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1. Introduction

Given a superalgebra A ¼ A0aA1, let us denote by A� the superalgebra obtained

from A replacing the product xy by the super-commutator ½x; y� ¼ xy� ð�1Þxyyx,
for homogeneous elements x a Ax, y a Ay. It is known that if A is an associative

superalgebra one obtains a Lie superalgebra A�, and conversely, superizing the

arguments used in the Lie algebra case, the Poincaré–Birkho¤–Witt Theorem

establishes that any Lie superalgebra is isomorphically embedded into an algebra

A�, for a suitable associative superalgebra A [4].

If we start with an alternative superalgebra A (alternativity is a weaker form

of associativity) then A� is a Malcev superalgebra. It remains an open problem

whether any Malcev superalgebra is isomorphic to a subalgebra of A�, for some

alternative superalgebra A. In [3], Pérez-Izquierdo and Shestakov presented

an enveloping algebra of Malcev algebras (constructed in a more general way),

showing that this generalizes the classical notion of enveloping algebra for the

particular case of Lie algebras. They prove that for every Malcev algebra M

there exist an algebra UðMÞ and an injective Malcev algebra homomorphism

i : M ! UðMÞ� such that the image is contained in the generalized alternative

nucleus Nalt

�
UðMÞ

�
, being UðMÞ a universal object with respect to such
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homomorphisms. The algebra UðMÞ is in general not alternative, but it has a

basis of Poincaré–Birkho¤–Witt Theorem type over M and it inherits the good

properties of the universal enveloping algebra of Lie algebras.

It is worth noting that enveloping superalgebras for Akivis superalgebras have

been recently studied in [1] by Albuquerque and Santana, superizing the work of

Shestakov in the Akivis algebra case [5]. It is our goal to present a universal

enveloping superalgebra of Malcev superalgebras, superizing the theory exposed

by Pérez-Izquierdo and Shestakov in [3]. Our approach is similar to the one

employed in [3], but the superization of the results implies more elaborated calcu-

lations and arguments.

2. Preliminaries

A superalgebra A is a Z2-graded algebra (meaning that we consider an underlying

Z2-graded vector space A ¼ A0aA1 and AaAb HAaþb, for all a; b a Z2). We

write x a Ax to mean that x is a homogeneous element of the superalgebra A of

degree x, with x a Z2. We recall that a superalgebra M ¼ M0aM1 endowed

with the multiplication ½ ; � is called a Malcev superalgebra if it satisfies the follow-

ing two conditions: Ex a Mx, y a My, z a Mz, t a Mt

(i) super-anticommutativity: ½x; y� ¼ �ð�1Þxy½y; x�
(ii) super-Malcev identity:

ð�1Þyz½½x; z�; ½y; t�� ¼ ½½½x; y�; z�; t� þ ð�1ÞxðyþzþtÞ½½½y; z�; t�; x�

þ ð�1ÞðxþyÞðzþtÞ½½½z; t�; x�; y� þ ð�1ÞtðxþyþzÞ½½½t; x�; y�; z�:

Let V be a vector space of countable dimension. The Grassmann (or exterior)

algebra over V , usually denoted by LðVÞ, is the quotient of the tensor algebra over
the ideal generated by the symmetric tensors fxn x : x a Vg. If fe1; e2; e3; . . .g is

a basis of V then the elements 1, ei1 � . . . � ein , with i1 < � � � < in, constitute a basis

for LðVÞ satisfying e2i ¼ 0 and eiej ¼ �ejei. The algebra LðVÞ is associative with
identity, and it is a Z2-graded algebra LðVÞ ¼ LðVÞ0aLðVÞ1, where its even

part LðVÞ0 is the linear span of all tensors of even length and the odd part

LðVÞ1 is the linear span of all tensors of odd length.

Let A ¼ A0aA1 be a superalgebra. The Grassmann enveloping algebra of A

is the algebra GðAÞ ¼
�
A0 nLðVÞ0

�
a

�
A1 nLðVÞ1

�
, with the multiplication

defined by

ðxn eaÞðyn ebÞ ¼ xyn eaeb; Eðxn eaÞ a Ax nLðVÞx;
ðyn ebÞ a AynLðVÞy:
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If V is a type of algebras defined by homogeneous identities, a superalgebra

A ¼ A0aA1 is a V-superalgebra if its Grassmann enveloping algebra GðAÞ is

in V.

The associator ðx; y; zÞ of elements x, y, z in the superalgebra A is defined in

terms of the associator defined in its Grassmann enveloping algebra GðAÞ in the

following way:

ðx; y; zÞn ðeaebegÞ ¼ ðxn ea; yn eb; zn egÞ:

Making some simple computations we see that

ðx; y; zÞn ðeaebegÞ ¼
�
ðxn eaÞðyn ebÞ

�
ðzn egÞ � ðxn eaÞ

�
ðyn ebÞðzn egÞ

�
¼

�
ðxyÞz� xðyzÞ

�
n ðeaebegÞ:

In this way the associator will be ðx; y; zÞ ¼ ðxyÞz� xðyzÞ for elements x, y, z in A.

The superjacobian of homogeneous elements x a Ax, y a Ay, z a Az is given

by

SJðx; y; zÞ ¼ ½½x; y�; z� þ ð�1ÞxðyþzÞ½½y; z�; x� þ ð�1ÞzðxþyÞ½½z; x�; y�:

It is easy to see that the superjacobian is super-skewsymmetric. The super-Malcev

identity is equivalent to the condition

SJðx; y; zÞ ¼ 6ðx; y; zÞ; Ex a Ax; y a Ay; z a Az: ð2:1Þ

3. Generalized alternative nucleus

The notion of generalized alternative nucleus of an arbitrary algebra presented

in [2] and used in [3] can be straightforward extended to the super case.

Definition 3.1. Let A ¼ A0aA1 be a superalgebra. The generalized alternative

nucleus of A, which we denote by NaltðAÞ, is the set of A generated by the elements

fa a Aa : ða; x; yÞ ¼ �ð�1Þaxðx; a; yÞ ¼ ð�1ÞaðxþyÞðx; y; aÞ; Ex a Ax; y a Ayg:

Next we shall prove that the generalized alternative nucleus NaltðAÞ� is a

Malcev superalgebra endowed with the super-commutator ½a; b� ¼ ab� ð�1Þabba,
for homogeneous elements a a NaltðAÞa, b a NaltðAÞb.

We recall that a ternary superderivation of a superalgebra A ¼ A0aA1 is a

triple ðD1;D2;D3Þ in
�
EndðAÞ

�
a
�
�
EndðAÞ

�
b
�
�
EndðAÞ

�
g
such that

D1ðxyÞ ¼ D2ðxÞyþ ð�1ÞgxxD3ðyÞ; Ex a Ax; y a Ay:
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The Lie superalgebra of ternary superderivations is denoted by TsderðAÞ. If

D ¼ D1 ¼ D2 ¼ D3 then we have that D is a homogeneous superderivation of A

of degree a.

