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Product approximations for solutions to a class of
evolution equations in Hilbert space
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Abstract. In this article we prove approximation formulae for a class of unitary evolution
operators U(Z,s); [0, 71 associated with linear non-autonomous evolution equations of
Schrodinger type defined in a Hilbert space . An important feature of the equations
we consider is that both the corresponding self-adjoint generators and their domains may
depend explicitly on time, whereas the associated quadratic form domains may not.
Furthermore the evolution operators we are interested in satisfy the equations in a weak
sense. Under such conditions the approximation formulae we prove for U(t,s) involve
weak operator limits of products of suitable approximating functions taking values in
L (A), the algebra of all linear bounded operators on #. Our results may be relevant
to the numerical analysis of U(t,s) and we illustrate them by considering two typical
examples, including one related to the theory of time-dependent singular perturbations of
self-adjoint operators.
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1. Introduction and outline

Let # be an arbitrary complex Hilbert space and let % (#) be the algebra of all
bounded linear operators defined on . Our purpose in this article is to prove
approximation formulae for the solutions to initial-value problems of the form

idl;(tt) — H(u(r), 0<s<t<T,
u(s) = v, (1)

where the H(r)’s are given self-adjoint and positive operators in #, with
T € (0,+c0) arbitrary. More specifically, assuming there exists a unitary evolu-
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tion system Up(1,5) ,cp0,71 On # that solves (1) in a suitably weak sense, we
display a large one-parameter family of functions F,: R* — Z(A#) such that
formulae of the form

T t—s
UH(tv S) = nHToo 1 FSJr(y/n)(th) (n> (2)
hold in the weak operator topology of ¥ () for all s,z € [0, T] with t > 5. We
carry this out under hypotheses that allow the explicit time dependence of the
domains of the H(¢)’s, whereas the associated quadratic form domains remain
time-independent. The conditions we impose are more general than those used
previously by various authors in the context of Schrodinger equations, who typi-
cally assume that the domains of the H(z)’s are time-independent (see for instance
[11], [21], and also [27] along with the references therein for the analysis of more
general evolution equations). They are, in fact, related to the classic results of [16]
and [22], which play a significant rdle in the sequel regarding the existence and
various properties of unitary evolution systems U(Z,s), ,c (o, 7-

An important consequence of the theorem we state below is that among all the
admissible functions F; there are the resolvent operators

Ri(7) = (1 4+ itH (1)) (3)
where [ stands for the identity in ¥ (), and the %j-unitary semigroup
Si(7) := exp[—itH(1)]. 4)

This establishes the validity of the formulae

0 -1
, t—s y
=1 II I+i—H|s+=(t—
Un(t,5) nJIJPwy, ( " (S rl(t S)>>

under very general conditions. Furthermore, formulae such as (2) with the largest
possible class of F,’s are also very useful in view of many applications since they
constitute the theoretical basis of numerical algorithms intended to compute solu-
tions to various differential problems, a theme thoroughly discussed in [6]. In par-
ticular, the resolvent approximation in (5) is typically related to the so-called Euler
backward difference scheme.

We shall organize the remaining part of this article in the following way: in
Section 2 we state our main result, which holds under three main hypotheses. In
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the first one we describe the topological and metric properties of the quadratic
form domains we need to carry out our estimates, while in the other two we spec-
ify the class of unitary evolutions and of approximating functions for which (2)
holds. In that section we also state a corollary where we establish the validity of
(2) and (5) when H(¢) splits as

H(t) = Hy+ V(1) (6)

in the sense of quadratic forms, with Hy and V' (¢) self-adjoint operators in #, Hy
positive and time-independent and V' (7) subordinated to Hj in some sense. This is
of course one of the typical situations encountered in the realm of certain applica-
tions, and the existence of the unitary evolution Up,+y (2, 5), (o 71 We need there is
guaranteed by some of the results in [16] and [22]. In this last case we also note
that (5) does not take the form of the usual Trotter product formulae in spite of
the decomposition (6), a point we shall briefly discuss at the end of Sections 2
and 3. We devote Section 3 to the proofs of our results, which rest on duality
arguments involving the quadratic form domains associated with the H(¢)’s, and
on a natural generalization of the methods we developed in [26] and [25] for the
investigation of parabolic evolution equations. In Section 4 we illustrate our re-
sults by means of two examples. The first one relates to the evolution of a particle
in one space dimension under the influence of a finite number of time-dependent
point interactions, a special case of a model originally introduced in [8] and
recently revisited in [19] and [20], while the second one describes the motion of
a particle in three-dimensional Euclidean space subjected to a so-called time-
dependent Rollnik potential.

2. Statement of the results

In the sequel we write (., .) for the inner product in # and ||.|| for the correspond-
ing induced norm. We also denote by ||.||, the usual supremum-norm in Z(.%¢).

For an arbitrary 7 € (0,+0o0) and for each ¢ € [0, 7] we consider initial-value
problems of the form (1), where the H(¢)’s are self-adjoint and positive operators
defined on dense domains %(H(r)) which may depend explicitly on 7. Let
O(1), (0, 7) be the one-parameter family of closed and Hermitian sesquilinear forms
associated with the H(¢)’s through the second representation theorem for qua-
dratic forms, densely defined on the domain Z := ¥(H (t)l/ 2) (see, for instance,
[14] for a discussion of this theorem). In what follows we assume that & is inde-
pendent of ¢ and that Q() satisfies the positivity condition

0(1)[v, o] = cfjol|? (7)
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for some constant ¢ € (0, +0c0) uniformly in ¢ for every v € Z. Asis well known,
this allows one to endow % with the natural unitary structure defined from the
inner products

(0, W) g, = O(O)[v,w] = (H(t)'/v, H(1)'*w) (8)

and we write J#p , for the corresponding Hilbert spaces equipped with the induced
norms

1/2
lellg,, = 1 (5)*0]. (9)
Let %Q* , be the adjoint space of #) , endowed with the usual norm

[<w, v,
wllg,p. = sup ===, (10)
0#£ve Ay, HUHQ,t

where <., .), stands for the duality bracket between 2, ; and JKQ* ,~ We infer from
(7), (9) and (10) that the continuous embeddings

%QJD—)%O—)%Q*J (11)

hold provided we identify s with its adjoint space in the usual manner by means
of Riesz’s lemma. In this setting the vector space % is dense in #,, , with respect
to (10) (see, for instance, [16], [17] and [23] for other typical constructions of this
kind). Moreover, the two embedding constants relative to (11) are independent
of ¢ and furthermore we may write (10) as

—1/2
1Wllg.... = I1H@®)™Pwl, (12)

where H (t)_l/ ? is the extension by continuity to A . of the corresponding opera-
tor on . Thus, the %Q* /s inherit a Hilbert space structure as well with respect to
the inner products

(VW) . 1= (H(l)fl/zv,H(t)fl/zw).

