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Abstract. Let F be a finite field with even characteristic and ¢ > 16 elements. We study
representations of polynomials P € F[T] as sums P = X| +--- + X/.
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1. Introduction

Let F be a finite field of characteristic p with ¢ = p” elements and let £ > 1 be an
integer. Analogues of the Waring’s problem for the polynomial ring F[T] have
been investigated, ([20], [11], [17], [5], [18], [7], [4], [13], [9], [8], [2], [3]). Roughly
speaking, Waring’s problem over F[T] consists of representing a polynomial
M € F[T] as a sum

M=MF+.. .+ MF (1.1)

with My,..., M € F[T]. Some obstructions to that may occur ([16]), leading to
consider Waring’s problem over the subring & (F[T],k) formed by the poly-
nomials of F[T]| which are sums of k-th powers. Without degree conditions
n (1.1), the problem of representing M as sum (1.1) is close to the so called
easy Waring’s problem for Z. In order to have a problem close to the non-easy
Waring’s problem, the degree conditions

kdeg M; < degM + k (1.2)
are required. A representation (1.1) satisfying degree conditions (1.2) is called a

strict representation in opposition to representations without degree conditions.
For the strict Waring’s problem, the analogue of the classical Waring numbers
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gn(k) and Gn(k) have been defined as follows. Let g(p™, k), respectively
G(p™, k), denote the least integer s, if it exists, such that every polynomial
M e S (F[T),k), respectively every polynomial M € &(F|[T], k) of sufficiently
large degree, may be written as a sum (1.1) satisfying the degree conditions (1.2).
Otherwise, g(p™, k), respectively G(p™, k) is equal to co. This notation is possible
since these numbers only depend on p™ and k. Gallardo’s method for cubes ([7]
and [4]) was generalized in [1] or in [10] where bounds for g(p™, k) and G(p™, k)
were established when p™ and k satisfy some conditions. One of the conditions
required in [1] is that every a € F may be written as a sum of k-th powers of
elements of F. For such a field, called a k-Waring field, /(p™, k) is defined to be
the least integer s such that every a € F may be written as a sum of s k-th powers
of elements of F.
When F is a k-Waring field satisfying one of the two conditions

(i) p >k,

(i) p" >k =hp" —1, for some integers v >0 and 0 < /& < p, it is possible to
bound the Waring’s number g(p™, k), ([1]). The smallest exponent k satisfying
this last condition is k = 3, see [7], [4], [8], [9]. In the case of even characteris-
tic, the second smallest exponent & satisfying condition (ii) is k = 7. The case
k="71,q=2" with m ¢ {1,2,3} is covered by ([1], Theorems 1.2 and 1.3) or
by ([10], Theorem 1.4). Proposition 4.2 in [1] gives that & (F[T], k) = F|[T].
Theorem 1.4 in [10] gives that if m # 0 (mod3), then G(2”,7) <28 and
that if m =0 (mod 3) and m > 12, then G(2™,7) < 35. Theorem 1.2 in [1]
joint to ([1], Proposition 3.1) gives the following bounds: If m # 0 (mod 3),
then G(2,7)<21. If m=0 (mod3) and m > 12, then G(27,7) < 27,
G(2°,7) <34, G(64,7) < 41. For almost all ¢ = 2", these bounds are com-
parable with the bound Gy (7) < 33, known for the corresponding Waring’s
number for the integers ([19]). The case of the numbers ¢(2”,7) is different.
In the case when m ¢ {1,2,3} ([1], Theorem 1.3) as well as ([10], Theorem 1.4)
gives ¢(2™,7) <239/(2™ 7), when, for the integers, it is known that
gn(7) = 143, ([6]).

In this article we obtain better bounds for the numbers g(2™,7) in the case
when m ¢ {1,2,3}. The method gives also better bounds for some numbers
G(2™,7). Results obtained in the cases m = 2 or m = 3 will appear in separate
papers. The main results proved in this article are summarized by the two fol-
lowing theorems.

Theorem 1.1. (i) If ¢ # 1 (mod 7) and g > 16, then G(q,7) < 21.
(ii) If ¢ = 1 (mod 7) and q > 14!, then G(q,7) < 22.
(iii) If ¢ = 1 (mod 7) and 512 < q < 146, then G(q,7) < 27.
(iv) If ¢ = 64, then G(q,7) < 31.
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This theorem is a consequence of Corollary 4.2 below. Corollary 4.2 also gives
that G(¢,7) <21 when ¢ > R(7), a non-effective constant expressed in [18] by
means of Ramsey numbers.

Theorem 1.2. (i) If ¢ # 1 (mod7) and ¢ = 1 (mod 3), then g(q,7) < 42.
(ii) If ¢ # 1 (mod7) and q # 1 (mod 3), then g(q,7) < 46.
(iii) If ¢ = 1 (mod 21) and q # 64, then g(q,7) < 57.
(iv) If ¢ =1 (mod7) and g # 1 (mod 3), then g(q,7) < 59.
(v) g(64,7) < 74.

This theorem is a consequence of Corollary 4.6 and Theorem 5.7 below.