For a a Aa, we define as usual the linear maps La : A ! A and Ra : A ! A by

LaðxÞ ¼ ax and RaðxÞ ¼ ð�1Þaxxa, for all x a Ax, respectively. The maps La

and Ra are homogeneous of degree a. Let Ta ¼ La þ Ra. We can show that

a a NaltðAÞ if and only if

ðLa;Ta;�LaÞ and ðRa;�Ra;TaÞ a TsderðAÞ: ð3:1Þ

Lemma 3.2. Let a a
�
NaltðAÞ

�
a
, b a

�
NaltðAÞ

�
b
and x a Ax. Then

(i) Lax ¼ LaLx þ ½Ra;Lx� and Lxa ¼ LxLa þ ½Lx;Ra�;
(ii) ð�1ÞaxRax ¼ RxRa þ ½Rx;La� and ð�1ÞaxRxa ¼ RaRx þ ½La;Rx�;
(iii) ½La;Rb� ¼ ½Ra;Lb�;
(iv) ½La;Lb� ¼ L½a;b� � 2½Ra;Lb� and ½Ra;Rb� ¼ �R½a;b� � 2½La;Rb�.

Proof. The proof is a superization of that of [2], Lemma 4.2. We easily see that

(i), (ii) and (iii) follows from the identities: ða; x; yÞ ¼ ð�1ÞaðxþyÞðx; y; aÞ, ðx; a; yÞ
¼ �ð�1Þayðx; y; aÞ, ða; y; xÞ ¼ �ð�1Þayðy; a; xÞ, ða; y; xÞ ¼ ð�1ÞaðxþyÞðy; x; aÞ, and
ða; x; bÞ ¼ ð�1ÞaðbþxÞþbxðb; x; aÞ, Ea a Aa, b a A

b
, x a Ax, y a Ay. As ½La;Lb� ¼

LaLb � ð�1ÞabLbLa and ½Ra;Rb� ¼ RaRb � ð�1ÞabRbRa, for all a a Aa, b a A
b
,

then (iv) is a consequence of (i), (ii) and (iii), finishing the proof. r

Proposition 3.3. If a a
�
NaltðAÞ

�
a
and b a

�
NaltðAÞ

�
b
then ½a; b� a

�
NaltðAÞ

�
aþb

.

Proof. Consider a a
�
NaltðAÞ

�
a
and b a

�
NaltðAÞ

�
b
. From Lemma 3.2(iv) we

know that L½a;b� ¼ ½La;Lb� þ 2½Ra;Lb� and R½a;b� ¼ �½Ra;Rb� � 2½La;Rb�. More-

over, by (3.1) we have that ðLa;Ta;�LaÞ, ðLb;Tb;�LbÞ, ðRa;�Ra;TaÞ, and

ðRb;�Rb;TbÞ a TsderðAÞ. Consequently ðL½a;b�; ½Ta;Tb� þ 2½�Ra;Tb�; ½La;Lb� þ
2½Ta;�Lb�Þ and ðR½a;b�;�½Ra;Rb� þ 2½Ta;Rb�;�½Ta;Tb� þ 2½La;Tb�Þ are ternary

superderivation of A. As

�L½a;b� ¼ �½La;Lb� � 2½Ra;Lb� ¼ ½La;Lb� þ 2½Ta;�Lb�;
�R½a;b� ¼ ½Ra;Rb� þ 2½La;Rb� ¼ �½Ra;Rb� þ 2½Ta;Rb�;

and

T½a;b� ¼ ½La;Lb� � ½Ra;Rb� ¼ ½Ta;Tb� þ 2½�Ra;Tb� ¼ �½Ta;Tb� þ 2½La;Tb�;

we conclude that ðL½a;b�;T½a;b�;�L½a;b�Þ and ðR½a;b�;�R½a;b�;T½a;b�Þ a TsderðAÞ, and
so ½a; b� a

�
NaltðAÞ

�
aþb

as desired. r
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Using the relation between a superalgebra A and its Grassmann enveloping

algebra GðAÞ, the next result shows that NaltðAÞ� is a Malcev superalgebra.

Proposition 3.4. If A is a superalgebra then G
�
NaltðAÞ

�
¼ Nalt

�
GðAÞ

�
. Further-

more, NaltðAÞ� is a Malcev superalgebra.

Proof. Let xn ea a Nalt

�
GðAÞ

�
. Let us assume that xn ea a Ax nLðVÞx. For

yn eb a Ay nLðVÞy and zn eg a Az nLðVÞz we have

ðan ea; xn eb; yn egÞ ¼ �ðxn eb; an ea; yn egÞ ¼ ðxn eb; yn eg; an eaÞ
() ða; x; yÞn ðeaebegÞ ¼ �ðx; a; yÞn ðebeaegÞ ¼ ðx; y; aÞn ðebegeaÞ

() ða; x; yÞn ðeaebegÞ ¼ �ð�1Þaxðx; a; yÞn ðeaebegÞ

¼ ð�1ÞaðxþyÞðx; y; aÞn ðeaebegÞ;

so an ea a G
�
NaltðAÞ

�
, because ða; x; yÞ ¼ �ð�1Þaxðx; a; yÞ ¼ ð�1ÞaðxþyÞðx; y; aÞ,

for x a Ax and y a Ay, which means that a a NaltðAÞ, showing the equality of

the sets. It is proved that the generalized alternative nucleus NaltðAÞ, of an arbi-

trary algebra A, is a Malcev algebra when endowed with the commutator product

½x; y� ¼ xy� yx, for elements x; y a A, where the initial multiplication in A is de-

fined by juxtaposition (see [2], [3]). As G
�
NaltðAÞ

�
¼ Nalt

�
GðAÞ

�
and Nalt

�
GðAÞ

�
is a Malcev superalgebra endowed with the commutator product

½xn ea; yn eb� ¼ xyn eaeb � yxn ebea ¼ fxy� ð�1Þxyyxgn eaeb;

we infer that G
�
NaltðAÞ

��
is a Malcev algebra, consequently NaltðAÞ� is a Malcev

superalgebra when endowed with the super-commutator ½x; y� ¼ xy� ð�1Þxyyx,
for homogeneous elements x a Ax, y a Ay, as desired. r

4. Enveloping superalgebra of a Malcev superalgebra

In this section an enveloping superalgebra of a Malcev superalgebra is presented

and some of its properties are studied.

Definition 4.1. Let M be a Malcev superalgebra. A universal enveloping super-

algebra of M is a pair ðU ; iÞ, where U is a unital superalgebra and i : M ! U� is

a Malcev homomorphism, with the image of M inside the generalized alternative

nucleus NaltðUÞ, satisfying the following condition: for any unital superalgebra A

and any Malcev homomorphism j : M ! A�, with the image of M inside the

alternative nucleus NaltðAÞ, there exists a unique superalgebra homomorphism
~jj : U ! A of degree 0 such that ~jjð1Þ ¼ 1 and j ¼ ~jj � i.
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Next we will construct the universal enveloping superalgebra of a Malcev

superalgebra ðM ¼ M0aM1; ½ ; �Þ over a commutative and associative ring K

with 1
2 ;