It is worth recalling here that for all 5,7 € [0, 7] the norms |[.[|, , and |.|[, , are
mutually equivalent since the linear operators H (s) 2H (z)fl/ % are bounded on #,
a simple consequence of (7), the time-independence of %, and the closed graph
theorem. This implies in particular that the spaces #p , are all algebraically
and topologically identical, as are the spaces JfQ*, Therefore, from now on we
write #p and J# for these spaces, respectively, whenever their metric properties
are not directly involved.
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In view of the applications of Section 4 we have now to impose more stringent
conditions on the family Q(),. o,7- Indeed, we assume that the following hypoth-
esis is valid:

(Q) There exist an additional, fixed norm |.|, on #p and a constant
¢ € [1,400) such that the inequalities

cMlolld < Q(0)v,0] < cloll? (13)

hold for each ¢ € [0, 7] and every v € #p. Moreover, there exists a constant
¢* € (0,+00) such that the Lipschitz continuity estimate

10(0)[v, 1] = Q(s)[v, v]] < €[t — sl [Jo]| 2 (14)
holds for all 5,7 € [0, T] and every v € #p.

The existence of ||.|| . on % implies the existence of an additional fixed norm
|| on #;, namely,

<w,v),
Il = sup LS00 (15)
0#vey lloll

which satisfies
_ 2 2 2
Hwll2 < wllg,,.. < cllwl? (16)

for each 7 € [0, 7] and every w € # by virtue of (13).

Next, we consider an evolution system Up(t,s), ,c[o 71 On 2 consisting of a
two-parameter family of linear unitary operators satisfying the usual strong conti-
nuity properties and composition laws, as for instance in [22] or [23], along with
a class of approximating functions F, : R™ — £ (#) which satisfy the following
hypothesis:

(F) We have F;(0) =1 and there exists a constant ¢ € [0, +00) such that the
inequalities

[ Fi(z)v]| < expler]|v]| (17)
and
[Fi(2)vllg,, . <explet]|lvlly, . (18)

hold for each 7 € [0, T], each € R™ and every v € #.
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For instance, it is plain that both (3) and (4) satisfy these conditions with ¢ = 0.
That is, since S,(7) commutes with H (t)fl/ % and is unitary on . we have

1Si()vllg,v = llollg,y .

from (12), so that the inequality

[R(D)vllg,r < vl

follows immediately by writing R,(7) as the Laplace transform of S,(z). However,
we remark that in general (18) is not a consequence of (17), nor is (17) a conse-
quence of (18).

Now let &(#p, #;) be the space of all linear bounded operators from #p
into %Q* . In order to formulate our requirements regarding Uy (z, s), we introduce
the unique operator H(z) € #(#p, #;) characterized by the relation

Q(0)[v, w] = CH(1)o, w), (19)

for every ¢ € [0, T] and all v, w € #. It is known that for each such ¢ the operator
H(#) is an extension of the self-adjoint generator H(¢), and that

Z(H(1)) ={ve Ay :Hve x}

(see for instance [17]). Our hypothesis concerning Upy(z,s) then consists of the
following three parts:

(U) We have Uy(t,s)(H#p) < Hp for all s, t € [0, T] with ¢ > s, that is, Ux(t,s)
leaves #) invariant. Moreover the following conditions are satisfied:

(a) For every v e J#p the relation

W Un(t,s)v+ iH(6)Un (2, 5)v

lim sup
=04 te[s, 7]

=0 (20)

holds.

(b) For all v,w € #, the function ¢ — (Uy(t,s)v, w), is differentiable on [0, T’
and we have

i%<UH(Z, s)o,wy, = H( Uy (2, s)v, w), 1)

for all s,¢ € [0, 7] with ¢ > s.

(c) For every v € #p the function ¢ — H(¢) Ux(t,s)v is continuous on [0, 7] in
the strong topology of %Q* .
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What (20) does is to identify the right-derivative of = — F;(t) at the origin with
the operator —iH(7) in the strong topology of #, while (21) is interpreted as the
weak form of (1) we alluded to earlier, with u(z) = Ug(¢, s)v.

Under the above conditions our main result is the following.

Theorem. Assume that Hypotheses (Q), (F) and (U) hold. Then for all s,t € [0, T
with t > s we have

n—-+oo n
y=n—1

0
. t—s
Un(ts) = tim T P () (22)
in the weak operator topology of (). In particular, if the Fi(t)’s are also uni-
tary, then (22) holds in the strong operator topology of L (H').

Remark. Since the Uy(t,s)’s are unitary we have
Un(t,s) = Up(s,t)

for all s, 7 € [0, T'], where Uj;(s, t) denotes the adjoint of Uy (s, ) in £ (#°). Con-
sequently, from (22) we immediately obtain

n—1
. . s—1
UH([, S) = llm ‘ Ft+(y/n)(s—l) <—n )

for all 5,7 € [0, T] with # < s in the weak operator topology of ¥ (). Therefore,
in the sequel we shall formulate our results only for the case 7 > s.

In view of the applications, a particularly interesting illustration of this theo-
rem obtains when the operators H(¢) are of the form

H(t) = Hy+ V(1) (23)

where Hy is a time-independent, self-adjoint, positive operator and V(z),.(o 7 &
one-parameter family of self-adjoint operators on J#, the meaning of (23) being
that of a quadratic form sum.

In order to display our result in this case we need to rephrase slightly the hy-
potheses of Corollary 11.28 in [22]. Let Qy be the closed, Hermitian and positive
sesquilinear form associated with Hy and let Qy(7),.(o 7 be the one-parameter
family of closed and Hermitian sesquilinear forms associated with the V'(z)’s.
We assume that Qy(¢) is relatively bounded with respect to Qp uniformly in z.
Writing # := QZ(HOI/ 2) for the domain of Qy, this means that the domain of
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Qy (1) contains # for every ¢ € [0, 7] and that the following hypothesis is valid
(see, for instance, [14] for a discussion of this notion):

(V) There exist constants a € [0,1) and b € R such that the inequality
101 (0)[v, v]| < aQo[v, v] + bljo]|* (24)
holds for each ¢ € [0, 7] and every v € /.