Proving that polynomials of small degree are sums or strict sums of seventh
powers require some results on the solvability of systems of algebraic equations
over the finite field . This is done at Section 2. In this section we also compute
the exact values of the numbers /(gq, 7). Representations of polynomials of small
degree is done in Section 3. In Section 4 we use a descent process described in [1]
and [10] and we obtain an upper bound for G(g¢,7). In Section 5 we describe an
other descent process from which we deduce a bound for g(g,7). We use two
types of numbering. Pairs (X.Y) will be used to number formulae occuring in
definitions, propositions and theorems, single numbers (z) will be used for formu-
lae only used in the course of a proof.

We fix an algebraic closure E of the field F and we denote by F,» the subfield
of E with 2" elements. We shall suppose that the field F' has ¢ > 16 elements.

2. Algebraic equations and identities

Proposition 2.1. We have

(i) 7(q,7) =11 q#1 (mod7),
(i) Z(¢q,7)=21ifq=1 (mod7) and g > 512,
(iii) /(64,7) = 3.

Proof. The first part is obvious. If ¢ =1 (mod7), then /(¢q,7) > 1. From [14],
/(q,7) <2 if ¢ > 512, so that /(q,7) =2 if ¢ > 512. Tt remains to prove that
/(512,7) =2 and /(64,7) = 3. Let w be such that Fg4 = F>(w) with 0 = w + 1.
Then  is primitive. Since 7 and 9 are coprime, the multiplicative group of [Fe4
is the direct product of the group formed by the 9-th powers and the group
formed by the 7-th powers. Let a € Fgs be # 0. Then a may be written as a
product

a= (0" x (0)], with0<i<6,0<j<8.
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We have
o’ =o'+ o’
(%) = 0* + 0 + o,
(605)9 :w4+w3 4 17
so that
(w3)9 — 0"+ 0®,
(w5)9 — o + 0%,
and
0’ =1+ +w*
Thus, for every i =0,...,6, (wi)9 is a sum of at most 3 seventh powers, so that,

every a € Fgq 1s a sum at most 3 seventh powers. We conclude after observing
that @’ is not a sum of 2 seventh powers.

Let y be such that Fsj, = F2(y) with ° = y* + 1. Then y is primitive. Since 7
and 73 are coprime, the multiplicative group of Fsy, is the direct product of the
group formed by the 73-th powers and the group formed by the seventh powers.
We have

P =00+ %),
"7 = 0%+ 067,
so that
57 = ()"

Thus, for 1 <i <6, (y")73 is a sum of 2 seventh powers. Let a € Fs;; be # 0.
Then a may be written as a product

a=N"x (), with0<i<6,0<,<72
Thus, «a is either a seventh power, or a sum of 2 seventh powers. O
Proposition 2.2. Let f§ € Fg be such that f° = f+ 1. Then
6
T=> p(T+p). (2.1)

i=0

Proof. A verification. [
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The parameter v(q, k) was defined in [1] as the least integer s such that 7 is a
strict sum of s k-th powers. From (| 1], Proposition 4.2-(i)),

v(q,7) <7/ged(q —1,7) + £(q,7)(7 — 7/ged(q — 1,7)). (2.2)
In some cases, (2.2) may be improved.
Proposition 2.3. (i) We have
v(64,7) < 16. (2.3)
(il) For r a positive integer, we have
(22 7) < 7. (2.4)

(iil) There exists a constant R(7) such that v(q,7) < 7 whenever q > R(7).
(v) If ¢ > 7', then v(q,7) < 8.

Proof. Suppose Fg < F.

(i) Let w be such that Fg = F2(w) with @® =w +1. Let f=w?, so that
f=p+1. We have f = w' + w*. Thus, f, f> and * are sums of two
seventh powers. Moreover, °> = f+ 1 = 0'* + ©* + 1, so that #°, ¢ and
B> = p'? are sums of 3 seventh powers. By (2.1), T is a strict sum of 16
seventh powers.

(i) From ([12], Theorem 3.75, p. 117), the polynomial 77 + f is irreducible in
Fs[7); it splits in linear factors over the field Fg;. Thus, each f' is a seventh
power in the field F,». By (2.1), T is a strict sum of 7 seventh powers in each
polynomial ring Fya[T].

(i) See ([18], Theorem 4).

(iv) See ([13], Theorem 1). O

Proposition 2.4. For every (a,b) € F?, the system

a = x|+ x2 + X3,
P
{b :xf —I—xg —I—x_%. (J (a,b))

has a solution (x1,x3,x3) € F3 such that (x1,x2,x3) # (0,0,0).

Proof. From [15], (7 (a,b)) has a solution (xi,...,x3) € F?. If (a,b) # 0, such
a solution is # (0,0,0). If (a,b) = (0,0), then, (1,1,0) is solution of (7 (a,b)).
Ul
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3. Strict sums of small degree

From ([1], Proposition 4.2-(ii)), there exists a positive integer s such that for each

a=(a,...,a7) € F7, there exists (x1, y1,...,X,, y5) € F? such that
7 ) K
deg( D aT' =Y (% T+ ) ) <o0. (3.1)
i=0 r=1

Let 0 = g(q) denote the least integer s with this property. From ([1], Proposition
4.2-(ii)),

a(q) <7/(q,7). (3.2)

The same proposition gives that every polynomial P € F[T] such that 7(n — 1) <
deg P < 7n is a strict sum of (7n + 1)/(q,7) seventh powers.

