiðw2Þk2H 1ðWÞ:

Remains to prove that there exists a positive constant C ¼ CðMÞ such that

q

qxj

�
fiðv2Þ � fiðw2Þ

�



 



2
L2ðWÞ

aCðMÞkv� wk2DðAÞ; holds for i; j ¼ 1; 2; 3:

Let v2 ¼ ðv2;1; v2;2; v2;3Þ and w2 ¼ ðw2;1;w2;2;w2;3Þ. Using the chain rule

we obtain for each i; j ¼ 1; 2; 3.

q

qxj

�
fiðv2Þ � fiðw2Þ

�



 



2
L2ðWÞ

¼
ð
W

tfiðv2Þ �
qv2;1

qxj
;
qv2;2

qxj
;
qv2;3

qxj

� �
�tfiðw2Þ �

qw2;1

qxj
;
qw2;2

qxj
;
qw2;3

qxj

� ����� ����2 dx
a 2

ð
W

tfiðv2Þ �
qv2;1

qxj
;
qv2;2

qxj
;
qv2;3

qxj

� �
�tfiðv2Þ �

qw2;1

qxj
;
qw2;2

qxj
;
qw2;3

qxj

� ����� ����2 dx
þ 2

ð
W

tfiðv2Þ �
qw2;1

qxj
;
qw2;2

qxj
;
qw2;3

qxj

� �
�tfiðw2Þ �

qw2;1

qxj
;
qw2;2

qxj
;
qw2;3

qxj

� ����� ����2 dx
aCktfiðv2Þk2½LlðWÞ�3kv2 � w2k2½H 1ðWÞ�3

þ Cktfiðv2Þ �tfiðw2Þk2½L4ðWÞ�3
qw2;1

qxj
;
qw2;2

qxj
;
qw2;3

qxj

� �



 



2
½L4ðWÞ�3

aC1ðMÞkv2 � w2k2½H 1ðWÞ�3 þ C1ðMÞkv2 � w2k2½L4ðWÞ�3 aCðMÞkv� wk2DðAÞ

which proves i).

Next, let w a DðA2Þ, w ¼ ðw1;w2;w3;w4Þ such that kwkDðA2ÞaM: Due to

item i) we know

kGðwÞk2X þ


A�GðwÞ�

2

X
aCðMÞ:

Using the definition of the operator A (see Section 3), we have

A2
�
GðwÞ

�

2
X
¼


A2

�
0; f ðw2Þ; 0; 0

�

2
X
aCk f ðw2Þk2½H 2ðWÞ�3 :

228 C. R. da Luz and G. A. Perla Menzala



To conclude the prove of ii) remains only to verify the existence of a positive

constant C ¼ CðMÞ such that

q2fi

qxkqxj
ðw2Þ





 



2
L2ðWÞ

aCðMÞ; for any i; j; k ¼ 1; 2; 3:

Let w2 ¼ ðw2;1;w2;2;w2;3Þ then an straightforward calculation

q2fi

qxkqxj
ðw2Þ ¼

X3
m; l¼1

q2fi

qxmqxl
ðw2Þ

qw2;m

qxk

qw2; l

qxj

( )
þ
X3
m¼1

qfi

qxm
ðw2Þ

q2w2;m

qxkqxj

where fiðxÞ ¼ fiðx1; x2; x3Þ.
Therefore, we obtain the estimate

q2fi

qxkqxj
ðw2Þ





 



2
L2ðWÞ

aC
X3
m; l¼1

q2fi

qxmqxl
ðw2Þ





 



2
LlðWÞ

qw2;m

qxk





 



2
L4ðWÞ

qw2; l

qxj





 



2
L4ðWÞ

þ Cktfiðw2Þk2½LlðWÞ�3
X3
m¼1

q2w2;m

qxkqxj





 



2
L2ðWÞ

aCðMÞ

which proves item ii) of Lemma 5.1. r

We will use a well known result for evolution systems, see for instance the

book of H. Brezis and T. Cazenave [2].