In order to realize (23) as a form sum we write

(1) = Qo + Qv (1) (25)
for every t € [0, T']. Thus we have #; = #, and the preceding assumptions imply

the existence of unique operators H(z), Ho, V(7) € £ (#p, #}) satistying (19) and
the relations

Qolv, w] = (Hov, w),, (26)
Oy (0)[v,w] =<V ()v, w), (27)

for every t € [0, T'] and all v, w € #p, respectively. Consequently (24) reads
[V (1)0, 0>.] < alHov, vy, + bljo]?
and the combination of (25), (26) and (27) gives
H(z) = Ho + V(?) (28)

as an equality in &(#p, #};), which is indeed the meaning of (23).
The second relevant hypothesis is the following:

(V') The & (Ao, #y)-valued function 7+~ V(7) is strongly differentiable on
[0, 7] and its derivative V'(1) € Z(#p, Hy) satisfies

|<V/([)Ua U>*| < Cl<H()U, U>* + bHUH2 (29)

for each ¢ € [0, 7] and every v € #p, where a and b are as in (24).
The implication of Corollary I1.28 in [22] is then that there exists a unitary
evolution system Up,1y(1,5), o, 77 On A satisfying parts (b) and (c) of Hy-

pothesis (U), where H(z) is given by (28). What we wish to display here are
important ways in which we can approximate Uy, (t, s).
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Corollary. Assume that Hypotheses (V), (V') and (F) hold. Assume furthermore
that (20) is valid. Then the conclusion of the theorem holds true for Uy, y(t,s).
In particular, for all s, t € [0, T| with t > s we have

0

-1
Unertes) = fim TT (1402 (s 2 -) ) (30)
n—-+o0 et n n

in the weak operator topology of L (#). Moreover, we also have

0
. = Y
Unortts) = tim [T exp| i t1(s+ 2= 9) G1)

y=n—1
in the strong operator topology of ¥ (H).

Remarks. (1) The above results can all be modified in a straightforward manner
to cover the case where the H(¢)’s are self-adjoint operators uniformly bounded
from below. Thus, everywhere in the sequel we shall only consider positive gener-
ators, a restriction that we will also apply to the two examples of Section 4.

(2) A relation similar to (31) was derived in Appendix B of [9] in a more spe-
cific context and on the basis of a technique different from the one we develop in
the next section, which provides a simple and natural framework for the proofs of
our general results.

(3) On the right-hand side of (30) and (31) the operator H(¢) appears as a
whole, although it splits as in (23). A natural question is thus whether formulae
such as

Unosr(t,5) = lim f[ <u+itnsH0>_l<u+itnsV<s+Z(z—s)>>_l (32)

n—-+o0o
y=n—1

and

. 0 t—s I—s y
Unyv(t,s) = n1—1>I-P3c y:l:[l exp [—ano] exp [_ln V<s + . (1 — s))] (33)
are also true under our general conditions. It turns out that this problem remains
open, although there have been numerous extensions of Trotter’s original work
[24] over the years concerning the linear autonomous case, including those appear-
ing in [3]-[5], [10], [12], [15] and [18] (see for instance [7], [13] and the references
therein for a comprehensive survey of some of these and related works). The
linear non-autonomous case is more difficult, unless the domains of the H(7)’s
are independent of time and the evolution equations satisfied in a classical sense,
as in [11] or in the very last example of [25].
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We shall dwell a bit more on this at the end of the next section, by pointing out
where the difficulties are.

3. Proof of the results

In what follows we write ¢ for all the irrelevant constants that occur in the various
estimates unless we specify these constants otherwise. We first draw an elementary
but important consequence from the Lipschitz continuity estimate (14).

Lemma 1. Assume that Hypothesis (Q) is valid. Then there exists a constant
¢ € (0,400) such that the inequality

Wllg.r.. < explelt = sll[wllg . (34)
holds for all s,t € [0, T| and every w € .
Proof. From (13) and (14) we have
1015, = Q(0)[v,v] < (1 + ¢lt = s]) Q(s)[v, v] < explelr — s]vllg
for every v € J#)p, and by symmetry
I0]15,, < explele = s[]llollg, -

Therefore we obtain

W,0)0 4 W, 0.0 «
7|< 20 | <exple|t —s|] sup 7|< 2 | ,
0£ve Ay ||U| 0.t 0#ve Ay ”UHQ,s
which is (34) by changing the value of ¢ if necessary. O

Without restricting the generality we now assume that s << 7 and set
h = =5 for n sufficiently large. The preceding lemma then allows us to prove the
following result.

Lemma 2. Assume that Hypothesis (Q) and (18) are valid. Then there exists a
constant ¢ € (0,+00) such that the estimate

y+1

H I:IFH—(a—l)h(h)UHi < c|lv]|_ (35)

holds for each y € {1,...,n— 1} and every v € #.
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Proof. According to (16) this is equivalent to proving that
y+1
| T Fssantire] < clielg....
For this we apply (34) and (18) alternatingly. After 2(n — y) — 1 steps we obtain

y+1

H HFS+(oc71)h(h)UHQ, -
< exp [C(Z(n - V) - l)h} ”Ft—(n—y)h(h)UHQ,z—(n—y)h,* (36)

since nh = t — s. Furthermore, we can estimate the last factor in (36) as

HFZ*(H*V)h(h)UHQ. t—(n—y)h,
< explch|[vll g, i—(nyyn,« < exple(n —y+ Dhlllvllg , . (37)

by first applying (18) and then (34). Consequently, the substitution of (37) into
(36) leads to the inequality

y+l1

| HFsm-l)h(h)vH

< exp[3c(n —p)hlllvllg,, . < expBenhlfvlly, .,

O, t,*

which gives the desired result since nh =t —s < T. |

We now define the sequence (P,(z,s)) = Z(A) by
|
P,,([, S) = UH(t, S) — HEy+(y—1)h<h) (38)
y=n

and establish the following useful preliminary estimate for it.