This last bound, obtained by induction, increases the effect of the number
/ =1{¢(q,7). In what follows, we try to reduce this effect. For that, we prove two
propositions.

Proposition 3.1. Let P e F[T] with degP <21. Then there are polynomials
O1,...,Qurs € F[T)] with degree < 3 such that

447

deg(P + Z(Q,-ﬂ) < 14, (3.3)
i=1
Proof. Let
21
P=> aT' (1)
i=0

We prove that we can solve (3.3) with Qy, 02, O3, Q4 of degree 3 and Q) and O,
monic polynomials. We note that for (u, x, y) € F?,

deg((uT? +xT* + yT + 2T+ U T 4 uxT? + (uy + X)) T
¥ (W2 4w )T + (152 + Py +ut TV
+ (P2 4+ xp?) + ) T+ (P2 + u*y? + X)) TR) < 14, (2)
Let x; # 0 and let

Xy = ayo + X]. (3)
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Let z; be defined by

aie = Xj + X5 + xjz1 (4)
and let z, = 0. Set
b1y = a9 + a3, (5)
big = aig + X} + X3 + 21 + 22, (6)
b7 = ay7 + ay, (7)
bis :a15+x16+x§+212+2§. (8)

Since F # Fs, there exists (u3,us) € F? such that usus # 0 and u] # u]. Then the

matrix
2 12
Ug~ Uy
5 5
u; u

is invertible. Let (175,74) € F? be defined by
biy = us’ns + ug’n,,
bi7 = u3ns + u3n,
and let (3, y4) be defined by
N3 = y%, Ny = yi
Then, from (3) and (5),
ay = Xf + xf + u§’y3 + ug)% 9)
and from (3) and (7),
@y = X + X3+ 15y3 + 135 (10)
Let ({3,{4) € F? be defined by
by = uy’ls + ul,
bis +usy; + uyy; = u30s + u3ly
and let (z3,z4) be defined by

2 2
€3:Z37 C4:Z4-
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Then, from (3) and (6),
aig = X7 + X5 + 21 + 22 + udzy + ulza, (11)
and from (3) and (8),
s =] + 5 + 27 + 23 + Uy +ulyy + 1573 + gz, (12)
By (1),...,(11) and (12),
(T3 + 01T+ 20) + (T + 2T? + )]

+ (s T? + y3T+23)7 + (s T3 + y4T+z4)7
=P+ (an +ul +uy) T + R,

with deg R < 14. 1In the field F, ap +uj +uj is a sum of /= /(q,7) seventh
powers, say,

an +ui Fuf=ud g,
so that
deg(P+ (T? 4 x,T? +21)7 + (T3 + x,T? +Zz)7 + (3 T? + y3T+Z3)7

4+
+(u4T3+y4T+Z4)7+Z(u[T3)7) < 14. [l
i=5

Proposition 3.2. Let P e F[T] with degP < 14. Then there are polynomials
01,...,Q314s € F[T] with degree < 2 such that
344/
deg(P + Z(Qi)7) <7 (3.4)
i1
Proof. We note that for (x, y) € F?,
deg((T2+yT+Z)7 + T14+yT13+(y2+Z)T12+y3T11 + (y4+y22+22)T10
+(V+ )T+ (00 + y4z+2)T%) < 7. (1)

Let

14
P=> aT' (2)
i=0
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From Proposition 2.4, there exists (y1, y2, y3) € F? such that

ap =y1+y2+ 3,

an = yi + y3 + »3,
and such that y; # 0. Let z; € F be defined by the condition

iz =ay+ 3y + v+ 33
and let
Zy) = z3 = 0.

From (1),

3

deg<P+ Z(TZ + yiT + Zi)7 + b14T14 + b12T11 + b]oTlO + b8T8> <7,

i—0
with
by =au +1,

3
by =an+ Z(yl2 + zi),
i—1

3
bio=aw+ > (¥ + yizi+27),

i=1

3
by =ag+ Y (3 +ylzi+72).
=1

1

305

3)

If (b1, bi2, bro, bs) = (0,0,0,0), then deg(P+ >, (T>+ »T+z)') <7. We
suppose (b14, b12, b0, bs) # (0,0,0,0). Let y, {5, 3, {4 be distinct elements in F.