1
3 a K, which is a free module over K. We consider the nonassociative

Z-graded tensor algebra of M,

~TTðMÞ ¼ 0
n AZ

~TT nðMÞ;

where ~TT nðMÞ ¼ f0g if n < 0, ~TT 0ðMÞ ¼ K, ~TT 1ðMÞ ¼ M and ~TT nðMÞ ¼
0n�1

i¼1
~TT iðMÞn ~TT n�iðMÞ if nb 2, with the multiplication xy :¼ xn y, when-

ever x; y a ~TTðMÞ. For example, ~TT 3ðMÞ ¼
�
~TT 1ðMÞn

�
~TT 1ðMÞn ~TT 1ðMÞ

��
a��

~TT 1ðMÞn ~TT 1ðMÞ
�
n ~TT 1ðMÞ

�
, where the two summands are di¤erent, meaning

that, in general xðyzÞA ðxyÞz, for x; y; z a M. We also have that ~TTðMÞ is a

superalgebra where the Z2-gradation of it is induced by the Z2-gradation of M

and is defined by

~TTðMÞ ¼
�
0
nb0

~TT nðMÞ0
�
a

�
0
nb0

~TT nðMÞ1
�
;

where ~TT nðMÞg ¼ 0n�1

i¼1 0aþb¼g

�
~TT iðMÞa n ~TT n�iðMÞb

�
, for g a Z2. Consider the

Z2-graded ideal I in ~TTðMÞ generated by the set of all homogeneous elements

ab� ð�1Þabba� ½a; b�; ða; x; yÞ þ ð�1Þaxðx; a; yÞ; ða; x; yÞ � ð�1ÞaðxþyÞðx; y; aÞ;

with a a Ma, b a M
b
, x a ~TTðMÞx, y a ~TTðMÞy. The quotient algebra UðMÞ ¼

~TTðMÞ=I is a superalgebra with the natural Z2-gradation induced by the

graded ideal I , with the usual multiplication ðxþ IÞðyþ IÞ ¼ xyþ I , for every

x; y a ~TTðMÞ. Consider the map i : M ! ~TTðMÞ ! UðMÞ given by iðaÞ ¼ aþ I ,

for all a a M, composition of the canonical injection with the quotient map.

Proposition 4.2. The pair
�
UðMÞ; i

�
is a universal enveloping superalgebra of M.

Moreover, M is isomorphic to a subalgebra of NaltðAÞ�, for some superalgebra A,

if and only if the map i is injective.

Proof. Let a a Ma. As for all x a ~TTðMÞx, y a ~TTðMÞy, ða; x; yÞ þ ð�1Þaxðx; a; yÞ
and ða; x; yÞ � ð�1ÞaðxþyÞðx; y; aÞ belong to IðMÞ then iðaÞ is contained in general-

ized alternative nucleus of UðMÞ. The assertion ab� ð�1Þabba� ½a; b� a IðMÞ,
for every a a Ma, b a M

b
, ensures that i : M ! Nalt

�
UðMÞ

��
is a Malcev homo-

morphism.

Now we take care about the universal property. Let A be an unital super-

algebra and j : M ! A� a Malcev homomorphism, with the image of M inside

the generalized alternative nucleus NaltðAÞ. We have to prove that there exists

264 E. Barreiro



a unique superalgebra homomorphism ~jj : UðMÞ ! A such that ~jjð1Þ ¼ 1 and

j ¼ ~jj � i. Taking in account the universal property of the tensor algebra, there

exists a unique superalgebra homomorphism j : ~TTðMÞ ! A of degree 0 verify-

ing jðxÞ ¼ jðxÞ, whenever x a M. Since j is a Malcev homomorphism and

jðaÞ a NaltðAÞ, for all a a Ma, we infer that I JKer j. Consequently, there

exists a superalgebra homomorphism ~jj : UðMÞ ! A of degree 0, such that
~jj
�
iðxÞ

�
¼ jðxÞ, with x a M. Since UðMÞ is generated by K and iðMÞ, then we

guarantee that ~jj is unique, as desired. r

It is our goal to find a basis of the vector space UðMÞ for a Malcev super-

algebra M. Let fai : i a Lg be a basis of M ¼ M0aM1 indexed by the totally

ordered set L ¼ L0AL1 verifying the conditions: fai : i a Lag is a basis of Ma

(a ¼ 0; 1) and ip < iq if ip a L0, iq a L1. Take

W ¼ fði1; . . . ; inÞ : nb 0; i1; . . . ; in a L with i1a � � �a in and ip < ipþ1 if aip a M1g:

To simplify, if I ¼ ði1; . . . ; inÞ a W we will abbreviate iðaI Þ ¼ iðai1Þ
�
iðai2Þ ��

. . .
�
iðain�1

ÞiðainÞ
�
. . .

��
. If n ¼ 0 then I ¼ j and we use the convention that

iðaI Þ ¼ 1. We will denote by jI j the size n of I and I 0 ¼ ði2; . . . ; inÞ if jI jb 1.

Theorem 4.3. The set fiðaI Þ : I a Wg is a basis of the vector space UðMÞ.

The proof of Theorem 4.3 is very laborious, so we will do it in a staged manner

and it will take the rest of the paper. First we are going to prove that UðMÞ is
spanned by the set fiðaI Þ : I a Wg and in next section we will take care about the

linear independence.

Proposition 4.4. UðMÞ is spanned by the monomials fiðaI Þ : I a Wg.

Proof. Denote by U the vector space spanned by fiðaI Þ : I a Wg and Un an auxil-

iary vector space spanned by fiðaI Þ : I a W and jI ja ng. As UðMÞ is generated
by iðMÞ and iðMÞHU , it remains to show that U is a subalgebra of UðMÞ. We

shall prove the proposition by induction on n. Let us assume that iðaÞUn�1 JUn

and ½Un�1; iðaÞ�JUn�1. For a a M and I a W such that jI j ¼ n, we have

½iðaI Þ; iðaÞ� ¼ ½iðai1ÞiðaI 0 Þ; iðaÞ� ¼ ð�1ÞiðaÞiðaI 0 Þ½iðai1Þ; iðaÞ�iðaI 0 Þ þ iðai1Þ½iðaI 0 Þ; iðaÞ�

þ
�
iðai1Þ; iðaI 0 Þ; iðaÞ

�
� ð�1ÞiðaÞiðaI 0 Þ

�
iðai1Þ; iðaÞ; iðaI 0 Þ

�
þ ð�1ÞiðaÞðiðai1 ÞþiðaI 0 ÞÞ

�
iðaÞ; iðai1Þ; iðaI 0 Þ

�
¼ ð�1ÞiðaÞiðaI 0 Þ½iðai1Þ; iðaÞ�iðaI 0 Þ þ iðai1Þ½iðaI 0 Þ; iðaÞ� þ 3

�
iðai1Þ; iðaI 0 Þ; iðaÞ

�
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¼ ð�1ÞiðaÞiðaI 0 Þ ½iðai1Þ; iðaÞ�iðaI 0 Þ|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
Un

þ iðai1Þ½iðaI 0 Þ; iðaÞ�|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
Un

þ 1

2

�
½½iðai1Þ; iðaI 0 Þ�; iðaÞ�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Un�1

�ð�1ÞiðaÞiðaI 0 Þ ½½iðai1Þ; iðaÞ�; iðaI 0 Þ�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Un�1

� ½iðai1Þ; ½iðaI 0 Þ; iðaÞ��|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Un�1

	
a Un;

because iðaÞ; iðai1Þ a Nalt

�
UðMÞ

�
and we use the two following assertions:

½xy; z� � ð�1Þyz½x; z�y� x½y; z� ¼ ðx; y; zÞ � ð�1Þyzðx; z; yÞ þ ð�1ÞzðxþyÞðz; x; yÞ

and

½½x; y�; z� � ð�1Þyz½½x; z�; y� � ½x; ½y; z��

¼ ðx; y; zÞ � ð�1Þyzðx; z; yÞ þ ð�1ÞzðxþyÞðz; x; yÞ

� ð�1Þxyðy; x; zÞ þ ð�1ÞxðyþzÞðy; z; xÞ � ð�1ÞxðyþzÞþyzðz; y; xÞ ð4:1Þ

holding in any superalgebra, where x, y and z are homogeneous elements. In con-

clusion, we obtain ½Un; iðaÞ�JUn. Now we take care about the other condition.