Lemma 3. Assume that Hypothesis (Q) and (18) hold. Then we have the inequality

|1P.(t,8)v]| - < cn sup ||Up(r+ h,s)v— F.(h) Uy (r,s)v|| (39)

rels, 1

for every v e A .
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Proof. From the basic composition laws for the Uy (1, s)’s, (38), and remembering
that r = s + nh we first get

1
P,,(l,s):HU (S+yh s+ (y—1)h HFHY 1)

y=n

= HF” (1) (Un(s+ h,s) — Fy(h))

o=n
n—1 y+1

+ > ] Fortwrn(h) x (Un (s + yhys+ (7 = Dh) = Foppon(h))

y=2 o=n
1

X H Uy (s+ ph,s+ (B — 1)h)

p=y—1

+ (Un(t,t—=h) = Fy(h)) x [ Un(s+ phs+ (B—1)h) (40)
p=n—1

where the second equality follows from the cancellation of all but the two relevant
terms in the expression on its right-hand side. Furthermore, by repeated applica-
tions of the composition laws we have

T Us(s+Bh,s+ (B = 1)h) = Un(s+ (7 — Dh,s) (41)
p=y-1
and
11 Uu(s+ph.s+ (B—1)h) = Un(t — h,s) (42)
p=n—1

for the two products that appear on the right-hand side of (40). Substituting (41)
and (42) into (40), multiplying out and regrouping terms we then get

n—1 y+1
Pn(ta S)U = Z Fs+(cx71)h(h)
y=1 a=n
X (UH( s+ yh,s) — (_1>h(h)UH(S+(V—1)/’l,S))U
+ (Un(t,s) = Fron(h) Uy (1 = h,s))v (43)

for every v € # since Uy (s,s) = I.
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We now proceed by estimating the norm of the first term on the right-hand side
of (43) by means of (35); we obtain

n—1 7+l

ST Evvo 1) x (Un(s+ vh,5) = oy iaB) Un (s + (2 = 1) )|
y:l o=n

n—1

<) ||Un(s+ yh,s)o = Fopprn(M)Un (s + (y — Dhys)v|| (44)
=1

p=
/

so that the combination of (43) and (44) gives

|1 Pa(2, )] < CZH Up (s + 7h,s)0 — Fy(poin(h) Un (s + (7 — Dh, s)v||_.
y=1

If we now set r, := s+ (y — 1)h we get a fortiori

y

[1Pu(t, s)0l| - < cn max }IIUH(ry + h,8)o = Fy, () Un (ry, s)ol| -
yE n

.....

<cn sup |[[Up(r+hs)v—F(h)Un(r,s)v]_,

rels, 1—h
which indeed leads to (39). O

In order to estimate (39) further we now introduce two linear operators defined
on #p, namely,

L(h,r) = ! (I] — F,(h)) —iH(r) (45)
and
M(h,r):=h! ([I —Un(r+ h,r)) —iH(r) (46)

where H(r) stands for the operator defined by (19). We can then express the
right-hand side of (39) somewhat differently as in the following result, albeit
now with the additional but harmless restriction v € #p.

Lemma 4. Assume that Hypothesis (Q) and (18) hold, along with the invariance
part of Hypothesis (U). Then we have the inequality

|1 P,(t,8)0|| - < ¢ sup ||L(h,r)Uy(r,s)v — M(h,r)Ug(r,s)v|| (47)

rels,

Sor every v e #yp.
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Proof. From (45) and (46) we obtain

hL(h,r)Uy(r,s)v = Uy (r,s)v — F.(h) Uy (r,s)v — ihH(r) Uy (r, s)v (48)
and

M (h,r)Up(r,s)v = Uy (r,s)v — Uy (r + h,s)v — ihH(r) Uy (r, s)v, (49)

respectively, where we have used the composition laws to establish (49). By sub-
tracting (49) from (48) we then get

hL(h,r)Up (r,s)0 — hM (h,r) Uy (r,s)v = Ug(r+ h,s)v — F.(h) Ug(r, s)v,

so that (47) indeed follows from (39) since nh =t —s < T. O
We are now ready for the following.

Proof of the theorem. We first show that
lim {7, (z,5)v] - = 0 (50)

for every v € #p. For this it is sufficient to have

lim sup [|L(h,r)Ug(r,s)v|]|_ =0 (51)
H=+0 e (s ]
and
lirf sup ||M(h,r)Uy(r,s)v|| =0 (52)
=590 rels,

according to (47). Referring back to (48) we see that (51) is equivalent to
having

lim sup ||~ (Un(r.s)o = () Un(r, $)v) = iH(r) U (r,5)v]| - =0

=0 e s 4

for every v € H#p, which is an immediate consequence of (20).
As for the proof of (52) we start from the relation

r+h
(M (h,r)Ug(r, s)o,w), = ih™! J | dk{H(k)Upy (k,s)v — H(r)Ug(r,s)v,w), (53)

r
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valid for every w € #p, which follows from (21) and (49). Relation (53) then
leads to

r+h
||M(h,r)UH(r,s)vH7§h_1J dic||H(k) Uy (k,s)o — H(r)Ug (r,s)v]|_, (54)

r

and since the function k — H(k)Upy(k,s)v is uniformly continuous on [r,r + A]
with respect to the strong topology of #, according to (c) of Hypothesis (U),
we conclude that for every ¢ € (0,400) there exists /s, € (0,400) such that the
inequalities 0 < k — r < h < h, along with (54) imply the estimate

sup [|M (h,r)Un(r;s)vl| - <e,
rels,1

which is equivalent to (52). Consequently (50) holds, which implies that

(Un(tss)ow —ngmm< T Feoma ()0 ,w> (59

y=n—1

for all v, w € #p according to (15) and (38), since <.,.), and (.,.) are interchange-
able on .

In order to prove (22), it thus remains to extend (55) to all v,w € #. On the
one hand, as a vector subspace #} is dense in # relative to the strong topology of
this latter space. On the other hand, arguing as in the proof of Lemma 2 we infer
from (17) that the estimate

()

y=n—1

< c|fol

holds for every v € # for some ¢ € (0, +00) independent of n. Therefore, the fact
that (55) holds for all v, w € # follows from a standard density argument.

The very last statement of the theorem is obvious since the weak and strong
topologies of # coincide on the unitary group in £ (). O

We now turn to the proof of the corollary, which first requires the verification
of Hypothesis (Q).