Then the Van der Monde matrix

1 1 1 1
H 6 G G
P2 ag g

g g g 4
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is invertible. Let (17,,7,,75,74) € F* be defined by:

bu=mny+m+n3+n,
bia = Gy + Gty + G + Camg,
bio = Cimy + Gy + Gns + G,
by = Gm + G + Gy + Cita

Then, (17,,75,13,14) # (0,0,0,0). Suppose thatn, ,...,n; are # 0and thatn; =0
ifi ¢ {i,...,i,}. Each non-zero n; is a sum of / seventh powers. For j=1,....r,
there are non-zero elements x; 1,...,x;,, in F with v; </ such that,
Vi
7
ny =) (),
n=1
so that
bu=3 Z(x,, ),
j=ln=
e
=r 3 > (o) (22).
J n=
r G\2 (4)
mfzzwwgﬁ,
j=1n= ’

From (3) and (4),
r C 7
deg<P+Z (T* + y,T +z) +Zz<x,nT2+x" >) <7.
j=1 n=1 Jsn

Lets=3+v; +---+v.. We have proved the existence of polynomials Qy, ..., QO
with deg Q; < 2 such that

deg(P+ Q] +---+0]) < 7.
We conclude by observing that s < 3 + 4/. O

Proposition 3.3. (i) Every P e F[T] with degree <7 is a strict sum of 8/(q,7)
seventh powers.

(i) Every P e F[T] with degree < 14 is a strict sum of 12/(q,7) + 3 seventh
powers.
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(ili) Every P € F[T| with degree <21 is a strict sum of 13/(q,7) + 7 seventh
powers.

Proof. (i) Let 0 = ag(q). Let P € F[T] with degree < 7. There exist polynomials
g
0i,...,0, with degree < 1 such that P + Z(Q,-)7 is a constant, thus, a sum of /
i=1

1
seventh powers in the field . Therefore, P is a strict sum of ¢ + / seventh powers.

We conclude with (3.2). We obtain (ii), then (iii), using Proposition 3.2, then
Proposition 3.1. O

4. The old descent

A general process which works when 7 is sum of k-th powers has been discribed in
[1] as well as in [10]. Taking k = 7 in ([10], Theorem 1.4-(ii), (iii)) gives that every
polynomial 4 € F[T] of degree > 2346 is a strict sum of 7/(q,7) + 15 seventh
powers and that every polynomial 4 € F[T] of degree > 239 is a strict sum of
7/(q,7) + 42 seventh powers. Using the process discribed in [1], we prove the
following theorem.

Theorem 4.1. Every polynomial A € F[T| of degree > 29411 is a strict sum of
13 + max(¢(q,7) — 1,1) + v(q, 7) seventh powers.

Proof. Let y=y(q,7) =max(/(¢q,7) —1,1). Let AeF[T] with 7(n—1) <
degA < 7n. From ([1], Lemma 5.1), there exist By, ..., B,, H € F[T] such that

A=Bl+---+B]+H, (4.1)
degB; <n fori=1,...,y, degH = Tn,

the leading coefficient of H being a seventh power.
From ([1], Lemma 5.2-(ii)), there is a sequence Hy, Hi, ..., H;, ..., of polyno-

mials of F[T] of degree 7ny, 7ny, ..., 7n;, ..., and a sequence Xo, X1,...,X;,..., of
polynomials of degree ng, ny,...,n;, ..., such that H = Hj and such that for each
index i,

H;i=X] + Hi, (4.3)

6n; < Tnip < 6m; + 7.
Moreover, for each index 7 there is a polynomial Y; € F[T] of degree n; such that

deg(H; + Y/) < 6n;. (4.5)
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Let r, if it exists, be the smallest index such that 6n, — 1 < n. Using identity (4.3)
fori=0,...,r — 1, then, using identity (4.5) one time with i = r, we get

H=X]+-+X ,+Y +R, (4.6)

with deg R < n. Now, with v =v(q,7), there exist Ry,...R, € F[T], of degree
< deg R such that

R=R]+-- +R/
so that
H=X+--+X'+Y +R/+---+R/, (4.7)

with deg X; = n; <ng =n, deg Y, =n, <ng =n, degR; < degR < n. Thus, (4.7)
is a strict sum of r 4+ 1 + v seventh powers. From (4.2), we get that

i—1
Tin; < 6n+ 6"+ Z 7761,

=
Thus, for each r,
6\ 6\
6n,— 1 <6(2)n+35-36(2). (4.8)
7 7
For r > 12, we have (8)'< L. Suppose r = 12. If n > 421, then
6\12 6\12
6<7) n+35—36(7> <n. [

Corollary 4.2. (i) If g satisfies one of the conditions

(1) ¢ # 1 (mod7),

(2) ¢ = 22" with r a positive integer,

() g = R(7),
then G(q,7) < 21.

(ii) If ¢ = 1 (mod 7) and q > 14, then G(q,7) < 22.

(iii) If ¢ = 1 (mod 7) and 512 < q < 14'°, then G(q,7) < 27.
(iv) If g = 64, then G(q,7) < 31.

Proof. We have

G(q,7) < 13+ max(/(¢q,7) — 1,1) + v(g, 7).
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For /(q,7) < 2, we have
G(q,7) < 14+ 0(q,7).