For ai0 a M we have

iðai0ÞiðaI Þ ¼ iðai0Þ
�
iðai1ÞiðaI 0 Þ

�
¼

�
iðai0Þiðai1Þ

�
iðaI 0 Þ �

�
iðai0Þ; iðai1Þ; iðaI 0 Þ

�
¼ ð�1Þiðai0 Þiðai1 Þ

�
iðai1Þiðai0Þ

�
iðaI 0 Þ þ ½iðai0Þ; iðai1Þ�iðaI 0 Þ

þ ð�1Þiðai1 ÞiðaI 0 Þ
�
iðai0Þ; iðaI 0 Þ; iðai1Þ

�
C ð�1Þiðai0 Þiðai1 Þiðai1Þ

�
iðai0ÞiðaI 0 Þ

�
þ 2ð�1Þiðai1 ÞiðaI 0 Þ

�
iðai0Þ; iðaI 0 Þ; iðai1Þ

�
modUn

C ð�1Þiðai0 Þiðai1 Þiðai1Þ
�
iðai0ÞiðaI 0 Þ

�
þ 1

3
ð�1Þiðai1 ÞiðaI 0 Þ

n
½½iðai0Þ; iðaI 0 Þ�; iðai1Þ�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Un�1

� ð�1Þiðai1 ÞiðaI 0 Þ ½½iðai0Þ; iðai1Þ�; iðaI 0 Þ�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Un�1

� ½iðai0Þ; ½iðaI 0 Þ; iðai1Þ��|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Un�1

o
modUn

C ð�1Þiðai0 Þiðai1 Þiðai1Þ
�
iðai0ÞiðaI 0 Þ

�
modUn
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where we take in account that iðai0Þ; iðai1Þ a Nalt

�
UðMÞ

�
and (4.1). Hence

iðaÞUn JUnþ1. By induction we proved that ½Un; iðaÞ�JUn and iðaÞUn JUnþ1,

for all n. From UniðaÞJ iðaÞUn þ ½iðaÞ;Un�JUnþ1 þUn JUnþ1 we also have

UniðaÞJUnþ1. Therefore iðaÞU þU iðaÞJU . We shall proceed by induction

again. Let us now suppose that iðaI ÞU JU , for I a W with jI j < n. Take I a W

with jI j ¼ n and x a U , we have

iðaI Þx ¼
�
iðai1ÞiðaI 0 Þ

�
x ¼ iðai1Þ

�
iðaI 0 Þx

�
þ
�
iðai1Þ; iðaI 0 Þ; x

�
¼ iðai1Þ

�
iðaI 0 Þx

�
þ ð�1Þiðai1 ÞðiðaI 0 ÞþxÞ�iðaI 0 Þ; x; iðai1Þ

�
¼ iðai1Þ

�
iðaI 0 Þx

�
|fflfflfflfflffl{zfflfflfflfflffl}

U

þð�1Þiðai1 ÞðiðaI 0 ÞþxÞ �
iðaI 0 Þx

�
|fflfflfflfflffl{zfflfflfflfflffl}

U

iðai1Þ

� ð�1Þiðai1 ÞðiðaI 0 ÞþxÞ
iðaI 0 Þ

�
xiðai1Þ

�
|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

U

JU

which guarantees that iðaÞU JU for jI j ¼ n. Hence U is a subalgebra and con-

sequently UðMÞ ¼ U . r

Now we show that the universal enveloping superalgebra of a Malcev super-

algebra generalizes the classical notion of the universal enveloping of a Lie super-

algebra (see [4]).

Corollary 4.5. If M is a Lie superalgebra then UðMÞ and the universal enveloping

superalgebra of M as Lie superalgebra are isomorphic.

Proof. Consider ðU ; yÞ the universal enveloping superalgebra of M as Lie

superalgebra. Since U is associative, by universal property of
�
UðMÞ; i

�
there

exists an epimorphism of superalgebras c : UðMÞ ! U such that c
�
iðaÞ

�
¼ yðaÞ,

for a a M. Since UðMÞ is spanned by the monomials fiðaI Þ : I a Wg, and this

generator set is mapped into a basis of U , the epimorphism c : UðMÞ ! U is an

isomorphism. r

5. Linear independence of {i(aI ) : I a W}

This section is devoted to ensure the linear independence of the monomials

fiðaI Þ : I a Wg. To obtain our goal we use the relation between Malcev super-

algebras and Lie super-triple system.

We recall that a Lie super-triple system is a Z2-graded vector space V equipped

with a trilinear product ½ ; ; � : V � V � V ! V satisfying the following conditions:

Ea a Va, b a V
b
, c a Vc, u a Vu, v a Vv
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(i) ½a; b; c�C ðaþ bþ cÞ mod 2;

(ii) ½a; b; c� ¼ �ð�1Þab½b; a; c�;
(iii) ð�1Þac½a; b; c� þ ð�1Þab½b; c; a� þ ð�1Þbc½c; a; b� ¼ 0;

(iv) ½u; v; ½a; b; c�� ¼ ½½u; v; a�; b; c� þ ð�1ÞaðuþvÞ½a; ½u; v; b�; c� þ
ð�1ÞðaþbÞðuþvÞ½a; b; ½u; v; c��:

Given a Malcev superalgebra ðM ¼ M0aM1; ½ ; �Þ we can construct the Lie

super-triple system with underlying Z2-graded vector space M endowed with the

trilinear product MnMnM ! M defined by: Ea a Ma, b a M
b
, c a Mc

½a; b; c� ¼ 1

3
f2½½a; b�; c� � ð�1ÞaðbþcÞ½½b; c�; a� � ð�1ÞcðaþbÞ½½c; a�; b�g:

From the Lie super-triple system defined just above we construct a Lie super-

algebra LðM; ½ ; ; �Þ ¼ LðMÞaM, where LðMÞ is the Lie superalgebra generated

by the adjoint operators adaðxÞ ¼ ½a; x�, for a a Ma, x a Mx, with the multiplica-

tion defined in the following way: we consider in LðMÞ its own multiplication and

½j; a� ¼ jðaÞ; Ea a Ma; j a LðMÞj;

½a; b� a LðMÞ; Ea a Ma; b a M
b
; defined by ½a; b�ðxÞ ¼ ½a; b; x�; Ex a Mx:

We can easily see that the Lie superalgebra LðM; ½ ; ; �Þ possesses a Z2-gradation

with even and odd parts LðMÞ and M respectively. This superalgebra is not large

enough for our purposes, but it will help us to find the structure that we need.