Lemma S. Assume that Hypotheses (V) and (V') are valid. Then relations (13) and
(14) hold relative to the fixed norm

1/2
o]l == [,y >0l (56)
on JfQ.
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Proof. From (24), (25) and (56) we get
(1= a)l|ol = blloll* < Q(@)[o, o] < (1 + a)l[o]} + blo]|?

for each ¢ € [0, 7] and every v € #p, which leads to (13) by virtue of (7) and the
first embedding in (11).
The starting point for the proof of (14) is the relation

0()o.] — O()[ev ] = j 4oV (2)0. 0.

which follows from (25), (27) and the differentiability of V. We then obtain the
desired estimate

1Q(1)[v, v] = Q(s)[v, v]| < J de[V' (z)o, 03] < et — s vl

for all 5,7 € [0, T] and every v € #p, as a consequence of (29), (56) and the first
embedding in (11) once again. O

Remark. It is also possible to obtain the first inequality in (13) from (24) and the
condition

Qolv, v] = xfo]® (57)

for a sufficiently large positive «, instead of invoking (7). This is particularly use-
ful when (7) cannot easily be proved directly, as will be the case in the second
example of Section 4.

Since we know from Corollary I1.28 and its proof in [22] that Up,+y(¢,s) sat-
isfies parts (b) and (c) of Hypothesis (U), the preceding lemma and the theorem
imply the first statement of the corollary. Moreover, we have already noted that
the resolvent operators (3) and the unitary semigroup (4) satisfy Hypothesis (F)
in a trivial way. Therefore, in order to prove (30) and (31) it remains to verify
part (a) of Hypothesis (U) for (3) and (4). For this it is necessary to consider
the %o-semigroup on # given by

S(1) := exp[—itH(1)], (58)

namely, the extension by continuity of (4) to the whole of ;. It is easily verified
that (58) is unitary with respect to the norm (12), and that its infinitesimal genera-
tor is indeed —iH(7), considered this time as an unbounded operator in #; defined
on the dense subspace #, where H(7) is self-adjoint.



Product approximations for solutions to a class of evolution equations 333

We begin with the following intermediary result, valid quite generally and
independently of (28).

Lemma 6. Assume that (13) of Hypothesis (Q) holds. Then we have

lim sup ||(exp[—itH(1)] = 1)v||_ =0 (59)

0+ 10, 7]

Jor every v e #y. Moreover, for any compact set A" = A the limit (59) is uniform
invex.

Proof. Relation (13) implies (16). Consequently, from the properties of
exp[—itH(7)] and from the fact that #{ is dense in #; as a vector subspace, it is
sufficient to prove the relation

lim sup ||(exp[—itH (1)) = 1)v||_ =0 (60)
=0+ 1ef0,7]

for every v € #p. We first show that the identity
(exp[—itH (t)jv — v, w), = —iJ do (exp|—icH ()| H"*(t)o, H'*(t)w) (61)
0

holds for each 7 € [0,+00), every ¢ € [0, 7] and all v,w € H#p.
Indeed, from a classic property of @y-semigroups we may write

exp[—itH(t)]v — v,w), = —iJOT do(exp|—igH (1)|H (t)v, w)

for each ve Z(H(r)) and every we #p. But ve 2(H(t)) if, and only if,
H'2(t)v € #p; furthermore H'/%(¢) commutes with exp[—igH(t)] on #; and
is self-adjoint in 2, so that (61) holds for each 7 € [0,+0c0) and all 7 € [0, T,
ve 2(H(1)), w e #p.

Therefore, in order to show the validity of (61) for all v € #} it suffices to prove
that (H(t)) is dense in #p. On the one hand, the restriction of exp[—itH (t)] to
Ao defines a %p-semigroup there, the generator of which being consequently
densely defined in #p. On the other hand, the domain of that generator is con-
tained in & (H (1)) by virtue of the first embedding in (11). We can then conclude
that 2 (H(1)) is a fortiori dense in #p, so that (61) holds for all v e #5.

It is now easy to derive (60) from (61), since Schwarz inequality and the fact
that exp[—itH (¢)] is unitary in # lead to the estimate

[<expl—itH (1)]v — v, w.| < <l|H'(0)o]| | H' P ()wl| < exljoll, wll,
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as a consequence of (9) and (13), where ¢ is independent of 7. Thus we get

—itH(t —
o sy ORI 00
1e[0,T] 0#we Ay [[wll..

<ctljv| . — 0

as 7 — 0, which is the desired result.
As for the very last assertion of the lemma, we remark that the operator norm
of exp[—itH(7)] — I in L (#;) satisfies

sup  sup |lexp[—itH(?)] — [IHy(y@) < 400, (62)
te(0,+w) 1[0, 7]

so that the statement follows for instance from Lemma 3 in [26]. ]
The preceding considerations now allow us to prove the desired assertions.

Proof of the Corollary. As already observed it remains to verify part (a) of
Hypothesis (U) for the approximating functions (3) and (4). Since the former is
the Laplace transform of the latter, we begin with (4). This means that we must
have

exp[—itH(1)] — 1

=0 (63)

lim sup Unyrv (2, 8)v + iH() Upy v (2, 5)0

=0+ re0, 7]

for each v € # and every s € [0, T, where H(¢) is given by (28).
Remembering that exp[—itH ()] and exp[—itH(?)] coincide on #, we may
write

exp|—itH(1)] — |

UH0+V(I7 S)U + lH([) UH0+V(I, S)U

- —J do (exp|—iaH(1)] = 1)H(6) Unyi v (1,5)0 (64)

for each 7 € (0,4 o0) and every v € #p, since —iH(¢) is the infinitesimal generator
of exp[—itH(#)] in #{;, and since the invariance property of Hypothesis (U) holds
in this case. Therefore we obtain

exp[—itH(1)] — |

< sup ||(exp[—igH(1)] — D)H(2) Uy v (2,5)0]| . (65)

ael0,1]

UH0+V(I7 S)U + lH(l) UHU+V(I> S)D
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Furthermore, from the proof of Corollary 11.28 of [22] we already know that the
function ¢ — H(7) Un,+ v (2, s)v is continuous on [0, 77 in the strong topology of
for each v € #p, so that the set

A ={we Ay :w=H(O)Unyyv(t,s)v,t € [0,T]}

is compact in #;. Relation (63) then follows from (65) and the very last state-
ment of Lemma 6.