From (2.2) and (2.4), if ged(¢ — 1,7) = 1 or if ¢ is a power of 2%!, then v(q,7) < 7;
from Proposition 2.3, if ¢ > R(7), then v(¢,7) < 7 and if ¢ > 14'°, then v(q,7) < 7.
On the other hand, if ¢ is a power of 22!, or if ¢ > 146, then /(¢,7) < 2. This
gives (i) and (ii). If ¢ =1 (mod7) and ¢ > 512, from Proposition 2.1 and (2.2),
v(q,7) <13,4(q,7) =2, so that G(gq,7) < 27. If ¢ = 64, from (2.3) and Proposi-
tion 2.1, G(64,7) < 31. O

Remark. Adding polynomials in the descent process allows one to get strict rep-
resentations of polynomials of lower degree. For instance, see ([1], Proposition
5.3), it is possible to prove

Proposition 4.3. (i) Every polynomial P € F[T] with degree > 246 is a strict sum
of 21 + max(/(q,7) — 1,1) + v(q, 7) seventh powers.

(i) Every polynomial P e F|T] with degree >239 is a strict sum of
38 + max(/(q,7) — 1,1) + v(q, 7) seventh powers.

In order to get a bound for g(q,7) we want to write every polynomial of
degree < 238 as a strict sum of seventh powers. For that we use

Proposition 4.4. Let P € F[T] such that 7(n — 1) < deg P < 7Tn withn > 3. Then
P is a strict sum of (44 /(q,7))n+ 10/(q,7) — 5 seventh powers

Proof. Let P € F[T]suchthat 7(n — 1) < deg P < Tn with n > 3. If n = 3, there is
nothing to prove. Suppose n > 3. By euclidean division,

P=T""30Q+ R, withdegQ <2I, degR < 7(n— 3).

Proposition 3.1 gives the existence of polynomials Q; i,..., Q1 44, of degree <3
such that

444
deg(Q + Z(Ql,i)7) < 14,
i=1
so that
44/

P=>(T"30)" + Py,

i=1
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with deg P} <7(n—1). By induction, we get the existence of polynomials
Or 1y, Oragr of degree < 3,1 <r <n—2, such that

n—2 4+/
P = (T11727rQr’i)7 + Pn72
1 i=1

8]
+

with deg P, » < 14. Propositions 3.1 and 3.3 give the existence of polynomials
0i1,...,0; of degree < 2 such that

T

7

Pn—2 = § Q,‘v
i=1

with 7 =3+ 12/. Thus P is a strict sum of (4 + /)(n — 2) + t seventh powers.
O

Theorem 4.5. We have
g(q,7) <44/(q,7) + 131.

Proof. From the above proposition, every polynomial of degree < 238 is a strict
sum of 44/ + 131 seventh powers. From Proposition 4.3, every polynomial
of degree > 239 is a strict sum of 38 +max(/ — 1,1) + v(q,7) seventh powers.
Thus, g(g,7) < max(44/ + 131,38 + max(/ — 1,1) + v(q,7)) = 44/ + 131. 0

This theorem improves the bounds deduced from ([1], Theorem 7.1) or from
([10], Theorem 1.4-(iv)). In particular we have the

Corollary 4.6. (i) If ¢ # 1 (mod7) and q > 16, then g(q,7) < 175.
(ii) If ¢ = 1 (mod 7) and q = 512, then g(q,7) < 219.
(iii) If ¢ = 64, then g(q,7) < 263.

5. The new descent

The process described in this section yields improvements in the treatment of the
numbers ¢g(g,7). It is known from ([1], Proposition 4.2-(ii)), that every P € F[T]
of degree 4 is a strict sum of 8/(g,7) seventh powers. We prove the existence of
linear polynomials of degree 4 which are strict sum of 5 seventh powers.

Proposition 5.1. If F # [, there exists (x, y,z) € F? such that
(T4+x)+(T+y) +(T+x+9) +T"+2" =T* +ulx, )T*+ T, (5.1)
with u(x, y) € F. Moreover, if o € F4 is such that o> = o+ 1, then

T*+T=(T+1)+(T+a0)+(T+a+1)+T717, (5.2)
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and if B € Fg is such that > =  + 1, then

T+ T+ T=(T+pB) +(T+p) +(T+p+p +T"+1. (53)
Proof. A simple verification gives (5.2) and (5.3). Therefore, if ¢ is a power of 4,
then (5.1) is true with (x, y,z) = (1,2,0) and u(x, y) = 0 and if ¢ is a power of &,
then (5.1) is true with (x, y,z) = (B, %, 1) and u(x, y) = 1. We suppose that ¢ is
neither a power of 4, nor a power of 8, so that every b € F is a third power and a
seventh power. Let & € F be # 0 and such that tr(¢) = 0. Then there is 1 € F

such that A + A+ & =0. Let x € F be such that 1/& = x* and let z € F be such
that x7(1 + 47 + (1+4)7) = 2. We have

X Ox) o+ (x4 ax) =X+ 1) =1,
so that (5.1) is true with y = Ax and u(x, y) = x> (A + 2%). O

In what follows, we fix (x, y,z) € F?3 satisfying (5.1) and we set u = u(x, y).
Moreover, if ¢ is a power of 4, we choose (x, y,z) = (1,,0) and u(x, y) = 0.