We denote by LðMÞ the Lie superalgebra generated by fla; ra : a a Mag
where the degree of the generators is given by la ¼ ra ¼ a, a a Ma, satisfying the

relations

laaþbb ¼ ala þ blb; raaþbb ¼ ara þ brb;

½la; lb� ¼ l½a;b� � 2½la; rb�; ½ra; rb� ¼ �r½a;b� � 2½la; rb�;

½la; rb� ¼ ½ra; lb�; Ea a Ma; b a M
b
; a; b a K:

ð5:1Þ

Proposition 5.1. The even linear map j : LðMÞ ! LðM; ½ ; ; �Þ defined by jðlaÞ ¼
1
2 ðada þ aÞ and jðraÞ ¼ 1

2 ð�ada þ aÞ, whenever a a Ma, is an epimorphism of Lie

superalgebras.

To abbreviate we define in LðMÞ the elements

ada ¼ la � ra; Ta ¼ la þ ra;

Da;b ¼ ½la; lb� þ ½ra; rb� þ ½la; rb�
¼ ad½a;b� � 3½la; rb�; Ea a Ma; b a M

b
:

ð5:2Þ
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Proposition 5.2. The Lie superalgebra LðMÞ is provided with a Z2-gradation

LðMÞ ¼ LþaL�, where Lþ ¼ span3ada;Da;b : a a Ma; b a M
b
4 and L� ¼

span3Ta : a a Ma4. In particular, M is identified with L�.

Proof. Let a a Ma, b a M
b
. From (5.1) we obtain

½Ta;Tb� ¼ ½la; lb� þ ½ra; rb� þ 2½la; rb� ¼ ad½a;b� � 2½la; rb�: ð5:3Þ

Inserting (5.2) in (5.3) leads to

3½Ta;Tb� ¼ ad½a;b� þ 2Da;b: ð5:4Þ

Using again (5.1), we get

½ada;Tb� ¼ ½la; lb� � ½ra; rb� ¼ l½a;b� þ r½a;b� ¼ T½a;b�: ð5:5Þ

Adding (5.1) to (5.2), it follows that

½ada; adb� ¼ ½la; lb� þ ½ra; rb� � 2½la; rb�
¼ ad½a;b� � 6½la; rb� ¼ �ad½a;b� þ 2Da;b; ð5:6Þ

so 2Da;b ¼ ad½a;b� þ ½ada; adb�. Using this last relation, (5.5), super-Jacobi identity,

and linearity condition Taaþbb ¼ aTa þ bTb, Ea a Ma, b a M
b
, a; b a K, we get

2½Da;b;Tc� ¼ ½ad½a;b� þ ½ada; adb�;Tc�

¼ ½ad½a;b�;Tc� � ð�1ÞaðbþcÞ½½adb;Tc�; ada� � ð�1ÞcðaþbÞ½½Tc; ada�; adb�

¼ T½½a;b�; c� þ T½a; ½b; c�� þ ð�1ÞbcT½½a; c�;b�

¼ T
½½a;b�; c�þð�1Þbc½½a; c�;b�þ½a; ½b; c��

: ð5:7Þ

For a a Ma, b a M
b
, we define the linear map Da;b : M ! M by

Da;bðcÞ ¼
1

2
f½½a; b�; c� þ ð�1Þbc½½a; c�; b� þ ½a; ½b; c��g; Ec a Mc: ð5:8Þ

So (5.7) may be written as

½Da;b;Tc� ¼ T
ð1=2Þf½½a;b�; c�þð�1Þbc½½a; c�;b�þ½a; ½b; c��g

¼ TDa; bðcÞ: ð5:9Þ

Combine (5.4), (5.5), (5.6), super-Jacobi identity, and linearity condition

adaaþbb ¼ a ada þ b adb, Ea a Ma, b a M
b
, a; b a K, we get
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2½Da;b; adc� ¼ ½3½Ta;Tb� � ad½a;b�; adc�

¼ �3ð�1ÞaðbþcÞ½½Tb; adc�;Ta� � 3ð�1ÞcðaþbÞ½½adc;Ta�;Tb� � ½ad½a;b�; adc�

¼ 3ð�1Þbc½T½a; c�;Tb� þ 3½Ta;T½b; c�� þ ad½½a;b�; c� � 2D½a;b�; c

¼ ad
½½a;b�; c�þð�1Þbc½½a; c�;b�þ½a; ½b; c��

þ 2fDa; ½b; c� þ ð�1ÞaðbþcÞ
Db; ½c;a� þ ð�1ÞcðaþbÞ

Dc; ½a;b�g;

and so

2½Da;b; adc� ¼ 2 adDa; bðcÞ

þ 2fDa; ½b; c� þ ð�1ÞaðbþcÞ
Db; ½c;a� þ ð�1ÞcðaþbÞ

Dc; ½a;b�g: ð5:10Þ

We shall prove that in a Malcev superalgebra M (with a a Ma, b a M
b
) the

linear map Da;b : M ! M is a homogeneous superderivation of degree aþ b.

Now, we show that

2Da;bðcÞ ¼ 2½½a; b�; c� � SJða; b; cÞ; ð5:11Þ

where SJða; b; cÞ is the superjacobian of the homogeneous elements a, b, and c.

Indeed,

2½½a; b�; c� � SJða; b; cÞ ¼ ½½a; b�; c� � ð�1ÞaðbþcÞ½½b; c�; a� � ð�1ÞcðaþbÞ½½c; a�; b�

¼ ½½a; b�; c� þ ð�1Þbc½½a; c�; b� þ ½a; ½b; c�� ¼ 2Da;bðcÞ:

By (5.11) and the super-skewsymmetry of the superjacobian

2fDa;bðcÞ þ ð�1ÞaðbþcÞ
Db; cðaÞ þ ð�1ÞcðaþbÞ

Dc;aðbÞg

¼ 2f½½a; b�; c� þ ð�1ÞaðbþcÞ½½b; c�; a� þ ð�1ÞcðaþbÞ½½c; a�; b�g

� SJða; b; cÞ � ð�1ÞaðbþcÞ
SJðb; c; aÞ � ð�1ÞcðaþbÞ

SJðc; a; bÞ
¼ �SJða; b; cÞ: ð5:12Þ

We are going to prove that Da; ½b; c� þ ð�1ÞaðbþcÞ
Db; ½c;a� þ ð�1ÞcðaþbÞ

Dc; ½a;b� ¼ 0. As

LðMÞ is a Lie superalgebra then SJðada; adb; adcÞ ¼ 0. On the other hand, from

(5.6), (5.10), (5.12), as Db;a ¼ �ð�1ÞabDa;b and adaaþbb ¼ a ada þ b adb, Ea a Ma,

b a M
b
, a; b a K,
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SJðada; adb; adcÞ ¼ ½�ad½a;b� þ 2Da;b; adc�

þ ð�1ÞaðbþcÞ½�ad½b; c� þ 2Db; c; ada�

þ ð�1ÞcðaþbÞ½�ad½c;a� þ 2Dc;a; adb�
¼ adSJða;b; cÞ þ 2fad

Da; bðcÞþð�1ÞaðbþcÞDb; cðaÞþð�1ÞcðaþbÞDc; aðbÞ
g

þ 8fDa; ½b; c� þ ð�1ÞaðbþcÞ
Db; ½c;a� þ ð�1ÞcðaþbÞ

Dc; ½a;b�g:

Thus Da; ½b; c� þ ð�1ÞaðbþcÞ
Db; ½c;a� þ ð�1ÞcðaþbÞ

Dc; ½a;b� ¼ 0 which simplifies expres-

sion (5.10) as

½Da;b; adc� ¼ adDa; bðcÞ: ð5:13Þ

By (5.6), (5.13), super-Jacobi identity, adaaþbb ¼ a ada þ b adb, Ea a Ma, b a M
b
,

a; b a K,

2½Da;b;Dc;d � ¼ ½Da;b; ½adc; add �� þ ½Da;b; ad½c;d��

¼ ð�1ÞcðaþbÞ½adc; adDa; bðdÞ� � ð�1ÞdðaþbþcÞ½add ; adDa; bðcÞ� þ adDa; bð½c;d�Þ

¼ ad
Da; bð½c;d�Þ�½Da; bðcÞ;d��ð�1ÞcðaþbÞ½c;Da; bðdÞ�

þ 2fDDa; bðcÞ;d þ ð�1ÞcðaþbÞ
Dc;Da; bðdÞg:

As Da;b is a homogeneous superderivation of degree aþ b, then

½Da;b;Dc;d � ¼ DDa; bðcÞ;d þ ð�1ÞcðaþbÞ
Dc;Da; bðdÞ: r

Now let TðMÞ be the classical Z-graded associative tensor algebra of the

Malcev superalgebra M,

TðMÞ ¼ 0
n AZ

T nðMÞ;

where T nðMÞ ¼ f0g if n < 0, T 0ðMÞ ¼ K and T nðMÞ ¼ MnMn � � �nM

(n times) if n > 0. The Z2-gradation of M induces a Z2-gradation of TðMÞ in

a way that the canonical injection M ! TðMÞ is an even linear map and TðMÞ
is a superalgebra with gradation

TðMÞa ¼ 0
n AZ

�
0

a1þ���þan¼a

Ma1 n � � �nMan

�
;
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for a a Z2. Let J be the Z2-graded ideal of TðMÞ generated by the homogeneous

elements

ab� ð�1Þabba; Ea a Ma; b a M
b
:

The quotient algebra SðMÞ ¼ TðMÞ=J which is a superalgebra with the natural

Z2-gradation induced by the graded ideal J, is called the supersymmetric super-

algebra of M. As M can be identified with L� (by Proposition 5.2) we also

identify the supersymmetric tensor superalgebra SðMÞ on M with SðL�Þ. Using

the Z2-gradation on LðMÞ we define an LðMÞ-module structure on SðMÞ.
Let us consider a Lie superalgebra L ¼ L0aL1 endowed with a Z2-gradation

L ¼ LþaL� being Lþ the even part and L� the odd part, its universal

enveloping superalgebra UðLÞ, the left ideal K of UðLÞ generated by Lþ,
K ¼ UðLÞLþ, and the L-module UðLÞ=K . Consider a basis fxi : i a L�g
of L� such that L� ¼ ðL�Þ0a ðL�Þ1 and let a be an order in L� verifying

fxi : i a ðL�Þag is a basis of ðL�Þa, for a ¼ 0; 1, and ip < iq if ip a ðL�Þ0 and

iq a ðL�Þ1. Applying Poincaré–Birkho¤–Witt Theorem we have a basis of

UðLÞ=K defined by:

fxi1 . . . xin þ K : nb0; i1; . . . ; in a L� with i1a � � �a in and ip < ipþ1 if xip a ðL�Þ1g:

If n ¼ 0 we have xi1 . . . xin ¼ 1 by convention. Taking in account the basis of

SðL�Þ defined by

fxi1 . . . xin : nb 0; i1; . . . ; in a L� with i1a � � �a in and ip < ipþ1 if xip a ðL�Þ1g

we have an even linear isomorphism y : SðL�Þ ! UðLÞ=K defined by

xi1 . . . xin 7! xi1 . . . xin þ K :

We can construct an L-module of SðL�Þ by pull backing the L-module structure

of UðLÞ=K by means of y in the following way: for l a L and x a SðL�Þ we de-
fine l � x ¼ y�1

�
lyðxÞ

�
, where lyðxÞ is the action of L in UðLÞ=K . Let us take

the natural gradation on SðL�Þ ¼ 0l
i¼0

SðL�Þ i. Associated to this gradation we

have the filtration SðL�Þ ¼ 6l
n¼0 SðL�Þn, where SðL�Þn ¼ 0n

i¼0 SðL�Þ i. Next

lemma shows us how L acts in the components of the filtration of SðL�Þ.

Lemma 5.3. We have the following assertions:

(i) Lþ � SðL�Þn JSðL�Þn and L� � SðL�Þn JSðL�Þnþ1;

(ii) If i1a � � �a ik a � � �a inþ1 and xik a ðL�Þxik therefore

xik � ðxi1 . . . x̂xik . . . xinþ1
ÞC ð�1Þxik ðxi1þ���þxinþ1

Þ
xi1 . . . xinþ1

modSðL�Þn�1;

where ‘‘x̂xik ’’ means that we omit this factor.
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Proof. We use induction in n to show (i). Taking xik a ðL�Þxik , with

i1a � � �a ik a � � �a inþ1, we have

y
�
xik � ðxi1 . . . x̂xik . . . xinþ1

Þ
�
¼ xikðxi1 . . . x̂xik . . . xinþ1

þ KÞ
¼ xikxi1 . . . x̂xik . . . xinþ1

þ K

¼ ð½xik ; xi1 � . . . x̂xik . . . xinþ1
þ KÞ

þ
�
ð�1Þxik xi1xi1xikxi2 . . . x̂xik . . . xinþ1

þ K
�
:

Since ½xik ; xi1 � a Lþ we can apply the hypothesis to conclude that the first term

of the sum is in y
�
SðL�Þn�1

�
. Repeating the process we obtain L� � SðL�Þn J

SðL�Þnþ1. Now, we show the former inclusion in (i). For arbitrary lþ a Lþ
and xi1 . . . xin a SðL�Þn we infer that

y
�
lþ � ðxi1 . . . xinÞ

�
¼ lþðxi1 . . . xinÞ þ K ¼ ½lþ; xi1 . . . xin � þ K

¼
Xn

j¼1

ð�1Þlþðxi1þ���þxij�1
Þ
xi1 . . . ½lþ; xij � . . . xin þ K ;

because ðxi1 . . . xinÞlþ is in the left ideal K generated by Lþ. The Z2-gradation

L ¼ LþaL� yields ½lþ; xij � a L�, hence any term of the sum is in y
�
SðL�Þn

�
,

as required. r

We note that the pair l 0
a ¼ Ta, r

0
a ¼ �ra, as well the pair l 00

a ¼ �la, r
00
a ¼ Ta,

satisfies relations (5.1) defining LðMÞ. We can define two endomorphisms

x; h : LðMÞ ! LðMÞ by xðlaÞ ¼ Ta, xðraÞ ¼ �ra and hðlaÞ ¼ �la, hðraÞ ¼ Ta,

for a a Ma, respectively, which are automorphisms because x2 ¼ h2 ¼ idLðMÞ.
Consider an LðMÞ-module SðMÞ and an automorphism e of SðMÞ. We define

the twisted LðMÞ-module SðMÞe in the following way: for all l a LðMÞ and

x a SðMÞ we have lx :¼ eðlÞ � x. In particular, using the automorphism z and h

referred before, we define the LðMÞ-modules SðMÞx and SðMÞh, respectively.