The proof of the analogous property for (3) follows from (63) through a
Laplace transform argument and dominated convergence. Indeed we have

(1+ irH(t))_lv = J;rw do exp|—a] exp[—iotH (1)]v

for each 7 € (0,+00) and every v € # as an improper # -valued Riemann inte-
gral, so that

(1 +icH (1)) =1

_ J : daexp[—a]a(eXp[_iafH Ol = (0, 5)0+ () U s (0 s)v)
0 ot

UH0+V(Z, S)U + lH(l) UH0+V(I, S)U

since

Consequently we get

(1 +icH (1) —1

sup UH”+V(I, S)U+iH(l) UH(,+V(I; S)U

te(0, 7]

< J OC‘daexp[—a]aA(a, 7) (66)
0

where we have introduced the auxiliary function

g+— A(o,7)
exp|—iotH(t)] — [ .
= sup |[SRETH O gy s+ M) U (50|, (67)
1e[0,7) ot _
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and for any fixed ¢ € (0,4 00) we have

li%l A(o,7) =0 (68)

by virtue of (63). Now, by using once again (62) and (64) we obtain from (67) the
estimate

Alo) < — sup | dl|(expl-ipH(0] — DH(O Vst 50|

0T tef0,1]Jo

<c sup |[H(t)Ug,v(t,s)v]|_ < +o0
tel0,T]

uniformly in ¢ and 7. But any finite constant is integrable on (0, +o0) with respect
to the measure doexp|—alo, so that by dominated convergence relative to this
measure along with (66) and (68) we have

-1
0 +itH(t -1
lim sup (1+ 72H () Uny+v (t, )+ iH(t) Uy (2, s)v]| =0
=0+ 10,7 T _
for each v € # and every s € [0, T, as desired. O

Remark. Whereas the methods of this article are relevant to prove (30) and (31)
where the operator H(¢) appears as a whole, they are not quite appropriate to de-
rive formulae such as (32) and (33). Indeed, the natural choice of approximating
functions in this case is

Fy(x) = (14 icHy) " (14 ixV (1)) (69)
and

F,(1) = exp[—itHo| exp[—itV (1)], (70)
respectively. In either case the problem then lies in the verification of Hypothesis

(F): whereas (17) trivially holds for both (69) and (70) with ¢ = 0, (18) can seldom
be valid. For instance, in the case of (70) and by virtue of (16) with

-1/2
Il == [1Hg ]
we have successively

2 -1/2 . 2 . 2
IF(2)ellg, .. < el Hy " expl=izV ()]e])* < lexpl=izV (1)]ellg,..
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since H,, 12 commutes with the unitary semigroup exp[—itHy] on #. Conse-
quently, even under the most favorable hypotheses regarding V' (¢) we end up
getting an estimate of the form

1E(2)ollg,q,. < cexple]fvllg ;.

with ¢ € [1,+00), instead of (18). But then, it is impossible to derive the crucial
uniform estimate (35) since the number of factors in that product depends explic-
itly on n.

We devote the last section to the illustration of our results.

4. Two examples

In what follows we use the standard notations for the usual spaces of Lebesgue
integrable functions and for the corresponding Sobolev spaces of functions defined
on Euclidean space (see, for instance, [1]). All the functions are complex-valued
unless stated otherwise.

Example 1. We consider the initial-value problem in one space dimension

,6u(x,t)_( 1o 1 0

i ) Sk(t)5xk)u(x, 0, (uo)eRx(s Tl

|
N |
2
=
3
=
21
=
=~
=
+
-

u(x,s) =v(x), xeR, (71)

corresponding to a particle with variable mass m moving in a potential V'
perturbed by time-dependent point interactions supported by a discrete set
{x1,...,xn}, where N e N7 is fixed and arbitrary (see, for instance, [8] and its
references for a physical interpretation of related models).

In this case we view (71) as an evolution problem of the form (1) in # = L*(R),
with the operator H(t) formally given by

H(f) = =5 o= —— ——+ V(x) + > _sc(1)dy,. (72)

Furthermore we impose the following hypotheses:
(MV) We have 0 < L4+ me L*(R) and 0 < V € L*(R).

(S) The strengths of the point interactions Sy : [0, 7] — [0,400) are positive
and Lipschitz continuous for every k € {1,...,N}.
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Under these conditions there exists a self-adjoint realization of (72) in L?(R) as
a positive operator on some time-dependent domain @(H (t)), corresponding to
the closed and Hermitian sesquilinear form

1

o(0)[v,w] = JR dx (W o' (x)w'(x) + V(x)v(x)»(x))

+ ) si(0)(xi) W) (73)

defined for all v,w € Z(H(1)"/?) = W"2(R) (see [2] for a variety of constructions
of this kind, based on von Neumann’s theory of self-adjoint extensions for sym-
metric operators); furthermore inequality (7) holds. We then have the following
result.

Proposition 1. Assume that Hypotheses (MV), (S), (F) and (20) are valid. Then
there exists a unique unitary evolution system Uy (t,s); ,c(0,7) On L?(R) associated
with the above realization of (72), for which the conclusion of the theorem holds true.
In particular, Uy (t,s) can be approximated as in (30) and (31) of the corollary.

Proof. For the fixed norm on #, = W!2(R) we choose

ol = (] axe'cr?)”™

Conditions (MV) and (S) together with standard one-dimensional Sobolev theory
then imply that Hypothesis (Q) holds. Moreover, (MV) and (S) also guarantee the
existence of a unique unitary evolution system Up(t,s), ,c(o, 7 O0 L?*(R), which
leaves W12(R) invariant and satisfies parts (b) and (c) of Hypothesis (U) accord-
ing to Theorem 6.1 in [19] and its proof. Since (F) and (20) are assumed to hold,
the conclusion of the theorem follows in this case. The proofs of (30) and (31) are
identical to those given at the very end of Section 3. O

Example 2. We now consider the initial-value problem

iau(&? 2 (O +r+V(x0))ulx1),  (x1) e R x(s,T),
u(x,s) =v(x), xeR, (74)

describing the motion of a particle with constant mass in R?, subjected to a time-
dependent potential ¥, measurable in (x, 7) and satisfying Rollnik’s condition

J dxdylV(xvf)l\ng,t)l it (75)
R3xR3 |x — ¥
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for every t € [0, T (see [22] for a systematic analysis of Rollnik potentials and the
role of these in applications). Here we consider (74) as an evolution problem of
the form (1) in # = L*(R?), with

H(t) = —Ay + 1+ V(x, 1) (76)

realized as a self-adjoint operator on some time-dependent domain 9(H (z)). As
is well known, this is made possible by an application of the Kato-Rellich theorem
for forms, provided we define H := —/\, + x as the self-adjoint, positive operator
on the domain

9(Ho) = W**(RY),

in which case we have #p = W2(R?) (see, for instance, [14] or [22]). Here we
choose x positive and sufficiently large, in relation to our remark immediately
following the proof of Lemma 5 in Section 3.