Proposition 5.2. For i a non-negative integer and X € F[T), let

Li(X) = X*TY + ux?T% + XT*. (5.4)
Then the map L; is Fy-linear and we have
(4)

Li(X) =Y (X +bT1Y, (5.5)
1

~

r

with by, ... by € F

(q) = {4 if ¢ is @ power of 4, (5.6)
5 otherwise.
Proof. Tmmediate. U
We shall make use of the following corollary.
Corollary 5.3. Let n be a non-negative integer and let a € F. Then we have
a*T¥ = Lo(aT") + ua*T*" + aT", (5.7)

a7 = L1(aT") + ua* T + aT™. (5:8)
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If n >0, then
a*T¥? = Ly(aT" ") + ua® T*"% + aT"H. (5.9)
If n>1, then

dATml — L3(aT"’2) Ly | g rtI6, (5.10)

Proof. (5.7) and (5.8) are immediate. We get (5.9) and (5.10) noting that T4+2 =
T4(n71)+6 and that 74+ — T4(1172)+9. m

Roughly speaking, the new descent process uses the following idea. Let X =
TN +xy TV +--- 4+ x;T + xo be a polynomial of F[T]. Making use of
(5.7),...(5.10), we replace a monomial x;T* by the sum of an appropriate
L(T’) and a monomial of lower degree. We begin with the monomial xy 7%,
then, following decreasing degrees, we replace each monomial one after the other,
as long as the process gives monomials of lower degree.

Proposition 5.4. Let X = xyTV + xy_ 1 T" '+ -+ xT + xo be a polynomial
of F[T). Then there exist Yy, ..., Ys, Y € F[T) such that

XZL()(Y())+L1(Y1)+L2(Y2)+L3(Y3)—I- Y, (5.11)

with

deg ¥ < 21.

degYo<n, degYi <n—1, degYo<n—2, degYs<n-—3, if N=d4n,

degYo<n, degY  <n—1, degYo<n—2, degYs<n—2, if N=4n+1,

degYp<n, degYy<n—1, degYo<n—1, degYs<n—2, if N=4n+2,

degYo<n, degY  <n, degYo<n—1, degYs<n—2 if N=4n+3.
(5.12)

Proof. 1f deg X < 22, then (5.11)istrue with Yo=Y, =Y, = Y3 =0and ¥ = X.
We suppose now that deg X > 22. We use the descent process. We use (5.7) as
long as we meet monomials x4, 74 with n > 0. Respectively, we use (5.8), (5.9),
(5.10) as long as we meet monomials x4, 3 7#*3 with 4n 4+ 3 > max(2n + 5,n + 6),
that is n > 1, monomials x4, , T#** with 4n + 2 > max(2n + 8,n + 11), that is
n > 3, monomials x4, 7% with 4n + 1 > max(2n + 11,1 + 16), that is n > 5.
Doing this, we write X as a sum

X =Lo(Yo)+ Li(Y1) + Lo(Y2) + L3(Y3) + ¥,

with deg Y, deg Yy, deg Y, deg Y, deg Y3 satisfying (5.12). O
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Proposition 5.5. Let H € F[T)] with degree Tn > 56 and leading coefficient a sev-
enth power.

If deg H ¢ {91,105}, then there exist Xy, X\, X2, X3, Yo, Y1, Yo, Y3, Z € F[T]
with deg X; < n, deg Y; < n and deg Z < 21 such that

H=X] + X/ +X] +X] +Lo(Yo) + Li("h) + La(Ya) + L3(Y3) + Z.  (5.13)

IfdegH € {91, 105}, then there exist Xy, X1, X2, X3, X4, Yo, Y1, Y2, Y3, Z € F[T]
with deg X; < n, deg Y; < n and deg Z < 21 such that

H=X]+X]+X]+Xx{+Xx]
—|—L0(Y0)—|—L1(Y1)—|—L2(Y2)—|—L3(Y3)—|—Z. (513/)

Proof. We proceed as for the proof of Theorem 4.1 and we keep the same
notations. Let r, if it exists, be the least index such that 6n, — 1 <4n + 3. From
identity (4.8), we have r =3 if n > 43. Using identity (4.3) for i =0, 1,2, then
identity (4.5) for i = 3, we get

H=X]+X/+X,+X]+R, (1)

with deg R < 4n + 3. For 8 < n <42, the sequence (n,4n + 3,ny,ny,n3,6n3 — 1) is
given by:

n|4n+3 n n ny 6n3—1 n 4n+3 nm m ny o6m3—1

42 171 36 31 27 161 41 167 36 31 27 161
40 163 35 30 26 155 39 159 34 30 26 155
38 155 33 29 25 149 37 151 32 28 24 143
36 147 31 27 24 143 35 143 30 26 23 137
34 139 30 26 23 137 33 135 29 25 22 131
32 131 28 24 21 125 31 127 27 24 21 125
30 123 26 23 20 119 29 19 25 22 19 113
28 115 24 21 18 107 27 111 24 21 18 107
26 107 23 20 18 107 25 103 22 19 17 101
24 99 21 18 16 95 23 95 20 18 16 95
22 91 19 17 15 89 21 87 18 16 14 83
20 83 18 16 14 83 19 79 17 15 13 77
18 75 16 14 12 71 17 71 15 13 12 71
16 67 14 12 11 65 15 63 13 12 11 65
14 59 12 11 10 59 13 55 12 11 10 59
12 51 11 10 9 53 11 47 10 9 8 47
10 43 9 8 7 41 9 39 8 7 6 35
8 35 7 6 6 35
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Observe that with the exceptions n = 15,13, we have 6n; —1 <4n+3. For
n="7, the sequence is (7,31,6,6,6,35) and for n <6 the sequence is
(n,4n+3,n,n,n,6n —1). We suppose n > 8 and n # 13,15. From the previous
proposition, there exist Yy,..., Y3 € F[T] such that