Theorem 5.2. Let X1 be a reflexive Banach space and G : DðA1Þ ! DðA1Þ where
A1 is the infinitesimal generator of a C0 semigroup in X1. Assume

i) G maps bounded sets of DðA1Þ into bounded sets of DðA1Þ.
ii) For every M > 0 there exists a positive constant C ¼ CðMÞ such that

kGðvÞ � GðwÞkX1
aCðMÞkv� wkX1

;

for all w; v a DðA1Þ such that kwkDðA1ÞaM, kvkDðA1ÞaM.

Then, for every v0 a DðA1Þ there exists a unique strong solution of the problem

dv

dt
ðtÞ ¼ A1vðtÞ þ G

�
vðtÞ
�

vð0Þ ¼ v0

8<:
defined on the maximal interval of existence ½0;TmÞ. Furthermore, either Tm ¼ þl
or Tm < l In the later case

lim
t!Tm

ðkvðtÞkX1
þ kA1vðtÞkX1

Þ ¼ þl:
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We can now use Theorem 5.2 to prove local existence for system (5.1).

Theorem 5.3. Let WHR3 be an exterior domain (unbounded with bounded com-

plement) with boundary qW of class C2. Assume conditions (H1), (H2), (H3) and

(H4). Furthermore, let us suppose that the entries of e and m belong to W 1;lðWÞ. If

ðu0; u1;E0;H0Þ belongs to DðA2ÞBY, then there exist Tm > 0 such that problem

(1.1)–(1.6) (with F ðutÞ ¼ kut þ f ðutÞ) has a unique solution

ðu; ut;E;HÞ a C
�
½0;TmÞ;DðA2ÞBY

�
BC1

�
½0;TmÞ;DðAÞBY

�
:

Furthermore, Tm ¼ þl or Tm < þl in this case

lim
t!Tm



�uðtÞ; utðtÞ;EðtÞ;HðtÞ
�



DðA2Þ ¼ þl

where k � kDðA2Þ is the norm defined in (3.10).

Proof. Let X1 ¼ DðAÞ. We define the operator A1 with domain DðA1Þ ¼
fw a X1;Aw a X1g and given by

A1w ¼ Aw; for any w a DðA1Þ:

Clearly, A1 is the infinitesimal generator of a semigroup C0 in X1 and if we

denote by fS1ðtÞgtb0 the semigroup generator by A1 and fSðtÞgtb0 the one gener-

ated by A we have

S1ðtÞw ¼ SðtÞw; for any w a X1 and tb 0:

Observe that DðA1Þ ¼ DðA2Þ, therefore using Lemma 5.1 the map G : DðA1Þ
! DðA1Þ satisfies the assumptions of Theorem 5.2. In a similar way as done in [7]

we can show that whenever div mH0 ¼ 0 then div mHðtÞ ¼ 0 for any t > 0. The

proof of Theorem 5.3 is now complete. r

Next, we prove global existence of the nonlinearly damped system using the

decay estimates for the associated linear system. We recall that k � k means the

norm in ½L2ðWÞ�3.
Let w ¼ ðw1;w2;w3;w4Þ a DðA2ÞBY and define the quantities

kwk1 ¼ kw1k þ kw4k;

kwk2 ¼ kw3k þ kcurlw4k þ
� ð

W

Jw1ðxÞ dx
�1=2

þ k�se�1w3 þ ge�1 curlw2 þ e�1 curlw4kHðcurl;WÞ þ km�1 curlw3kHðcurl;WÞ;
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kwk3 ¼ kw2k þ kLw1k þ kcurlw3k þ kLw1 � g curlw3k½H 1ðWÞ�3 ;

kwk4 ¼
� ð

W

Jw2ðxÞ dx
�1=2

;

kwk5 ¼ kLw2k: ð5:3Þ

Our aim in this section is to prove the following.