In order to illustrate our theory with this example we need additional require-
ments on ¥ that ensure some kind of uniformity in ¢z. For instance, we can impose
the following two hypotheses:

(R) We have

J dxdyMM(f)< +00
R3xR? |x — y

where M(x) := sup,. o 1|V (x. )

(R’) The function ¢ — V(x, 1) is differentiable on [0, 7| for almost every x and
we have

J dxdyMN(J;)<+oo
R3xR3 |x =y

aV(x, r)‘

where N(x) := SUP; <o, T]| ot

Under these conditions we have indeed the following result.

Proposition 2. Assume that Hypotheses (R), (R'), (F) and (20) are valid. Then
there exists a unique unitary evolution system Up,y (1,5) ,c(0. 7 0N L*(R?) associ-
ated with the above realization of (76), for which all the conclusions of the corol-
lary hold true.
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Proof. Here we choose the Sobolev norm

el = (] axtvotor’)”

for the fixed norm on #yp = W(R?), while we have #; = W~"(R’) for the
corresponding adjoint space. Relation (57) is then valid for the Hermitian sesqui-
linear form Qq associated with Hy = —/A\, + «, so that it is sufficient to prove that
(V) and (V’) hold. From a simple adaptation of the proof of Theorem 1.21 in [22]
to the time-dependent case we can first infer that Hypothesis (R) implies (V),
where Qy(¢) is the Hermitian sesquilinear form associated with the self-adjoint
operator in L?*(R?) corresponding to the multiplication by ¥ (x,¢). The crucial
point of this part of the argument is that the assumed uniformity in ¢ implies the
time independence of the constants in (V).
In a similar way we claim that Hypothesis (R’) implies (V’). Indeed, since

Oy (t)[v,w] = NV(v,w), = JR} dxV (x, t)v(x)w(x)

for all v, w € W12(R?) where <., .), denotes the duality bracket between W 2(R?)
and W~12(R?), we conclude from (R’) and dominated convergence that the func-
tion 7 — <V(t)v, w), is differentiable on [0, T with

d oV (x,1)

E<V(I)U’ wy, = N (Do, w), = L—@ dev(x)v_(x)

since x — N(x)o(x)#(x) € L'(R?). Moreover, as is the case for V(z) the operator
V/(t) is linear and bounded from W!2(R3) into W~12(R3) and satisfies (29).
Therefore, there does exist a unique unitary evolution system Up,y(2,5), ,c(o, 7]
on L?(R?) such that all the stated conclusions hold true.

Remarks. (1) It is plain that any kind of conditions other than (R) and (R’) which
imply the validity of (V) and (V') will lead to the same statement as that of the
proposition.

(2) Since the operators Up,.y(t,s) are related to the operators U_ap(t,s)
associated with the solution to the initial-value problem

Ou(x, 1)
ot

u(x,s) =ov(x), xeR?

i = (=D + V(x,t))ul(x, 1),  (x,1) e R x (s, 7],
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by

UH0+V(I7 S) = eim(tis) U7A+V(t7 S)v

it is immediate that a result similar to that of Proposition 2 holds for U_(z,s).
The corresponding approximating functions simply differ by at most a trivial fac-
tor of modulus one.

Acknowledgments. The first author would like to take this opportunity to thank
the Forschungsinstitut fiir Mathematik of the ETH in Zurich and the Complexo
Interdisciplinar da Universidade de Lisboa in Lisbon for their very kind hospi-
tality and their generous financial support during the period leading up to the
completion of this work. He is particularly indebted to Professors T. Riviere and
J.-C. Zambrini for having made his visits possible.

References

[1] R. A. Adams and J. J. F. Fournier, Sobolev spaces. 2nd ed., Pure Appl. Math. 140,
2nd ed., Academic Press, New York 2003. Zbl 1098.46001 MR 2424078

[2] S. Albeverio, F. Gesztesy, R. Hoegh-Krohn, and H. Holden, Solvable models in quan-
tum mechanics. Texts Monogr. Phys., Springer-Verlag, New York 1988.
Zbl 0679.46057 MR 0926273

[3] P. R. Chernoff, Note on product formulas for operator semigroups. J. Funct. Anal. 2
(1968), 238-242. Zbl 0157.21501 MR 0231238

[4] P. R. Chernoff, Semigroup product formulas and addition of unbounded operators.
Bull. Amer. Math. Soc. 76 (1970), 395-398. Zbl 0193.42403 MR 0257808

[5] P. R. Chernoft, Product formulas, nonlinear semigroups, and addition of unbounded
operators. Mem. Amer. Math. Soc. 140 (1974). Zbl 0283.47041 MR 0417851

[6] A. J. Chorin, M. F. McCracken, T. J. R. Hughes, and J. E. Marsden, Product
formulas and numerical algorithms. Comm. Pure Appl. Math. 31 (1978), 205-256.
Zbl 0358.65082 MR 0488713

[7] E. B. Davies, One-parameter semigroups. London Math. Soc. Monogr. 15, Academic
Press, London 1980. Zbl 0457.47030 MR 0591851

[8] G. F. Dell’Antonio, R. Figari, and A. Teta, The Schrédinger equation with moving
point interactions in three dimensions. In Stochastic processes, physics and geome-
try: new interplays. I, CMS Conf. Proc. 28, Amer. Math. Soc., Providence, RI 2000,
99-113. Zbl 0974.81014 MR 1803381

[9] J. Dimock, P(¢p), models with variable coefficients. Ann. Physics 154 (1984), 283-307.
MR 747204


http://www.emis.de/MATH-item?1098.46001
http://www.ams.org/mathscinet-getitem?mr=2424078
http://www.emis.de/MATH-item?0679.46057
http://www.ams.org/mathscinet-getitem?mr=0926273
http://www.emis.de/MATH-item?0157.21501
http://www.ams.org/mathscinet-getitem?mr=0231238
http://www.emis.de/MATH-item?0193.42403
http://www.ams.org/mathscinet-getitem?mr=0257808
http://www.emis.de/MATH-item?0283.47041
http://www.ams.org/mathscinet-getitem?mr=0417851
http://www.emis.de/MATH-item?0358.65082
http://www.ams.org/mathscinet-getitem?mr=0488713
http://www.emis.de/MATH-item?0457.47030
http://www.ams.org/mathscinet-getitem?mr=0591851
http://www.emis.de/MATH-item?0974.81014
http://www.ams.org/mathscinet-getitem?mr=1803381
http://www.ams.org/mathscinet-getitem?mr=747204