Proposition 5.4. If there exists an LðMÞ-module homomorphism � : SðMÞx n
SðMÞh ! SðMÞ verifying
(i) a � x ¼ 2la � x and x � a ¼ 2ð�1Þaxra � x, with a a Ma, x a SðMÞx,
(ii) 1 � x ¼ x � 1 ¼ x, for x a SðMÞ,

then Theorem 4.3 is true.

Proof. Let us assume that SðMÞ is an algebra with multiplication �. From (i) and

since � is an LðMÞ-module homomorphism, we infer that for a a Ma, x a SðMÞx,
y a SðMÞy
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a � ðx � yÞ ¼ 2la � ðx � yÞ ¼ 2
�
xðlaÞ � x

�
� yþ 2ð�1Þaxx �

�
hðlaÞ � y

�
¼ 2ðTa � xÞ � y� 2ð�1Þaxx � ðla � yÞ:

We also have,

ða � xÞ � yþ ð�1Þaxðx � aÞ � y� ð�1Þaxx � ða � yÞ

¼ ð2la � xÞ � yþ ð2ra � xÞ � y� ð�1Þaxx � ð2la � yÞ

¼ 2ðTa � xÞ � y� 2ð�1Þaxx � ðla � yÞ;

thus ðx; a; yÞ ¼ �ð�1Þaxða; x; yÞ. Similar, we observe that

ðx � yÞ � a ¼ 2ð�1ÞaðxþyÞra � ðx � yÞ

¼ 2ð�1ÞaðxþyÞ�xðraÞ � x� � yþ 2ð�1Þayx �
�
hðraÞ � y

�
¼ �2ð�1ÞaðxþyÞðra � xÞ � yþ 2ð�1Þayx � ðTa � yÞ:

We also get,

x � ðy � aÞ � ð�1Þayðx � aÞ � yþ ð�1Þayx � ða � yÞ

¼ ð�1Þayx � ð2ra � yÞ � ð�1ÞaðxþyÞð2ra � xÞ � yþ ð�1Þayx � ð2la � yÞ

¼ �2ð�1ÞaðxþyÞðra � xÞ � yþ 2ð�1Þayx � ðTa � yÞ;

hence ðx; y; aÞ ¼ �ð�1Þayðx; a; yÞ, we conclude that MJNalt

��
SðMÞ; �

��
. Con-

sider the basis fai : i a Lg of M. Since Ta þ ada ¼ 2la, Ea a Ma, we obtain that

ai1 � ðai2 . . . ainÞ ¼ 2lai1 � ðai2 . . . ainÞ ¼ Tai1
� ðai2 . . . ainÞ þ adai1 � ðai2 . . . ainÞ

C ai1 . . . ain modSðMÞn�1;

because adai1 � ðai2 . . . ainÞ a Lþ � SðMÞn�1 JSðMÞn�1 (from Lemma 5.3). Re-

peating this argument we get that

ai1 �
�
ai2 �

�
. . . ðain�1

� ainÞ
��

C ai1 . . . ain modSðMÞn�1;

consequently, 

ai1 �

�
ai2 �

�
. . . ðain�1

� ainÞ
��

: ði1; . . . ; inÞ a W
�

ð5:14Þ

is a basis of SðMÞ. From the universal property of the enveloping algebra�
UðMÞ; i

�
, there exists a superalgebra homomorphism UðMÞ !

�
SðMÞ; �

�
of

degree 0 which send a linear generator set fiðaI Þ : I a Wg of UðMÞ onto a basis

(5.14) of SðMÞ, therefore it is indeed an isomorphism. r
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Now, it is our task to define a product � in SðMÞ satisfying the conditions of

Proposition 5.4. Using an argument similar to the one used in proof just above,

we show that given aI ¼ ai1 . . . ain in SðMÞ we get that rI ¼ aI � 2lai1 � aI 0 a
SðMÞjI j�1 and rI ¼ aI . We define recursively the product � in SðMÞ in the follow-

ing way: set that 1 � x ¼ x, for x a SðMÞ. Assuming by hypothesis that aJ � x is

given for jJj < jI j we define, by induction, that

aI � x ¼ 2Tai1
� ðaI 0 � xÞ � 2ð�1Þai1aI 0aI 0 � ðrai1 � xÞ þ rI � x: ð5:15Þ

Proposition 5.5. Given l a LðMÞ
l
, x a SðMÞx and y a SðMÞy it is verified that

l � ðx � yÞ ¼
�
xðlÞ � x

�
� yþ ð�1Þlxx �

�
hðlÞ � y

�
:

Proof. We shall prove that l � ðaI � xÞ ¼
�
xðlÞ � aI

�
� xþ ð�1ÞlaI aI �

�
hðlÞ � x

�
by induction on the size jI j of I . If jI j ¼ 0, this is aI ¼ 1, we have to ensure

that l � x ¼
�
xðlÞ � 1

�
� xþ hðlÞ � x. For l ¼ Dþ la þ rb, with D ¼ SiaiDai ;bi

(ai a K), we get

l� hðlÞ ¼ Dþ la þ rb � hðDÞ þ la � Tb ¼ 2la � lb ¼ l2a�b:

Since Da;b is a derivation then Da;b � 1 ¼ 0. As la � 1 ¼ ra � 1 ¼ 1
2 a and Ta � 1 ¼ a

then xðlÞ � 1 ¼ xðDþ la þ rbÞ � 1 ¼ ðDþ Ta � rbÞ � 1 ¼ a� 1
2 b. Therefore

�
xðlÞ � 1

�
� x ¼ 2la�ð1=2Þb � x ¼ l2a�b � x ¼

�
l� hðlÞ

�
� x;

the required formula.

Relatively to the induction step, first we will show that we can reduce our study

just to the case that l ¼ Tai0
, for a suitable ai0 . Indeed, using definitions, applying

the hypothesis and doing some calculations we have that

l � ðaI � xÞ �
�
xðlÞ � aI

�
� x� ð�1ÞlaI aI �

�
hðlÞ � x

�
¼def l � f2Tai1

� ðaI 0 � xÞ � 2ð�1Þai1aI 0aI 0 � ðrai1 � xÞ þ rI � xg

� fxðlÞ � ð2lai1 � aI 0 þ rI Þg � x� 2ð�1ÞlaI Tai1
�
�
aI 0 �

�
hðlÞ � x

��
þ 2ð�1ÞlaIþai1aI 0aI 0 �

�
rai1

hðlÞ � x
�
� ð�1ÞlaI rI �

�
hðlÞ � x

�
¼hyp 2lTai1

� ðaI 0 � xÞ � 2ð�1Þai1aI 0l �
�
aI 0 � ðrai1 � xÞ

�
� 2

�
xðlÞlai1 � aI 0

�
� x

� 2ð�1ÞlaI Tai1
�
�
aI 0 �

�
hðlÞ � x

��
þ 2ð�1ÞlaIþai1aI 0aI 0 �

�
rai1

hðlÞ � x
�

¼ 2½l;Tai1
� � ðaI 0 � xÞ þ 2ð�1Þlai1Tai1

l � ðaI 0 � xÞ
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� 2ð�1Þai1aI 0l �
�
aI 0 � ðrai1 � xÞ