R = Lo(Yy) + Li(Y1) + Lo(Y2) + L3(Y3) + Z, (2)

with degZ <21 and degY; <n. For n=13 or n =15 we add a step in the
descent process. We have ny =9 if n=13 and ny =10 if n =15, so that
6ny — 1 < 4n. Instead of (1), we have

H=X]+X+X]+X]+X]+R, (1)
with deg R < 4n + 3. O

Theorem 5.6. (i) Every polynomial P € F[T| with degree > 105 is a strict sum of
137(q,7) + 11 + 4p(q) + max(/(q,7) — 1,1) seventh powers.
(i) If P € F[T) is such that 50 < deg P < 84 or such that 92 < deg P < 98, then
P is a strict sum of 13/(q,7) + 11 + 4p(q) + max(/(q,7) — 1,1) seventh powers.
(iii) If P € F[T] is such that 95 < deg P <91 or such that 99 < deg P < 105,
then P is a strict sum of 13/(q,7) + 12+ 4p(q) + max(/(q,7) — 1,1) seventh
powers.

Proof. Proceeding as for the proof of Theorem 4.1, it is sufficient to prove that
every H € F[T] with deg H = 7n > 56 and leading coefficient a seventh power, is
a strict sum of 13/ + 11 +4p(g) seventh powers. Let H be such a polynomial.
We suppose n # 13,15. From Proposition 5.5 and Corollary 5.3, there exists
Z € F[T] with degZ < 21 such that H 4+ Z is sum of 4 + 4p(g) seventh powers
of polynomials of degree < n. Let s =13/ + 7. From Proposition 3.3-(iii), there
exist Zy, ..., Z; with deg Z; < 3, such that

Z:izj.
i=1

Thus, H is a strict sum of s + 4 + 4p(g) seventh powers. If n = 13,15 we have to
add a seventh power. ]

The following theorem improves the bounds deduced from ([1], Theorem 7.1).

Theorem 5.7. (i) If ¢ #£ 1 (mod7) and g = 1 (mod 3), then g(q,7) < 42.
(ii) If ¢ # 1 (mod 7) and g # 1 (mod 3), then g(q,7) < 46.
(iii) If ¢ = 1 (mod 21) and q # 64, then g(q,7) < 57.
(iv)Ifg=1 (mod7) and g # 1 (mod 3), then g(q,7) < 59.
(v) g(64,7) < 74.
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Proof. From Proposition 4.4, every polynomial of degree <49 is a strict sum
of less than 17/ + 23 seventh powers. From Theorem 5.6, every polynomial of
degree > 50 is a strict sum of 13/ + 12 + 4p(¢) + max(¢/ — 1, 1) seventh powers.
Thus,

9(q,7) <max(17/ + 23,13/ + 12 + 4p(q) + max(/ — 1, 1))

with
(q) = {4 if ¢ is a power of 4,
5  otherwise.
We conclude with Proposition 2.1. O
References

[1] M. Car, New bounds on some parameters in the Waring problem for polynomials
over a finite field. In Finite fields and applications, Contemp. Math. 461, Amer. Math.
Soc., Providence, RI, 2008, 59-77. Zbl 05575551 MR 2436325

[2] M. Car, Sums of (2" +1) powers in Fau[T]. Portugal. Math. 67 (2010), 13-56.
Zbl 05680187 MR 2598468

[3] M. Car, Sums of fourth power. Funct. Approx. Comment. Math. 38 (2008), part 2,
195-220. Zbl 1213.11195 MR 2492856

[4] M. Car and L. Gallardo, Sums of cubes of polynomials. Acta Arith. 112 (2004), 41-50.
7Zbl 1062.11078 MR 2040591

[5] G. W. Effinger and D. R. Hayes, Additive number theory of polynomials over a finite
field. Oxford Math. Monogr., Oxford University Press, Oxford 1991. Zbl 0759.11032
MR 1143282

[6] W. J. Ellison, Waring’s problem. Amer. Math. Monthly 78 (1971), 10-36.
Zbl 0205.35001 MR 0414510

[7] L. Gallardo, On the restricted Waring problem over Fy.[f]. Acta Arith. 92 (2000),
109-113. Zbl 0948.11034 MR 1750311

[8] L. H. Gallardo, Every strict sum of cubes in F4[7] is a strict sum of 6 cubes. Portugal.
Math. N.S. 65 (2008), 227-236. Zbl 05296707 MR 2428416

[9] L. H. Gallardo and T. R. Heath-Brown, Every sum of cubes in [,[7] is a strict sum of 6
cubes. Finite Fields Appl. 13 (2007), 981-987. Zbl 1172.11045 MR 2360534