342 P.-A. Vuillermot and W. F. Wreszinski

[10] W. G. Faris, The product formula for semigroups defined by Friedrichs extensions.
Pacific J. Math. 22 (1967), 47-70. Zbl 0158.14802 MR 0215132

[11] W. G. Faris, Product formulas for perturbations of linear propagators. J. Funct. Anal.
1 (1967), 93-108. Zbl 0149.35503 MR 0222711

[12] T. Ichinose and H. Tamura, Error estimate in operator norm of exponential product
formulas for propagators of parabolic evolution equations. Osaka J. Math. 35 (1998),
751-770. Zbl 0924.35052 MR 1659612

[13] G. W. Johnson and M. L. Lapidus, The Feynman integral and Feynman's opera-
tional calculus. Oxford Math. Monogr., Oxford University Press, New York 2000.
Zbl 0952.46044 MR 1771173

[14] T. Kato, Perturbation theory for linear operators. 2nd ed., Grundlehren Math. Wiss.
132, Springer Verlag, Berlin 1976. Zbl 0342.47009 MR 0407617

[15] T. Kato, Trotter’s product formula for an arbitrary pair of self-adjoint contraction
semigroups. In Topics in functional analysis, Adv. in Math. Suppl. Stud. 3, Academic
Press, New York 1978, 185-195. Zbl 0461.47018 MR 0538020

[16] J. Kisynski, Sur les opérateurs de Green des problemes de Cauchy abstraits. Stud.
Math. 23 (1964), 285-328. Zbl 0117.10202 MR 0161185

[17] J.-L. Lions, Equations différentielles opérationnelles et problémes aux limites. Grund-
lehren Math. Wiss. 111, Springer-Verlag, Berlin 1961. Zbl 0098.31101 MR 0153974

[18] H. Neidhardt and V. A. Zagrebnov, Trotter-Kato product formula and operator-norm
convergence. Comm. Math. Phys. 205 (1999), 129-159. Zbl 0949.47019 MR 1706892

[19] H. Neidhardt and V. A. Zagrebnov, Linear non-autonomous Cauchy problems and
evolution semigroups. Adv. Differential Equations 14 (2009), 289-340.
Zbl 1180.35371 MR 2493564

[20] A. Posilicano, The Schrodinger equation with a moving point interaction in three
dimensions. Proc. Amer. Math. Soc. 135 (2007), 1785-1793. Zbl 1121.47016
MR 2286089

[21] M. Reed and B. Simon, Methods of modern mathematical physics. 11: Fourier analysis,
self-adjointness, Academic Press, New York 1975. Zbl 0308.47002 MR 0751959

[22] B. Simon, Quantum mechanics for Hamiltonians defined as quadratic forms. Princeton
Ser. Phys., Princeton University Press, Princeton, N.J., 1971. Zbl 0232.47053
MR 0455975

[23] H. Tanabe, Equations of evolution. Monogr. Stud. Math. 6, Pitman, London 1979.
Zbl 0417.35003 MR 0533824

[24] H. F. Trotter, On the product of semi-groups of operators. Proc. Amer. Math. Soc. 10
(1959), 545-551. Zbl 0099.10401 MR 0108732

[25] P.-A. Vuillermot, A generalization of Chernoff’s product formula for time-dependent
operators. J. Funct. Anal. 259 (2010), 2923-2938. Zbl 05809714 MR 2719280

[26] P.-A. Vuillermot, W. F. Wreszinski, and V. A. Zagrebnov, A general Trotter-Kato
formula for a class of evolution operators. J. Funct. Anal. 257 (2009), 2246-2290.
Zbl 1173.47026 MR 2548035


http://www.emis.de/MATH-item?0158.14802
http://www.ams.org/mathscinet-getitem?mr=0215132
http://www.emis.de/MATH-item?0149.35503
http://www.ams.org/mathscinet-getitem?mr=0222711
http://www.emis.de/MATH-item?0924.35052
http://www.ams.org/mathscinet-getitem?mr=1659612
http://www.emis.de/MATH-item?0952.46044
http://www.ams.org/mathscinet-getitem?mr=1771173
http://www.emis.de/MATH-item?0342.47009
http://www.ams.org/mathscinet-getitem?mr=0407617
http://www.emis.de/MATH-item?0461.47018
http://www.ams.org/mathscinet-getitem?mr=0538020
http://www.emis.de/MATH-item?0117.10202
http://www.ams.org/mathscinet-getitem?mr=0161185
http://www.emis.de/MATH-item?0098.31101
http://www.ams.org/mathscinet-getitem?mr=0153974
http://www.emis.de/MATH-item?0949.47019
http://www.ams.org/mathscinet-getitem?mr=1706892
http://www.emis.de/MATH-item?1180.35371
http://www.ams.org/mathscinet-getitem?mr=2493564
http://www.emis.de/MATH-item?1121.47016
http://www.ams.org/mathscinet-getitem?mr=2286089
http://www.emis.de/MATH-item?0308.47002
http://www.ams.org/mathscinet-getitem?mr=0751959
http://www.emis.de/MATH-item?0232.47053
http://www.ams.org/mathscinet-getitem?mr=0455975
http://www.emis.de/MATH-item?0417.35003
http://www.ams.org/mathscinet-getitem?mr=0533824
http://www.emis.de/MATH-item?0099.10401
http://www.ams.org/mathscinet-getitem?mr=0108732
http://www.emis.de/MATH-item?05809714
http://www.ams.org/mathscinet-getitem?mr=2719280
http://www.emis.de/MATH-item?1173.47026
http://www.ams.org/mathscinet-getitem?mr=2548035

Product approximations for solutions to a class of evolution equations 343

[27] K. Yosida, Functional analysis. 6th ed., Grundlehren Math. Wiss. 123. Springer-
Verlag, Berlin 1980. Zbl 0435.46002 MR 0617913

Received March 17, 2011; revised June 28, 2011

P.-A. Vuillermot, UMR-CNRS 7502, Institut Elie Cartan, Nancy, France
E-mail: Pierre.Vuillermot@iecn.u-nancy.fr

W. F. Wreszinski, Departamento de Fisica Matematica, Universidade de Sao Paulo, Brazil
E-mail: wreszins@fma.if.usp.br


http://www.emis.de/MATH-item?0435.46002
http://www.ams.org/mathscinet-getitem?mr=0617913