�
� 2

�
xðlÞlai1 � aI 0

�
� x

� 2ð�1ÞlaI Tai1
�
�
aI 0 �

�
hðlÞ � x

��
þ 2ð�1ÞlaIþai1aI 0aI 0 �

�
rai1

hðlÞ � x
�

¼hyp 2½l;Tai1
� � ðaI 0 � xÞ þ 2ð�1Þlai1Tai1

l � ðaI 0 � xÞ

� 2ð�1Þai1aI 0
�
xðlÞ � aI 0

�
� ðrai1 � xÞ � 2ð�1Þai1aI 0þlaI aI 0 �

�
hðlÞrai1 � x

�
� 2

�
xðlÞlai1 � aI 0

�
� x� 2ð�1ÞlaI Tai1

�
�
aI 0 �

�
hðlÞ � x

��
þ 2ð�1ÞlaIþai1aI 0aI 0 �

�
rai1

hðlÞ � x
�

¼hyp 2
�
½xðlÞ; lai1 � � aI 0

�
� xþ 2ð�1Þlai1Tai1

l � ðaI 0 � xÞ

� 2ð�1Þai1aI 0
�
xðlÞ � aI 0

�
� ðrai1 � xÞ � 2

�
xðlÞlai1 � aI 0

�
� x

� 2ð�1ÞlaI Tai1
�
�
aI 0 �

�
hðlÞ � x

��
¼ �2ð�1Þlai1

�
lai1 � xðlÞ � aI 0

�
� xþ 2ð�1Þlai1Tai1

l � ðaI 0 � xÞ

� 2ð�1Þai1aI 0
�
xðlÞ � aI 0

�
� ðrai1 � xÞ � 2ð�1ÞlaI Tai1

�
�
aI 0 �

�
hðlÞ � x

��
¼hyp �2ð�1Þlai1

�
lai1 � xðlÞ � aI 0

�
� xþ 2ð�1Þlai1Tai1

�
��
xðlÞ � aI 0

�
� x

�
� 2ð�1Þai1aI 0

�
xðlÞ � aI 0

�
� ðrai1 � xÞ:

On the other hand, using hypothesis with Tai1
we obtain

2ð�1Þlai1Tai1
�
��
xðlÞ � aI 0

�
� x

�
¼ 2ð�1Þlai1

�
xðTai1

Þ � xðlÞ � aI 0
�
� x

þ 2ð�1Þlai1þai1 ðlþaI 0 Þ
�
xðlÞ � aI 0

�
�
�
hðTai1

Þ � x
�

¼ 2ð�1Þlai1
�
lai1 � xðlÞ � aI 0

�
� xþ 2ð�1Þai1aI 0

�
xðlÞ � aI 0

�
� ðrai1 � xÞ;

so we may assume l ¼ Tai0
, for some ai0 . Using hypothesis of induction we can

show that we may assume that i0a i1. So, denoting aði0; IÞ ¼ ai0ai1 . . . ain , with
i0a i1a � � �a in, we have that

2ðlai0 � aI Þ � x ¼ aði0; IÞ � x� rði0; IÞ � x

¼ 2Tai0
� ðaI � xÞ � 2ð�1Þai0aI aI � ðrai0 � xÞ þ rði0; IÞ � x� rði0; IÞ � x

¼ 2Tai0
� ðaI � xÞ � 2ð�1Þai0aI aI � ðrai0 � xÞ;
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thus

Tai0
� ðaI � xÞ ¼ ðlai0 � aI Þ � xþ ð�1Þai0aI aI � ðrai0 � xÞ;

completing the proof. r

Proposition 5.6. For the product defined by (5.15) the following statements hold:

1 � x ¼ x � 1 ¼ x, a � x ¼ 2la � x and x � a ¼ 2ð�1Þaxra � x, for any a a Ma,

x a SðMÞx.

Proof. If we fix da ¼ hðadaÞ then xðdaÞ ¼ da. In fact, da ¼ hðadaÞ ¼ hðla � raÞ ¼
�la � Ta. On the other hand, xðdaÞ ¼ x

�
hðadaÞ

�
¼ xð�la � TaÞ ¼ xð�2la � raÞ

¼ �2Ta þ ra ¼ �2la � ra ¼ �la � Ta as required. As hðdaÞ ¼ ada and

ada � 1 ¼ 0, we have that

da � ðx � 1� xÞ ¼
�
xðdaÞ � x

�
� 1þ ð�1Þaxx �

�
hðdaÞ � 1

�
� da � x

¼ ðda � xÞ � 1þ ð�1Þaxx � ðada � 1Þ � da � x
¼ ðda � xÞ � 1� da � x:

More general, we infer that da1 . . . dan � ðx � 1� xÞ ¼ ðda1 . . . dan � xÞ � 1� da1 . . .

dan � x, for ai a Mai (1a ia n). Denote by S the vector space spanned by

da1 . . . dan � 1, with ai a Mai (1a ia n). Using this last condition we show that

x � 1� x ¼ 0, for all x a S. In fact

ðda1 . . . dan � 1Þ � 1� da1 . . . dan � 1 ¼ da1 . . . dan � ð1 � 1� 1Þ ¼ 0:

We will show that SðMÞ ¼ S by induction in n. Since da � 1 ¼ ð�2la � raÞ �
1 ¼ �2 1

2 a� 1
2 a ¼ � 3

2 a, then SðMÞ1ð¼ MÞJS. Let us now assume that

SðMÞn�1JS. Let aI a SðMÞn with I ¼ ði1; . . . ; inÞ. Since da ¼ �la � Ta we

have 2da ¼ �3Ta � ada, hence

da1 � aI 0 ¼ � 3

2
Ta1 �

1

2
ada1

� 

� aI 0 ¼ � 3

2
Ta1 � aI 0 � 1

2
ada1 � aI 0

¼ � 3

2
aI �

1

2
ada1|{z}
ALþ

� aI 0|{z}
ASðMÞn�1

:

By hypothesis of induction we infer that da1 � aI 0 a S, by Lemma 5.3 we get that

ada1 � aI 0 is in SðMÞn�1, consequently SðMÞn JS. Finally, we ensure the last con-

dition of the proposition (the other is similar). Since
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ra � x ¼ ra � ðx � 1Þ ¼
�
xðraÞ � x

�
� 1þ ð�1Þaxx �

�
hðraÞ � 1

�
¼ �ra � xþ ð�1Þaxx � ðTa � 1Þ ¼ �ra � xþ ð�1Þaxx � a;

therefore x � a ¼ 2ð�1Þaxra � x, as desired. r

We summarize as follows: Proposition 5.6 shows that the product � in SðMÞ
defined recursively by (5.15) satisfies the conditions of Proposition 5.4. Which

guarantees that Theorem 4.3 holds, providing the vector space UðMÞ with a

basis fiðaI Þ : I a Wg. So, the universal enveloping algebra UðMÞ has a basis of

Poincaré–Birkho¤–Witt Theorem type over the Malcev superalgebra M.
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