[10] L. H. Gallardo and L. N. Vaserstein, The strict Waring problem for polynomial rings.
J. Number Theory 128 (2008), 2963-2972. Zbl 05486357 MR 2464848

[11] R. M. Kubota, Waring’s problem for F,[x|. Dissertationes Math. (Rozprawy Mat.) 117
(1974). Zbl 0298.12008 MR 0376581

[12] R. Lidl and H. Niederreiter, Introduction to finite fields and their applications.
Cambridge University Press, Cambridge 1986. Zbl 0629.12016 MR 0860948


http://www.emis.de/MATH-item?05575551
http://www.ams.org/mathscinet-getitem?mr=2436325
http://www.emis.de/MATH-item?05680187
http://www.ams.org/mathscinet-getitem?mr=2598468
http://www.emis.de/MATH-item?1213.11195
http://www.ams.org/mathscinet-getitem?mr=2492856
http://www.emis.de/MATH-item?1062.11078
http://www.ams.org/mathscinet-getitem?mr=2040591
http://www.emis.de/MATH-item?0759.11032
http://www.ams.org/mathscinet-getitem?mr=1143282
http://www.emis.de/MATH-item?0205.35001
http://www.ams.org/mathscinet-getitem?mr=0414510
http://www.emis.de/MATH-item?0948.11034
http://www.ams.org/mathscinet-getitem?mr=1750311
http://www.emis.de/MATH-item?05296707
http://www.ams.org/mathscinet-getitem?mr=2428416
http://www.emis.de/MATH-item?1172.11045
http://www.ams.org/mathscinet-getitem?mr=2360534
http://www.emis.de/MATH-item?05486357
http://www.ams.org/mathscinet-getitem?mr=2464848
http://www.emis.de/MATH-item?0298.12008
http://www.ams.org/mathscinet-getitem?mr=0376581
http://www.emis.de/MATH-item?0629.12016
http://www.ams.org/mathscinet-getitem?mr=0860948

316 M. Car

[13] Y.-R. Liu and T. D. Wooley, The unrestricted variant of Waring’s problem in func-
tion fields. Funct. Approx. Comment. Math. 37 (2007), part 2, 285-291. Zbl 05257399
MR 2363827

[14] O. Moreno and F. Castro, On the calculation and estimation of Waring number for
finite fields. Sémin. Congr. 11, Soc. Math. France, Paris 2005, 29-40. Zbl 1161.11414
MR 2182836

[15] O. Moreno and F. Castro, Divisiblity properties for covering radius of certain cyclic
codes. IEEE Trans. Inform. Theory 49 (2003), 3299-3303; Correction to: “Divisibility
properties for covering radius of certain cyclic codes”, ibid. 52 (2006), 1798-1799.
MR 2045808 MR 2241232

[16] R. E. A. C. Paley, Theorems on polynomials in a Galois field. Quart. J. Math. Oxford
Ser. 4 (1933), 52-63. JFM 59.0929.01 Zbl 0006.24703

[17] L. N. Vaserstein, Waring’s problem for algebras over fields. J. Number Theory 26
(1987), 286-298. Zbl 0624.10049 MR 901241

[18] L. N. Vaserstein, Ramsey’s theorem and Waring’s problem for algebras over fields.
In The arithmetic of function fields, Ohio State Univ. Math. Res. Inst. Publ. 2, Walter
de Gruyter, Berlin 1992, 435-442. Zbl 0817.12002 MR 1196531

[19] R. C. Vaughan and T. D. Wooley, Waring’s problem: a survey. In Number theory
for the millennium III, A K Peters, Natick, MA, 2002, 301-340. Zbl 1044.11090
MR 1956283

[20] W. A. Webb, Waring’s problem in GF[q, x]. Acta Arith. 22 (1973), 207-220.
Zbl 0258.12014 MR 0313190

Received January 12, 2011; revised February 16, 2011

M. Car, Laboratoire d’Analyse, Topologie, Probabilitts UMR 6632, Université Paul
Cézanne—Aix-Marseille III, Faculté des Sciences et Techniques, Avenue Escadrille
Normandie-Niemen, 13397 Marseille Cedex 20, France

E-mail: mireille.car@univ-cezanne.fr


http://www.emis.de/MATH-item?05257399
http://www.ams.org/mathscinet-getitem?mr=2363827
http://www.emis.de/MATH-item?1161.11414
http://www.ams.org/mathscinet-getitem?mr=2182836
http://www.ams.org/mathscinet-getitem?mr=2045808
http://www.ams.org/mathscinet-getitem?mr=2241232
http://www.emis.de/MATH-item?59.0929.01
http://www.emis.de/MATH-item?0006.24703
http://www.emis.de/MATH-item?0624.10049
http://www.ams.org/mathscinet-getitem?mr=901241
http://www.emis.de/MATH-item?0817.12002
http://www.ams.org/mathscinet-getitem?mr=1196531
http://www.emis.de/MATH-item?1044.11090
http://www.ams.org/mathscinet-getitem?mr=1956283
http://www.emis.de/MATH-item?0258.12014
http://www.ams.org/mathscinet-getitem?mr=0313190