Theorem 5.4. Under the assumptions of Theorem 5.3, let ðu0; u1;E0;H0Þ a
DðA2ÞBY such that mH0 ¼ curlc0 for some c0 a H0ðcurl;WÞ and ðu0 þ u1Þ a
½L6=5ðWÞ�3. Then, there exists d0 > 0 su‰ciently small such that if I0 < d0, system

(1.1)–(1.6) (with F ðutÞ ¼ kut þ f ðutÞ) has a unique strong solution

ðu; ut;E;HÞ a C
�
½0;þlÞ;DðA2ÞBY

�
BC1

�
½0;þlÞ;DðAÞBY

�
and has the following decay rates

i) kuðtÞk2 þ kHðtÞk2aCI0ð1þ tÞ�1

ii) kEðtÞk2 þ kcurlHðtÞk2 þ
ð
W

Juðx; tÞ dxaCI0ð1þ tÞ�2

iii) kutðtÞk2 þ kLuðtÞk2 þ kcurlEðtÞk2aCI0ð1þ tÞ�3

iv)

ð
W

Jutðx; tÞ dxaCI0ð1þ tÞ�4

v) kLutðtÞk2aCI0ð1þ tÞ�5

for any tb 0 where C is a positive constant (independent of the initial data) and I0
is given as in Theorem 4.1.

Proof. We recall that fSðtÞgtb0 is the semigroup generated by A. With our nota-

tions in (5.3) and the results of Theorem 4.1 we have that

kSðtÞ½u0; u1;E0;H0�k1aCI
1=2
0 ð1þ tÞ�1=2

kSðtÞ½u0; u1;E0;H0�k2aCI
1=2
0 ð1þ tÞ�1

kSðtÞ½u0; u1;E0;H0�k3aCI
1=2
0 ð1þ tÞ�3=2

kSðtÞ½u0; u1;E0;H0�k4aCI
1=2
0 ð1þ tÞ�2

kSðtÞ½u0; u1;E0;H0�k5aCI
1=2
0 ð1þ tÞ�5=2

ð5:4Þ

holds for some positive constant C and for any tb 0. Let us define

I0ðsÞ ¼


 f �utðsÞ�

2½H 2ðWÞ�3 þ



 f �utðsÞ�

2½L6=5ðWÞ�3
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for 0a s < Tm and u is the solution given in Theorem 5.3. We claim that

I0ðsÞa ~CCkutðsÞk2p½H 2ðWÞ�3 for 0a s < Tm: ð5:5Þ

In fact, using (H4) and denoting by utðsÞ ¼
�
u1t ðsÞ; u2t ðsÞ; u3t ðsÞ

�
we have

I0ðsÞ ¼
X3
i¼1



 fi�utðsÞ�

2H 2ðWÞ þ


 f �utðsÞ�

2½L6=5ðWÞ�3

aC
X3
i¼1

�

 fi�utðsÞ�

2L2ðWÞ þ


Dfi�utðsÞ�

2L2ðWÞ

�
þ CkutðsÞk2p½L6p=5ðWÞ�3

aC1kutðsÞk2p½L2pðWÞ�3 þ C1kutðsÞk2p½L6p=5ðWÞ�3

þ C1

X3
i¼1





 X3
j;m¼1

qfi

qxm

�
utðsÞ

� q2um
t

qx2
j

ðsÞ

þ
X3

j;k;m¼1

q2fi

qxmqxk

�
utðsÞ

� qum
t

qxj
ðsÞ qu

k
t

qxj
ðsÞ




2
L2ðWÞ

aC2kutðsÞk2p½H 2ðWÞ�3

þ C2

X3
j¼1

ð
W

jutðx; sÞj2ðp�1Þ q2u1t
qx2

j

ðx; sÞ; q
2u2t
qx2

j

ðx; sÞ; q
2u3t
qx2

j

ðx; sÞ
 !�����

�����
2

dx

þ C2

X3
j¼1

ð
W

jutðx; sÞj2ðp�2Þ qu1t
qxj

ðx; sÞ; qu
2
t

qxj
ðx; sÞ; qu

3
t

qxj
ðx; sÞ

� ����� ����4 dx
a ~CCkutðsÞk2p½H 2ðWÞ�3

which prove our claim (5.5). As a consequence of (5.4) we deduce



Sðt� sÞG
�
UðsÞ

�


1
aCI

1=2
0 ðsÞð1þ t� sÞ�1=2

Sðt� sÞG

�
UðsÞ

�


2
aCI

1=2
0 ðsÞð1þ t� sÞ�1

Sðt� sÞG

�
UðsÞ

�


3
aCI

1=2
0 ðsÞð1þ t� sÞ�3=2

Sðt� sÞG

�
UðsÞ

�


4
aCI

1=2
0 ðsÞð1þ t� sÞ�2

Sðt� sÞG

�
UðsÞ

�


5
aCI

1=2
0 ðsÞð1þ t� sÞ�5=2

ð5:6Þ

for any 0a sa t and 0a t < Tm. Let K a positive constant such that K > C

where C is the constant which appears in (5.4) and (5.6).

232 C. R. da Luz and G. A. Perla Menzala



We will prove Theorem 5.4 by contradiction: Assume that at least one of the

following inequalities is untrue for 0a t < Tm

ð1þ tÞ1=2kUðtÞk1aKI
1=2
0

ð1þ tÞkUðtÞk2aKI
1=2
0

ð1þ tÞ3=2kUðtÞk3aKI
1=2
0

ð1þ tÞ2kUðtÞk4aKI
1=2
0

ð1þ tÞ5=2kUðtÞk5aKI
1=2
0 :

ð5:7Þ

Suppose (for example) that the first inequality of (5.7) is untrue. Then, by con-

tinuity we should have some T1 with 0 < T1 < Tm such that

ð1þ tÞ1=2kUðtÞk1 < KI
1=2
0 ; for any 0a t < T1

ð1þ T1Þ1=2kUðT1Þk1 ¼ KI
1=2
0

ð1þ tÞ1=2kUðtÞk1 > KI
1=2
0 ; for any T1 < t < T1 þ e1

for some e1 > 0. It may happen that other inequality in (5.7) be also untrue. Sup-

pose (for example) the second inequality in (5.7) is untrue. Then, by continuity we

will have some T2 with 0 < T2 < Tm such that

ð1þ tÞkUðtÞk2 < KI
1=2
0 ; for any 0a t < T2

ð1þ T2ÞkUðT2Þk2 ¼ KI
1=2
0

ð1þ tÞkUðtÞk2 > KI
1=2
0 ; for any T2 < t < T2 þ e2

for some e2 > 0. Taking fT0T0 ¼ minfT1;T2g we will have

ð1þ tÞ1=2kUðtÞk1 < KI
1=2
0 ; for any 0a t < fT0T0

ð1þ tÞkUðtÞk2 < KI
1=2
0 ; for any 0a t < fT0T0

and at least one of the following identities be valid

ð1þfT0T0Þ1=2kUðfT0T0Þk1 ¼ KI
1=2
0

ð1þfT0T0ÞkUðfT0T0Þk2 ¼ KI
1=2
0 :
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Then, by continuity we should have some T0, 0 < T0 < Tm such that

ð1þ tÞ1=2kUðtÞk1 < KI
1=2
0 ; for any 0a t < T0

ð1þ tÞkUðtÞk2 < KI
1=2
0 ; for any 0a t < T0

ð1þ tÞ3=2kUðtÞk3 < KI
1=2
0 ; for any 0a t < T0

ð1þ tÞ2kUðtÞk4 < KI
1=2
0 ; for any 0a t < T0

ð1þ tÞ5=2kUðtÞk5 < KI
1=2
0 ; for any 0a t < T0

and at least one of the following identities be valid

ð1þ T0Þ1=2kUðT0Þk1 ¼ KI
1=2
0

ð1þ T0ÞkUðT0Þk2 ¼ KI
1=2
0

ð1þ T0Þ3=2kUðT0Þk3 ¼ KI
1=2
0

ð1þ T0Þ2kUðT0Þk4 ¼ KI
1=2
0

ð1þ T0Þ5=2kUðT0Þk5 ¼ KI
1=2
0 :

ð5:8Þ

Now, we will reach the contradiction using the estimates below. We obtain

the existence of some di > 0, i ¼ 1; . . . ; 5 such that if I0 < minfd1; d2; d3; d4; d5g
then

ð1þ tÞ1=2kUðtÞk1 < KI
1=2
0 ; for any 0a taT0

ð1þ tÞkUðtÞk2 < KI
1=2
0 ; for any 0a taT0

ð1þ tÞ3=2kUðtÞk3 < KI
1=2
0 ; for any 0a taT0

ð1þ tÞ2kUðtÞk4 < KI
1=2
0 ; for any 0a taT0

ð1þ tÞ5=2kUðtÞk5 < KI
1=2
0 ; for any 0a taT0

which is in contradiction with (5.8). The estimates are the following:

Since g ¼ �LutðtÞ þ utðtÞ belongs to ½L2ðWÞ�3 in our region W (for 0a t < Tm)

we can use elliptic regularity to obtain from �LutðtÞ þ utðtÞ ¼ g that utðtÞ a
½H 2ðWÞ�3 and

kutðtÞk½H 2ðWÞ�3 aC0fkLutðtÞk þ kutðtÞkg

for some positive constant C0. Therefore, for any pb 2 we have

kutðtÞkp

½H 2ðWÞ�3 aC
p
0 fkUðtÞk5 þ kUðtÞk3g

p
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(see (5.3)), where UðtÞ ¼
�
uðtÞ; utðtÞ;EðtÞ;HðtÞ

�
: Using (5.8) it follows that

kutðtÞkp

½H 2ðWÞ�3 aC
p
0K

pI
p=2
0 fð1þ tÞ�5=2 þ ð1þ tÞ�3=2gp

a 2Cp
0K

pI
p=2
0 ð1þ tÞ�3p=2 ð5:9Þ

for any 0a t < T0.

Now, we use (5.4), (5.6) and the variation of parameter’s formula

UðtÞ ¼ SðtÞU0 þ
ð t
0

Sðt� sÞG
�
UðsÞ

�
ds

to estimate in the norma k � k1 for any 0a taT0

kUðtÞk1aCI
1=2
0 ð1þ tÞ�1=2 þ C

ð t
0

ð1þ t� sÞ�1=2
I
1=2
0 ðsÞ ds

aCI
1=2
0 ð1þ tÞ�1=2 þ C ~CC1=2

ð t
0

ð1þ t� sÞ�1=2kusðsÞkp

½H 2ðWÞ�3 ds;

aCI
1=2
0 ð1þ tÞ�1=2

þ 2Cp
0C

~CC1=2

ð t
0

ð1þ t� sÞ�1=2
KpI

p=2
0 ð1þ sÞ�3p=2

ds ð5:10Þ

where we used (5.5) and (5.9). In the last term on the right hand side of (5.10) we

can use a calculus lemma (see R. Racke [21] or R. Ikehata [15]) which says that the

estimate ð t
0

ð1þ t� sÞ�1=2ð1þ sÞ�b
dsaCbð1þ tÞ�1=2 for any t > 0

holds as long as b > 1. Thus, from (5.10) we obtain

kUðtÞk1aCI
1=2
0 ð1þ tÞ�1=2 þ 2Cp

0C
~CC1=2CbK

pI
p=2
0 ð1þ tÞ�1=2

for any 0a taT0. Let d1 > 0 such that

d1a
K � C

2Cp
0C

~CC1=2CbKp

 !2=ðp�1Þ

:

Therefore, if we take I0 < d1 it follows that

kUðtÞk1 < KI
1=2
0 ð1þ tÞ�1=2; for any 0a taT0: ð5:11Þ

235Decay rates of coupled anisotropic elastodynamic/Maxwell equations



Similarly, if we use the calculus estimates (see [21])ð t
0

ð1þ t� sÞ�1ð1þ sÞ�b
dsaCbð1þ tÞ�1; whenever b > 1

and ð t
0

ð1þ t� sÞ�mð1þ sÞ�b
dsaCðb;mÞð1þ tÞ�m; whenever 1 < ma b

we obtain

kUðtÞk2 < KI
1=2
0 ð1þ tÞ�1

kUðtÞk3 < KI
1=2
0 ð1þ tÞ�3=2

kUðtÞk4 < KI
1=2
0 ð1þ tÞ�2

kUðtÞk5 < KI
1=2
0 ð1þ tÞ�5=2

ð5:12Þ

for any 0a taT0.

Observe that the norms
P5

i¼1 k � ki and k � kDðA2Þ are equivalent in DðA2Þ.
Thus, we conclude the existence of d > 0 such that if I0 < d then the solution of

problem (5.1) satisfies kUðtÞkDðA2ÞaK2 for any t a ½0;TmÞ and some positive con-

stant K2. Therefore, Theorem 5.3 implies that Tm ¼ þl. r
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